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Abstract 15 

The coiled tube geometry has different industrial applications whereby heating and 16 

cooling operations are required. In this work, a 2D semi-empirical model based on a 17 

straight tube is proposed to represent the 3D phenomena of flow and heat transfer in a 18 

coiled tube. The model considers a modified velocity profile based on residence time 19 

distribution (RTD) experiments and a heat transfer enhancement factor based on heating 20 

and cooling experiments. For testing and validating the model, experiments were 21 

performed using a Newtonian fluid (glycerin/water mixture) and a non-Newtonian fluid 22 

(carboxymethylcellulose CMC solution) at flow rates from 0.5 to 2.0 L/min in a coiled 23 

tube with 9 turns. The 𝑦-laminar RTD model was successfully adjusted to experimental 24 

E-curves and its parameter 𝑦 was correlated with flow rate. Heating and cooling 25 
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experiments with the coil provided outlet temperatures at different conditions of flow rate 26 

and temperature. The model was adjusted to match the outlet temperatures, providing the 27 

heat transfer enhancement factor 𝐹, the second empirical parameter of the model. This 28 

factor was linearly correlated with Reynolds number in a log-log plot and showed a 29 

threshold for negligible enhancement (𝐹 = 1). The model was numerically solved the 30 

finite difference method after a mesh dependency study. Good outlet temperature 31 

predictions were obtained with computational time of about 1 min, which is much smaller 32 

than usual computational times for a 3D coil geometry, and model provides velocity and 33 

temperature fields useful for further simulation of non-isothermal laminar flow reactors, 34 

such as bacterial inactivation in thermal processing of liquid foods.  35 
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NOMENCLATURE  41 

𝐴(𝑡) exit absorbance of tracer (-) 

𝐴଴ initial absorbance of tracer (-) 

𝐴௘ external surface area of the tube (m2) 

𝐴௜ internal surface area of the tube (m2) 

𝐶(𝑡) exit concentration of tracer (kg.m-³) 

𝐶଴ initial concentration of tracer (kg.m-³) 

𝐶௣ Specific heat capacity at constant pressure (J.kg-1.K-1) 

𝑑௖ coil diameter (m) 

𝑑௘ tube external diameter (m) 
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𝑑௘௤ equivalent diameter of the duct (m) 

𝑑௜ tube internal diameter (m) 

𝐷 Mass diffusivity (m2.s-1) 

𝐷𝑒 Dean number (-) 

𝐸(𝑡) exit age distribution function (s-1) 

𝐸௘௫௣(𝑡) exit age distribution function of experimental data (s-1) 

𝐸௠௢ௗ௘௟(𝑡) exit age distribution function of the model (s-1) 

𝐸ఏ(𝜃) dimensionless exit age distribution function (-) 

𝑓 Theoretical friction factor for laminar flow in tube with smooth walls (-) 

𝑓௘௙௙ Effective friction factor (-) 

𝐹 heat transfer enhancement factor (-) 

ℎ convective heat transfer coefficient of the internal fluid (W.m-2.K-1) 

ℎ௘ convective heat transfer coefficient of the external fluid (W.m-2.K-1) 

𝑘 thermal conductivity (W.m-1.K-1) 

𝑘௘௙௙ effective thermal conductivity (W.m-1.K-1) 

𝑘௦ thermal conductivity of the solid (W.m-1.K-1) 

𝐾 consistency coefficient (Pa.sn) 

𝑙 characteristic length of the geometry (m) 

𝐿 calculated linear length of the tube (m) 

𝑚 parameter of the 𝑚-laminar model (-) 

𝑛 number of turns of the coil or flow behavior index (-) 

𝑁𝑢 Nusselt number (-) 

𝑝 coil pitch (m) 

𝑃𝑒 Peclet number (-) 
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𝑃𝑟 Prandtl number (-) 

𝑞 heat transfer rate (W) 

𝑞̇௏ volumetric thermal energy generation (W.m-3) 

𝑄 volumetric flow rate (m³.s-1) 

𝑟 radial dimension (m) 

𝑟௜ tube internal radius (m) 

𝑟௘ tube external radius (m) 

𝑟∗ dimensionless radius (-) 

𝑅² coefficient of determination (-) 

𝑅𝑒 Reynolds number (-) 

𝑅𝑒௖௥௜௧ critical Reynolds number (-) 

𝑅𝑒௚ generalized Reynolds number (-) 

𝑡௠ mean residence time (s) 

𝑇௕ bulk temperature (K) 

𝑇௜ initial temperature (K) 

𝑇௜௡ inlet temperature (K) 

𝑇௠ average temperature (K) 

𝑇௢௨௧ outlet temperature (K) 

𝑇௘ external temperature (K) 

𝑈 Overall heat transfer coefficient (W.m-2.K-1) 

𝑣௕ bulk velocity (m.s-1) 

𝑣௜௡ inlet velocity (m.s-1) 

𝑣௠௔௫ maximum velocity (m.s-1) 

𝑣௭ axial component of velocity (m.s-1) 
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𝑣⃗ velocity vector (m.s-1) 

𝑣∗ dimensionless velocity (-) 

𝑉 internal volume of the tube (m³) 

𝑉஺ active volume of the tube (m³) 

𝑉௦ volume of the solid (m³) 

𝑦 𝑦-laminar model parameter (-) 

𝑧 axial dimension (m) 

 42 

Greek letters 43 

𝛼 thermal diffusivity (m-2.s-1) or parameter of the sinusoidal model (-) 

𝛼௘௙௙ effective thermal diffusivity (m-2.s-1) 

𝛽 parameter of the exponential model (-) 

𝛿 curvature ratio (-) 

𝜀 Friction factor enhancement factor (-) 

𝜃଴ dimensionless breakthrough time (-) 

𝜇 dynamic viscosity (Pa.s) 

𝜇௚ generalized viscosity (Pa.s) 

𝜈 kinematic viscosity (m².s-1) 

𝜉 geometrical parameter of the duct (-) 

𝜑 geometrical parameter of the duct (-) 

𝜌 density (kg.m-³) 

𝜏 theoretical residence time (s) 

  44 
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1. INTRODUCTION 45 

The coiled or helical tube geometry is widely used in processes that involve 46 

continuous flow chemical reactions and/or heat transfer because of its compact structure, 47 

enhanced mixing and passive heat transfer enhancement under laminar flow [1,2]. The 48 

centrifugal forces experienced by the fluid due to the coil curvature generate secondary 49 

flow structures called Dean cells, a pair of counter-rotating symmetrical vortices at the 50 

cross-section of the tube that moves fluid outward from the curvature center of the coil. 51 

