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Tracking Control of Cooperative Marine Vehicles
Under Hard and Soft Constraints

Esteban Restrepo, Josef Matous, and Kristin Y. Pettersen Fellow, IEEE

Abstract—We solve the tracking-in-formation problem
for a group of underactuated autonomous marine vehicles
interconnected over a directed topology. The agents are
subject to hard inter-agent constraints, i.e. connectivity
maintenance and collision avoidance, and soft constraints,
specifically on the non-negativity of the surge velocity, as
well as to constant disturbances in the form of unknown
ocean currents. The control approach is based on an input-
output feedback linearization for marine vehicles and on
the edge-based framework for multi-agent consensus un-
der constraints. We establish almost-everywhere uniform
asymptotic stability of the output dynamics with guaran-
teed respect of the constraints. High-fidelity simulations
are provided to illustrate our results.

Index Terms— Formation control, multi-agent systems,
marine vehicles, control under constraints.

[. INTRODUCTION

Applications in marine environments, ranging from trans-
portation to seafloor mapping and infrastructure inspection,
often require the use of autonomous systems due to the remote-
ness or inaccessibility of such environments. Recently, fleets
of surface vehicles (ASVs) and underwater vehicles (AUVs)
have been increasingly considered for such applications due
to the advantages they offer with respect to single vehicles in
terms of versatility, resiliency, and reduced cost [1].

In many applications, the mission objective of the multi-
agent system can be expressed as tracking a predefined tra-
jectory in a formation [2]. Numerous approaches have been
proposed to solve the formation tracking problem; see [3] for
an overview. In order to successfully carry out the tracking-
in-formation mission in the framework of multi-agent systems
of autonomous vehicles, some practical challenges need to be
addressed. For instance, in order to guarantee the safety of
the system and the success of the mission, the vehicles must
guarantee the maintenance of a safe distance between them.
Moreover, due to the use of onboard sensors and the challenges
posed by the underwater environment, the vehicles need to
keep a sufficiently close distance to guarantee the reliability
of the communication and the connectivity of the multi-agent
system. Furthermore, in special cases when the vehicles use
optical sensors or communications, the followers are limited
by field-of-view (FOV) constraints.
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with the Centre for Autonomous Marine Operations and Systems,
Department of Engineering Cybernetics, Norwegian University of Sci-
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Many works in the literature address the coordination
problem of multiple marine vehicles under such inter-agent
constraints. In [4], [5] planning-based methods are developed
to generate trajectories that satisfy the constraints. However,
planning algorithms usually require a priori knowledge of the
environment, which might be unrealistic in highly dynamical
marine environments. Reactive algorithms based on artificial
potential fields are proposed in [6], [7] for formation control of
AUVs, but the tracking-in-formation problem is not addressed.
Leader-follower tracking-in-formation control algorithms are
proposed in [8], [9] based on barrier Lyapunov functions.

Under the control designs proposed in the literature, in
many instances, in order to guarantee the satisfaction of
the inter-agent constraints, the vehicles are forced to move
backwards, oftentimes during a prolonged period of time and
at relatively high speeds (for backwards motion of a marine
vehicle). However, although marine vehicles are able to move
backwards, they are not well-suited to do so due to their shapes
and their propulsion system. This issue, however, has not been
addressed in the literature of multi-ASV/AUV systems.

We propose a distributed control law that solves the
tracking-in-formation problem for multiple marine vehicles
interacting over a directed communication graph and that guar-
antees, simultaneously, connectivity preservation and inter-
agent collision avoidance. Moreover, we address the issue of
backwards motion by imposing a non-negativity constraint
on the surge velocity (the forward-motion velocity) of the
vehicles. More precisely, on one hand we encode via barrier
Lyapunov functions the proximity and safety constraints as
hard constraints that need to be always satisfied. On the other
hand, we encode the non-negativity of the surge velocity as a
soft constraint, so that it is imposed on the vehicles as long as
it does not interfere with the hard constraints, in which case
it is dynamically relaxed. The proposed controller is based
on the hand-position-based input-output feedback linearization
method introduced in [10] for marine vehicles and on the so-
called edge-agreement representation of multi-agent systems
[11], in which the relative states of the connected agents are
used instead of the absolute ones, making it well adapted to
practical applications where, usually, only relative measure-
ments are available. With regards to the stability analysis, dif-
fering from most of the existing works in the literature, where
only non-uniform convergence to the formation and to the
target vehicle is guaranteed, we establish almost-everywhere
uniform asymptotic stability of the tracking-in-formation ob-
jective and we show that the output error dynamics converge to
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the origin exponentially fast, while satisfying the constraints.

In this paper, we extend the preliminary work presented in
[12] by considering directed topologies, which better capture
the sensor-based interactions in practical scenarios. Motivated
by the specific control requirements of marine vehicles, we
furthermore extend the control design to deal with the (soft)
velocity constraints on top of the (hard) inter-agent constraints.
Furthermore, we note that dealing with both soft and hard
constraints as we do here for multi-agent systems, to the best
of our knowledge, has never been addressed in the context of
autonomous vehicles. Moreover, we include here the complete
proof of the main Proposition which is not trivial and was
partially omitted in the preliminary work. Finally, in this paper
we include the results of high-fidelity simulation scenarios
taking into account the real physical models of the vehicles as
well as dynamical phenomena and disturbances not modeled
in the Matlab simulations of the preliminary work [12].

In Section II we present the model of the multi-agent system

and the problem formulation. In Section III we present the
control design, followed by the stability analysis in Section
IV. Finally, simulation results and conclusions are presented
in Sections V and VI, respectively.
Notations: A continuous function o : R>o — R>¢ is of class
K (o € K), if it is strictly increasing and «(0) = 0; o € Koo
if, in addition, a(s) — oo as s — oo. We use |z| for the
absolute value if x is scalar and for Euclidean norm if x is a
vector. For a set S, the notation OS denotes its boundary and
|z|s denotes the set-point distance, i.e. |z|s := im‘fS |z—s|. ‘®’
denotes the Kronecker product, and I, is the idgntity matrix of
dimension n. We use G = (V, ) to denote a graph defined by
anode set V = {1,2,..., N} which corresponds to the labels
of the agents and the set of edges & C V2, of cardinality
M, represents the communication between a pair of nodes.
If agent 7 has access to information from node i, there is an
edge ey := (i,j) € €, k < M. We use A = [a;;] to denote
the adjacency matrix of the graph where a; = 0, a;; > 0 if
er € € and a;; = 0 otherwise.

