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UNIQUE CONTINUATION ESTIMATES FOR BAOUENDI–GRUSHIN

EQUATIONS ON CYLINDERS

PAUL ALPHONSE AND ALBRECHT SEELMANN

Abstract. We prove time-pointwise quantitative unique continuation estimates for the
evolution operators associated to (fractional powers of) the Baouendi–Grushin operators
on the cylinder R

d
× T

d. Corresponding spectral inequalities, relating for functions
from spectral subspaces associated to finite energy intervals their L

2-norm on the whole
cylinder to the L

2-norm on a suitable subset, and results on exact and approximate null-
controllabilty are deduced. This extends and complements results obtained recently by
the authors and by Jaming and Wang.

1. Introduction

The present paper continues our considerations from [6] on spectral inequalities for
Shubin operators on R

d and extends them to Baouendi–Grushin operators on the cylinder
R
d × T

d, that is, to the operators

(1.1) ∆γ = ∆x + |x|2γ∆y, (x, y) ∈ R
d × T

d,

where γ ≥ 1 is a positive integer. Here, we consistently associate with x the coordinates in
R
d and with y the coordinates in the d-dimensional torus Td, and ∆y denotes the Laplacian

on T
d. Analogously to [6], we aim at establishing so-called spectral inequalities of the form

∀λ ≥ 0, ∀f ∈ Eλ(−∆γ), ‖f‖L2(Rd×Td) ≤ cλ,ω‖f‖L2(ω),

where ω ⊂ R
d × T

d is a measurable subset with positive measure whose geometry is to be
understood and cλ,ω > 0 is a positive constant whose dependence on ω and λ > 0 is to be
tracked. We refer to [6] and the references cited therein for an overview on the notion of
a spectral inequality and corresponding works on related models.

The core of our considerations here are time-pointwise quantitative unique continuation

estimates for the evolution operators associated to (a fractional power of) the Baouendi–
Grushin operators (1.1), which are of the form

(1.2) ‖e−t(−∆γ )
1+γ
2 g‖2

L2(Rd×T
d)

≤ Cε,ω,t‖e−t(−∆γ )
1+γ
2 g‖2L2(ω) + ε‖g‖2

L2(Rd×T
d)

for t > 0, ε > 0 and g ∈ L2(Rd×T
d). Such estimates allow to deduce spectral inequalities of

the form we are looking for and, as a consequence, imply positive exact null-controllability
results for the heat-like equations associated to the fractional power (−∆γ)

s in the regime
s > (1 + γ)/2. We also deduce from the estimates (1.2) approximate null-controllability
results in the critical case s = (1 + γ)/2 that would otherwise not be available. Our proof
of such estimates (1.2) essentially follows the technique established in [33], which is in turn
based on [29, 30], and relies on so-called smoothing estimates for the evolution operators.
Here, we can exploit the fact that via a Fourier expansion with respect to the y variable
the operators ∆γ are linked to the anharmonic oscillators

−∆x + |n|2|x|2γ , x ∈ R
d, n ∈ Z

d .

An analogous relation has been used in the recent work [27], which among others studies
exact null-controllability for the heat-like equations associated to operators of the same
form as (1.1), but with |x|2γ replaced by a more general potential V (x) exhibiting a certain
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power growth. In our case with the specific potential |x|2γ we have much more regularity
available and can make use of smoothing estimates for the evolution operators associated
to fractional powers of the anharmonic oscillators −∆x + |x|2γ established in [3]. As a
consequence, compared with [27], our sensor sets ω ⊂ R

d × T
d are more general in two

respects: (i) we are not restricted to sets of the form ω′ × T
d with suitable ω′ ⊂ R

d, and
(ii) our sets ω do not need to have suitably distributed inner points.

Outline of the work. In Section 2, we present in detail the main results in the current work
and discuss applications in the context of control theory. Section 3 then provides a general
scheme towards unique continuation estimates that is of its own interest and hopefully
proves useful also in future work on the subject. This is complemented by corresponding
smoothing estimates for the evolution operators in Section 4, which serve as an input for
the general scheme from Section 3. The proofs of the main results stated in Section 2
are then collected in Section 5. Section 6 demonstrates the usefulness of the general
scheme from Section 3 by complementing our work [6] on Shubin operators (−∆)m + |x|2k
on R

d, k,m ∈ N
∗, with corresponding unique continuation estimates. In Appendices A

and B we finally discuss some technical results used for the proofs of our statements on
(linear combinations of) eigenfunctions and the optimality of the smoothing estimates,
respectively.

Notations. The following notations and conventions will be used throughout this work:

1. Z and N denote the sets of integers and nonnegative integers, respectively. Moreover,
N
∗ = N \ {0}.

2. T ∼= R/(2πZ) denotes the torus.

3. The canonical Euclidean scalar product of Rd is denoted by ·, and | · | stands for the
associated canonical Euclidean norm. We will also use the notation | · |1 for the 1-norm
of vectors in R

d.

4. The length of a multi-index α = (α1, · · · , αd) ∈ N
d is denoted |α| and defined by

|α| = |α|1 = α1 + · · ·+ αd.

5. The Lebesgue measure of a measurable set ω ⊂ R
d is denoted |ω|.

6. 1ω denotes the characteristic function of any subset ω ⊂ R
d.

7. For every measurable subset ω ⊂ R
d, the inner product of L2(ω) is denoted 〈·, ·〉L2(ω),

while ‖ · ‖L2(ω) stands for the associated norm.

8. The Fourier transform of a function f ∈ L2(Rd) is denoted Ff or f̂ , depending on the
situation, and is given for f ∈ L1(Rd) ∩ L2(Rd) by

(Ff)(ξ) = f̂(ξ) =

∫

Rd

f(x)e−ix·ξ dx, ξ ∈ R
d.

With this convention, Plancherel’s theorem states that

∀f ∈ L2(Rd), ‖f̂‖L2(Rd) = (2π)d/2‖f‖L2(Rd).

9. For a nonnegative selfadjoint operator A on L2(Rd), Eλ(A) = 1(−∞,λ](A) with λ ≥ 0
denotes the spectral subspace for A associated with the interval (−∞, λ].

Acknowledgments. The first author thanks J. Bernier, J. Martin and S. Zugmeyer for many
enthusiastic discussions during the preparation of this work. The second author has been
partially supported by the DFG grant VE 253/10-1 entitled Quantitative unique contin-

uation properties of elliptic PDEs with variable 2nd order coefficients and applications in

control theory, Anderson localization, and photonics.

2. Statement of the main results

This section is devoted to present the main results contained in this paper.
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2.1. Thickness in the cylinder. First of all, let us define the notion of thickness in the
cylinder Rd×T

d, which is central in this work. To that end, given Lx, Ly > 0, we introduce

in R
2d = R

d×R
d the hyperrectangle ΛLx,Ly := (0, Lx)

d× (0, Ly)
d. The notion of thickness

is then defined as follows.

Definition 2.1. A measurable set ω ⊂ R
d × T

d is said to be (θ, Lx, Ly)-thick in R
d × T

d

with some θ ∈ (0, 1], Lx > 0, and Ly ∈ (0, 2π] if

∀z ∈ R
2d, |ω ∩ (z + ΛLx,Ly)| ≥ θLd

xL
d
y.

Remark 2.2. This is a common extension of the classical notion of thickness in R
2d, cf.,

for instance, [22, 23, 24]. In this regard, let us recall that a measurable set ω ⊂ R
2d is

called (θ, L)-thick with some θ ∈ (0, 1] and L > 0 if

(2.1) ∀z ∈ R
2d, |ω ∩ (z + (0, L)2d)| ≥ θL2d.

The main result in this paper is the following statement, which provides quantita-
tive unique continuation estimates for the evolution operators generated by the fractional
Baouendi–Grushin operator (−∆γ)

s in the critical regime s = (1 + γ)/2.

Theorem 2.3. There exist constants K > 0 and t0 ∈ (0, 1), depending only on γ and the

dimension d, such that for every (θ, Lx, Ly)-thick set ω in R
d×T

d and all t ∈ (0, t0), ε > 0,

and g ∈ L2(Rd × T
d), we have

‖e−t(−∆γ )
1+γ
2 g‖2L2(Rd×Td) ≤

(
K

θ

)KCε,γ,t

‖e−t(−∆γ )
1+γ
2 g‖2L2(ω) + ε‖g‖2L2(Rd×Td)

with

Cε,γ,t = (1− log ε− log t) exp

(
KLx

t
γ

γ+1

+
KLy

t

)
.

In the particular case of γ = 1, the same holds even for all positive times t > 0, and the

term − log t in the constant Cε,γ,t can be skipped.

As a corollary to Theorem 2.3 and its proof, we obtain the following spectral inequality.

Corollary 2.4. Given Lx > 0 and Ly ∈ (0, 1], there exists a constant K > 0, depending

only on d, γ, Lx, and Ly, such that for every (θ, Lx, Ly)-thick set ω in R
d × T

d, every

λ ≥ 0, and all f ∈ Eλ(−∆γ) we have

‖f‖2L2(Rd×Td) ≤
(
K

θ

)K(1+λ
1+γ
2 )

‖f‖2L2(ω).

In the particular case of γ = 1, this estimate can be strengthened as

‖f‖2L2(Rd×Td) ≤
(
K

θ

)K(1+Lyλ+L2
xλ)

‖f‖2L2(ω)

with a constant K > 0 depending only on the dimension d.

Remark 2.5. (1) Considering formally γ = 0 in Corollary 2.4, we are in the situation of
the pure Laplacian acting on R

d×T
d. Our spectral inequality is then consistent with estab-

lished results for that case, see [22] and also [23, Corollary 1.6], but without a quantitative
description of the dependence on the parameters Lx and Ly.

(2) To the best of the authors knowledge, the above spectral inequalities are the first
ones for the Baouendi–Grushin operator ∆γ on R

d × T
d. However, uncertainty relations

for single eigenfunctions have been obtained in the literature for the very same operator
considered on compact manifolds. Corresponding results from the work [31], which actually
deal with more general type I Hörmander operators, are briefly discussed in Remark 2.17
below.
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Let us now discuss the optimality of the spectral inequalities for the general Baouendi–
Grushin operators ∆γ , beginning with the geometry of the sensor set ω ⊂ R

d × T
d. We

first prove that this sensor set has to be thick in order for a spectral inequality to hold.

Proposition 2.6. Let ω ⊂ R
d×T

d be a measurable set with positive measure and λ ≥ 0 be

a non-negative energy level. If for some constant cλ,ω > 0 we have the spectral inequality

∀f ∈ Eλ(−∆γ), ‖f‖L2(Rd×Td) ≤ cλ,ω‖f‖L2(ω),

then the set ω is thick in R
d × T

d.

Let us now focus on the power in the spectral inequalities stated in Corollary 2.4. The
following result, which is exactly the counterpart of [31, Proposition 1.12] for Baouendi–
Grushin operators acting on the cylinder R

d × T
d (and not on a compact manifold as in

the work [31]), shows that the power (1 + γ)/2 appearing in Corollary 2.4 is optimal for
sensor sets ω ⊂ R

d × T
d avoiding the critical line {x = 0}.

Proposition 2.7. Let ω ⊂ R
d ×T

d be a measurable set satisfying the geometric condition

ω∩{x = 0} = ∅. Then, there exist positive constants c0, c1 > 0 and a sequence ((λn, ψn))n
of eigenpairs of the high-order Baouendi–Grushin operator −∆γ with λn → +∞ such that

for each n we have

‖ψn‖L2(Rd×Td) ≥ c0e
c1λ

1+γ
2

n ‖ψn‖L2(ω).

2.2. Applications to control theory. We now apply the unique continuation estimates
from Theorem 2.3 and the spectral inequalities from Corollary 2.4 to the study of the
null-controllability of the evolution equations associated the fractional Baouendi–Grushin
operators. More precisely, given a positive real number s > 0, we consider the heat-like
evolution equation

(Eγ,s)

{
∂tf(t, x, y) + (−∆γ)

sf(t, x, y) = h(t, x, y)1ω (x, y), t > 0, (x, y) ∈ R
d × T

d,

f(0, ·, ·) = f0 ∈ L2(Rd × T
d),

where ω ⊂ R
d×T

d is a control support and h ∈ L2((0, T )×ω) is a control. We focus on two
notions of null-controllability and present a result for each of them. The results presented
in this subsection are in line with articles devoted to the study of the null-controllability of
Baouendi–Grushin heat equations. A pioneering article in this theory is [7], which paved
the way for a numerous series of articles of which we can cite [2, 8, 10, 15, 20, 27, 28].

2.2.1. Exact null-controllability. We first study the exact null-controllability properties of
the equation (Eγ,s) and begin with recalling the corresponding notion.

Definition 2.8. The evolution equation (Eγ,s) is said to be exactly null-controllable from

the control support ω in time T > 0 if for every initial datum f0 ∈ L2(Rd×T
d) there exists

a control function h ∈ L2((0, T ) × R
d × T

d) such that the mild solution to (Eγ,s) satisfies
f(T, ·) = 0.

According to the Hilbert Uniqueness Method, the exact null-controllability of the equa-
tion (Eγ,s) from ω ⊂ R

d × T
d at time T > 0 is equivalent to the existence of a positive

constant Cω,T > 0 such that for all g ∈ L2(Rd × T
d),

(2.2)
∥∥e−T (−∆γ)sg

∥∥2
L2(Rd×Td)

≤ Cω,T

∫ T

0

∥∥e−t(−∆γ )sg
∥∥2
L2(ω)

dt.