This circulation of fluid promotes local mixing and increases heat transfer rate and 52 

chemical reaction yield [3].  53 

The effects of the tube curvature on the flow can be characterized by the Dean 54 

number (𝐷𝑒), a dimensionless group that relates the Reynolds number (𝑅𝑒) with the 55 

square root of the curvature ratio (𝛿 = 𝑑௜ 𝑑௖⁄ ) according to Eq. (1) for tubes with small 56 

torsion (ratio between coil pitch and coil radius) [4]. The Reynolds number is the ratio of 57 

inertial forces to viscous forces, as defined in Eq. (2): 58 

𝐷𝑒 = 𝑅𝑒ඥ𝑑௜ 𝑑௖⁄  (1) 

𝑅𝑒 =
𝜌 𝑑௜𝑣௕

𝜇
 (2) 

where 𝑑௜ is the tube internal diameter, 𝑑௖ is the coil or curve diameter, 𝑣௕ is the bulk 59 

velocity, 𝜌 is the average fluid density and 𝜇 is the average fluid viscosity [5,6]. 60 

The flow pattern inside a coiled tube is complex due to the secondary flow, 61 

especially in laminar flow with small Reynolds numbers [7]. The geometrical 62 

characteristics of the coil, particularly the curvature ratio and the pitch, influence the 63 

degree of fluid mixing. Also, Dean instabilities may arise above a threshold Dean number, 64 

which creates additional pairs of counter-rotating vortices at the outer wall of tube. This 65 

critical value is unique for each coil, since it depends on the coil curvature ratio (𝛿) and 66 

cross-section aspect ratio (ratio between height and width) [8]. 67 
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The flow pattern inside tubes can be studied using the concept of residence time 68 

distribution (RTD), which is defined as the distribution of time that fluids spend inside a 69 

vessel. Usually, RTD is determined experimentally by injecting a tracer at the inlet and 70 

measuring its concentration at the outlet over time, 𝐶(𝑡). The exit age distribution 71 

function 𝐸(𝑡), or E-curve, is defined in Eq. (3a), while the mean residence time is defined 72 

in Eq. (3b) and the dimensionless E-curve in Eq. (3c), where 𝜃 = 𝑡 𝑡௠⁄  is the 73 

dimensionless time. The E-curve is important to characterize flow pattern and dispersion 74 

inside vessels [9].   75 

𝐸(𝑡) =
𝐶(𝑡)

∫ 𝐶(𝑡) d𝑡
ஶ

଴

 (3a) 

𝑡௠ = න 𝑡 𝐸(𝑡) d𝑡

ஶ

଴

 (3b) 

𝐸ఏ(𝜃) = 𝑡௠ 𝐸(𝑡) (3c) 

The RTD in tubes with laminar flow is related to the dispersion caused by the 76 

mechanisms of convection (axial velocity profile) and molecular diffusion (in axial and 77 

radial directions), constituting the Taylor-Aris dispersion. The laminar velocity profile 78 

promotes a large spread in the E-curve, while the radial diffusion promotes mixing 79 

between layers, thus reducing this spread. The secondary flow that arises from the flow 80 

in curves and helical pipes also contributes to narrow the dispersion in the E-curve and to 81 

delay the first appearance of the tracer, because it promotes convective mixing in the cross 82 

section of the tube [9,10,11].  83 

Florit et al. [11] studied the axial dispersion in coiled reactors with computational 84 

fluid dynamics (CFD) using the finite volume method in 3D simulations. Different 85 

geometrical parameters were considered, such as coil pitch, coil radius and tube length, 86 

while a single value of tube diameter was chosen. Transient CFD simulations were used 87 
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to evaluate the residence time distribution (RTD) in the coil, which was represented by 88 

the axial dispersion model (ADM). RTD experiments were performed to determine the 89 

dispersion number (parameter of the ADM) using a blue dye as tracer (pulse injection) 90 

and water as fluid. The CFD results were in good agreement with experimental data and 91 

a reduction was observed in the axial dispersion in the coiled tubes when compared to 92 

flow in straight tubes.  93 

Sharma et al. [12] studied mixing in coiled tubes and coiled flow inverters in 94 

different flow regimes. RTD experiments were conducted by the colorimetric method, 95 

using water as solvent and a red dye as tracer. The results were evaluated in terms of the 96 

Peclet number, a dimensionless group that represents the ratio between advection and 97 

mass diffusion (Eq. 4a) or thermal diffusion (Eq. 4b): 98 

𝑃𝑒 =
𝑙 𝑣௕

𝐷
 (4a) 

𝑃𝑒 =
𝑙 𝑣௕

𝛼
 (4b) 

where 𝐷 is the mass diffusivity or diffusion coefficient, 𝛼 is the thermal diffusivity and 𝑙 99 

is the characteristic length of the geometry (diameter for circular tubes). Plots of Peclet 100 

number versus Reynolds number indicated that: in laminar flow, the Dean vortices have 101 

a strong influence in mixing; in the transition zone, the effect of the Dean vortices is 102 

balanced by the increase in the axial dispersion induced by the velocity profile; in the 103 

turbulent regime, the cross-sectional mixing dominates.  104 

Different types of heat exchangers can be used for heating and cooling, depending 105 

on the application. Plate heat exchangers are widely used in the food industry for low 106 

viscosity fluids because of the compactness and ease of cleaning; however, pressure drop 107 

is a limiting factor. Shell and tube heat exchangers are more versatile in terms of pressure 108 

and temperature conditions [13,14]. For highly viscous fluids and small flow rates, coiled 109 
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or helical heat exchangers are a common choice due to compactness, enhanced heat 110 

transfer and lower pressure drop [15]. The coiled geometry can be used to construct 111 

different types of heat exchangers, such as coiled double-pipe heat exchangers, shell and 112 

helically coiled tube heat exchangers and helical coil heat exchangers. Kushwaha et al. 113 

[16] numerically studied heat transfer and fluid flow in a coiled double-pipe heat 114 

exchanger with a Newtonian and a non-Newtonian fluid; Reddy et al. [17] used CFD to 115 

study the improvement in heat transfer in a coiled double-pipe heat exchanger with 116 

different geometries for the inner tube; Bozzoli et al. [18] studied the local Nusselt 117 

number and showed that at the outside surface of the coil, it can be five times larger than 118 

that at the inside surface because of the secondary flow; and Wang et al. [19] studied the 119 

optimal design of a double-pipe heat exchanger based on the outward helically corrugated 120 

tube. 121 

Examples of application of the shell and helically coiled tube heat exchangers can 122 

be found in recent literature. Maghrabie et al. [20] performed an experimental study with 123 

a shell and helically coiled tube heat exchanger considering different inclination angles; 124 