Il. MODEL AND PROBLEM FORMULATION
A. Model of the marine vehicle

The motion of an ASV or an AUV moving in the horizontal
plane can be represented using a three-degrees-of-freedom
model, where the degrees of freedom correspond to the surge,
sway, and yaw motions. For each vehicle i, let [z; y; 1/Ji]T de-
note the pose of each vehicle in the North-East-Down (NED)
frame, [u,; v.; 7;]| denote the relative (with respect to the
ocean current) velocities in the body frame, that is, the surge
velocity, the sway velocity, and the yaw rate, respectively,
see Figure 1. Assuming port-starboard symmetry and linear
hydrodynamic damping (see [13] for more details), for each
vehicle ¢, the dynamical model is given by

X5 =Upi COSW; — Uy SINY; + Vy (1a)
Ui =y SINY; + v cOSY; + V, (1b)
Ui =r; (1)
Upi =Fuy, (Vriy i) + Tui (1d)

Opg =X (Uri)ri + Y (Uri)Vri (1e)
i =Fy (Upiy Vps, 76) + Tra, (1)
where 7,; and 7,; are the control inputs and V := [V, Vy]T

is the ocean current velocity in the inertial frame. Moreover,
X(’U,M) = —Xlum- + XQ, Y(um) = —Ylum- — Y2, and
X1, Xo, 1, Y5, F,,, and F, are given in Appendix I
Furthermore, we make the following standard assumptions for
marine vehicles and applications, cf. [14]:

Assumption 1: The ocean current V is constant, irrota-
tional, and bounded, i.e., IV;,4, > 0 such that |V| < Vipax.

Assumption 2: The terms Y7 and Y5> are strictly positive.

Remark 1: Note that Y;,Y5 > 0 implies Y (u,;) < O.
This is a natural assumption since Y (u,;) > 0 corresponds
to the situation of unstable sway dynamics. That is, a small
perturbation applied along the sway direction would cause an
undamped motion, which is unfeasible for commercial marine
vehicles by design. This is linked to the straight-line stability
properties of the AUVs and USVs, cf. [14, Remark 13]. .

B. Hand-position transformation

The nonlinear dynamic model (1) is the system commonly
used in the literature for the control of marine vehicles. For
system (1) it is common to choose the origin of the body-fixed
frame p; := [z; y;]" as the control output. However, as can
be seen from Eqs. (1d)-(1f), this system is underactuated since
there is no way to directly control the sway dynamics (le).
Therefore, by choosing a different output located on the x-axis
of the body-fixed frame at a constant distance [ > 0 from the
center of gravity, the underactuated system is transformed into
an input-output linearized system with internal dynamics. The
latter, introduced in [10] for marine vehicles, is reminiscent
of the hand-position point transformation commonly used for
the control of nonholonomic vehicles, see e.g. [15]. Let the
hand-position point be denoted by &; := [£1; &) T, with

Eoi 1= y; + sina;. 2

See Fig. 1 for an illustration in the case of an ASV.

§1i = m; + lcosy,

Y

Fig. 1: Diagram of an ASV.

Now, we define the following change of coordinates:

Cri = i (3a)
Coi = 1y (3b)
§1i = o3 +lcosy; (30)
€o; = y; + Lsing; (3d)
£3i = Upi COSY; — Uy SINY; — T3l Sin Yy (3e)
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E4i = Ui SINY; + vy cOSY; + 131 COS Y. (3f)
In these new coordinates the dynamic model becomes
Cri = G (4a)
Coi = Fr, (Cuis €34, Eai) + Tri (4b)
&) _ [Gi+ Ve
[521] ; {54%‘ + sz o
&l _ FfB(Cliaf3ia£4i):| R(Cr |:Tuz:| 4d
[542’] [F& (Cuis Eaira0)) (i) |y, ‘)

where

Fy, (-) — vpiry — Ir?

[1%48} =) [ur X0+ Y (ons ;Fr(,)l} G

with 93(:) : R — SO(2) denoting the rotation matrix and
Fe, (G145 &34, €aq) is obtained from Fj.(uy;, vy, ;) substituting
Up; = €34 €08 (14 +&44 85I C14, Vg = —&34 810 (14 + €44 €OS (15—
C2il, i = C2;. Now, we apply the feedback linearizing inputs

Tui | AT | = Fes (Cuiy €30, §ai) + pia
|:ZT7"i:| =R) [F£4(C1i, &3, 64i) + uzi] ©

where (115, (to; are the new inputs to be designed. Substituting
(6) into (4), denoting the velocity and acceleration (control
input) of the hand-position point vp; := [€3; &45] T and p; =

[t11i pos) T, respectively, and recalling &p,; = [€1; &2;] T and
Vi=[V, Vy]T, we obtain
Gri = Coi (7a)
. X; -1 X
Coi = — |:<}/1 1l >UiCOS(Cu¢i)+Y2+l2 Coi
Y; Y- .
- {;Uz cos(Cri — ¢i) + 12} Ui sin(Cii — ¢4)
sin (q; cos (14

— lCl pa; + 141 Haq (7b)
ni=vhi +V (7c)
Uhi = [ (7d)

where Uz = |£;”| and (ﬁz = arctan 2 (§4z/§31)

The main advantage of considering the hand-position point
&pi instead of the origin of the body-fixed frame p;, is that the
nonlinear system (1) is transformed into (7) with the linear
external dynamics (7c)-(7d) making it possible to use coordi-
nation algorithms normally found in the multi-agent systems
literature. Note, however, that for this system the inputs p;
affect also the internal dynamics (7a)-(7b). Therefore, contrary
to case of linear multi-agent systems, the internal stability of
the states (7; and (2; has to be verified.

C. Problem statement

We consider a multi-agent system composed of N marine
vehicles modeled by (7) and with an interaction topology given
by a directed graph G = (V, £) which is either a spanning tree
or a cycle. Moreover, we consider that the multi-agent system
is subject to inter-agent distance constraints. For one part, these
constraints may come from embedded relative-measurements
devices, which are reliable only if used within a limited range.

Hence, the vehicles must remain within a limited distance
from their neighbors in order to maintain the connectivity of
the graph. Furthermore, to ensure the safety of the system,
the agents must avoid collisions among themselves, that is,
they must always guarantee a minimal distance with respect
to their neighbors. These connectivity and collision-avoidance
constraints may be defined as a set of restrictions on the
relative (hand) positions. Such constraints may be considered
as hard constraints since they are fundamental for ensuring
the safety of the system and for reaching the control goal.