The latter is called an exact observability estimate for the semigroup (e−t(−∆γ )s)t≥0. Sev-
eral results in the literature allow to derive exact observability estimates from spectral
inequalities. Most of them are proven by using the well-known Lebeau–Robbiano strategy.
We do not give a precise statement of one of those results here, but just mention that the
estimate (2.2) holds once a spectral inequality of the following form has been established,
where d0 > 0, d1 ≥ 0 and η ∈ (0, s):

∀f ∈ Eλ(−∆γ), ‖f‖L2(Rd) ≤ d0e
d1λη‖f‖L2(ω).



UNIQUE CONTINUATION ESTIMATES FOR BAOUENDI–GRUSHIN EQUATIONS 5

We refer the reader to [37, Theorem 2.8] for a precise statement particularly well adapted
towards an explicit form of the constant Cω,T in terms of the parameters d0, d1, and η. We
thus deduce from Corollary 2.4 the following exact null-controllability result in the high
dissipation regime s > (1 + γ)/2.

Theorem 2.9. Suppose that s > (1+γ)/2, and let T > 0 and ω ⊂ R
d×T

d be a measurable

set with positive measure. The following assertions are equivalent:

(i) The equation (Eγ,s) is exactly null-controllable from ω in time T .

(ii) The set ω is thick in R
d × T

d.

Remark 2.10. (1) The implication (i) ⇒ (ii) has already been proven in [6, Propo-
sition 2.14]. Moreover, the converse (ii) ⇒ (i) strengthens Theorem 2.15 in [6], which
states that for every thick set ω ⊂ R

d (cf. Remark 2.19), the equation (2.2) is exactly
null-controllable in every positive time T > 0 from the sensor set ω × T

d. Note that the
set ω × T

d is then thick in R
d × T

d in the sense of Definition 2.1.
(2) The exact null-controllability properties of the equation (Eγ,s) when 0 < s ≤ (1+γ)/2

were investigated in [6, Theorem 2.17, Theorem 2.19]. Let us briefly recall the content of
those results, starting with the case where a control support ω ⊂ R

d × T
d satisfying the

geometric condition ω∩{x = 0} = ∅ is considered. On the one hand, the equation (Eγ,s) is
then never exactly null-controllable from ω when 0 < s < (1+γ)/2. On the other hand, in
the critical case s = (1 + γ)/2, the equation (Eγ,s) is not exactly null-controllable from ω
at any time T < T∗, where T∗ > 0 is a positive time explicitly given in terms of γ and the
distance from the origin to ω. Moreover, still in the situation s = (1 + γ)/2, the equation
(Eγ,s) is exactly null-controllable in every large enough positive time T > T∗ from every

control support of the form ω × T
d with a thick set ω ⊂ R

d.

2.2.2. Cost-uniform approximate null-controllability. We are now interested in the concept
of approximate null-controllability with uniform cost for the equation (Eγ,s), which is
defined as follows.

Definition 2.11. The evolution equation (Eγ,s) is said to be approximately null-

controllable with uniform cost from the control support ω in time T > 0 if for all ε > 0,
there exists a positive constant Cε,s,ω,T > 0 such that for all f0 ∈ L2(Rd×T

d), there exists
a control h ∈ L2((0, T ) × ω) such that the mild solution of (Eγ,s) satisfies

‖f(T, ·)‖L2(Rd×Td) ≤ ε‖f0‖L2(Rd×Td),

with moreover

(2.3)
1

T

∫ T

0
‖h(t, ·)‖2L2(ω) dt ≤ Cε,s,ω,T‖f0‖2L2(Rd×Td).

Just as the Hilbert Uniqueness Method gives a dual interpretation of the notion of
exact null-controllability in terms of exact observability inequalities, there is also a dual
interpretation of the notion of cost-uniform approximate null-controllability in terms of
weak observability inequalities. This is the purpose of the following result, taken from the
work [41].

Proposition 2.12 (Proposition 6 in [41]). The evolution equation (Eγ,s) is cost-uniformly

approximately null-controllable from the control support ω in time T > 0 if for all ε ∈ (0, 1),
there exists a positive constant Cε,s,ω,T > 0 such that for all g ∈ L2(Rd × T

d),

(2.4)
∥∥e−T (−∆γ)sg

∥∥2
L2(Rd×Td)

≤ Cε,s,ω,T

T

∫ T

0

∥∥e−t(−∆γ )sg
∥∥2
L2(ω)

dt+ ε‖g‖2L2(Rd×Td).

Moreover, every constant Cε,s,ω,T > 0 satisfying (2.4) also satisfies (2.3) and vice versa.

Our result of cost-uniform approximate null-controllability for the equation (Eγ,s) is the
following one.
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Theorem 2.13. Suppose that s ≥ (1+γ)/2, and let T > 0 and ω ⊂ R
d×T

d be a measurable

set with positive measure. The following assertions are equivalent:

(i) The equation (Eγ,s) is cost-uniformly approximately null-controllable from ω in

time T .

(ii) The set ω is thick in R
d × T

d.

Moreover, in the critical dissipation setting s = (1 + γ)/2, for every (θ, Lx, Ly)-thick set

ω ⊂ R
d × T

d with θ ∈ (0, 1] and L > 0, the control cost Cε,s,ω,T > 0 appearing in (2.3)
satisfies

Cε,γ,(1+γ)/2,ω,T ≤
(
K

θ

)K(1−log ε−logT ) exp(KLx/T
γ

1+γ +KLy/T )

,

where K > 0 is a positive constant only depending on γ and the dimension d. In the

particular case of γ = 1, the term − log T in the exponent of the right-hand side of the

latter inequality can be skipped.

Remark 2.14. Notice that the critical case s = sγ = (1+γ)/2 is allowed in Theorem 2.13,
whereas it is excluded in Theorem 2.9, which is not surprising given the results recalled in
Remark 2.10. More precisely, it is known from [6, Theorem 2.17] that the equation (Eγ,sγ )
is not exactly null-controllable in every positive time T > 0 from thick control supports
ω ⊂ R

d × T
d in general. However, Theorem 2.13 shows that the equation (Eγ,sγ) is cost-

uniformly approximately null-controllable from every thick control support ω ⊂ R
d × T

d

and in every positive time T > 0, with a control cost Cε,sγ,ω,T enjoying a polynomial
behavior with respect to the parameter ε > 0.

Investigating the cost-uniform approximate null-controllability properties of the equation
(Eγ,s) in the regime 0 < s < (1 + γ)/2 is an open and very interesting problem that will
not be tackled in the present paper.

Remark 2.15. Let us briefly explain how Theorem 2.13 can be deduced from all the
previous results.

(1) The implication (ii) ⇒ (i) in the case s > (1+γ)/2 is a consequence of Theorem 2.9
since the notion of exact null-controllability is stronger than the notion of cost-uniform
approximate null-controllability.

(2) The implication (ii) ⇒ (i) in the case s = (1 + γ)/2 is obtained from the above
Proposition 2.12 by integrating the quantitative unique continuation properties in Theo-
rem 2.3 with respect to t. Indeed, since the evolution operators e−t(−∆γ )s are contractions
on L2(Rd × T

d), we have

∥∥e−T (−∆γ)sg
∥∥2
L2(Rd×Td)

=
1

T

∫ T

0

∥∥e−T (−∆γ)sg
∥∥2
L2(Rd×Td)

dt

≤ 1

T

∫ T

0

∥∥e−t(−∆γ )sg
∥∥2
L2(Rd×Td)

dt.

(3) The implication (i) ⇒ (ii) can be proved by proceeding similarly as in [5, Theo-
rem 2.1 (i)]. We omit the details here.

2.3. Eigenfunctions. Let us finally present uncertainty relations for (linear combinations
of) eigenfunctions of the operator ∆γ . We refer to Section 4.1.3 where a precise description
of this countable family of eigenfunctions and the associated eigenvalues is given. The first
result concerns single eigenfunctions.

Theorem 2.16. Let ω ⊂ R
d × T

d be a measurable set with positive measure. Then, there

exists a positive constant K > 0, depending only on ω, γ, and the dimension d, such that

for every eigenfunction ψ ∈ L2(Rd ×T
d) of the operator ∆γ with corresponding eigenvalue

λ > 0, we have

‖ψ‖2L2(Rd×Td) ≤ KeKλ
1+γ
2 log(1+λ)‖ψ‖2L2(ω).
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Remark 2.17. As already mentioned in Remark 2.5, uncertainty relations were obtained
for the eigenfunctions of the Baouendi–Grushin operator ∆γ acting on a compact manifold
M (rigorously, of a variant of this operator with analytic coefficients). More precisely,
given an open subset ω ⊂ M, we get from [31, Theorem 1.10] the uncertainty relation

‖ψ‖2L2(M) ≤ KeKλ
1+γ
2 ‖ψ‖2L2(ω),

where ψ is an eigenfunction of the operator ∆γ associated with the eigenvalue λ > 0. In
fact, the result [31, Theorem 1.10] holds more generally with type I Hörmander operators.
It is worth to note that the power (1+γ)/2 here is essentially consistent with the one stated
in Theorem 2.16. An interpretation of the additional log(1 + λ) term in Theorem 2.16 is
given in Remark 2.19 below.

Our second result in this section concerns linear combinations of eigenfunctions of the
operator ∆γ . For any non-negative energy level λ ≥ 0, let us consider the subspace

(2.5) Eλ(−∆γ) = span
{
ψ ∈ Eλ(−∆γ) : −∆γψ = µψ, µ ∈ [0, λ]

}
⊂ Eλ(−∆γ).

Notice that the spectral subspace Eλ(−∆γ) does not coincide with the above subspace
Eλ(−∆γ) since the spectrum of the operator ∆γ is not purely discrete. We obtain the
following uncertainty relations for functions in Eλ(−∆γ).

Theorem 2.18. Let ω ⊂ R
d × T

d be a measurable set with positive measure. Then, there

exists a positive constant K > 0, depending only on ω, γ, and the dimension d, such that

for all λ ≥ 0 and all f ∈ Eλ(−∆γ),

‖f‖2L2(Rd×Td) ≤ KeKλ
( 12+ 1

2γ )(1+γ)
log(1+λ)‖f‖2L2(ω).

Remark 2.19. Notice that Theorem 2.16 and Theorem 2.18 allow to consider sensor sets
ω ⊂ R

d × T
d with merely positive measure, whereas Corollary 2.4 requires the sensor set

to be thick in the cylinder R
d × T

d. This is due to the fact that the eigenfunctions of the
operator ∆γ enjoy localizing properties, in contrast to general functions in the spectral
subspaces Eλ(−∆γ). More precisely, as becomes clear in the proof of Theorem 2.18, there
is a constant c > 0, depending only on γ and the dimension d, such that the functions
f ∈ Eλ(−∆γ) are localized in the sense

‖f‖L2(Rd×Td) ≤ ‖f‖L2(B(0,cλ1/2γ )×Td).

It is therefore sufficient to prove for functions in Eλ(−∆γ) estimates on the finite cylinder

B(0, cλ1/2γ) × T
d in order to obtain estimates on the whole cylinder R

d × T
d. Moreover,

as discussed in Section 5.3, the log(1 + λ) term appearing in Theorems 2.16 and 2.18 is
linked to the volume of this finite cylinder B(0, cλ1/2γ)× T

d.

Remark 2.20. (1) Notice that the two powers in Theorems 2.16 and 2.18 are different,
and that the one for single eigenfunctions in Theorem 2.16 is stronger. This suggests
that there are cancellation phenomena, just as we already know for linear combinations of
eigenfunctions of the Laplacian on the torus, see, e.g., Turan’s lemma in [25, 36].

(2) Let us now analyse the power in the spectral inequalities of Theorem 2.18. On the
one hand, the term 1/2 + 1/(2γ) is familiar from the literature since it also plays a role
in the spectral inequalities for linear combinations of eigenfunctions of the anharmonic
oscillator Hγ = −∆+ |x|2γ , which according to [35, Theorem 2.1 (ii)] read

(2.6) ‖f‖2L2(Rd) ≤ KeKλ
1
2+ 1

2γ log(1+λ)‖f‖2L2(ω), f ∈ Eλ(Hγ), λ > 0.

Here, the operator Hγ is linked to the Baouendi–Grushin operator by a diagonalization
with respect to the y variable, see the similarity relation (4.4) below. Moreover, the term
1/2+1/(2γ) can be interpreted as the (inverse of the) order of the anharmonic oscillator Hγ

in a class of pseudo-differential operators associated with a Hörmander metric, as proved
in the paper [14, Corollary 3.8]. On the other hand, the term 1 + γ is the hypoellipticity
index of the Baouendi–Grushin operator ∆γ , see, e.g., [31, Example 1.7].
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Remark 2.21. Let us consider the Baouendi–Grushin operator

∆bd
γ = ∆x + |x|2γ∆y, (x, y) ∈ R

d × (0, 2π)d,

where ∆y denotes in this case the Laplacian on the hypercube (0, 2π)d with Dirichlet

boundary conditions. The spectrum of the operator −∆bd
γ is now purely discrete, see

Section 4.4. As a consequence, the spectral subspaces Eλ(−∆bd
γ ) consist exclusively of

linear combinations of eigenfunctions of the operator ∆bd
γ , that is, the spaces Eλ(−∆bd

γ )

and Eλ(−∆bd
γ ) coincide. Corresponding variants of Theorems 2.16 and 2.18, which are still

valid for the operator ∆bd
γ as explained in Section 4.4, therefore deal with the complete

spectral subspaces Eλ(−∆bd
γ ). This has ramifications on the null-controllability properties

of the evolution equations associated to the operator −∆bd
γ , but we do not pursue this

further here.