Raut et al. [21] numerically studied the effect of geometrical and operational parameters 125 

of a shell-and-tube heat exchanger in a process of paraffin melting; and Wang et al. [22] 126 

conducted an experimental and numerical study on the heat transfer and flow based on 127 

multi-objective optimization in a shell and helically coiled tube heat exchanger. 128 

Helical coil heat exchangers have different applications. Lei and Bao [23] 129 

experimentally studied the laminar heat transfer at supercritical pressure in a helical 130 

coiled tube; Oliveira et al. [24] developed a model to calculate the pressure loss of 131 

Newtonian and non-Newtonian fluids in coiled tubes with experimental validation; and 132 

Xu et al. [25] developed a model based on the simulation code RELAP5 to study the 133 

thermo-hydraulic characteristics of helically coiled tubes. 134 
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A variety of tube configurations and accessories have been studied as additional 135 

methods to improve heat transfer in coiled tubes, e.g. flow inverter/reverser [26,27], 136 

helical tube with fins [28], tubes with corrugated wall [29,30], and twisted tapes/wired 137 

coils inside the tube [31,32]. 138 

Many of the studies on flow, heat transfer and dispersion in coiled tubes are 139 

conducted using CFD software because of the complex flow pattern generated by the 140 

secondary flow. Numerical simulations in such cases require an accurate modeling using 141 

refined 3D meshes with a large number of elements to adequately represent the mixing 142 

phenomenon [33]. Moreover, the use of accessories in tubes and/or different tube 143 

configurations further increases the model complexity and the computational cost 144 

(memory and time). 145 

Simplified models that describe flow and heat transfer in coiled tubes are an 146 

alternative to complex 3D models, because simpler models require less computational 147 

time, which allows them to be implemented in optimization problems or in predictive 148 

control in the industry. An approach to study mixing in laminar flow in 3D and 2D models 149 

was proposed by Galaktionov et al. [34,35]. The method is known as mapping approach 150 

and consists of numerical simulations for the accurate tracking of fluid volumes in small 151 

intervals of time or space. The flow domain is subdivided into small subdomains (creating 152 

a mesh) and mixture is described in these subdomains with local averaged values, usually 153 

concentrations. Then, the flow is established as a sequence of discrete steps using the 154 

subdomains and then the concentration values are stored in a mapping matrix. This 155 

method requires knowledge of the velocity field and complex geometries may increase 156 

computational costs. 157 

A semi-empirical approach to study flow and heat transfer in tubes was realized 158 

by Morais and Gut [36]. A 2D model was proposed for laminar flow in a straight tube 159 
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with enhanced radial heat transfer. The objective was to simulate heat transfer in systems 160 

with enhanced mixing, such as coiled or corrugated tubes. A heat transfer enhancement 161 

factor was defined in terms of a modified Peclet number. The results indicated that the 162 

effective radial thermal diffusivity in a coiled tube (experimental) was up to six times 163 

higher than the fluid property; however, the laminar flow velocity profile used in their 164 

model did not adequately represent the residence time distribution (RTD) in the coiled 165 

tube, which would compromise reaction yield calculations for a non-isothermal LFR 166 

(Laminar Flow Reactor).  167 

Dantas and Gut [37] applied this model to simulate the continuous-flow thermal 168 

processing of a liquid food with associations of double-pipe heat exchangers for heating 169 

and cooling. Enhanced radial heat and mass diffusions were considered for straight tube 170 

laminar flow of the food product because of the high relative roughness of the tube. 171 

Simulation results provided the time-temperature history of the product along the process 172 

with the corresponding rates of inactivation of the target microorganism and of loss of 173 

quality due to high temperature. It was possible to see how enhanced heat transfer or 174 

enhanced diffusion in the radial direction can largely impact the process lethality or yield; 175 

however, there was no experimental validation of the model. 176 

Therefore, the objective of this study was to develop and to experimentally 177 

validate a 2D semi-empirical model to represent laminar flow RTD and heat transfer in a 178 

coiled tube. The original 3D problem was reduced to a 2D axisymmetric problem in a 179 

straight tube geometry with the same linear length, but with enhanced heat transfer and 180 

adjusted velocity profile. A velocity profile deriving from a RTD model obtained from 181 

experiments was introduced to better represent the flow and dispersion in the coiled tube, 182 

which is an important improvement over previous studies.  183 
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2. MATHEMATICAL MODELING 184 

The flow and heat transfer in a coiled tube is inherently a 3D phenomenon. In 185 

order to build a 2D model, a straight tube with length 𝐿 and internal diameter 𝑑௜ was 186 

considered (Fig. 1); however, the shape of the velocity profile is going to be changed to 187 

match the real E-curve of the coiled tube and a heat transfer enhancement factor in the 188 

radial direction will be introduced to match the real heat transfer rate of the coiled tube. 189 

As further explained, since these two modifications rely on experimental data for 190 

parameter estimation, this 2D model is semi-empirical.  191 

The model uses a cylindrical coordinate system with temperature varying with 𝑧 192 

and 𝑟, axial velocity varying with 𝑟, a fluid with inlet temperature 𝑇௜௡, inlet volumetric 193 

flow rate 𝑄௜௡ and a heat transfer rate 𝑞(𝑧) on the tube wall.  194 

The length of the straight tube is equal to the linear length of the coiled tube (center 195 

line), which can be calculated with Eq. (5) [38]:  196 

𝐿 = 𝑛ඥ𝑝ଶ + 𝜋(𝑑௖ + 𝑑௘)ଶ (5) 

where 𝑛 is the number of turns of the coil, 𝑝 is the coil pitch, 𝑑௖ is the coil diameter and 197 

𝑑௘ is the tube external diameter. 198 

The heat transfer was evaluated using the energy conservation equation (Eq. 6) 199 

[5,39]: 200 

𝜕(𝑇𝜌𝐶௣)

𝜕𝑡
+ 𝑣⃗ ∇(𝜌𝐶௣𝑇) = ∇(𝑘∇𝑇) + 𝑞̇௏ (6) 

where 𝑇 is the temperature, 𝜌 is the fluid density, 𝐶௣ is the specific heat capacity, 𝑣⃗ is the 201 

velocity vector, 𝑘 is the fluid thermal conductivity and 𝑞̇௏ is the volumetric thermal 202 

energy generation. 203 

The following assumptions were considered: 1) steady state, 2) negligible heat 204 

generation (viscous dissipation), 3) laminar, incompressible and fully developed flow, 4) 205 
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velocity only in the axial direction (𝑣௭), 5) negligible axial diffusion of heat and mass, 6) 206 

homogeneous local convective heat transfer coefficient along the tube circumference, 7) 207 