More precisely, define the distance (with respect to the hand-
position points) between two connected agents as

dij = &ni — &njl

For each e, = (i,j) € &, let 6;; and A;; be, respectively,
the minimal and maximal distances between agents ¢ and j
so that collisions are avoided and that the communication
through edge e, is reliable!. Then, the set of inter-agent output
constraints is defined as

Ve := (i,7) € £. 8)

Dij = {d” eER: 5ij < dij < Aij}7 Ver = (Z,]) eé. 9)

Note that under the limited range A;; the whole topology
may become disconnected if the distances between two ar-
bitrary connected agents go above such range. By imposing
the proximity constraints (9) it is guaranteed that any initially
existing connection will be preserved. Therefore, if the graph
at the initial time is connected and the constraints (9) are
satisfied for all ¢ > ¢(, the graph will remain connected for
all time. Thus, we assume the following.

Assumption 3: The graph topology G at the initial time ¢
is either a directed spanning tree or a directed cycle.

It is important to remark that, in practice, marine vehicles
are not optimized for moving backwards. However, backwards
motion is not prevented from the dynamical model (1). There-
fore, in order to let the vehicles evolve in an optimal way,
besides the inter-agent connectivity and collision-avoidance
constraints, we formulate the additional constraints

upi(t) >0, Vi< N, Vt>0. (10)

Nonetheless, in some cases the requirements (10) could enter
into conflict with the inter-agent constraints defined by the
set (9). Indeed, there might exist situations when the only
way to avoid a collision or avoid losing connectivity is to
move backwards. Moreover, although not optimized to, marine
vehicles can move backwards. The latter motivates us to
reformulate the requirements (10) as soft constraints, that is,
to impose a positive surge velocity as long as this does not
interfere with the satisfaction of the hard constraints (9), but
allow negative velocities when required for the satisfaction of
(9). We formulate these soft constraints as follows:

uri(t) + pi(t) >0, Vi< N, Vt>0, (11)

where p; : R>g — R>( will be defined later, such that p;(t) =
0 when there are no conflicts with the hard constraints and

IThroughout the rest of this paper and with a slight abuse of notation we
will use s;; and sy, interchangeably to refer to the same (edge-based) quantity.



SUBMITTED TO XXXX, JANUARY 26, 2024

pi(t) > 0 otherwise, allowing u,-;(t) to become negative. Akin,
to (9) we may define the set of soft constraints as
Ci = {Um' ceR:up > 7/71(15)}, Vi<N. (12)
N o T 2 — T
ow, let gho = [510 520} € R and Vho ‘= [£30 540] S
R? define, respectively, the (hand) position and velocity of
a (virtual) target, and p,(t) is its acceleration, and let its
dynamics be modeled as a second-order integrator
(13)

éh,o = Vho, I./ho = ,uo(t)

Moreover, assume the following.

Assumption 4: For all ¢ there exist positive constants v, ,
TUho, and T, such that v}, < vpo(t) < Uho, and |0 (t)] < T,.

Assumption 5: The relative velocity of the
target is such that U,(t)cos(¢,(t)) > 0, where
Uo(t) = \/(530 (t) - Vw)2 + (§4o(t) - VU)2 and

Po(t) = arctan ((£a0(t) — V) /(£30(t) — V).

Remark 2: Assumption 5 is required so that the target
moves forward in the surge direction despite the ocean current.
Furthermore, Assumptions 1 and 4 imply that there exist
constants U, U,, U, and Uz, such that U, < U,(t) < U,
and U < U,(t) < U, for all ¢ > 0. .

Then, the control goal is for the /N marine vehicles to
achieve a desired formation and track the target modeled by
(13), all while guaranteeing that the hard constraints given by
the set D;; in (9) and the soft constraints (11) are respected.

For the tracking part of the problem, we consider the case
that only one agent, labeled ¢ = 1 without loss of generality,
has access to the target’s state, &, and vp,, and knows an
upper bound i, on the target’s acceleration. To address the
formation part, let us denote by z‘liij € R? the desired relative
position between a pair of neighboring agents over edge
er = (i,7). Then, mathematically, the tracking-in-formation
problem translates into designing a distributed controllers p;
such that, for all 7,5 € V,

tlilgo fhi (t) — gho(t) = 0, lim Vhi (t) — I/ho(t) =0

t—o0
(14a)
tliglo Eni(t) — Enj(t) — Ziiz‘j =0, tliglo Vhi(t) — vp;(t) = 0.
(14b)

More precisely, we consider the following problem.

Tracking-in-formation under hard and soft constraints: Con-
sider a system of /N autonomous marine vehicles with dynam-
ics given by (1), interacting over a directed graph which is
either a spanning tree or a cycle. Assume, in addition, that the
agents are subject to the hard inter-agent output constraints
given by the set defined in (9) and the soft constraints given
by (12). Under these conditions, find distributed controllers
i, © < N, so that the limits (14) are satisfied and that render
the sets (9) and (12) forward invariant, i.e., d;;(to) € D;;
(g (to) € C;) implies that dij (t) € Dij (um‘(t) e G,
er = (i,7) € € (Vi € V) and Vt > tg.

[1l. CONTROL DESIGN FOR TRACKING UNDER HARD AND
SOFT CONSTRAINTS

In this section we design a distributed control law to
solve the tracking-in-formation problem under the previously
formulated (hard) inter-agent and (soft) velocity constraints.
To do so we design the new inputs p; as

i = pl 4+ s, (15)

where p!' € R? will be used to deal with the tracking-in-
formation mission and with the hard constraints and p§ € R?
will deal with the soft constraints. For clarity, we present both
designs separately in what follows.

A. Control design for the hard proximity and safety
constraints

The design of u? follows a backstepping approach which
is well adapted to the normal form of the external dynamics
(7c)-(7d). We start by defining a virtual control law for (7c)
with vy; as input, based on the gradient of a Barrier Lyapunov
Function (BLF)—see [16] for more details on BLFs.