3. General unique continuation estimates

In this section, we provide a general framework towards unique continuation estimates
for functions satisfying suitable smoothing estimates. Here, we follow the general strategy
from the classical approach by Kovrijkine [29, 30], which has been exploited, adapted, and
generalized in several recent works such as [6, 9, 17, 18, 23, 24, 33, 34, 42]. We focus
specifically on [33] and aim for a ready-made tool box to be applied in various different
situations. This tool box will be formulated explicitly for domains in R

d, but it applies,
of course, also to domains in R

2d like the strip R
d × (0, 2π)d, which corresponds to the

cylinder R
d × T

d from Section 2. The strategy itself relies on a suitable covering of the
underlying domain and a local estimate on a sufficiently large subclass of the covering sets,
so-called good elements of the covering. The local estimate is presented in Section 3.1,
whereas the covering strategy is discussed in Sections 3.2 and 3.3. The general scheme is
summarized in Corollary 3.6 and demonstrated in several examples in Section 3.3.

3.1. A local estimate. Let us begin with the discussion of the local estimate. To this
end, we use the following result, which is a straightforward adaptation of Example 5.11 in
[33]; cf. also Lemma 5.4 and Proposition 5.10 there.

Proposition 3.1. Let Q ⊂ R
d be a non-empty bounded convex open set, and let E ⊂ Q be

measurable with positive measure. Suppose that g ∈ C∞(Q) \ {0} satisfies

∀α ∈ N
d, ‖∂αg‖L∞(Q) ≤ ABα(|α|!)µ

with some A > 0, B ∈ (0,∞)d, and µ ∈ [0, 1]. Then, there is a constant K = K(d, µ) > 0,
only depending on µ and the dimension d, such that

‖g‖L2(Q) ≤
(
K|Q|
|E|

)KCµ

‖g‖L2(E)

with

Cµ =




1− log‖g‖L∞ + log(A) + (|B|1 diamQ)

1
1−µ , 0 ≤ µ < 1,

(
1− log‖g‖L∞ + log(A)

)
eK|B|1 diamQ, µ = 1.

The following consequence of Proposition 3.1 is tailored towards a combination with the
covering strategy described in Section 3.2 below. Here and from now on, we adopt the
notation ℓx ∈ R

d for the coordinatewise product of ℓ ∈ (0,∞)d and x ∈ R
d.

Corollary 3.2. Let Q = (0, 1)d be the unit hypercube in R
d, and let Q = Ψ(Q), where

Ψ: Rd → R
d is given by Ψ(x) = x0 + ℓx, x ∈ R

d, with some x0 ∈ R
d and ℓ ∈ (0,∞)d.

Moreover, suppose that f ∈ C∞(Q) satisfies

∀α ∈ N
d, ‖∂αf‖L2(Q) ≤ ABα(|α|!)µ‖f‖L2(Q)
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with some A > 0, B ∈ (0,∞)d, and µ ∈ [0, 1]. Then, there is a constant K = K(d, µ) > 0,
only depending on µ and the dimension d, such that for every measurable set E ⊂ Q of

positive measure we have

‖f‖2L2(Q) ≤
(
K|Q|
|E|

)KCµ

‖f‖2L2(E)

with

Cµ =

{
1 + log(A) + (|ℓB|1)

1
1−µ , 0 ≤ µ < 1,(

1 + log(A)
)
eK|ℓB|1 , µ = 1.

Proof. There is nothing to prove if f = 0, so we may suppose that f 6= 0. Define the
function g ∈ C∞(Q) by

g(x) :=

√
|Q|

‖f ◦Ψ‖L2(Q)
(f ◦Ψ)(x) =

√
|Q|

‖f ◦Ψ‖L2(Q)
f(x0 + ℓx), x ∈ Q,

which obviously satisfies

(3.1) ‖g‖L∞(Q) =

√
|Q|

‖f ◦Ψ‖L2(Q)
‖f ◦Ψ‖L∞(Q) ≥ 1,

and also

(3.2) ∀α ∈ N
d, ‖∂αg‖L2(Q) ≤ (A

√
|Q|)(ℓB)α(|α|!)µ

by the hypothesis on f .
Now, Q satisfies the cone condition, so that by [1, Theorem 4.12] we have the Sobolev

embedding W d,2(Q) →֒ L∞(Q), that is, there is a constant C, depending only on the
dimension d, such that

∀u ∈W d,2(Q), ‖u‖L∞(Q) ≤ C‖u‖W d,2(Q).

Taking into account that for multiindices α, β ∈ N
d with |β| ≤ d we have

|α+ β|! ≤ 2|α|+|β||α|!|β|! ≤ 2dd!2|α||α|!,
we then deduce from (3.2) for every α ∈ N

d that

‖∂αg‖2L∞(Q) ≤ C2‖∂αg‖W d,2(Q) = C2
∑

|β|≤d

‖∂α+βg‖2L2(Q)

≤
(
CA
√

|Q|
)2
(ℓB)2α

∑

|β|≤d

(ℓB)2β(|α+ β|!)2µ

≤
(
C2dµ(d!)µA

√
|Q|
)2
(2µℓB)2α(|α|!)2µ

∑

|β|≤d

(ℓB)2β

≤
(
C2dµ(d!)µA

√
|Q|
)2
(1 + |ℓB|2)d(2µℓB)2α(|α|!)2µ,

and, thus,

(3.3) ∀α ∈ N
d, ‖∂αg‖L∞(Q) ≤

(
C2dd!A

√
|Q|
)
(1 + |ℓB|2)d/2(2ℓB)α(|α|!)µ.

In light of (3.1) and (3.3), the function g on Q satisfies the hypotheses of Proposition 3.1

with A and B replaced by C2dd!A
√

|Q|(1 + |ℓB|2)d/2 and 2ℓB, respectively. Applying
Proposition 3.1 with the measurable subset E := Ψ−1(E) ⊂ Q, we therefore conclude that

‖f‖2L2(Q)

‖f‖2
L2(E)

=
‖g‖2L2(Q)

‖g‖2
L2(E)

≤
(
K|Q|
|E|

)KCµ,ℓ

=

(
K|Q|
|E|

)KCµ,ℓ

,

upon a suitable adaptation of the constant K, especially in order to subsume the term

log(1 + |ℓB|2) into (|ℓB|1)
1

1−µ and eK|ℓB|1 in Cµ,ℓ, respectively. This completes the proof.
�
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Remark 3.3. (1) The restriction to the very specific type of sets Q in Corollary 3.2
is due to the Sobolev embedding used in the proof as it is imperative that the constant
K > 0 in the statement can be chosen uniformly with respect to the corresponding Sobolev
constants. This is accomplished exactly via the change of variables. The specific restriction
to the hypercube for Q, however, is not essential and could simply be extended to a larger
class of sets, as long as a Sobolev embedding with a uniform constant remains available.

(2) It is worth to note that the case µ < 1 in Corollary 3.2 could alternatively also
be handled using the more classical analytic approach by Kovrijkine (instead of Proposi-
tion 3.1), cf. [23] and [16] and also Appendix A below, which would not require the use
of the Sobolev embedding. This does, however, not seem to work for the critical case of
µ = 1 because then the bounds on the partial derivatives of f are not strong enough to
control the domain of convergence of a suitable Taylor expansion as is possible for µ < 1.

3.2. Covering with good and bad elements. The following result formulates the gen-
eral scheme to obtain global uncertainty estimates by means of the local estimate provided
by Corollary 3.2 via a covering strategy. Here, Γ ⊂ R

d could be the whole domain under
consideration, say R

d or a strip as in the context of Section 2, but could also be a proper
subdomain thereof, depending on the situation at hand.

Lemma 3.4. Let Γ ⊂ R
d be open, and let {Qj}j∈J be a finite or countably infinite family

of open sets Qj ⊂ R
d such that almost everywhere we have

1Γ ≤
∑

j∈J
1Qj ≤ κ1Γ

with some κ ≥ 1. Moreover, suppose that f ∈ C∞(Γ) satisfies

∀α ∈ N
d, ‖∂αf‖L2(Γ) ≤ DBα(|α|!)µ

with some D > 0, B ∈ (0,∞)d, and µ ∈ [0, 1]. Then, for every ε > 0 there is a subset

Jgd = Jgd(ε) ⊂ J of indices such that

‖f‖2L2(Γ) ≤
∑

j∈Jgd
‖f‖2L2(Qj)

+ εD2,

while for each j ∈ Jgd we have

(3.4) ∀α ∈ N
d, ‖∂αf‖L2(Qj) ≤

(2dκ
ε

)1/2
(2B)α(|α|!)µ‖f‖L2(Qj).

Proof. Given ε > 0, we define Jgd ⊂ J as the subset of indices j ∈ J for which (3.4) is
satisfied; note that this subset might a priori be empty. In any case, taking into account
that

‖f‖2L2(Γ) ≤
∑

j∈Jgd
‖f‖2L2(Qj)

+
∑

j∈J\Jgd

‖f‖2L2(Qj)
,

we only have to show that
∑

j∈J\Jgd

‖f‖2L2(Qj)
≤ εD2.

To this end, we observe that for each j ∈ J \ Jgd there is by definition some β ∈ N
d such

that

‖f‖2L2(Qj)
<

ε

2dκ

1

(2B)2β(|β|!)2µ ‖∂
βf‖2L2(Qj)

≤ ε

2dκ

∑

α∈Nd

1

(2B)2α(|α|!)2µ ‖∂
αf‖2L2(Qj)

,
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and summing over j ∈ J \ Jgd together with the hypotheses on f and the family {Qj}j∈J
gives

∑

j∈J\Jgd

‖f‖2L2(Qj)
≤ ε

2d

∑

α∈Nd

1

(2B)2α(|α|!)2µ ‖∂
αf‖2L2(Γ)

≤ ε

2d
D2

∑

α∈Nd

1

4|α|
= εD2

since
∑

α∈Nd

1

4|α|
=

∞∑

m=0

1

4m

(
m+ d− 1

d− 1

)
≤

∞∑

m=0

1

4m
2m+d−1 = 2d. �

Remark 3.5. The quantity κ in Lemma 3.4 can be interpreted as the maximal essential
overlap between the covering sets. The elements Qj with j ∈ Jgd are traditionally referred
to as good, which explains the subscript in Jgd. It is worth to note that the extreme cases for
Jgd are, of course, Jgd = J and Jgd = ∅, in which case we have ‖f‖2L2(Γ) ≤

∑
j∈Jgd‖f‖

2
L2(Qj)

and ‖f‖2L2(Γ) ≤ εD2, respectively. The latter case is usually not interesting as it trivially

leads to a unique continuation estimate of the form we are looking for (with any measurable
subset ω). In this sense, we may always assume that Jgd is not empty.

On the good covering elements Qj in Lemma 3.4 (i.e. j ∈ Jgd), the bound provided in
(3.4) is designed to guarantee applicability of the local estimate from Corollary 3.2 with

A = (2dκ/ε)1/2 and with B replaced by 2B. Together with the bound from Lemma 3.4,
this then leads to a global (on Γ) uncertainty estimate of the desired form, as long as
the constant relating the L2-norm of f on Qj , j ∈ J , to the one on the subset of Qj in
Corollary 3.2 is uniform over j ∈ J ; it would, in fact, suffice it to be uniform over j ∈ Jgd,
but Jgd is usually not known explicitly. An instance of this is summarized in the following
result.

Corollary 3.6. In the situation of Lemma 3.4, suppose, in addition, that each Qj is

as in Corollary 3.2 the affine image of the hypercube (0, 1)d with corresponding scaling

parameters ℓj ∈ (0,∞)d such that the coordinatewise supremum ℓ := supj∈J ℓj belongs to

(0,∞)d. Then, there is a constant K = K(d, µ, κ) > 0 such that for every ε > 0 and every

measurable subset ω ⊂ Γ with

ϑ := inf
j∈J

|ω ∩Qj |
|Qj|

> 0,

we have

(3.5) ‖f‖2L2(Γ) ≤
(
K

ϑ

)KCε,µ

‖f‖2L2(ω) + εD2,

where

Cε,µ =

{
1− log ε+ (|ℓB|1)

1
1−µ , 0 ≤ µ < 1,

(1− log ε)eK|ℓB|1 , µ = 1.

3.3. Choosing suitable coverings. In order to apply Corollary 3.6, the specific choices
of the subdomain Γ and a corresponding essential covering {Qj}j∈J highly depend on the
situation at hand, especially with respect to having a good control over the quantities
ℓ ∈ (0,∞)d and ϑ > 0. We describe here two examples with the focus on the case where
the underlying domain is

M = R
d × (0, 2π)d ⊂ R

2d,

which addresses upon a suitable identification the cylinder Rd×T
d encountered in Section 2

for the Baouendi–Grushin operators. Other cases like R
d or R

2d are completely analogous
and are briefly commented on in Remarks 3.8 and 3.11 below.
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We consider functions f ∈ C∞(M) satisfying

(3.6) ∀α, β ∈ N
d, ‖∂αx ∂βy f‖L2(M) ≤ Dc|α|x c|β|y (α!)µ(β!)µ

with some constants D, cx, cy > 0 and µ ∈ [0, 1], which fit into the framework of Lemma 3.4

and Corollary 3.6 with B = (cx1, cy1) ∈ (0,∞)2d, where we used the short-hand notation

1 = (1, . . . , 1) ∈ R
d.

Our first example now addresses the case of thick subsets of M , which applies when no
additional information on the decay of f in (3.6) is available. This situation is encountered
in Theorem 2.3, and in a variant on R

d also in Example 3.9 below.