2D axisymmetric problem around the 𝑧 axis with 𝑇 = 𝑇(𝑧, 𝑟) and 𝑣 = 𝑣(𝑟) and 8) 208 

constant thermophysical properties evaluated at an average temperature. Consequently, 209 

Eq. (7) showed to be analogous to the Graetz problem for heat transfer in tubular laminar 210 

flow: 211 

𝑣௭

𝜕𝑇

𝜕𝑧
= 𝛼

1

𝑟

𝜕

𝜕𝑟
൬𝑟

𝜕𝑇

𝜕𝑟
൰ (7) 

where 𝛼 = 𝑘/(𝜌 𝐶௣) is the thermal diffusivity and 𝑣௭(𝑟) is the axial velocity profile.  212 

Three boundary conditions are required to solve Eq. (7): specification of the tube 213 

inlet temperature, symmetry condition at the center of the tube and homogeneous 214 

convective heat transfer on the surface of the tube; the latter being a modification of the 215 

Graetz problem that considers constant wall temperature. The boundary conditions are 216 

summarized in Eq. (8) as: 217 

⎩
⎪
⎨

⎪
⎧

For 𝑧 = 0 → 𝑇(𝑧, 𝑟) = 𝑇௜௡                                                

For 𝑟 = 𝑟௜ → −𝑘𝐴௜

𝜕𝑇

𝜕𝑟
= ℎ𝑒𝐴௘[𝑇(𝑧, 𝑟) ± 𝑇௘]                

For 𝑟 = 0 →
𝜕𝑇

𝜕𝑟
= 0                                                            

 (8) 

where 𝑟௜ is internal radius of the tube, 𝐴௜ is the internal surface area of the tube, 𝐴௘ is the 218 

external surface area of the tube, ℎ௘ is the average convective heat transfer coefficient of 219 

the external fluid over the tube wall and 𝑇௘ is the temperature of the external fluid, which 220 

was considered uniform. In Eq. (8), the radial temperature gradient in the tube wall was 221 

neglected because of the low thermal resistance of the metal; nevertheless, this condition 222 

can be modified with the use of an overall heat transfer coefficient that considers the 223 

thermal resistances of the wall and of the external fluid.  224 
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2.1 Heat transfer enhancement 225 

In a coiled tube, secondary flow due to the curves increases heat transfer within 226 

the fluid. In order to increase the heat transfer rate in the 2D straight tube model, an 227 

effective thermal diffusivity (𝛼௘௙௙) in the radial direction was used in Eq. (7), which is 228 

based on an effective thermal conductivity (𝑘௘௙௙), since 𝛼௘௙௙ = 𝑘௘௙௙ (𝜌 𝐶௣)⁄ . This 229 

empirical parameter can be determined by heat transfer experiments, which are discussed 230 

in section 3 using the approach from Morais and Gut [36].  231 

A heat transfer enhancement factor (𝐹) was defined as in Eq. (9) in terms of the 232 

ratio of thermal diffusivities or thermal conductivities, comparing the fluid property (𝛼 or 233 

𝑘) with the effective values (𝛼௘௙௙ or 𝑘௘௙௙). 234 

𝐹 =
𝛼௘௙௙

𝛼
=

𝑘௘௙௙

𝑘
 (9) 

For high coil pitches or high coil diameters, the 𝐹 value is expected to tend to 235 

unity, since the geometry approximates a straight tube and the effect of secondary flow 236 

(Dean vortices) is reduced.  237 

 The enhancement in heat transfer from the Dean vortices comes with a pressure 238 

drop penalty. For pressure drop evaluation using the 2D model, it could be calculated for 239 

laminar flow in a straight tube using Hagen-Poiseuille’s equation (taking into account any 240 

height difference between tube inlet and outlet), but using an enhancement factor 𝜀 to 241 

increase the straight friction factor: 242 

𝜀 =
𝑓௘௙௙

𝑓
 (10) 

where 𝑓௘௙௙ is the effective friction factor obtained from experiments with the coiled tube, 243 

𝑓 is the theoretical flow friction for laminar in straight tube with smooth walls. This 244 

approach was successfully used by Rainieri et al. [40] to evaluate friction factor increase 245 

in coiled tubes with and without wall corrugation.  246 
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2.2 Modified velocity profiles for laminar flow 247 

The laminar velocity profile in a straight tube is not adequate to represent the flow 248 

in a coiled tube, since the secondary flow modifies the RTD by narrowing the dispersion 249 

in the E-curve [11]. In order for the 2D straight tube model to have the same RTD of the 250 

coiled tube it represents, modified laminar velocity profiles are proposed herein. They 251 

consist of modifications on the shape of the parabolic Newtonian velocity profile 𝑣∗ =252 

1 − 𝑟∗ଶ, which comes from the application of continuity and motion equations to describe 253 

steady-state fully developed isothermal laminar flow of a Newtonian fluid in a straight 254 

tube [41], where 𝑟∗ = 𝑟/𝑟௜ is the dimensionless radius and 𝑣∗ = 𝑣௭/𝑣௠௔௫ is the 255 

dimensionless velocity. 256 

Four alternative velocity profiles and their corresponding RTD models were 257 

selected based on the work from Pegoraro et al. [41]. Fig. 2 presents the shape of the 258 

velocity profiles, as affected by the model parameters. Since flow is unidimensional and 259 

incompressible, these profiles satisfy the continuity equation for mass conservation. The 260 

laminar velocity profile of the straight tube was modified so that its theoretical RTD 261 

matches the RTD obtained from experiments with the coiled tube. The proposed velocity 262 

profiles and their corresponding RTD models are summarized in Table 1, where 𝜃଴ =263 

𝑣௕/𝑣௠௔௫ is the dimensionless breakthrough time or first appearance time, 𝜃 = 𝑡/𝑡௠ is 264 

the dimensionless time, 𝑡௠ is the mean residence time and 𝐸ఏ(𝜃) is the dimensionless 265 

exit age distribution function. The RTD function were derived directly from the velocity 266 

profiles without considering radial or axial diffusivity. In coiled tubes, the breakthrough 267 

time has shown to be higher than in straight tubes, e.g., the first appearance of the tracer 268 

is delayed due to the presence of secondary flow [42].    269 

The 𝑦-laminar RTD model is based on the time-smoothed velocity profile 270 

characteristic of turbulent flow in tubes, which can be obtained with 𝑦 = 1/7. Parameter 271 
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𝑦 varies between 0 and 1, and the piston flow condition is obtained when it approaches 0 272 