First, for each edge e, = (i,j) € £, we define a candidate
BLF of the form

Bl (d;;) 1 A5 1 o
ij\Qij) = Kigj |In | 5—— | —In | 55—
I ! Azzj - dzzj A?j - |Zilij|2
+ oy || 2= | —In| /21— ||,
! [ (dzzj - 51'2]') <|Zilij2 - 5?;‘
(16)

57, 1

Koji 1= ——————.
‘Ziiij|2<‘zflij|2 - 51'23‘)7 N A?j - |Zfij‘2

where

Kih'j = (17)
Note that B{‘j is a non-negative function that satisfies:
Bly(|=4,1) = 0, VBl (12,]) = 0, and Bly(diy) — oo as
either |d”| — Aij or |d”| — 513
Now, for each edge e, = (i,j) € £ the virtual control
inputs, are given by
OB 5d..
* . L o .d ) ]
Vpi = —¢C1 Z aij | (€ni — &ng Zlij) + di; O,

JE<N

— c1ni(Eni — Eno) — Vi (18)

where c; is a positive gain, n; = 1 if ¢ = 1 and n; = 0
otherwise, and V; is agent i’s estimate of the ocean current
given by the adaptation law

f/z’ = Cy (€hi -
©i = v + Vi

cy >0 (19a)

(19b)

@i)a

A Defining the error coordinates vp; := Vx; — U}, f/z =V —
Vi, replacing (18) into (7c)-(7d) and using (19) we have

: OB 0d,;

§ni=—c1 Y aij | (Eni — &nj — 21j) + 55222

J;V ! TN By 0w
—c10i(Eni — €no) + Vi + Dhi (20)
Vi=—cV; e2))
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i = i — Upy + 115 (22)

Then, we design the distributed tracking-in-formation control

law as

pl=—ca Y aij(ni — nj) — cami(Vni — vno) + Uiy
J<N

—ysign (> aij(Fhi — Png) + 1 (Vni — Vo) (23)

J<N

where co > 0, n; is as in (18), ¥}, = vy, + V;, and v is a
positive control gain to be defined.

B. Control design for the soft velocity constraints

Since the soft constraints are only imposed on the surge
velocity u,;, we let the signal p?(¢) be given by

g (t) = [cos Gu; sinCui] " 73

Note that by substituting (15) and (24) into (6), the surge-
velocity and yaw-rate subsystems yield

(24)

(25a)
(25b)

. h s
Urg =Fy, (Vriy T3) + Ty + Ty
i =Fp (Upi, Upiy 1) + Tris

where

Wi sinCy | | —Fey (Cuis €30y Ea) + 11

Therefore, from (25), it is clear that the signal uf(¢), only
directly affects the dynamics of the surge velocity u,;.

Now, we design the additional input 7;;; as the gradient of
a barrier function as follows. For each agent 4, let us define
the barrier function

B (t,up;) i=—In| ——~-—
Ftan) o=~ (R

Note that for w,; + p;(t) > 0, B (t,ur;) > 0 for all ¢ > 0,
and B (t,ur;) — 00 as uy; + p;(t) — 0. Then, we set the
additional control input to

ho_ [COS Clz}T {—Fﬁg (Cri» €35 €ai) +M}ﬂ} .

(26)

OB (t, ur;)

Tii = _VBf(t?uri) = _Kuva v S Na (27)
with x,, > 0 and
. 1 .
pi = —Kppi + 3 (1 —sign (0 — |[Fur +705) ] | Fur + 7],
(28)

where k,, 0 > 0 are design constants and we set p;(to) = 0.

Remark 3: Note that under (28) and the initial condition
pi(to) = 0, we have that p;(t) > 0, for all ¢ > ty. To see this,
note that second term on the right-hand side of (28) is always
positive. Therefore, p;(t) > —k,p;(t), which means that the
set C, := {p; € R: p; > 0} is forward invariant. .

Remark 4: The definition of (28) is loosely inspired by
the framework developed in [17] to deal with hard and soft
constraints in the setting of prescribed-performance control
of single-agent systems. The signal p;(t) adjusts the soft
constraints whenever the hard constraints and the positive-
velocity constraint become conflicting. Note that when |F,,,. +

7']}1-| < o for a given o, it means that the distances from
vehicle 7 to its neighbors are far from the border of the
set D;;, since under the barrier-function-based law (51) the
controller 7/, grows unbounded as d;; — OD;; for any
er = (i,7) € £. In this case, the second term on the right-
hand side of (28) is equal to zero. Hence, assuming that in
an interval t € [tg,tg + T, |Fur + 7| < o, then (11), with
p(t) = 0, corresponds to a positive-velocity constraint. On the
other hand, when |F,, + 7| > o, the right-hand side of (28)
becomes positive and p; grows. Hence, u,; may take negative
values, i.e. u.; > —p;(t), avoiding possible conflicts between
the constraints. Then, as the vehicles move away from the
border of the set D;j, |Fyr + rh| < o again and p;(t) — 0
exponentially fast, recovering the non-negativity constraint. e
Let us define the following variables:

a(t)<Y1 X1

)Uo(tx b:YQ+% (29)

(1) :Yon(t)2’ :YQUO(t).
l l
Remark 5: Note that from Remark 2 we have that a <
a(t) <@, c<c(t) <¢ and d < d(t) < d, with a,a,¢,¢,d,d
being positive constants. o
Then, the first part of the main result is stated as follows:
Proposition 1: Consider N ASVs/AUVs, each described by
the model (1), and interconnected over a directed graph which
is either a spanning tree or a cycle. Consider the hand-position
point 5—'; = [&1: &2i] = [xi +lcost; y; + Isin;], where
[z; yi] 1is the position of the origin of the body-fixed frame
of the ith agent, 1; is its yaw angle, and [ > 0 is a positive
constant. Let ¢, (t) = arctan(£40(t) — V,,/€30(t) — Vi) be the
crab angle of the target. Then, under Assumptions 1-5 and

d(t) (30)

_ Y5
O<UO<£, l>max{,—} (31
Y1

2min{a(d — ¢), b}
>~ Ylon + 2 (Yl _ Xllfl)
with initial conditions such that di(to) € Dy, for all e, € £ and
ur;(tg) € C; for all ¢ < N, the controller (6), where the new
inputs pu; are given by (15) with (23) and (24), achieves the

tracking-in-formation objective (14) almost everywhere and
renders the constraints sets (9) and (12) forward invariant. []

7%
o

(32)

For clarity of exposition, the different steps of the proof of
Proposition 1 are presented in Section IV.

IV. PROOF OF PROPOSITION 1

The proof is developed in multiple steps presented in the
following subsections. We start by rewriting the N systems (7)
in a cascaded form, where the external dynamics act as the
driving system and the internal dynamics is the driven system.
We follow by showing that the soft-constraints set (12) is
forward invariant. Next, we show that the driving system under
the control laws (23), expressed in edge-based coordinates,
is (almost-everywhere) uniformly asymptotically stable with
domain of attraction corresponding to the set of constraints,
and that its trajectories converge exponentially to the origin.
Then, under the property that the trajectories of the external
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dynamics converge to the origin exponentially fast, we show
that the trajectories of the internal dynamics are uniformly
ultimately bounded. Finally, we analyze the stability of the
complete cascaded system.