Example 3.7. Suppose that f ∈ C∞(M) satisfies (3.6) and that ω ⊂M is (θ, Lx, Ly)-thick
in M in the sense of Definition 2.1. We may then cover Γ = M , up to a set of measure
zero, with a countable number of translates Qj, j ∈ J , of ΛLx,Ly = (0, Lx)

d × (0, Ly)
d

with essential overlap κ ≤ 2d. Each of these hyperrectangles Qj is the affine image of

the hypercube Q = (0, 1)d × (0, 1)d = (0, 1)2d with corresponding scaling parameters
ℓ = ℓj = (Lx1, Ly1) ∈ (0,∞)2d, so that

|ℓB|1 = dLxcx + dLycy.

Applying Corollary 3.6 and suitably adapting the constant K = K(d, µ), we conclude that
(3.5) holds with ϑ ≥ θ > 0 and

Cε,µ =




1− log ε+ (Lxcx + Lycy)

1
1−µ , 0 ≤ µ < 1,

(1− log ε) exp(KLxcx +KLycy), µ = 1.

Remark 3.8. An analogue to Example 3.7 is available if M is replaced by R
d or R

2d,
where R

2d is, in fact, just another instance of Rd with d replaced by 2d. The case of Rd

differs from the above essentially only in the way that all terms corresponding to the y
coordinates can be removed; the situation is then even a bit simpler since the essential
covering of R

d with translates of (0, Lx)
d can be achieved without any overlap, that is,

κ = 1.

Example 3.9. As an illustration of Remark 3.8, let us consider the fractional heat semi-
group (e−t(−∆)s)t≥0 acting on L2(Rd), with s > 0 a positive real number. We prove in
Lemma 4.3 below that this semigroup enjoys for all t > 0, α ∈ N

d, and g ∈ L2(Rd), the
smoothing estimates

‖∂αx (e−t(−∆)sg)‖L2(Rd) ≤
(
d

2st

) |α|
2s

(α!)
1
2s ‖g‖L2(Rd).

Therefore, when s ≥ 1/2, every function f = e−t(−∆)sg satisfies the Rd-variant of (3.6) with

D = ‖g‖L2(Rd), cx = ( d
2st)

1
2s , and µ = 1

2s ∈ (0, 1]. We therefore conclude from Remark 3.8
that there exists a positive constant K > 0, depending only on s and the dimension d,
such that for every (θ, L)-thick set ω ⊂ R

d, with θ ∈ (0, 1] and L > 0, and all t > 0, ε > 0
and g ∈ L2(Rd), we have

(3.7) ‖e−t(−∆)sg‖2L2(Rd) ≤
(
K

θ

)KCε,s,t

‖e−t(−∆)sg‖2L2(ω) + ε‖g‖2L2(Rd)

with

Cε,s,t =





1− log ε+

(
L

t
1
2s

) 2s
2s−1

, s > 1/2,

(1− log ε) exp

(
KL

t

)
, s = 1/2.

Let us make some bibliographical comments:
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(1) Non-quantitative estimates of the form

‖e−t(−∆)sg‖2L2(Rd) ≤ Cε,s,t,θ,L‖e−t(−∆)sg‖2L2(ω) + ε‖g‖2L2(Rd)

have already been stated in [5, Proposition 5.2]. In fact, this result states non-quantitative
unique continuation estimates for evolution operators associated with more general Fourier
multipliers of the form F (|Dx|), where F : [0,+∞) → R is a continuous function bounded
from below, generating a quasi-analytic sequence MF , see [5, Section 2.2] for the definition
of this notion. The merit of the estimates (3.7) is a precise description of the constant
Cε,s,t,θ,L in the case of the fractional heat equations, which correspond to the functions
F (t) = t2s.

(2) Similar unique continuation estimates have also been obtained for the heat equation
(case s = 1) considered in bounded domains of Rd, see, e.g., [39, Section 2.1].

In some situations, the function f under consideration exhibits also a strong decay in
L2-sense with respect to the x coordinates, say

(3.8) ‖ec0|x|1/νf‖L2(M) ≤ D

with some c0, ν > 0 and the same D > 0 as in (3.6). In this case, for every R > 0 and
every choice of measurable Γ ⊂M satisfying Γ ⊃ (−R,R)d × (0, 2π)d we have

‖f‖L2(M\Γ) ≤ e−c0R1/ν‖ec0|x|1/νf‖L2(M\Γ) ≤ e−c0R1/ν
D

and, therefore,

(3.9) ‖f‖2L2(M) = ‖f‖2L2(Γ) + e−2c0R1/ν
D2.

Here, upon choosing R large enough, the term e−2c0R1/ν
can be hidden inside ε in

(3.5), while the term ‖f‖2L2(Γ) is to be addressed via Corollary 3.6; note that always

‖∂αx ∂βy f‖L2(Γ) ≤ ‖∂αx ∂βy f‖L2(M), so that we can use (3.6) on Γ instead of M with the
same constants. In the context of Corollary 3.6, this has the benefit that only the part
Γ ∩ ω of the sensor set ω plays a role and the remainder ω \ Γ can be discarded. The
following example demonstrates this for sensor sets ω ⊂M with merely positive measure,
but no other additional information. This situation is encountered in Theorem 6.1, as well
as in Example 6.4.

Example 3.10. Suppose that f ∈ C∞(M) satisfies (3.6) and (3.8) and that ω ⊂ M has
positive measure. We choose R > 0 such that the intersection of ω with the hyperrectangle
Γ = (−R,R)d × (0, 2π)d has positive measure, that is,

θR :=
|ω ∩ Γ|
|Γ| > 0.

Here, Γ itself is the affine image of the hypercube (0, 1)2d with corresponding scaling
parameters ℓ = (R1, 2π1), so that

|ℓB|1 = dRcx + 2πdcy .

We may then cover Γ with just the one element family {Γ} with κ = 1 and apply Corol-

lary 3.6 with the particular choice ε = e−2c0R1/ν
. Upon suitably adapting the constant

K = K(d, µ), and taking into account (3.9), this gives

‖f‖2L2(M) ≤
(K
θR

)KCε,µ

+ 2e−2c0R1/ν
D2

with

Cε,µ =

{
1 + c0R

1/ν + (Rcx + cy)
1

1−µ , 0 ≤ µ < 1,

(1 + c0R
1/ν) exp(KRcx +Kcy), µ = 1.
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Remark 3.11. (1) In the situation of (3.6) and (3.8), we could also consider sensor sets
that have not only positive measure but are even thick in M with a decaying density and
with respect to a variable local scale in the x coordinates, cf. [6, 17, 18, 19]. The strategy of
proof would combine the above scheme with the well-known Besicovitch covering theorem,
just as in the mentioned references. We decided not to pursue this here.

(2) An analogue to Example 3.10 is available if M is replaced by R
d. The difference is

only that just as in Remark 3.8 all terms in Example 3.10 corresponding to the y coordinates
can be removed.

4. Smoothing properties of the fractional Baouendi–Grushin equations

This section is devoted to studying the smoothing properties of the evolution equations
associated by the fractional Baouendi–Grushin operator (−∆γ)

(1+γ)/2. This is a crucial
step for obtaining the unique continuation estimates stated in Theorem 2.3 via the frame-
work from Section 3. We also discuss the case of eigenfunctions of the operator ∆γ , or
finite linear combinations thereof, which additionally enjoy localization properties.

4.1. Prolegomena. First of all, we introduce some notations, and recall some very well-
known facts of spectral analysis.

4.1.1. Diagonalization. After diagonalizing the Laplace operator ∆y on the torus T
d, the

Baouendi–Grushin operator ∆γ is transformed as

∆x + |x|2γ∆y  ∆x − |n|2|x|2γ .
This motivates to introduce, for each frequency n ∈ Z

d, the anharmonic oscillator Hγ,n

with variably scaled potential, defined by

Hγ,n = −∆x + |n|2|x|2γ , x ∈ R
d.

Recall that when n 6= 0, each of these operators, equipped with the respective domain

D(Hγ,n) =
{
g ∈ L2(Rd) : Hγ,ng ∈ L2(Rd)

}
,

has purely discrete spectrum consisting of a sequence of positive eigenvalues diverging
to +∞. Moreover, the negatives of each Hγ,n and of its fractional powers (Hγ,n)

s with
s > 0 (understood via the standard functional calculus) generate strongly continuous
contraction semigroups on L2(Rd). When n = 0, the operator Hγ,0 reduces to the negative
Laplacian −∆x, and −Hγ,0 likewise generates a strongly continuous contraction semigroups

on L2(Rd) (as do the operators −(Hγ,0)
s). Consequently, we have for all t ≥ 0, s > 0 and

g ∈ L2(Rd × T
d),

(4.1) e−t(−∆γ )sg =
∑

n∈Zd

(e−t(Hγ,n)sgn)⊗ ϕn,

with the partial Fourier coefficients

(4.2) gn =

∫

M
ϕn(y)g(·, y) dy where ϕn(y) = ein·y.

4.1.2. Unitary transform. For every non-zero frequency n ∈ Z
d \ {0}, let us introduce the

isometry Mγ,n on L2(Rd) by

(4.3) Mγ,ng = |n|
d

2(1+γ) g(|n|
1

1+γ ·), g ∈ L2(Rd).

A straightforward computation shows that

(4.4) (Mγ,n)
∗(Hγ,n)

sMγ,n = |n|
2s

1+γ (Hγ)
s,

where Hγ denotes the standard anharmonic oscillator

Hγ = −∆x + |x|2γ , x ∈ R
d.

In the following, we denote by (λγ,m)m the sequence of eigenvalues of the maximal real-

ization of the operator Hγ on L2(Rd) in non-decreasing order and counting multiplicities,
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and by (φγ,m)m with φγ,m ∈ L2(Rd) a corresponding orthonormal basis of eigenfunctions
for Hγ such that each φγ,m is associated to λγ,m > 0.

4.1.3. Eigenfunctions. In view of the similarity relation (4.4), it is clear that the eigenvalues
of the Baouendi–Grushin operator −∆γ are precisely given by

λγ,n,m = |n|
2

1+γ λγ,m, n ∈ Z
d \ {0}, m ∈ N,

and the function

(4.5) ψγ,n,m = (Mγ,nφγ,m)⊗ ϕn,

in L2(Rd ×T
d) is an associated normalized eigenfunction of the operator −∆γ . Moreover,

the subspace Eλ(−∆γ) defined in (2.5) can be rewritten as

Eλ(−∆γ) = span
{
ψγ,n,m : n ∈ Z

d \ {0}, m ∈ N, λγ,n,m ≤ λ
}
.

4.2. Smoothing properties of the evolution operators. Let us now focus on the
smoothing properties of the semigroups generated by Baouendi–Grushin operators. We
are first interested in the smoothing properties with respect to the variable y ∈ T

d.

Lemma 4.1. For all s > 0, t > 0 and g ∈ L2(Rd × T
d), we have

(4.6)
∥∥∂αy (e−t(−∆γ )sg)

∥∥
L2(Rd×Td)

≤
(
1 + γ

2sλsγt

) |α|(1+γ)
2s

(α!)
1+γ
2s ‖g‖L2(Rd×Td),

where λγ > 0 stands for the smallest eigenvalue of the anharmonic oscillator Hγ.

Remark 4.2. It is worthing noticing from the above result that the evolution operators
generated by the fractional Baouendi–Grushin operator (−∆γ)

s enjoy (at least) analytic
smoothing properties in the variable y whenever s ≥ (1 + γ)/2. This point is clear from
the estimates (4.7) since the analytic smoothness is equivalent to the exponential decrease
of the Fourier transform. As a consequence, we are able to prove unique continuation
estimates for the functions e−t(−∆γ )sg only in this regime, and in fact, we will focus only
on the case s = (1 + γ)/2.

Proof of Lemma 4.1. Let us begin by proving that for all t ≥ 0 and g ∈ L2(Rd × T
d),

(4.7)
∥∥eλs

γt|Dy |
2s

1+γ
(e−t(−∆γ )sg)

∥∥
L2(Rd×Td)

≤ ‖g‖L2(Rd×Td).

Let t ≥ 0 and g ∈ L2(Rd × T
d) be fixed. First, we get from the diagonalization formula

(4.1) and Parseval’s theorem that

∥∥eλs
γt|Dy|

2s
1+γ

(e−t(−∆γ )sg)
∥∥2
L2(Rd×Td)

=
∑

n∈Zd

e2λ
s
γ t|n|

2s
1+γ ∥∥e−t(Hγ,n)sgn

∥∥2
L2(Rd)

,

where gn denotes the partial Fourier coefficient defined in (4.2). Let n ∈ Z
d be fixed. On

the one hand, when n = 0, the operator Hγ,n reduces to the negative Laplacian −∆x on

R
d. Since the evolution operators e−t(−∆x)s are contractions on L2(Rd), we deduce that

∥∥e−t(Hγ,0)sg0
∥∥2
L2(Rd)

=
∥∥e−t(−∆x)sg0

∥∥2
L2(Rd)

≤ ‖g0‖2L2(Rd).

On the other hand, when n ∈ Z
d \ {0}, we deduce from the relation (4.4) that

∥∥e−t(Hγ,n)sgn
∥∥
L2(Rd)

=
∥∥e−|n|

2s
1+γ tHs

γ (Mγ,n)
∗gn
∥∥
L2(Rd)

.