[41]. The 𝑚-laminar RTD model is based on the laminar flow of a power-law fluid in a 273 

tube. The power-law velocity profile equation was generalized by introducing the 274 

parameter 𝑚 > 1 as the exponent of 𝑟∗. As the value of 𝑚 increases, the velocity profile 275 

gets flatter (piston flow), while the classic Newtonian profile is obtained with 𝑚 = 2 [41]. 276 

A sinusoidal velocity profile was also suggested to represent non-ideal laminar 277 

flow in tubes. A cosine function was scaled to fit the (0,0)–(1,1) square of the 𝑣∗ × 𝑟∗ plot 278 

and the exponent 𝛼 was introduced as a parameter. As the value of 𝛼 decreases, the 279 

velocity profile gets flatter (piston flow) and a very close match of classic Newtonian 280 

profile is obtained with 𝛼 = 0.430. An exponential velocity profile was additionally 281 

proposed to represent non-ideal laminar flow in tubes. The exponential function was 282 

scaled to fit the (0,0)-(1,1) square of the 𝑣∗ × 𝑟∗ plot and the exponent 𝛽 was introduced 283 

as a parameter. As the value of 𝛽 decreases, the velocity profile gets flatter (piston flow). 284 

RTD experiments with the coiled tube provide the E-curve, as further described 285 

in Section 3.1. The RTD models in Table 1 will then be adjusted in order to match this 286 

experimental E-curve. The velocity profile 𝑣(𝑟) corresponding the best match is going to 287 

be substituted in eq. (6) as 𝑣௭, thus changing the RTD of the 2D straight tube to mimic 288 

the RTD from the coiled tube. The experimental RTD is generally obtained under 289 

isothermal conditions at room temperature. In the proposed 2D straight tube model, it was 290 

assumed that the velocity profiles adjusted from the experimental RTD data are not 291 

significantly affected by temperature changes (effect of temperature on viscosity and 292 

density were not considered).  293 

3. MATERIAL AND METHODS 294 

In order to test and to validate the proposed model, the stainless-steel helically 295 

coiled tube shown in Fig. 3 (Armfield, Hampshire, UK) was used in experiments. The 296 
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tube has the following dimensions: internal diameter 𝑑௜ = 9.3 mm, external diameter 297 

𝑑௘ = 12.7 mm, diameter of the coil 𝑑௖ = 107 mm, pitch 𝑝 = 12.7 mm and nine turns (𝑛 = 298 

9).  299 

The calculated linear length of the helically coiled tube included the helix length 300 

calculated with Eq. (4), the length of the straight tube section at the inlet (measured with 301 

a tape measure) and the length of the curved tube at the outlet calculated with Eq. (4), 302 

assuming  𝑛 = 1/4.  Thus, the total linear length was 𝐿 = 2.85 m and the calculated 303 

internal volume was 𝑉 = 194 mL. 304 

Two model fluids with different rheological behaviors were chosen: 1) a 305 

glycerin/water mixture with a glycerin mass fraction of 80 %, which is a Newtonian fluid, 306 

and 2) a carboxymethylcellulose (CMC) aqueous solution with mass fraction 1 %, which 307 

is a non-Newtonian pseudoplastic fluid (power law).  308 

The thermophysical properties of pure water and pure glycerin were obtained from 309 

Yaws [43] and the properties for the glycerin/water mixture were weighted based on the 310 

volume fraction for 𝑘 and 𝜌 or on the mass fraction for 𝐶௣. The viscosity (𝜇) of the mixture 311 

was obtained from Cheng [44]. 312 

Properties of CMC solution were obtained from Carezzato et al. [45]. The concept 313 

of generalized viscosity (𝜇௚) was used for calculating the generalized Reynolds number 314 

(𝑅𝑒௚) and the generalized Prandtl numbers (𝑃𝑟௚). The generalized viscosity for power-315 

law flow in a duct is defined in Eq. (11) as: 316 

𝜇௚ = 𝐾 ∙ 𝜉௡ିଵ ∙ ቆ
𝑣௠

𝑑௘௤
ቇ

௡ିଵ

൬
𝜑 ∙ 𝑛 + 1

(𝜑 + 1) ∙ 𝑛
൰

௡

 (11) 

where 𝐾 is the consistency coefficient, 𝑛 is the flow behavior index 𝑑௘௤ is the equivalent 317 

diameter of the duct and 𝜉 and 𝜑 are the geometrical parameters of the duct. For a circular 318 
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tube, 𝑑௘௤ = 2𝑟௜, 𝜉 = 8 and 𝜑 = 3 [46]. All thermophysical properties were calculated at 319 

the average temperature between measurements at the inlet and outlet of the tube.  320 

Critical Reynolds number was evaluated for all the experiments to determine the 321 

flow regime. The transition from laminar flow to turbulent flow is delayed in coiled tubes 322 

because the Dean vortices reduces the axial dispersion and stabilizes the flow suppressing 323 

turbulent fluctuations [40]. The correlation used was proposed by El-Genk and Schriener 324 

[47] for coiled tube (Eq. 12), which is a function of the curvature ratio 𝛿 = 𝑑௜/𝑑௖ and 325 

valid for 0.001 < 𝛿 < 0.124. Values under the 𝑅𝑒௖௥௜௧ indicate laminar flow. 326 

𝑅𝑒௖௥௜௧ = 2300 (1 + 51640 𝛿ଵ.ହ଻ହ)଴.ଶ (12) 

First, RTD experiments at room temperature were necessary to adjust the velocity 327 

profile from RTD models. Next, heat exchange experiments were performed to obtain the 328 

outlet temperatures for different conditions. The product pump and the heat exchangers 329 

of the pasteurization unit Microwave Lab25-UHT/HTST EHVH (MicroThermics, 330 

Raleigh, USA) were used to provide the feed for the coiled tube at the desired flow rate 331 

and temperature. 332 

3.1 Residence time distribution experiments 333 

The RTD experiments were carried out by colorimetric method using methylene 334 

blue as tracer. The glycerin/water mixture and the CMC solution were pumped at room 335 

temperature (between 20 and 25 °C) and at four flow rates (0.5, 1.0, 1.5 and 2.0 L/min). 336 

Three repetitions were made for each flow rate. 337 

The tracer used in the experiments was methylene blue dissolved in the carrier 338 

fluid (glycerin/water mixture or CMC solution) at the concentration of 160 mg/L, which 339 

was introduced in the system by the pulse technique. A syringe with 1 mL capacity was 340 

used to perforate a silicone tube connected at the inlet of the coiled tube of Fig. 3 and 0.3 341 

mL of tracer was quickly injected. Samples were collected at the outlet of the tube every 342 
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second and each sample was homogenized before spectrophotometric reading to measure 343 

the absorbance of the fluid (𝐴). A spectrophotometer (model 700 Plus, FEMTO, São 344 