A. Cascaded system

In order to analyze the stability of the N systems (7) in
closed-loop with the controller (23) we rewrite it in a cagcaded
form as follows. Let us define the error variables (i; :

Cri — Go(t), Coi := Cai — do(t), and the velocity errors i, 1=
Vi — (Vho(t) — V). Denote ¢ [Cll : C1N}, (g =
[521 C~2N ) ET = {<1 Q}, oy = [17}?1 ij—er}’
Sin((Nl)—r := |sin 511 .-+ sin C~1N . Then, the internal dynam-
ics in compact form yields
=0 (33a)
G = = At,)C — Bt O)Sin() + A(t, ¢ 70)i + B(Gow
— A(t, O)INGo(t) — Indo(t) (33b)
where
A(t, )= diag{a(t) cos C1;+b}
B(t,¢):= diag{c(t) cos (1;+d(t)}
A(t,¢, ) = blockdiag{[~a(t, G vna) B(t, Gy i)}
B(¢y) = blockdiag{[—sin (1; cos (1]},
and «a(t, i i), B(t, G, i) are given in Appendix L
Now, set the tracking errors &n; := &ni — Eno(t) — €L,

with {;‘fio denoting a desired position in the formation with

respect to the leader, and let £_hr = [—hrl S _hrN] Then, the

N systems (7) in compact form yields

(= H(t,0)¢s + (t,¢) + G(t,, x) (34a)
= F(t, x), (34b)
where x| 1= [{? vy VT} o [Sln((l) fﬂ, and
0 Iy Vh
HO={_gy ] Fo=]ntamsts
B() —A() e

G() = {fl()uh(—)i—é()u}  20) = {—A(-)éo(t

B. Forward invariance of the soft-constraints set

)0— 1N(50(t):| .

Lemma 1: Under the control law (27), with initial condi-
tions such that u,;(ty) € C; for all i < N, the set (12) is
forward invariant for the surge-velocity subsystem (25a). U

Proof: Consider the barrier function (26), whose deriva-
tive along the trajectories of (25a) in C; yields

B (t,upi) = VB (t ) (—ku VB (t i)+ Fup + 705 + (1))

(35)
Now, in view of (28), we split the analysis into two cases.

Case I (|Fyr + T£Z| < 0): in this case (35) becomes
B (t,ups) < — | VB (8 ups) [ + [V B (£, ur0)| [0—ppi(1)]

< — KLV Bt ur)|? + Apo?
+ Kppi(t)
(uri + pi(t)) (uri + pi(t) + 1)’

(36)
with &/,, A\, > 0. Since p;(t) is non-negative for all ¢t > ¢,
cf. Remark 3, in C; the last term on the right-hand side of (36)
is bounded by a constant A\, > 0. Therefore, we have

B} (turi) < =k | VB (tug)|* + ¢ (37)
where ¢ := \,0% 4+ \,.
Case 2 (|Fy, + 11| > 0): in C; (35) becomes

Bis(tvuri) <- /€U|VBf(t,um-)|2 + VB (t, uri)| UFM + T7Z|

_K“Ppi(t) - |Fur + TZLLiH
< — ko | VB (t, un)|? +
(33)
where, with a slight abuse of notation, ¢ = A,.
From (37)-(38) we conclude that for all ¢ < N and

up; € C;, the barrier function B{(t,u,;) is bounded along
the trajectories. In order to establish forward invariance of the
sets C;, for all ¢ < N, we proceed by contradiction. Assume
that there exists tgp < T' < oo such that for all ¢ € [tg,to+T),
upi(t) € C; and u,i(tg +T) ¢ C;, for at least one ¢ < N.
More precisely, we have u,;(t) — p;(t) as t — to + 7. From
the definition of (¢, u,;) — BZ(t, u,;) in (26), this implies that
B (t,ur;(t)) — 0o as t — to + T which is in contradiction
with (37)-(38). We conclude that T = oo and that the sets C;
for all ¢ < N are forward invariant, i.e., if u,;(tg) € C; then
up(t) € C; for all t > ty. [ ]

C. External dynamics in edge-based coordinates

To study the stability of the external dynamics (34b), we
rely on the edge-agreement framework [11] where instead of
considering the states of each individual agent (the nodes of
the graph), we consider the relative variables which correspond
to the edges in the graph. For that purpose, recalling that only
one agent labeled ¢ = 1 has access to the target’s state, define
the tracking-error states with respect to the leader as

210 = &n1 — Ehos

Similarly, define the formation error and the relative velocity

between two connected agents, i.e., for all e € &, by
21k = Eni — Enj — 21

22k ‘= Vhi —

220 ‘= Vh1 — Vho- (39)

(40)

Vhj. 41

Now, let us denote by E € RV*M the incidence matrix of
graph G, where its (¢, k)th entry is defined as follows: [E],, =
—1 if ¢ is the terminal node of edge ey, [E],, :=1if ¢ is the
initial node of edge ey, and [E];, := 0 otherwise. Let & =
(& - &y € R*Y and v = [y, -+ vy] € R*Y be,
respectively, the collection of the hand-position point positions
and velocities of all the agents of the system. Then, in compact

form we can write

21 =[ET ® L)¢, — 2¢ (42)
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2 =[BT @ L. (43)

T _ T T T
where 2z, = [z 2yl €

g1+ 2ap] T € RPM.

Now, as observed in [18], using an appropriate labeling of
the edges, the incidence matrix can be expressed as E =
[E; E.| where E; € RY *(N=1) denotes the full column-
rank incidence matrix corresponding to an arbitrary spanning
tree G, C G and E, € RV*(M=N+1) represents the incidence
matrix corresponding to the remaining edges in G\G;. Simi-

T

R2M and 2z, =

larly, the edge states may be split as z; = [zft zirc} T, where
21 € R2V=1 are the states corresponding to the edges of
G, and z1, € R*M~-N+1) denote the states of the remainir%g
edges, G\G;. The same holds for 2o, that is, 2o = [z, 23,
Moreover, defining

-1
R = [IN—I T], T = (EtTEt) EtTE(, (44)

with Iy_; denoting the N — 1 identity matrix, we have the
following identities

E=ER, z=[R ®blz, z2=[R ©hjzm. 45
Then, using (45) and (7¢)-(7d) a reduced-order model for
the external dynamics in terms of the edges of a spanning tree

is given by

210 = 220+ V (46a)
21 = 224 (46b)
220 = J1 — fio(t) (46c¢)
iy = [E] ®@ IL]p. (46d)

Note that in these coordinates, the control objective as defined
in (14) is achieved if the origin of system (46) is asymptoti-
cally stabilized.