Moreover, we get from Plancherel’s theorem that

(4.8)
∥∥e−tHs

γ
∥∥
L(L2(Rd))

≤ e−λs
γt,

which implies

e2λ
s
γt|n|

2s
1+γ ∥∥e−t(Hγ,n)sgn

∥∥2
L2(Rd)

≤ e2λ
s
γ t|n|

2s
1+γ

e−2λs
γ t|n|

2s
1+γ ‖gn‖2L2(Rd) = ‖gn‖2L2(Rd).
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In a nutshell, we obtained that for all t ≥ 0 and g ∈ L2(Rd × T
d),

∥∥eλs
γt|Dy |

2s
1+γ

(e−t(−∆γ )sg)
∥∥2
L2(Rd×Td)

≤
+∞∑

n=0

‖gn‖2L2(Rd) = ‖g‖2L2(Rd×Td),

which proves estimate (4.7).
Let us now explain how to derive the estimate (4.6) from (4.7). Notice first from the

decomposition (4.1) and Parseval’s theorem that for all α ∈ N
d , t > 0, and g ∈ L2(Rd×T

d),

(4.9)

‖∂αy (e−t(−∆γ )sg)‖2L2(Rd×Td) =
∑

n∈Zd

|nα|2‖e−t(Hγ,n)sgn‖2L2(Rd)

≤
∑

n∈Zd

|n|2|α|‖e−t(Hγ,n)sgn‖2L2(Rd)

= ‖|Dy||α|(e−t(−∆γ )sg)‖2L2(Rd×Td).

Since for all p, q > 0, c > 0 and x ≥ 0, we have the elementary inequality

(4.10) xpe−cxq ≤
(
p

ecq

) p
q

,

which follows from a straightforward study of function, and taking into account the estimate
|α||α| ≤ e|α||α|!, we deduce from (4.9) for all α ∈ N

d, t > 0 and g ∈ L2(Rd × T
d),

∥∥∂αy (e−t(−∆γ )sg)
∥∥
L2(Rd×Td)

≤
∥∥|Dy||α|e−λs

γt|Dy |
2s

1+γ
eλ

s
γ t|Dy|

2s
1+γ

(e−t(−∆γ )sg)
∥∥
L2(Rd×Td)

≤
( |α|(1 + γ)

2esλsγt

) |α|(1+γ)
2s

‖g‖L2(Rd×Td)

≤
(
1 + γ

2sλsγt

) |α|(1+γ)
2s

(α!)
1+γ
2s ‖g‖L2(Rd×Td).

This ends the proof of Lemma 4.1. �

Before treating the case of the variable x ∈ R
d, let us recall and give a proof of the

smoothing properties of the fractional heat semigroups acting on the space L2(Rd).

Lemma 4.3. For all s > 0, t > 0, α ∈ N
d and g ∈ L2(Rd), we have

∥∥∂αx (e−t(−∆)sg)
∥∥
L2(Rd)

≤
(
d

2st

) |α|
2s

(α!)
1
2s ‖g‖L2(Rd).

Proof. Let t > 0, α ∈ N
d and g ∈ L2(Rd) be fixed. We first deduce from Plancherel’s

theorem that

∥∥∂αx (e−t(−∆)sg)
∥∥
L2(Rd)

=
1

(2π)d/2

∥∥(iξ)αe−t|ξ|2s ĝ
∥∥
L2(Rd)

≤ 1

(2π)d/2

∥∥|ξ||α|e−t|ξ|2s ĝ
∥∥
L2(Rd)

.

Moreover, we deduce from (4.10) and the estimates |α||α| ≤ e|α||α|! and |α|! ≤ d|α|α! that
for all ξ ∈ R

d,

|ξ||α|e−t|ξ|2s ≤
( |α|
2est

) |α|
2s

≤
(
d

2st

) |α|
2s

(α!)
1
2s .

This ends the proof of Lemma 4.3 by using anew Plancherel’s theorem. �

We are now in position to derive smoothing estimates in the variable x ∈ R
d for the

fractional Baouendi–Grushin evolution equation in the critical regime s = (1 + γ)/2.
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Lemma 4.4. There exist some positive constants c > 0 and t0 ∈ (0, 1) such that for all

t ∈ (0, t0) and g ∈ L2(Rd × T
d),

(4.11)
∥∥∂αx (e−t(−∆γ )

1+γ
2 g)

∥∥
L2(Rd×Td)

≤ c1+|α|

t
γ|α|
1+γ

+ d
γ

α! ‖g‖L2(Rd×Td).

In the particular case of γ = 1, the same holds even for all positive times t > 0 and the

term td/γ on the right-hand side of (4.11) can be skipped.

Proof. Let us first treat the case γ ≥ 2. In order to alleviate the writing, we denote by
sγ = (1 + γ)/2 the dissipation index. Let t > 0 and g ∈ L2(Rd × T

d) be fixed. We first
deduce from Plancherel’s theorem and the diagonalization formula (4.1) that

(4.12)
∥∥∂αx (e−t(−∆γ )sγ g)

∥∥2
L2(Rd×Td)

=
∑

n∈Zd

∥∥∂αx (e−t(Hγ,n)sγ gn)
∥∥2
L2(Rd)

,

where gn is still defined as in (4.2). We now need to estimate each term in the above sum.
When n = 0, we deduce from Lemma 4.3 that there exists a positive constant c0 > 0 only
depending on s and the dimension d such that

(4.13)
∥∥∂αx (e−t(Hγ,0)

sγ
g0)
∥∥
L2(Rd)

=
∥∥∂αx (e−t(−∆x)sγ g0)

∥∥
L2(Rd)

≤ c
|α|
0

t
|α|
1+γ

(α!)
1

1+γ ‖g0‖L2(Rd).

Until the end of the proof, we consider n ∈ Z
d \ {0}. We deduce from the relation (4.4)

that
∥∥∂αx (e−t(Hγ,n)sγ gn)

∥∥
L2(Rd)

=
∥∥∂αx (Mγ,ne

−|n|tHsγ
γ (Mγ,n)

∗gn)
∥∥
L2(Rd)

= |n|
|α|
1+γ
∥∥∂αx (e−|n|tHsγ

γ (Mγ,n)
∗gn)

∥∥
L2(Rd)

.

In order to control the above term, we use Corollary 2.2 in [3], which states that there
exist positive constants c1 > 1 and 0 < t0 < 1 such that for all 0 < t ≤ t0, α ∈ N

d and
g ∈ L2(Rd),

(4.14)
∥∥∂αx (e−tH

sγ
γ g)

∥∥
L2(Rd)

≤ c
|α|
1

t
γ|α|
1+γ

+ d
γ

(α!)
γ

γ+1 ‖g‖L2(Rd).

By using (4.8) anew, we also deduce that there exists another positive constant c2 > 1
such that for all t > t0, α ∈ N

d and g ∈ L2(Rd),

(4.15)
∥∥∂αx (e−tH

sγ
γ g)

∥∥
L2(Rd)

≤ c
1+|α|
2 e−λ

sγ
γ t (α!)

γ
γ+1 ‖g‖L2(Rd).

There are two cases to consider.
⊲ Case 1: |n|t ≤ t0. In this situation, we deduce from the estimate (4.14) that

|n|
|α|
1+γ
∥∥∂αx (e−|n|tHsγ

γ (Mγ,n)
∗gn)

∥∥
L2(Rd)

≤ c
|α|
1 |n|

|α|
1+γ

(|n|t)
γ|α|
1+γ

+ d
γ

(α!)
γ

γ+1 ‖gn‖L2(Rd).

Noticing that γ − 1 ≥ 0 and using the fact that |n| ≥ 1, we get that

(4.16) |n|
|α|
1+γ
∥∥∂αx (e−|n|tHsγ

γ (Mγ,n)
∗gn)

∥∥
L2(Rd)

≤ c
|α|
1

t
γ|α|
1+γ

+ d
γ

(α!)
γ

γ+1 ‖gn‖L2(Rd).

⊲ Case 2: |n|t > t0. In this case, we use (4.15) to obtain that

|n|
|α|
1+γ
∥∥∂αx (e−|n|tHsγ

γ (Mγ,n)
∗gn)

∥∥
L2(Rd)

≤ c
1+|α|
2 |n|

|α|
1+γ e−λ

sγ
γ |n|t (α!)

γ
γ+1 ‖gn‖L2(Rd).

Combining (4.10) and the estimates |α||α| ≤ e|α||α|! and |α|! ≤ d|α|α! implies that

|n|
|α|
1+γ e−λ

sγ
γ |n|t ≤

( |α|
eλ

sγ
γ (1 + γ)t

) |α|
1+γ

≤ c
|α|
3

t
|α|
1+γ

(α!)
1

1+γ .
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In a nutshell, we proved that

(4.17) |n|
|α|
1+γ
∥∥∂αx (e−|n|tHsγ

γ (Mγ,n)
∗gn)

∥∥
L2(Rd)

≤ (c2c3)
1+|α|

t
|α|
1+γ

α! ‖gn‖L2(Rd).

⊲ Summary: Gathering (4.12) and the estimates (4.13), (4.16) and (4.17), and using the
fact that 0 < t < t0 < 1, we get that

∥∥∂αx (e−t(−∆γ )sγ g)
∥∥
L2(Rd×Td)

≤ (c1c2c3)
1+|α|

t
γ|α|
1+γ

+ d
γ

α! ‖g‖L2(Rd×Td).

The proof is ended when γ ≥ 2. In the case γ = 1, instead of (4.14), we use the estimates

∥∥∂αx (e−tH1g)
∥∥
L2(Rd)

≤ c
|α|
1

t
|α|
2

√
α! ‖g‖L2(Rd),

taken from Theorem 2.3 in [3], which hold for all t > 0 and differ from (4.14) by a lack of

the factor t−d/γ . The rest of the proof is then analogous to the one for γ ≥ 2. �

As a consequence, we obtain the following global smoothing estimates on R
d × T

d.

Corollary 4.5. There exist constants c > 0 and t0 ∈ (0, 1), depending only on γ and the

dimension d, such that for all tx ∈ (0, t0), ty > 0, α, β ∈ N
d, and g ∈ L2(Rd × T

d),

(4.18) ‖∂αx ∂βy (e−(tx+ty)(−∆γ )
1+γ
2 g)‖L2(Rd×Td) ≤

c1+|α|+|β|

(tx)
γ|α|
γ+1

+ d
γ (ty)|β|

α!β! ‖g‖L2(Rd×Td).

If γ = 1, then (4.18) holds even for all tx > 0 and the term t
− d

γ
x on the right-hand side of

(4.18) can be skipped.

Proof. Observe that the operators ∂βy and ∆γ commute, and the same property holds for

the operators ∂βy and e−t(−∆γ )(1+γ)/2
for all t > 0. Consequently, for all (α, β) ∈ N

2d and
tx, ty ≥ 0, we have

∂αx ∂
β
y e

−(tx+ty)(−∆γ )
1+γ
2 = (∂αx e

−tx(−∆γ)
1+γ
2 )(∂βy e

−ty(−∆γ)
1+γ
2 ).

The claim then follows from Lemmas 4.1 and 4.4. �

Let us now discuss the optimality of the result stated in Lemma 4.4 in the particular
case γ = 1. Notice from Lemma B.1 that the estimates (4.11) can be rewritten for all
t ∈ [0, 1] and g ∈ L2(Rd × T

d) as

(4.19)
∥∥ec1

√
t|Dx|(et∆1g)

∥∥
L2(Rd×Td)

≤ c2‖g‖L2(Rd×Td).

We prove that this exponential decrease cannot be improved.

Lemma 4.6. Let α > 1 and t > 0. Then, there are no positive constants c, c1 > 0 such

that for all g ∈ L2(Rd × T
d),

(4.20)
∥∥ec|Dx|α(et∆1g)

∥∥
L2(Rd×Td)

≤ c1‖g‖L2(Rd×Td).

Proof. Assume to the contrary that there exists positive constants c, c1 > 0 such that the
estimate (4.20) holds. For each n ∈ Z

d \ {0}, let us consider the function ψn := ψ1,n,0

defined in (4.5), which is a normalized eigenfunction of the operator −∆1 associated with
the eigenvalue d|n| (since the first eigenvalue of the harmonic oscillator acting on L2(Rd)
is d). Recall that the function ψn is given by

ψn(x, y) =

( |n|
π

)d/4

ein·ye−|n||x|2/2, (x, y) ∈ R
d × T

d.
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Let us notice from Plancherel’s theorem that the left-hand side of the inequality (4.20)
applied with the function ψn reads as

∥∥ec|Dx|α(et∆1ψn)
∥∥2
L2(Rd×Td)

=

( |n|
π

)d/2

e−2d|n|t‖ϕn‖2L2(Td)

∥∥ec|Dx|α(e−|n||x|2/2)
∥∥2
L2(Rd)

=
e−2d|n|t

πd/2

∫

Rd

ec|ξ|
α
e−|ξ|2/(2|n|) dξ.

Let us check that the above integral diverges to +∞ as n goes to +∞. Since the function
ψn is normalized, this then contradicts the inequality (4.20). Notice that this result is
immediate in the case where α ≥ 2 since the integral is equal to +∞ when |n| ≫ 1 is
large enough. We therefore only consider the case α ∈ (1, 2). Moreover, since the involved
functions are radial, we can assume that n ≥ 1 is a positive integer and focus on the
integral

e−2dnt

∫ +∞

0
ecξ

α
e−ξ2/(2n)ξd−1 dξ.

Let us consider the integrand

gn(ξ) = ecξ
α
e−ξ2/(2n), ξ ≥ 0.

Notice that this function attains its maximum on [0,+∞) at the point

ξn = (αcn)
1

2−α > 0,

and that this maximum is given by

‖gn‖∞ = gn(ξn) = exp

(
c

2
2−α

(
α

α
2−α − 1

2
α

2
2−α

)
n

α
2−α

)
= eCαn

α
2−α

,

where we set

Cα = c
2

2−α

(
α

α
2−α − 1

2
α

2
2−α

)
> 0.