Paulo, Brazil) was used setting the wavelength to 665 nm with a quartz cuvette of 10-mm 345 

optical length. 346 

The concentration of the tracer dissolved in the carrier fluid was tested to verify 347 

the validity of the Beer-Lambert law. Tests with both fluids showed that absorbance 348 

values were smaller than one (𝐴 < 1), thus, the Beer-Lambert law was valid in the RTD 349 

experiments (concentration of the tracer is proportional to the absorbance) [48]. Hence, 350 

the concentrations in the computation of 𝐸(𝑡) were replaced by the absorbances according 351 

to Eq. (13), where 𝐴଴ is the background absorbance and 𝐴(𝑡) is the absorbance of the 352 

sample. The integrals were numerically evaluated with the trapezoidal method. 353 

𝐸(𝑡) =
𝐶(𝑡) − 𝐶଴

∫ (𝐶(𝑡) − 𝐶଴) 𝑑𝑡
ஶ

଴

=
𝐴(𝑡) − 𝐴଴

∫ (𝐴(𝑡) − 𝐴଴) 𝑑𝑡
ஶ

଴

 (13) 

The four RTD models presented in section 2.2 (𝑦-laminar, 𝑚-laminar, exponential 354 

and sinusoidal) were adjusted to the 𝐸(𝑡) values calculated from the experimental data. 355 

The parameter of each model and the corresponding mean residence time were iteratively 356 

adjusted by non-linear regression on 𝐸(𝑡), in terms of the minimization of the sum of 357 

squared errors (𝑀𝑆𝑆𝐸) between the experimental values (𝐸௘௫௣(𝑡)) and the adjusted model 358 

(𝐸௠௢ௗ௘௟(𝑡)), as in Eq. (14).  359 

𝑀𝑆𝑆𝐸 = min ൥෍ ቀ𝐸௘௫௣,௜(𝑡) − 𝐸௠௢ௗ௘௟,௜(𝑡)ቁ
ଶ

௡

௜ୀଵ

൩ (14) 

Starting with an initial guess for the model parameter (𝜃଴, 𝑦, 𝑚, 𝛼 or 𝛽) and 𝑡௠, 360 

the 𝑆𝑆𝐸 was minimized using the generalized reduced gradient method (GRG) in the 361 

Solver tool of Excel 2016 (Microsoft, Redmond, USA). The obtained RTD parameter 362 

was correlated with the volumetric flow rate and the correlation was later used for model 363 

simulation (Section 3.4).  364 



 

20 
 

3.2 Cooling and heating experiments 365 

Cooling and heating experiments were conducted using an ultrathermostatic bath 366 

with agitation (model MA184/30/-15A150 - Marconi, São Paulo, Brazil). The coiled tube 367 

was immerged in hot or cold water, whilst the glycerin/water mixture or CMC solution 368 

flowed inside the tube at flow rates of 0.5, 1.0, 1.5 and 2.0 L/min. An additional 369 

mechanical agitator (model 715 - Fisatom, Brazil) was used to intensify mixing in the 370 

bath. 371 

Thermocouples with exposed junctions (IOPE, Brazil) were placed at the inlet 372 

(𝑇௜௡) and outlet (𝑇௢௨௧) of the tube using union tees (John Guest, UK), and two other 373 

thermocouples of the same type were placed in different regions of the water bath to 374 

measure the external temperature (𝑇௘). The experimental setup is shown in Fig. 4. 375 

The thermocouples were connected to a cDAQ-9172 data acquisition system and 376 

a computer running LabView data-logger code (National Instruments, Texas, EUA). 377 

Once steady-state operation was verified, the temperatures were recorded every 1 s for 1 378 

min. The experimental conditions are detailed in Table 2.  379 

3.3 Lumped capacitance experiments 380 

The coiled tube in the water bath was treated as a heat exchanger with convection 381 

on the external surface, which means that the temperature on the surface of the tube was 382 

not equal to the bulk temperature of the water bath (𝑇௪ ≠ 𝑇௘). The wall boundary 383 

condition for heat transfer on the wall (Eq. 8) requires the convective heat transfer 384 

coefficient of the surrounding fluid over the external tube wall (ℎ௘). The lumped 385 

capacitance method was used to determine ℎ௘ experimentally, as an average value for the 386 

whole surface of the coil.  387 

This method consists of a transient heat transfer problem, in which a solid 388 

experience a sudden change in its thermal environment and the change in the temperature 389 
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of the solid is registered in function of time. The main assumptions of the lumped 390 

capacitance method were: 1) uniform external temperature (𝑇௘); 2) uniform convective 391 

heat transfer coefficient over the solid (ℎ௘) and 3) the temperature of the solid was 392 

spatially uniform at any instant in time during the experiment, i.e., the temperature 393 

gradients within the solid were negligible [39]. 394 

The validity of the latter assumption can be verified by the Biot number (𝐵𝑖), a 395 

dimensionless group defined in Eq. (15) as the ratio between the thermal resistances 396 

inside the solid (conduction) and at the interface with the fluid (convection): 397 

𝐵𝑖 =
ℎ 𝑙

𝑘௦
 

(15) 

where 𝑘௦ is the thermal conductivity of the solid, 𝑙 is its characteristic length, calculated 398 

as the ratio between the solid volume (𝑉௦ = 𝜋(𝑟௘
ଶ − 𝑟௜

ଶ)𝐿) and its external superficial 399 

area (𝐴௘ = 2𝜋𝑟௘𝐿). The assumption of uniform temperature in the solid is reasonable for 400 

small Biot numbers (𝐵𝑖 < 0.1) [39]. 401 

Considering a solid losing heat by convection to a fluid media in a situation of 402 

small Biot number, the overall energy balance on the solid yields Eq. (16). 403 

𝜌 𝑉 𝐶௣

𝑑𝑇

𝑑𝑡
= −ℎ௘ 𝐴௘ (𝑇 − 𝑇௘) 

(16) 

Separating variables and integrating for an initial state 𝑡 = 0 with the solid at the 404 

initial temperature 𝑇௜ to an instant 𝑡 with temperature 𝑇(𝑡), Eq. (17) is obtained. With 405 

experimental data of temperature as a function of time, the heat transfer coefficient of the 406 

surrounding fluid can be obtained by curve fitting.  407 

𝑇(𝑡) − 𝑇௘

𝑇௜ − 𝑇௘
= exp ቆ−

ℎ௘ 𝐴௘

𝜌 𝑉 𝐶௣
𝑡ቇ 

(17) 