Noting that in the edge coordinates the distance in (8)
may be rewritten as di = |z1x + sz|, with a slight abuse
of notation, the candidate BLFs in (16) may be denoted as
Bl (21x) replacing d, by |21 + 2%, |. Similarly let use redefine
the constraints set as

bk = {Zlk eR?: O < \zlk—i—zf,@\ < A}g}, Ver € E. (47)

Now, for each edge e, € & let us define the candidate BLF
Wi : Dy, — RZO as

1
Wi(z1k) = 3 [l21x]? + Bp(z1x)] - (48)
Then, for the complete multi-agent system we define
W(z) = Z 0 Wi(z1x), or > 0. (49)

k<M

Let us define the so-called in-incidence matrix E; €
RNY*M 'whose elements are defined as follows: [Eg),, = —1
if 7 is the terminal node of edge ej, and [Eg];, := 0 otherwise.
Then, in the edge-agreement framework, the virtual controllers
(18) are given by

vi = —c1|Eo © LIVW (21) — ¢1[C @ L)z1, =V, (50)

where VW (21¢) := OW (21¢) /0214, V is a vector of estimates

[1 OlTx(Nfl)} .

Akin to (43), let Zy; := [ET ® L]y, and Z9p = U1 — Vhos
where 7, = [0} -+ 1)l ] € R?N and i, is the backstepping
error previously defined. Then, the control law (23) in compact

form yields

of the ocean current for each agent, and C'T :=

/Lh = —C2 [E@RT X IQ] 22t — C9 [O X 12]220 + 17;:
—vsign ([EoR" ® I1] 25 + [C @ I5) ) -

Let g{'— = [2’10 zm, g’l—r = [210 VW(zl)T], §2T =
[Z20 Zg;]. and

B 1 CTE [[eT
El— |:|:ch EtTE@:| ®12], Rl—[[E;r]®12:|
B 1 CTE, [[et

Then, from (46), (21), (50), and (51), the closed-loop external
dynamics in the edge-based perspective becomes

(SD

GG=—cliGi+ao+RV (52a)
S = — caLosy 4+ ¢, RV + Ry [ (t) — Loy jio(t)]

— YRysign (R; s2) (52b)
VeV (52¢)

Remark 6: The function in (48) is reminiscent of scalar
potential functions in constrained environments. Hence, the
appearance of multiple critical points is inevitable [19]. Indeed,
the gradient of the BLF (16), VW}(z11), vanishes at the origin
and at an isolated saddle point separated from the origin.
Therefore, when using the gradient of (48), the closed-loop
system (52) has multiple equilibria. We address such issues
using tools for multi-stable systems [20], [21]. .

For system (52) we state the following lemma.

Lemma 2: The origin of the edge-based closed-loop system
(52) is almost-everywhere uniformly asymptotically stable
with domain of attraction D := R x D x R x R2M x R2N | with
D= ﬂk< M ﬁk, where ﬁk is defined in (47). Furthermore,
for almost all initial conditions, the trajectories of the external
dynamics (52) converge to the origin exponentially. ]

Proof: First define the function

1
Wi(s1) := 5|zlo|2 + W (z1) (53)

where, with a slight abuse of notation, z1; +— W(zy) is
defined in (49). In light of Remark 6, let us denote by
25 € R™M the vector containing the saddle points of the BLF
for each edge (48). Moreover, let us define the disjoint set

W= {0} U{z1}, (54)

which corresponds to the critical points of W in (49). Then,
W satisfies

a
Tl < W) < 0o VW ()P, (55)
where a1, az > 0 and |21]yy := min {|z1], |21 — 2}|}.

2To avoid a cumbersome notation we write VI (z1¢) in place of the more
appropriate spelling VW ([R—r ® Ig] zu).
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The derivative of (53) along the trajectories of (52a) yields
Wi(s) = —a1q L1+ @ + & R4V (56)

Then, invoking [18, Proposition 1], we have that (56) satisfies

Wi(e) < —dfal® +fallel + dlalV], 6D
where ¢, ¢, are positive constants.
Next, define the candidate Lyapunov function
1
Wa(se) == =<3 Psa (58)

2

where P is the positive-definite solution to’ —LJ P —PLy =
—Q, for any positive definite Q. Then, the derivative of (58)
along the trajectories of (52b), is defined by the differential
inclusion ¢ € F5(t,¢2), where

(52b),
—c2L36 + ¢, R1V
_’7)‘ + Rl [Ns(t) - 12N,uo(t)] ’ R;Q =0
and A € [-1,1]. From the proof of Proposition 1 and
boundedness of Bj (¢, u,;(t)) for all ¢ > ¢y and all i+ < N
there exists a constant f° such that |pf(¢)] < @° for all
t > tg. Thus, setting v > V2N (ii® + fi,) in (51) and using
||s||1 = s sign(s), the derivative of W5 yields
Wa(s2) = —casy PLogs + cosy PRIV
— 753 PRasign (R 2) + 53 PRy [ (t) — Lan o (t))]
< —dlel’ + lelV], (59)

Ry #0
Fg(t,gg) =

where ¢/, and ¢/ are positive constants.

Next, let ¢ := [g{r Sy \7—'—} and define the candidate
Lyapunov function

We(s) := Wi(s1) + k1Wa(s2) + %\‘7\2 (60)
From (57), (59), and (52¢), we have
We(s) < = cfail* = richleal® = raco V|
+ G| + clallV]+ mieylel[V]. (61)
Setting 1, w9 large enough, we obtain
W) < —alalf —alel —alvlP o
< —eW(s).
Now, recalling Remark 6, let
We := {0} x W x {0} x {0}2NV=1 » {0}2N (63)

where W is defined in (54), be the set containing the equilibria
of the closed-loop system (52). Then, from (55) we have

We(s) < = @lcliy,

Thus, the closed-loop system (52) is uniformly asymptotically
multi-stable at W,, cf. [20]. Furthermore, since the critical
point 2] of the barrier Lyapunov function is a saddle point,
after [21, Proposition 1], it follows that the region of attraction
of the unstable equilibrium z] has zero Lebesgue measure.

(64)

3This holds since for any directed graph containing a spanning tree,
—E] EgRT is Hurwitz, cf. [22]

Therefore, we conclude that the origin of (52) is almost-
everywhere uniformly asymptotically stable in D, except for a
zero-measure set of initial conditions.