Moreover, let Vn ⊂ (0,+∞) be a bounded neighborhood of ξn satisfying the property

gn(ξ) ≥ gn(ξn)e
−dnt, ξ ∈ Vn.

Since the function gn is non-negative, we therefore get that

e−2dnt

∫ +∞

0
ecξ

α
e−ξ2/(2n)ξd−1 dξ ≥ cn|Vn|gn(ξn)e−3dnt = cn|Vn|eCαn

α
2−α−3dnt,

where we set cn = minξ∈Vn ξ
d−1 > 0. Taking into account that ξn grows only polynomially

in n, it is not hard to show that the neighborhood Vn can be chosen such that |Vn| is
uniformly bounded in n and enjoys at most a polynomial decay with respect to n. In
turn, the constant cn then enjoys polynomial growth. Moreover, since α ∈ (1, 2), we have
α/(2 − α) > 1 and this implies that

cn|Vn|eCαn
α

2−α −3dnt → +∞ as n→ +∞,

which contradicts (4.20) and, thus, proves the claim. �

4.3. Case of the eigenfunctions. Let us now focus on the (linear combinations of)
eigenfunctions ψγ,n,m of the Baouendi–Grushin operator ∆γ , defined in (4.5). Recall that
for any non-negative energy level λ ≥ 0, the subspace Eλ(−∆γ) is defined as in (2.5).

We first need to derive estimates for the eigenvalue counting function for the purely
discrete part of −∆γ, that is, for

N(λ) = #{(n,m) ∈ Z
d \{0} × N : λγ,n,m ≤ λ},

where # denotes the cardinality of the corresponding set.
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Lemma 4.7. There exists a positive constant c′ > 0 such that for all λ ≥ 0,

N(λ) ≤ c′λcγ with cγ = d

(
1

4
+

1

2γ

)
(1 + γ).

Proof. Let us recall that each eigenvalue λγ,n,m is given by λγ,n,m = |n|
2

1+γ λγ,m. As a

consequence, λγ,n,m ≤ λ implies the inequalities λγ,m ≤ λ and |n| ≤ (λ/λγ,0)
(1+γ)/2. On

the one hand, it is classical that the cardinality of n ∈ Z
d \{0} satisfying the latter is

asymptotically bounded by a constant multiple of (λ(1+γ)/2)d/2 = λ(1+γ)d/4, see, e.g., [40,
Proposition XIII.15.2]. On the other hand, the cardinality of m ∈ N satisfying the former

is bounded by a constant multiple of λ(1+γ)d/(2γ), see, e.g., [14, Remark 5.7] and also [13,

Theorem 2.3.2]. In light of λ(1+γ)d/4λ(1+γ)d/(2γ) = λcγ , this proves the claim. �

We can now derive very precise quantitative smoothing estimates for (linear combina-
tions of) eigenfunctions.

Lemma 4.8. There exist some positive constants c, c1 > 0 such that for all (α, β) ∈ N
2d,

n ∈ Z
d \ {0} and m ≥ 0,

‖∂αx ∂βy ψγ,n,m‖L2(Rd×Td) ≤ c1+|α|+|β| |n|
|α|
1+γ

+|β|
(α!)

γ
1+γ ec1λ

1
2+ 1

2γ
γ,m .

Moreover, c can be chosen such that for all (α, β) ∈ N
2d, λ ≥ 0, and f ∈ Eλ(−∆γ), we

also have

‖∂αx ∂βy f‖L2(Rd×Td) ≤ c1+|α|+|β| λcγ+
|α|+(1+γ)|β|

2 (α!)
γ

1+γ ec1λ
1
2+ 1

2γ ‖f‖L2(Rd×Td),

where cγ > 0 is the constant appearing in Lemma 4.7.

Proof. It follows from the tensorized structure (4.5) of each eigenfunction ψγ,n,m that for
all (α, β) ∈ N

2d, n ∈ Z
d \ {0}, and m ≥ 0, we have

‖∂αx ∂βyψγ,n,m‖L2(Rd×Td) = ‖∂αx (Mγ,nφγ,m)‖L2(Rd)‖∂βy ϕn‖L2(Td).

We have to consider the two above norms. On the one hand, it is known from the work [3,
Theorem 2.1] that there exist positive constants c, c1 > 0 such that for all m ≥ 0,

‖∂αxφγ,m‖L2(Rd) ≤ c1+|α| (α!)
γ

1+γ ec1λ
1
2+ 1

2γ
γ,m .

We therefore deduce from these estimates and the definition (4.3) of the isometry Mγ,n

that for all n ∈ Z
d \{0} and m ≥ 0,

‖∂αx (Mγ,nφγ,m)‖L2(Rd) = |n|
|α|
1+γ ‖∂αxφγ,m‖L2(Rd)

≤ c1+|α|+|β||n|
|α|
1+γ (α!)

γ
1+γ ec1λ

1
2+ 1

2γ
γ,m .

On the other hand, it immediately follows from the definition (4.2) of the functions ϕn

that for all β ∈ N
d and all n ∈ Z

d \{0}, we have

(4.21) ‖∂βy ϕn‖L2(Td) = nβ ≤ |n||β|.
This ends the proof of the estimate for the eigenfunctions ψγ,n,m.

Let us now consider λ ≥ 0 and f ∈ Eλ(−∆γ). We expand f as a linear combination of
eigenfunctions,

f =
∑

λγ,n,m≤λ

an,mψγ,n,m

with coefficients an,m. Using Hölder’s inequality, the partial derivatives of the function f
can then be bounded as

‖∂αx ∂βy f‖2L2(Rd×Td) ≤ N(λ)
∑

λγ,n,m≤λ

|an,m|2‖∂αx ∂βyψγ,n,m‖2L2(Rd×Td).
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Recalling that λγ,n,m ≤ λ implies the inequalities λγ,m ≤ λ and |n| ≤ (λ/λγ,0)
(1+γ)/2, the

claimed estimates for the function f therefore easily follow from the ones for the single
eigenfunctions ψγ,n,m and Lemma 4.7. �

Unlike the evolution operators generated by the operator −∆γ and its fractional powers,
the eigenfunctions ψγ,n,m and their linear combinations enjoy localization properties in the

variable x ∈ R
d, which are quantified in the following lemma.

Lemma 4.9. There exist positive constants c, c1, c2 > 0 such that for all n ∈ Z
d \ {0} and

m ≥ 0,

‖ec2|n||x|1+γ
ψγ,n,m‖L2(Rd×Td) ≤ cec1λ

1
2+ 1

2γ
γ,m .

Moreover, c can be chosen such that for all λ ≥ 0 and f ∈ Eλ(−∆γ), we have

‖ec2|x|1+γ
f‖L2(Rd×Td) ≤ cλcγec1λ

1
2+ 1

2γ
,

where cγ > 0 is the constant appearing in Lemma 4.7.

Proof. Taking into account again the tensorized structure (4.5) of each eigenfunction ψγ,n,m

and the definition (4.3) of the isometry Mγ,n, it follows that for all c2 > 0, n ∈ Z
d \ {0},

and m ≥ 0,

‖ec2|n||x|1+γ
ψγ,n,m‖L2(Rd×Td) = ‖ec2|n||x|1+γ

Mγ,nφγ,m‖L2(Rd)‖ϕn‖L2(Td)

= ‖ec2|x|1+γ
φγ,m‖L2(Rd),

where we have used that the functions ϕn are normalized in L2(Td). Moreover, it is known
from the work [3, Theorem 2.1] that c2 can be chosen such that with some positive constants
c, c1 > 0 for all m ≥ 0 we have

‖ec2|x|1+γ
φγ,m‖L2(Rd) ≤ cec1λ

1
2+ 1

2γ
γ,m .

This proves the claim for the single eigenfunctions ψγ,n,m. Taking into account the bound

ec2|x|
1+γ ≤ ec2|n||x|

1+γ
for all n ∈ Z

d \ {0}, the case of the functions in Eλ(−∆γ) is finally
treated analogously as in the proof of Lemma 4.8. �

4.4. Boundary case. To end this section, let us consider the Baouendi–Grushin operator

∆bd
γ = ∆x + |x|2γ∆y, (x, y) ∈ R

d × (0, 2π)d,

where ∆y denotes in this case the Laplacian on the hypercube (0, 2π)d with Dirichlet
boundary conditions. In the following, we explain how the results of this section fit for
this operator.

First of all, recall that the spectrum of the operator −∆y is given by

σ(−∆y) =

{ |n|2
4

: n ∈ (N∗)d
}
.

Moreover, for each n ∈ (N∗)d, let ϕn ∈ L2((0, 2π)d) be given by

ϕn(y) = π−
d
2

d∏

j=1

sin

(
njyj
2

)
, y ∈ (0, 2π)d.

Clearly, each such function ϕn is a normalized eigenfunction of the operator −∆y associ-
ated with the eigenvalue |n|2/4, and the family (ϕn)n forms a Hilbert basis of the space
L2((0, 2π)d). Correspondingly, the operator ∆bd

γ is transformed as

∆x + |x|2γ∆y  ∆x −
|n|2
4

|x|2γ ,
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and respective variants of the diagonalization formula (4.1), the eigenvalues λγ,n,m of ∆bd
γ ,

and of the associated eigenfunctions ψγ,n,m in (4.5) hold. Since also

∀n ∈ (N∗)d, α ∈ N
d, ‖∂αy ϕn‖L2((0,2π)d) =

nα

2|α|
≤
( |n|

2

)|α|
,

corresponding variants of Lemmas 4.1, 4.4 and 4.6 for the evolution operators generated
by ∆bd

γ and of Lemmas 4.8 and 4.9 for its eigenfunctions can be proved in exactly the same
fashion.

5. Unique continuation estimates for the Baouendi–Grushin equations

In this section, we prove unique continuation estimates for the semigroups generated
by (fractional) Baouendi–Grushin operators by combining the abstract framework from
Section 3 with the smoothing and localizing properties established in Section 4. As a
byproduct, we also obtain spectral inequalities for the Baouendi–Grushin operators from
thick sensor sets, and prove two results regarding their optimality. Finally, we derive spec-
tral inequalities for the (linear combinations of) eigenfunctions of the Baouendi–Grushin
operators.

5.1. Unique continuation from thick sets. In this first subsection, we prove Theo-
rem 2.3 and Corollary 2.4.

Proof of Theorem 2.3 and Corollary 2.4. It follows from Corollary 4.5 that the function

f = e−(tx+ty)(−∆γ )(1+γ)/2
g for tx ∈ (0, t0), ty > 0 satisfies the smoothing estimate (3.6)

with D = c‖g‖L2(Rd×Td)/(tx)
d/γ , cx = c/(tx)

γ/(γ+1), cy = c/ty, and µ = 1. In light of

the hypothesis that ω is (θ, Lx, Ly)-thick in R
d × T

d, we are therefore in the setting of

Example 3.7. Working with εt
2d/γ
x /c2 instead of ε there, we conclude that there exists a

constant K = K(d, γ) > 0 such that for all tx ∈ (0, t0), ty > 0, ε > 0, and g ∈ L2(Rd×T
d),

we have

‖e−(tx+ty)(−∆γ)
1+γ
2 g‖2L2(Rd×Td) ≤

(
K

θ

)KCε,γ,tx,ty

‖e−(tx+ty)(−∆γ )
1+γ
2 g‖2L2(ω)+ε‖g‖2L2(Rd×Td)

with

Cε,γ,tx,ty = (1− log ε− log tx) exp

(
KLx

(tx)
γ

γ+1

+
KLy

ty

)
,

upon a suitable adaptation of the constant K, especially in order to absorb the constant c.
The claim of Theorem 2.3 with t0/2 instead of t0 then follows with the particular choice
tx = ty = t ∈ (0, t0/2).

In order to derive Corollary 2.4, we take specifically g = e(tx+ty)(−∆γ)
1+γ
2 f ∈ L2(Rd×T

d)

with f ∈ Eλ(−∆γ) = E
λ

1+γ
2
((−∆γ)

1+γ
2 ) and any choices of tx ∈ (0, t0) and ty > 0. We

then have by functional calculus that

‖g‖2L2(Rd×Td) ≤ e2(tx+ty)λ
1+γ
2 ‖f‖2L2(Rd×Td).

Choosing ε = 1
2e

−2(tx+ty)λ
1+γ
2 , the claim of Corollary 2.4 follows from the above after

reordering the terms.
The stronger statements in the case γ = 1 are an easy modification of the above since

then Corollary 4.5 guarantees that f = e(tx+ty)∆γg satisfies (3.6) for all tx, ty > 0 and with
instead D = c‖g‖L2(Rd×Td). As a consequence, the term log tx is removed from Cε,1,tx,ty . In

the context of Corollary 2.4, we then finally choose tx = L2
x and ty = Ly. This completes

the proof. �
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5.2. Optimality. In this subsection, we tackle the proof of the optimality results stated
in Section 2.1, namely, Propositions 2.6 and 2.7. First of all, we check that the thickness
is a necessary geometric condition in order to get spectral inequalities for the Baouendi–
Grushin operators.

Proof of Proposition 2.6. Consider a measurable subset ω ⊂ R
d×T

d with positive measure
and a non-negative energy level λ ≥ 0. Suppose that for some constant cλ,ω > 0 we have
the spectral inequality

(5.1) ∀f ∈ Eλ(−∆γ), ‖f‖L2(Rd×Td) ≤ cλ,ω‖f‖L2(ω).