The empty coiled tube in Fig. 3, at a given initial temperature, was submerged in 408 

the ultrathermostatic water bath used in heating and cooling experiments, with the same 409 
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agitation conditions. For the heating experiment, the settings were 𝑇௜ = 10 °C and 𝑇௘ = 80 410 

°C; while for the cooling experiment: 𝑇௜ = 80 °C and 𝑇௘ = 10 °C.  411 

A thermocouple with exposed junction (IOPE, Brazil) was fixed in the middle part 412 

of the coil with thermal paste for better contact (𝑘 = 11 W.m-1.K-1). Temperature was 413 

recorded every second until the temperature of the tube reached the value of the external 414 

temperature (𝑇௘). Next, parameter ℎ௘ in Eq. (17) was iteratively adjusted by non-linear 415 

regression, using the minimization of the sum of squared errors (𝑀𝑆𝑆𝐸) between 𝑇(𝑡)௖௔௟௖ 416 

and 𝑇(𝑡)௘௫௣. The value of 𝑇௜ was as well adjusted (pseudo initial temperature) for a better 417 

curve fitting.  418 

3.4 Model simulation 419 

The 2D model proposed in Section 2, including the velocity profile adjusted from 420 

the RTD experiments (Table 1, Section 3.1), was solved by the finite difference method 421 

with the differential-algebraic solver DASOLV built in software gPROMS 6.0.2 (Process 422 

Systems Enterprise, UK). The differential and algebraic equations for the model were 423 

inputted using the Model Builder interface. For domain discretization, the geometry 424 

domain was divided into rectangular elements to compose the mesh. An aspect ratio of 425 

5.0 was considered for each element, i.e., the length of each rectangle was five times its 426 

height, because of the large length of the tube. 427 

A mesh independency study was conducted to obtain a mesh independent solution, 428 

which is a way to reduce discretization errors [49]. The mixing cup temperature or bulk 429 

temperature (𝑇௕) at the tube outlet was the variable selected for this study. The bulk 430 

temperature can be calculated in function of the axial position according to Eq. (18) [5].  431 

𝑇௕(𝑧) =
2

𝑣௕𝑟௜
ଶ

න 𝑇(𝑧, 𝑟)𝑣௭(𝑟) 𝑟 𝑑𝑟
௥೔

଴

 (18) 

The details of the meshes tested are shown in Table 3. The mesh independency 432 

study was realized for both fluids (glycerin/water mixture or CMC solution), at flow rate 433 
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0.5 L/min and 𝐹 = 1. The temperatures were based on the heating condition H1 and 434 

cooling condition C4 because of the larger temperature differences. The best mesh was 435 

obtained when the absolute error of temperature between simulations was lower than 0.1 436 

°C. 437 

After establishing the mesh, the simulations of the heating and cooling 438 

experiments were performed. Equations (7) and (18) were discretized using the first order 439 

backward finite difference for the axial components and with the second order centered 440 

finite difference for the radial components. 441 

Since the outlet bulk temperature is unknown before simulation, an initial guess 442 

was needed for calculating the average thermo-physical properties (𝜌, 𝐶௣ and 𝑘). The 443 

initial guess used for the outlet temperature was the experimental measurement. An 444 

iterative procedure was used to converge the fluid outlet bulk temperature: 1) the 2D 445 

model was solved for 𝑇(𝑧, 𝑟), 2) the outlet value of 𝑇௕ was used to calculate the new 446 

average temperature, and 3) the values of the thermophysical properties were updated. 447 

Steps 1 to 3 were repeated until convergence for a precision of 0.1 °C on the outlet bulk 448 

temperature. 449 

To test the model, simulations were first carried out using given values of 𝐹 to 450 

determine the corresponding temperature profile 𝑇(𝑧, 𝑟) and the outlet bulk temperature 451 

𝑇௕(𝑧 = 𝐿). Next, simulations were run specifying the experimental outlet temperatures 452 

of the fluid obtained from the 32 experimental conditions in Table 2, while 𝛼௘௙௙ was set 453 

as a free variable in the model. Then, the corresponding 𝐹 value was calculated using Eq. 454 

(9) and correlated with the Reynolds number. The diagram in Fig. 5 shows the 455 

information flows between the experimental and simulation steps for adjusting the 456 

parameters of the semi-empirical model and using the model to simulate heat and mass 457 

transfer.  458 
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To verify results, the correlations for 𝐹 were substituted in the 2D model and it 459 

was simulated to predict the outlet temperatures for the 32 heating and cooling 460 

experiments, which were compared with the measurements. Additionally, the Nusselt 461 

correlations from Janssen and Hoogendoorn [50] for laminar convective heat transfer in 462 

helical coiled tubes were used to predict the outlet temperatures for all heating and cooling 463 

experiments. Since different flow rates were considered, the range of Dean number vary 464 

between the upper and lower limits of Eqs. (19a) to (19c): 465 

𝑁𝑢 = 1.7 (𝐷𝑒ଶ 𝑃𝑟)
ଵ

଺ൗ  for 𝐷𝑒 < 20 (19a) 

𝑁𝑢 = 0.9 (𝑅𝑒ଶ 𝑃𝑟)
ଵ

଺ൗ  for 20 < 𝐷𝑒 < 1 × 10ଶ (19b) 

𝑁𝑢 = 0.7 𝑅𝑒଴.ସଷ 𝑃𝑟
ଵ

଺ൗ  ൬
𝑑𝑖

𝑑𝑐

൰
଴.଴଻

 for 1 × 10ଶ < 𝐷𝑒 < 8.3 × 10ଶ (19c) 

were 𝑁𝑢 = ℎ 𝑑௜ 𝑘⁄  is the peripherally averaged asymptotic Nusselt number for the fully 466 

developed thermal region. The outlet temperature of the coiled tube then was calculated 467 

from: 468 

𝜌 𝑄 𝐶௣ |𝑇௢௨௧ − 𝑇௜௡| = 𝑈 𝐴௘  
(𝑇௢௨௧ − 𝑇௘) − (𝑇௜௡ − 𝑇௘)

ln
(𝑇௢௨௧ − 𝑇௘)
(𝑇௜௡ − 𝑇௘)

 (20) 

in which the left-side term is the heat transfer rate based on the temperature change of the 469 

stream and the right-side term is the heat load based on the log-mean temperature 470 

difference and on the overall heat transfer coefficient 𝑈 [39]: 471 

1

𝑈 𝐴௘
=

1

ℎ 𝐴௜
+

ln ቀ
𝑑௘

𝑑௜
ൗ ቁ

2𝜋 𝐿 𝑘௦
+

1

ℎ௘ 𝐴௘
 (21) 