To establish forward invariance of the set D we proceed by
contradiction. Assume that there exists 0 < 7' < oo such that
forall t € [to,to—l—T), Zlk(t) € ﬁk and Zlk(to—l-T) ¢ f)k, for
at least one k < M. More precisely, we have |z15(t)] — Ak
or |z1,(t)| — 0k as t — to + T for at least one k < M. From
the definition of Z1; — W (Z1¢) in (49) and 21 — Wi (21x) in
(48), this implies that W (<(t)) — oo as t — to + 1" which is
in contradiction with (62). We conclude that 7' = oo and that
for all initial conditions such that Z,(to) € D, % (t) € D for
all t > ty. Satisfaction of the inter-agent constraints follows
from the forward invariance of D.

Since (52) is asymptotically stable at the origin, with
domain of attraction I, it follows that for (almost) all initial
conditions ¢(tg) € D there exist small positive constants
€(s(to)) and €(s(to)) such that z;(t) € Dy, where

@ek::{zlk eR?: fp+e< \z1k+sz| < Ap—¢}, VE< M.

Moreover, for any z; € D,, with D, := Mi<umr D.i,, we have
that the BLF W in (49) satisfies -

a al
51|zu|2W < W(zy) < gmm (65)

Therefore, from (65) and (62), we conclude that for almost
all initial conditions ¢(t9) € D, the trajectories ¢(¢) of the
external dynamics converge to the origin exponentially. [ ]

D. Internal dynamics

The ith component of the nominal part of (34a) yields

517: :Q:Qi (66a)
522- = — (a(t) cos fu + b)fzi — (c(t) cos fu +d(t)) sin fu
+9(t,G), (66b)

where 9(t,(;) = —(a(t) cos (i + b)do(t) — ¢o(t). Due to
9(+), (66) does not have an equilibrium at the origin. Thus,
we analyze the ultimate boundedness of (; (t).

For this purpose, define the candidate Lyapunov function

Wf’i(t, 61) :%{.;; [GQ(ti(—:)C(t) a(lt)} ési

+ (a(t)b+d(t)) (1 — cos (). (67)

Note that, Wéﬂ > 0 for all |cos fli,sin 511‘,521} 75 [1,0,0].
The derivative of (67) yields

We, (t.6) = — [a(t)(d(t) —Oc(t) cos C1;) 2] ‘.
8W5,,»T 0 =1 [2a(t)a(t) +¢(t) a(t)] =
+ (d(t)b + d(t)) (1 —cos éh)

+

Note that, @, ¢, and d are only function of l?o, cf. (29)-(30).
Therefore, from Remark 2 there exist constants a*, ¢*, d* such
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that |a(t)| < a*, |é(t)] < &, and |d(t)| < d*. Moreover, from
Remark 5 and the definition of ¥, we have that

LN B
— e [0 si
8@» ﬁ(tagz) = (

where a; > 0 and the bound 9 > 9(t,(;) exists since ¥

is a function of bounded signals. Hence, there exist positive
constants «; and a3 such that

(68)

We,(t,G) < —aa|Cail® + a20|{ai| + a3, (69)
From (69) and [23, Corollary 5.1] we conclude that for every
1 < N the nominal subsystem (66) is uniformly bounded.

E. Complete cascaded system

Consider now the system (34). From Lemma 2 we have
that the driving system (52) in edge coordinates is uniformly
asymptotically stable almost everywhere in D, which implies
that so is the subsystem (34b). Moreover, in D the trajectories
of (34b) converge to the origin exponentially. Therefore, from
converse Lyapunov theorems there exists a function W, that,
in 1D, satisfies

aylx® < Wy(t, x) <aglx|? (70a)
Wy (t, x) < — aglx|® (70b)

ow.
‘3;‘ <azlx]; (70c)

for some positive constants o, af, ag, and of.
Now, note that the interconnection term G on the right-hand
side of (34a) satisfies the bound

IG(¢x)| < GallxD)ISs| + Ga(Ix)),

where G1,Gs € Ko. Moreover, from the forward invariance
of D established in the proof of Lemma 2 and the asymptotic
stability of (34b), the bound (71) may be simplified to

(71)

G(C )] < GulxlIG| + Galxl, (72)
for some positive constants G; and Gl.
Define the candidate Lyapunov function
W(t, ¢, x) = kW (tx) + > W, (t,6),  (73)

i<N
where Wf,i is defined in (67). From, (68), (69), (70), and (72),
in D the derivative of W along the trajectories of (34) satisfies
< - 041\59|2 + ad|| — kogxI” + as

Co| [GalIC + Gl

< — a4 [Gsl? + a2Galx|CG| — kaglx|?
+ oG |X| G + o

W (t,C.x)
+ i

(74)

where ) and af are positive constants.
Now, since the trajectories of (34b) converge to the origin
exponentially fast, the exists a time 7" > ¢y such that for all

t>to+T, |x(t)] <o) /(202G1). Hence, for all t >t + T
and for a sufficiently large k£ we have

B ~ o~ _ ~
Wt C,x) < = |Gl + a2Galx[IG| = kag x|
+ axGa X1 + o

< —off|¢sl? = ag|x® + ab, (75)

for some positive constants «f and «. On the other hand, for
all t < tg+ T we have

W(t,Cx) <KW + o, K >0, (76)

implying that there is no finite escape time. Thus, from (75)
and (76) the trajectories of the closed-loop system (34) are
uniformly ultimately bounded, the limits in (14) are achieved
exponentially and the hard and soft constraints sets, respec-
tively (9) and (12) are forward invariant.

V. SIMULATION RESULTS

In this section we illustrate the performance of the con-
troller (6), (51), through high-fidelity simulations in DUNE
[24]. DUNE (Unified Navigation Environment) is a software
platform designed to run on autonomous underwater vehicles.
DUNE also contains a high-fidelity AUV simulator, allowing
us to validate the proposed control algorithm, reproducing
as closely as possible a physical experiment. We conduct
two simulation cases of the tracking-in-formation problem for
six ASVs subject to hard (distance) and soft (positive surge
velocity) constraints. It is only assumed that the vehicles are
interconnected at the initial time, so the controller must pre-
serve such connectivity. An animation of the simulation results
is accessible at https://youtu.be/1lydm3_0jY£fI.