We aim at proving that the set ω is thick in the sense of Definition 2.1. Since 0 is an
eigenvalue of the Laplace operator ∆y on the d-dimensional torus Td, we have the inclusion

(5.2) Eλ(−∆x) ⊂ Eλ(−∆γ),

where Eλ(−∆x) denotes the spectral subspace of the operator −∆x on the whole Euclidean
space R

d associated with the energy level λ, that is,

Eλ(−∆x) = 1[0,λ](−∆x) =
{
f ∈ L2(Rd) : Supp(Ff) ⊂ B(0,

√
λ)
}
,

where F denotes the Fourier transform. The following is inspired by [26, p.113]. Let us
consider the function f ∈ L2(Rd) defined by f = F−1(1[−c

√
λ,c

√
λ]d), where c > 0 is chosen

such that [−c
√
λ, c

√
λ]d ⊂ B(0,

√
λ) and where F−1 denotes the inverse Fourier transform.

Fixing x0 ∈ R
d, we also consider the translate fx0 ∈ L2(Rd) of f defined by

fx0(x) = f(x− x0), x ∈ R
d.

Since the Fourier transform of the function fx0 coincides with the one of the function f , up
to a complex factor of modulus 1, we also have fx0 ∈ Eλ(−∆x). Notice that every function
g ∈ L2(Rd) can be treated as a function in L2(Rd × T

d) that is constant with respect to
the T

d-variable. In this sense, recalling the inclusion (5.2) of the spectral subspaces, we
deduce that fx0 ∈ Eλ(−∆γ). As a consequence of the spectral inequality (5.1), we then
obtain

‖f‖2L2(Rd) = ‖fx0‖2L2(Rd×Td) ≤ c2λ,ω‖fx0‖2L2(ω) = c2λ,ω

∫

Td

‖fx0‖2L2(ωy)
dy,

where we set

ωy =
{
x ∈ R

d : (x, y) ∈ ω
}
, y ∈ T

d.

Given some y ∈ T
d, we now have to control the norm ‖fx0‖L2(ωy). To this end, let

L = Lλ,ω > 0 be a radius whose value will be adjusted later. We split the norm into two
parts,

‖fx0‖2L2(ωy)
=

∫

(ωy−x0)∩[−L,L]d
|f(x)|2 dx+

∫

(ωy−x0)∩([−L,L]d)c
|f(x)|2 dx

≤
∫

(ωy−x0)∩[−L,L]d
|f(x)|2 dx+

∫

|x|>L
|f(x)|2 dx.

On the one hand, since f ∈ L2(Rd), the dominated convergence theorem implies that the
radius L≫ 1 can be chosen large enough such that

c2λ,ω

∫

|x|>L
|f(x)|2 dx ≤ 1

2
‖f‖2L2(Rd).

On the other hand, the Fourier inversion formula, the Cauchy-Schwarz inequality, and
Plancherel’s theorem imply that

‖f‖L∞(Rd) ≤
1

(2π)d
‖Ff‖L1(Rd) ≤

(2c
√
λ)

d
2

(2π)d
‖Ff‖L2(Rd) =

(
c
√
λ

π

) d
2

‖f‖L2(Rd).
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We therefore deduce that
∫

(ωy−x0)∩[−L,L]d
|f(x)|2 dx ≤ |(ωy − x0) ∩ [−L,L]d|‖f‖2L∞(Rd)

≤ |ωy ∩ (x0 + [−L,L]d)|
(
c
√
λ

π

)d

‖f‖2L2(Rd)

since the Lebesgue measure is invariant by translation. Gathering the above estimates, we
conclude that there exists a ratio θ = θλ,ω ∈ (0, 1] such that for all x0 ∈ R

d,

|ω ∩ ((x0 + [−L,L]d)× T
d)| =

∫

Td

|ωy ∩ (x0 + [−L,L]d)|dy ≥ θ(2L)d,

that is, the set ω is thick in the sense of Definition 2.1. �

We now check that the power λ(1+γ)/2 appearing in the spectral inequalities stated in
Corollary 2.4 is optimal. The following proof follows the same strategy as the one of [6,
Theorem 2.17 (i) and Theorem 2.19].

Proof of Proposition 2.7. Let ω ⊂ R
d × T

d be a measurable set with positive measure
satisfying the geometric condition ω ∩ {x = 0} = ∅. Recall that we aim at constructing a
sequence ((λn, ψn))n of eigenpairs of the operator −∆γ, with λn → +∞, such that

(5.3) ‖ψn‖L2(Rd×Td) ≥ c0e
c1λ

1+γ
2

n ‖ψn‖L2(ω).

To this end, let λγ > 0 be the smallest eigenvalue of the anharmonic oscillator Hγ , and let

φγ ∈ L2(Rd) be an associated normalized eigenfunction. For each n ∈ Z
d \{0}, let us also

consider the function ψγ,n,0 ∈ L2(Rd × T
d) defined as in (4.5) by

ψγ,n,0(x, y) = ein·y(Mγ,nφγ)(x), (x, y) ∈ R
d × T

d,

where Mγ,n denotes the unitary transform on L2(Rd) given by (4.3). Recall from Sec-
tion 4.1.3 that the function ψγ,n,0 is a normalized eigenfunction of the operator −∆γ ,

associated with the eigenvalue λn := |n|2/(1+γ)λγ,0. Moreover, it is clear that

(5.4) ‖ψγ,n,0‖L2(ω) = ‖φγ‖L2(ωn) where ωn =
{
(|n|1/(1+γ)x, y) : (x, y) ∈ ω

}
,

and where φγ is interpreted as a function in L2(Rd × T
d) that is constant with respect to

the y-variable. Recall from [12, Theorem 3.3] that the eigenfunction φγ satisfies the decay
property

∥∥eε|x|1+γ
φγ
∥∥
L2(Rd)

≤ cε,γ ,

where ε > 0 and cε,γ > 0 are positive constants. Thus, setting L := d(0, ω) > 0, we deduce

that for all n ∈ Z
d \{0},

‖φγ‖L2(ωn) =
∥∥e−ε|x|1+γ

eε|x|
1+γ

φγ
∥∥
L2(ωn)

≤ cε,γe
−ε|n|L1+γ

.

Taking into account that ψn = ψγ,n,0 ∈ L2(Rd×T
d) is normalized, combining this estimate

with (5.4) and writing

|n|L1+γ =

(
L√
λγ,0

)1+γ

(|n|
2

1+γ λγ,0)
1+γ
2 =

(
L√
λγ,0

)1+γ

λ
1+γ
2

n ,

we deduce that (5.3) holds, which proves the claim. �
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5.3. Eigenfunctions. In this subsection, we give the proofs of Theorems 2.16 and 2.18
regarding (linear combinations of) eigenfunctions of the operator ∆γ .

Proof of Theorem 2.16. Take Rω > 0 such that θω := |ω ∩ (−Rω, Rω)
d × T

d | > 0, and fix

n ∈ Z
d \{0} and m ≥ 0. It follows from Lemmas 4.8 and 4.9 that the eigenfunction ψγ,n,m

satisfies

(5.5) ∀α, β ∈ N
d, ‖∂αx ∂βy ψγ,n,m‖L2(Rd×Td) ≤ Dc|α|x c|β|y (α!)µx(β!)µy

where

D = cec1λ
1+γ
2γ

γ,m , cx = c|n|
1

1+γ , µx =
γ

1 + γ
, cy = c|n|, µy = 0,

and also (3.8) with

c0 = c2|n|, ν =
1

1 + γ
.

Note that (5.5) is a variant of (3.6) that takes into account the different smoothing prop-
erties with respect to the x and y coordinates. In turn, upon replacing Corollary 3.2 in
the general framework by Proposition A.1 and adapting Lemma 3.4 and Corollary 3.6
accordingly, we conclude as in Example 3.10 that for every R ≥ Rω we have

(5.6) ‖ψγ,n,m‖2
L2(Rd×T

d)
≤
(
K

θR

)KCR

‖ψγ,n,m‖2L2(ω) + 2c2e2c1λ
1+γ
2γ

γ,m e−2c2|n|R1+γ

with

(5.7) θR =
|ω ∩ (−R,R)d × T

d |
|(−R,R)d × T

d |
≥ θω

(2R)d
> 0,

and
CR = 1 + |n|R1+γ + |n|R1+γ + |n|,

and where K > 0 depends only on γ and the dimension d.
Let us now consider p > 1 satisfying

c2e2c1(1−p)λ
1+γ
2γ

γ,0 ≤ 1

2
.

Note that p depends only on γ, c, and c1. We distinguish two cases and write a . b for
a, b > 0 if the quotient a/b is bounded by a constant depending at most on ω, γ, and the
dimension d.

⊲ Case 1: c2|n|R1+γ
ω > pc1λ

1+γ
2γ
γ,m . In this situation, we take R = Rω in (5.6). We then have

(5.8) c2e2c1λ
1+γ
2γ

γ,m e−2c2|n|R1+γ ≤ c2e2c1(1−p)λ
1+γ
2γ

γ,m ≤ c2e2c1(1−p)λ
1+γ
2γ

γ,0 ≤ 1

2
,

by the choice of p. Moreoever, we have |n| . |n|R1+γ
ω . λ

1+γ
2

γ,n,m and, thus,

CRω . λ
1+γ
2

γ,n,m.

Since also

log

(
K

θRω

)
. log(1 +Rω) . 1 . log(1 + λγ,0,0) ≤ log(1 + λγ,n,m),

inequality (5.6) is in this case consistent with the claimed inequality for ψγ,n,m, upon a
suitable adaptation of the constant K.

⊲ Case 2: c2|n|R1+γ
ω ≤ pc1λ

1+γ
2γ
γ,m . In this case, there exists some R0 ≥ Rω with

c2|n|R1+γ
0 = pc1λ

1+γ
2γ
γ,m .

Choosing R = R0 in (5.6), the inequality (5.8) is still valid, and we have

|n| . |n|R1+γ
ω ≤ |n|R1+γ

0 =
pc1
c2

λ
1+γ
2γ
γ,m ≤ pc1

c2
λ

1+γ
2γ

γ,0

(
λγ,n,m
λγ,0

) 1+γ
2γ

. λ
1+γ
2

γ,n,m,
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since γ ≥ 1, so that again

CR0 . λ
1+γ
2

γ,n,m.

At the same time, R0 satisfies

R1+γ
0 ≤ |n|R1+γ

0 . λ
1+γ
2

γ,n,m,

so that

log

(
K

θR0

)
. log(1 + λγ,n,m).

We therefore conclude that also in this case (5.6) is consistent with the claim for ψγ,n,m,
again with a suitable adaptation of the constant K. This ends the proof of Theorem 2.16.

�

Let us finally turn to linear combinations of eigenfunctions of the operator ∆γ .

Proof of Theorem 2.18. Let Rω be as in the proof of Theorem 2.16 above, and fix some
f ∈ Eλ(−∆γ). It then follows from Lemmas 4.8 and 4.9 that f satisfies (5.5) and (3.8)
with instead

D = cλcγec1λ
1+γ
2γ ‖f‖L2(Rd×Td), cx = c

√
λ, µx =

γ

1 + γ
, cy = cλ

1+γ
2 , µy = 0

and

c0 = c2, ν =
1

1 + γ
.

We then conclude in the same way as in the proof of Theorem 2.16 that for every R ≥ Rω

we have

‖f‖2
L2(Rd×T

d)
≤
(
K

θR

)KCR

‖f‖2L2(ω) + c2λ2cγe2c1λ
1+γ
2γ
e−2c2R1+γ‖f‖2

L2(Rd×T
d)
,

with θR given by (5.7) and

CR = 1 +R1+γ + λ
1+γ
2 R1+γ + λ

1+γ
2 ,

and where K > 0 depends only on γ and the dimension d. Now, we choose R such that

c2λ2cγe2c1λ
1+γ
2γ
e−2c2R1+γ ≤ 1

2
.

We obviously have the bound

R1+γ . λ
1+γ
2γ ,

so that

CR . λ
( 1
2
+ 1

2γ
)(1+γ)

and
log(K/θR) . log(1 + λ).

This proves the claim. �

6. The anisotropic Shubin operators

In this last section, we apply the general framework from Section 3 to the evolution
equations associated to the anisotropic Shubin operators, given by

Hk,m = (−∆)m + |x|2k, x ∈ R
d,

where k,m ≥ 1 are positive integers. Recall (e.g. from [3, Section 2]) that the operators
Hk,m equipped with the domains

D(Hk,m) =
{
g ∈ L2(Rd) : Hk,mg ∈ L2(Rd)

}
,

generate strongly continuous semigroups (e−tHk,m)t≥0 on L2(Rn). It is also known from
the work [3] that the associated evolution operators e−tHk,m enjoy very strong smoothing
and localizing properties in Gelfand–Shilov spaces, for precise estimates see (6.1) and (6.2)
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below, which allow us to derive quantitative unique continuation estimates for them. As a
byproduct, we obtain positive cost-uniform approximate null-controllability results for the
evolution equations associated to the operators Hk,m, which are qualitatively new in the
particular case of k = m = 1.

6.1. Unique continuation estimates. The aforementioned smoothing and localizing re-
sult for the evolution operators generated by Hk,m is precisely [3, Theorem 2.3]. It states

that there exist positive constants c, c1 > 0 and t0 ∈ (0, 1) such that for all α ∈ N
d,

t ∈ (0, t0), and g ∈ L2(Rd),

(6.1)
∥∥∂αx (e−tHk,mg)

∥∥
L2(Rd)

≤ c1+|α|

t
k|α|
k+m

(α!)
k

k+m ‖g‖L2(Rd),

and

(6.2)
∥∥ec1t|x|1+

k
m (e−tHk,mg)

∥∥
L2(Rd)

≤ c‖g‖L2(Rd).

These enable us to obtain the following quantitative unique continuation estimates.

Theorem 6.1. Let ω ⊂ R
d be measurable with positive measure, and let Rω ∈ [0,+∞) be

the radius defined by

(6.3) Rω = inf
{
R > 0 : |ω ∩ (−R,R)d| > 0

}
.

There exist some positive constants c, c1,K > 0 and t0 ∈ (0, 1) such that for all t ∈ (0, t0),
R > Rω, and g ∈ L2(Rd),

∥∥e−tHk,mg
∥∥2
L2(Rd)

≤
(
K

θR

)K(1+tR1+ k
m +R1+ k

m /t
k
m )∥∥e−tHk,mg

∥∥2
L2(ω)

+ ce−c1tR
1+ k

m ‖g‖2L2(Rd),

where the ratio θR ∈ (0, 1] is given by

(6.4) θR =
|ω ∩ (−R,R)d|

(2R)d
.

Proof. In line of Remark 3.11 (2), we infer from (6.1) and (6.2) that each f = e−tHk,mg
satisfies the R

d variants of (3.6) and (3.8) with

D = c‖g‖L2(Rd), cx =
c

t
k

k+m

, µ =
k

k +m

and

c0 = c1t, ν =
m

k +m
.

The claim with c and c1 replaced by 2c2 and 2c1, respectively, therefore follows just as in
Example 3.10, and it only remains to relabel the constants accordingly. �

6.2. Approximate null-controllability. The quantitative estimates stated in Theo-
rem 6.1 have consequences on the cost-uniform approximate null-controllability properties
of the evolution equations associated with the operators Hk,m, given by

(Ek,m)

{
∂tf(t, x) +Hk,mf(t, x) = h(t, x)1ω (x), t > 0, x ∈ R

d,

f(0, ·) = f0 ∈ L2(Rd),

where ω ⊂ R
d is a measurable set with positive measure and h ∈ L2((0, T )×ω) is a control.

The notions of exact and cost-uniform approximate null-controllability for the equation
(Eγ,s) from Definitions 2.8 and 2.11 and their interpretation in terms of (weak) observability
estimates in (2.2) and Proposition 2.12, respectively, carry over to the equation (Ek,m)
verbatim. With this in mind, a straightforward consequence of Theorem 6.1 is the following
null-controllability result.
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Corollary 6.2. The evolution equation (Ek,m) is cost-uniformly approximately null-

controllable from every measurable set ω ⊂ R
d with positive measure and in every positive

time T > 0.

Remark 6.3. The exact null-controllability properties of the equation (Ek,m) (and its
fractional counterparts) have been widely studied, see, e.g., [9, 11, 18, 34, 35] for the specific
case k = m = 1, and [6, 16, 17, 32, 33] where the general case k,m ≥ 1 is considered. In
this regard, Corollary 6.2 does not give a qualitatively new result when (k,m) 6= (1, 1).
In fact, we know from [32, Theorem 2.5] that when (k,m) 6= (1, 1), then the evolution
equation (Ek,m) is even exactly null-controllable in every positive time T > 0 and from

every measurable control support ω ⊂ R
d with positive measure. In the case k = m = 1,

however, the exact null-controllability properties of the harmonic heat equation (E1,1) are
not yet fully understood. On the one hand, it is known from [35, Theorem 1.10] (see
also [21, Proposition 5.1]) that the equation (E1,1) is not exactly null-controllable in any

positive time whenever the control support ω ⊂ R
d is contained in a half space. In fact, it

can be readily checked that a half space satisfies a geometric condition of the form

(6.5) ∀x ∈ R
d, |ω ∩B(x, ρ(x))| ≥ θ|B(x, ρ(x))|,

with a function ρ : Rd → R+ taking the form

ρ(x) = L〈x〉, x ∈ R
d,

with some L > 0. This raises the question whether local scales ρ can be allowed that
exhibit an arbitrary sublinear growth. This question has not been answered yet, but a
first step in this direction is made by the result [6, Corollary 2.13] stating that when the
control support ω ⊂ R

d satisfies the geometric condition (6.5) with a function ρ : Rd → R+

satisfying

ρ(x) ≤ L〈x〉
(g ◦ g)α(|x|)g(|x|) where g(r) = log(e+ r), r ≥ 0,

with some L > 0 and α > 2, then the equation (E1,1) is exactly null-controllable from the
control support ω in every positive time T > 0. By contrast, Corollary 6.2 shows that the
cost-uniform approximate null-controllability properties of the equation (E1,1) are far more
simple since they hold in every positive time T > 0 and from every measurable control
support ω ⊂ R

d with positive measure.

6.3. Other models. The results presented in this section for the anisotropic Shubin semi-
groups can be generalized to any other strongly continuous semigroup (e−tA)t≥0 acting on
L2(Rd) and also satisfying Gelfand–Shilov smoothing and localizing properties of the form
(6.1) and (6.2). Rather than writing a very general result, we just present an example
different from the anisotropic Shubin operator.

Example 6.4. Let us consider the anharmonic oscillator

H = −∆+ i|x|2, x ∈ R
d.

The operator H equipped with the domain

D(H) =
{
g ∈ L2(Rd) : Hg ∈ L2(Rd)

}

is known to generate a strongly continuous semigroup (e−tH )t≥0 on L2(Rd). Moreover, it
follows from the work [4, Theorem 2.6] that there exist positive constants c, c1 > 0 and
t0 ∈ (0, 1) such that for all α ∈ N

d, t ∈ (0, t0), and g ∈ L2(Rd),

∥∥∂αx (e−tHg)
∥∥
L2(Rd)

≤ c1+|α|

t
|α|
2

√
α! ‖g‖L2(Rd),

and ∥∥ec1t3|x|2(e−tHg)
∥∥
L2(Rd)

≤ c‖g‖L2(Rd).
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We thus deduce exactly as in the proof of Theorem 6.1, but with

D = c‖g‖L2(Rd), cx =
c√
t
, µ =

1

2

and

c0 = c1t
3, ν =

1

2
,

that for every measurable set ω ⊂ R
d with positive measure, there exists some positive

constant K > 0 such that for all t ∈ (0, t0), R > Rω, and g ∈ L2(Rd),

∥∥e−tHg
∥∥2
L2(Rd)

≤
(
K

θR

)K(1+t3R2+R2/t)∥∥e−tHg
∥∥2
L2(ω)

+ 2c2e−2c1t3R2‖g‖2L2(Rd),

where the radius Rω ∈ [0,+∞) is as in (6.3) and the ratio θR ∈ (0, 1] is as in (6.4).

Appendix A. A local estimate with anisotropic smoothing

We have the following variant of Corollary 3.2.

Proposition A.1. Let Q = Ψ((0, 1)2d), where the mapping Ψ: R2d → R
2d is given by

Ψ(z) = z0 + (ℓx, ℓy)z, z ∈ R
2d, with some z0 ∈ R

2d and ℓx, ℓy ∈ (0,∞)d. Moreover,

suppose that f ∈ C∞(Q) satisfies

∀α, β ∈ N
d, ‖∂αx ∂βy f‖L2(Q) ≤ ABα

xB
β
y (|α|!)µx(|β|!)µy‖f‖L2(Q)

with some A > 0, Bx, By ∈ (0,∞)d, and µx, µy ∈ [0, 1). Then, there is a constant

K = K(d, µx, µy) > 0, depending only on µx, µy, and the dimension d, such that for every

measurable set E ⊂ Q of positive measure we have

‖f‖2L2(Q) ≤
(
K|Q|
|E|

)KC

‖f‖2L2(E)

with

C = 1 + log(A) + (|ℓxBx|)
1

1−µx + (|ℓyBy|)
1

1−µy .

For the proof of Proposition A.1, we rely on the following particular case of [23, Propo-
sition 31] tailored to our situation.

Proposition A.2. Suppose that g ∈W∞,2((0, 1)d) =
⋂

k∈NW
k,2((0, 1)d) satisfies

∀m ∈ N,
∑

|α|=m

1

α!
‖∂αg‖2L2((0,1)d) ≤

C(m)

m!
‖g‖2L2((0,1)d)

with constants C(m) > 0 such that

h :=
∑

m∈N

√
C(m)

(10d)m

m!
<∞.

Then, there is a constant K = K(d) > 0, only depending on the dimension d, such that

for every measurable set E ⊂ (0, 1)d of positive measure we have

‖g‖2L2((0,1)d) ≤
(
K

|E|

)K(1+log h)

‖g‖2L2(E).

Proof of Proposition A.1. We may assume that f is not identically equal to zero. Moreover,
it is easy to see that the function g := f ◦Ψ ∈W∞,2((0, 1)2d) satisfies

‖∂αx ∂βy g‖L2((0,1)2d) ≤ A(ℓxBx)
α(ℓyBy)

β(|α|!)µx(|β|!)µy‖g‖L2((0,1)2d).

Taking into account that

∑

|α|=k

(ℓxBx)
2α

α!
=

|ℓxBx|2k
k!

and
∑

|α|=m−k

(ℓyBy)
2α

α!
=

|ℓyBy|2(m−k)

(m− k)!
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for k ∈ N with 0 ≤ k ≤ m, we observe

m!A2
∑

|(α,β)|=m

1

α!β!
(ℓxBx)

2α(ℓyBy)
2β(|α|!)2µx (|β|!)2µy

≤ A2
m∑

k=0

(
m

k

)
(k!)2µx |ℓxBx|2k((m− k)!)2µy |ℓyBy|2(m−k) ≤ C(m)

with

C(m) :=

(
A

m∑

k=0

(
m

k

)
(k!)µx |ℓxBx|k((m− k)!)µy |ℓyBy|(m−k)

)2

.

Thus, the function g satisfies

(A.1) ∀m ∈ N,
∑

|(α,β)|=m

1

α!β!
‖∂αx ∂βy g‖2L2((0,1)2d) ≤

C(m)

m!
‖g‖2L2((0,1)d).

Now, the asymptotics
∞∑

m=0

tm

(m!)p
=

ept
1/p

p1/2(2πt1/p)(p−1)/2

{
1 +O

( 1

t1/p

)}
(p ∈ (0, 4], t→ ∞)

derived in [38, Chapter 8, Eq. (8.07)] imply that for every µ ∈ (0, 1] there is a constant
Kµ > 0 such that

∀t ≥ 0,
∞∑

m=0

tm

(m!)1−µ
≤ Kµe

t1/(1−µ)
.

Setting K ′ := max{Kµx ,Kµy}, by Cauchy product formula this yields

h :=
∞∑

m=0

√
C(m)

(10d)m

m!
= A

∞∑

m=0

m∑

k=0

(k!)µx |10dℓxBx|k
k!

((m− k)!)µy |10dℓyBy|(m−k)

(m− k)!

= A

( ∞∑

k=0

|10dℓxBx|k
(k!)1−µx

)( ∞∑

l=0

|10dℓyBy|l
(l!)1−µy

)

≤ A(K ′)2 exp
(
|10dℓxBx|

1
1−µx + |10dℓyBy|

1
1−µy

)
<∞.

In light of (A.1) and the latter, we may apply Proposition A.2 to g in dimension 2d instead
of d and with the set E := Ψ−1(E) ⊂ (0, 1)2d to obtain

‖f‖2L2(Q)

‖f‖2
L2(E)

=
‖g‖2

L2((0,1)2d)

‖g‖2
L2(E)

≤
(
K

|E|

)K(1+log h)

=

(
K|Q|
|E|

)K(1+log h)

,

which proves the claim upon a suitable adaptation of the constant K. �

Appendix B. Exponential form of the ultra-analytic regularity

In this second and last section of the appendix, we give the proof of the following lemma
which was used in Section 4.2 to deduce the estimates (4.19) from Lemma 4.4.

Lemma B.1. Let Λ1 > 0, Λ2 > 1 be some positive constants and m ≥ 1 be a positive

integer. For every function u ∈ L2(Rd) satisfying

(B.1) ∀α ∈ N
d, ‖∂αxu‖L2(Rd) ≤ Λ1Λ

|α|
2 (α!)

1
m ,

the following estimate holds
∥∥eCm,Λ2

|Dx|mu
∥∥
L2(Rd)

≤ 2dΛ1,

where the positive constant Cm,Λ2 > 0 is given by

(B.2) Cm,Λ2 =
1

2em(2dΛ2)m
.



UNIQUE CONTINUATION ESTIMATES FOR BAOUENDI–GRUSHIN EQUATIONS 31

Proof. Let u ∈ L2(Rd) satisfy (B.1). By using the estimate

∀N ≥ 0,∀ξ ∈ R
d, |ξ|N ≤ dN

∑

|α|=N

|ξα|,

we get that for all N ≥ 0,

(B.3)

∥∥|Dx|Nu
∥∥
L2(Rd)

≤ dN
∑

|α|=N

∥∥∂αxu
∥∥
L2(Rd)

≤ dN
∑

|α|=N

Λ1Λ
|α|
2 (α!)

1
m

≤ dN2N+d−1Λ1Λ
N
2 (N !)

1
m ,

where we used the fact that

#
{
α ∈ N

d : |α| = N
}
=

(
N + d− 1

N

)
≤ 2N+d−1.

Considering the positive constant Cm,Λ2 > 0 defined in (B.2), we deduce from (B.3) that

∥∥eCm,Λ2
|Dx|mu

∥∥
L2(Rd)

≤
+∞∑

N=0

1

2N
1

(2dΛ2)mN

1

(em)NN !

∥∥|Dx|mNu
∥∥
L2(Rd)

≤ 2d−1Λ1

+∞∑

N=0

1

2N
((mN)!)

1
m

(em)NN !
.

Moreover, by using the fact that NN ≤ eNN ! for every N ≥ 0, we get that

((mN)!)
1
m ≤ (mN)N ≤ (me)NN !.

The proof of Lemma B.1 is now ended. �
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