In the first scenario, we consider that the agents interact
over a directed spanning tree illustrated in Fig. 2 and follow
a virtual leader describing a circular trajectory (solid black
line in Fig. 4) determined by (13) with the input given by

to(t) = [—0.022c0s(0.021¢) — 0.022sin(0.021¢)] "
with initial conditions h,(0) = [200 0]'m and
vho(0) = [0 1.05]"m/s. In the second scenario, the

agents communicate over a cycle graph illustrated in Fig. 3
and the leader describes a figure-eight trajectory (solid
black line in Fig. 10) given by (13) and the input p,(t) =
[—0.024 cos(0.022t + 1.57) — 0.048sin(0.044¢ + 3.14)]
with initial conditions h,(0) = [150 O]Tm and
Vho(0) = [~1.1 — 1.1]"m/s. In both cases, only the
agent labeled “1” knows the state of the target (labeled “0”).
The initial conditions for both scenarios are presented in
Table 1. The desired formation is a regular hexagon described
by the desired relative position vectors z{lk given by (15,7.5),
(—15,22.5), (—15,7.5), (0,15), (—15,22.5), for the spanning
tree topology and (15,7.5), (0,15), (—15,7.5), (—15,—7.5),
(0,—15), (15, —7.5), for the cycle topology. The maximal and
minimal distance parameters are Ay = 75m and §; = 5m.
The hand position point is chosen at [ = 1m, and the control
gains are set to ¢c; = 1, co = 0.2, v = 0.25, ¢, = 0.2, Kk, =
0.05, kK, = 4, and ¢ = 0.3. Furthermore, in order to avoid
discontinuities in the control, the non-smooth sign(s) function
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in (51) and (28) is replaced by the smooth approximation

tanh (¢ 8), ¢q > 1.
oy
0
OO O10)

Fig. 2: Interaction topology: directed spanning tree.

Q.

O D

Fig. 3: Interaction topology: directed cycle.

TABLE |: Initial conditions

Index x; Yi Vi Uri  Upi T

1 103 35 6.25 0 0 0

2 75 34 4.56 0 0 0

3 112 17 1.61 0 0 0

4 90 -12 4.64 0 0 0

5 108 -6 4.65 0 0 0

6 62 4 3.32 0 0 0

50 [~
I.
of —
—50 U :
50 100 150 200

Fig. 4: Paths followed by the agents. The initial conditions and final
configuration are marked by blue and red arrows, respectively. The
solid black line represents the trajectory of the virtual leader.
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Fig. 5: Inter-agent distances. The dashed lines represent the connec-
tivity and collision-avoidance constraints.

Figs. 4-8 present the results of the simulation scenario with
the spanning tree topology. As shown in Fig. 4, the LAUVs
manage to reach the desired formation (red arrows) as is also
evidenced from the formation and tracking errors in Fig. 5.
Furthermore, the formation and velocity errors are presented
in Figs. 6-7. Note that the errors do not converge to zero but

_ 1ok T [—ea —e—e]]
g —_— e —— €5 [=N)
= 50 %‘ .
Iﬁ
0 ™ 1 | Bl
0 50 100 150 200 250 300 350
t [s]
Fig. 6: Norms of the formation/tracking errors.
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Fig. 7: Norms of the velocity errors.
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Fig. 8: Surge velocities under the soft-constraint requirement.
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Fig. 9: Surge velocities without the soft-constraint requirement.

rather to a small region around zero. These nonzero steady-
state errors are caused by two factors: the uncertainty of the
navigation system, and the delay in the actuators. The vehicles
still manage to respect the hard connectivity and collision-
avoidance constraints, shown as dashed red lines in Fig. 5. The
surge velocities in Fig. 8 are non-negative. For comparison,
the surge velocities shown in Fig. 9 result from a simulation
without the soft-constraint requirement, and it is clear that in
contrast to Fig. 8, in this case the velocities of vehicles 3, 4,
5, and 6 also become negative between 90s and 150s.

Figs. 10-14 present the results of the second scenario, with
the cycle graph topology. It can be seen from Figs. 10 and
11 that also here the LAUVs manage to reach the desired
formation (red arrows), with a small steady-state error in
the formation and velocity errors, presented in Figs. 12 and
13, respectively. As before, a second simulation without the
soft-constraint requirement was performed for comparison. In
contrast to Fig. 8 where all the surge velocities are positive,
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50

150 200

Fig. 10: Paths followed by the agents. The initial conditions and
final configuration are marked by blue and red arrows, respectively.
The solid black line represents the trajectory of the virtual leader.
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Fig. 11: Inter-agent distances. The dashed lines represent the
connectivity and collision-avoidance constraints.
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Fig. 12: Norms of the formation/tracking errors.

it can be seen in Fig. 9 that without the soft-constraint
requirement, the velocities of vehicles 5 and 6 become negative
at around 70s and 110s. Note that in this case the collision-
avoidance constraint is slightly violated for one pair of vehicles
around 50s. This is because in the DUNE simulations, contrary
to the theoretical results presented above, both the velocity
and the acceleration of the LAUVs are bounded due to the
physical limits of the actuators. Therefore, although in theory
the control input should increase unboundedly to prevent that
the constraints are violated, in practice this is not the case and
the control inputs saturate. The consideration of saturation in
the control together with hard and soft constraints is, however,
still an open problem and out of the scope of this paper.
Lastly, we note that, in the included video of the simulations,
it may appear as if there are collisions. Please note that this is
only a visualization issue. Specifically, the sizes of the arrows
representing the LAUVs are chosen larger than their real sizes.

VI. CONCLUSIONS AND FUTURE WORK

In this paper we addressed the tracking-in-formation con-
trol problem of cooperative autonomous marine vehicles in-
teracting over directed graphs and under hard inter-agent
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Fig. 13: Norms of the velocity errors.
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Fig. 14: Surge velocities under the soft-constraint requirement.

u, [m/s]

| |
0 100 200

t [s]

Fig. 15: Surge velocities without the soft-constraint requirement.

constraints (proximity and collision avoidance) and soft con-
straints (positive surge velocity). We proposed a distributed
control law that solves this problem and that guarantees, simul-
taneously, connectivity preservation and inter-agent collision
avoidance. With respect to the stability analysis, it is important
to emphasize that, beyond mere convergence properties as
usually established in the literature of multi-agent systems,
we establish almost-everywhere uniform asymptotic stability
with exponential convergence of the tracking errors. Current
research focuses on validating the results experimentally and
extending them to consider input saturation and AUVs in 3D.

APPENDIX |

Let m;; and d;; be, respectively, the ij-th entries of the
mass and damping matrices. Then, we have
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where R() : R — SO(2) is the rotation matrix and

Y] .= X; -1
vi(*) :Ton sin (15 + <Y1 - 1l) Coi

va(-) :? {(531 cos(C1i+ o) + Eai sin(Cri+b0))+U, cos i |-
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