4. RESULTS AND DISCUSSION  472 

The RTD experimental results are presented first, since the velocity profile in the 473 

model is defined according to the RTD model with the best fit, followed by the results 474 
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from the heating and cooling experiments and lumped capacitance experiments. Next, the 475 

simulation results of the 2D model are presented and discussed.  476 

4.1 Results from the RTD experiments 477 

The average values of the sum of squared errors (SSE) of the RTD model 478 

adjustment for the four flow rates (0.5, 1.0, 1.5 and 2.0 L/min) are shown in Table 4 for 479 

the glycerin/water mixture and the CMC solution. The 𝑦-laminar model was considered 480 

as the best fit because of the lowest value of SSE. An example of the 𝑦-laminar model 481 

fitting to experimental RTD data is shown in Fig. 6A for the CMC solution and in Fig. 482 

6B for the glycerin/water mixture, at the flow rate of 0.5 L/min. Consequently, the 483 

velocity profile of the 𝑦-laminar model (Eq. 22) was included in the 2D model. 484 

𝑣௭(𝑟) = 𝑣௠௔௫ ൬1 −
𝑟

𝑟௜
൰

௬

 (22) 

A linear correlation was adjusted between the RTD parameter 𝑦 and the flow rate, 485 

as shown in Fig. 7A for the CMC solution, and in Fig. 7B for the glycerin/water mixture. 486 

Values of 𝑦 were smaller than one and linearly increased with the Reynolds number for 487 

the Reynolds range herein. A similar behavior can be seen for the two fluids. The 488 

correlations in Fig. 7 were used to obtain the values of 𝑦 for Eq. (22), which varied from 489 

0.12 to 0.31 for the CMC solution and from 0.11 to 0.39 for the glycerin/water mixture. 490 

The critical Reynolds number for the laminar flow calculated with Eq. (12) was 491 

9337. For all RTD experiments, the highest Reynolds number value was 112 for the 492 

glycerin/water mixture and 61 for the CMC solution (generalized Reynolds number). 493 

Since these values were below the critical Reynolds, the flow regime was assumed to be 494 

laminar. 495 

4.2 Results from the cooling and heating experiments 496 

The results of the heating and cooling experiments are shown in Table 5 for the 497 

CMC solution and in Table 6 for the glycerin/water mixture, in flow rates of 0.5, 1.0, 1.5 498 
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and 2.0 L/min. In total, 32 experiments without repetitions were carried out for each fluid, 499 

combining different conditions of flow rate, inlet temperature and external temperature 500 

(Table 2). Further in this work, the experimental outlet temperatures were specified as a 501 

boundary condition in the 2D model, setting 𝛼௘௙௙ as a free variable to be calculated in the 502 

simulations. 503 

The Reynolds number for the experimental conditions was calculated using 504 

thermophysical properties calculated for the average temperature of the fluid 𝑇௠ =505 

(𝑇௜௡ + 𝑇௢௨௧) 2⁄ . The range of Reynolds obtained for each experimental condition is 506 

shown in Table 7 for the glycerin/water mixture and in Table 8 for the CMC solution, 507 

along with the ranges of Dean number and viscosity (𝐾 and 𝑛 for the CMC solution). 508 

The highest Reynolds number was 892 for the glycerin/water mixture (Table 7) 509 

and 102 for the CMC solution (Table 8). The critical Reynolds number calculated by Eq. 510 

(12) was not exceeded (𝑅𝑒௖௥௜௧ = 9337); thus, the flow was assumed laminar in all 511 

experiments.  512 

The Dean number varied from 20 to 263 for the glycerin/water mixture (Table 7) 513 

and from 3 to 30 for the CMC solution (Table 8). According to Dravid et al. [7], the 514 

secondary flow is significant for 𝐷𝑒 > 100. This value was exceeded at the higher flow 515 

rates (1.5 L/min and 2.0 L/min) for the glycerin/water mixture; thus, the secondary flow 516 

effects may have been stronger in these cases. 517 

4.3 Results from the lumped capacitance experiments 518 

Results of the lumped capacitance method are shown in Fig. 8A for the heating 519 

experiment and in Fig. 8B for the cooling experiment, where 𝜃 = (𝑇(𝑡) − 𝑇௘) (𝑇௜ − 𝑇௘)⁄  520 

is the dimensionless temperature. A good fitting was obtained with a clear log-linear 521 

dependence between dimensionless temperature and time.  522 
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For the heating experiment, the adjusted value of the convective coefficient was 523 

ℎ௘  = 962 W∙m-2∙K-1 with 𝐵𝑖 = 0.11; for the cooling experiment, the adjusted value was 524 

ℎ௘  = 753 W∙m-2∙K-1 with 𝐵𝑖 = 0.08. The requirement of 𝐵𝑖 < 0.1 of the lumped 525 

capacitance method was acceptable given the limiting value obtained. The values of ℎ௘ 526 

were used in the 2D model in the wall boundary condition of heat transfer. 527 

4.4 Simulations and model validation 528 

Results of the model mesh refinement study are shown in Table 9 for the CMC 529 

solution, 𝑄 = 0.5 L/min and 𝐹 = 1. The absolute errors for outlet temperature were lower 530 

than 0.1 °C for meshes M9 and M10, which were considered acceptable for this study. 531 

Mesh M10 with 1000 axial points and 200 radial points was then selected to represent the 532 

computational domain because of the small relative error of temperature and the small 533 

computational time (ca. 1 min). Similar results were obtained with the glycerin/water 534 

mixture. 535 

The 2D model was simulated for the 32 experimental conditions in Table 2, using 536 

the velocity profile of the 𝑦-laminar model and the correlations in Fig. 7 to calculate the 537 

value of 𝑦. First, different values of 𝐹 (1.0 and 3.0) were tested to verify its influence on 538 

the bulk temperature along the tube length, as shown in Fig. 9A for heating condition H1 539 

and in Fig. 9B for cooling condition C2. When 𝐹 = 1, the effective thermal diffusivity is 540 

equal to the fluid property (𝛼௘௙௙ = 𝛼); when setting 𝐹 = 3, the heat transfer rate was 541 

increased up to 93 % for the glycerin/water mixture and up to 99% for the CMC solution 542 

in comparison to the base case.  543 

Another analysis was conducted to verify the influence of the enhancement factor 544 

on the radial temperature profile at the tube outlet, for the experimental conditions H1 545 

(Fig. 10A) and C2 (Fig. 10B). Flatter temperature profiles (small difference between 546 
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center and wall temperatures) can be observed as 𝐹 increases, because of the higher heat 547 

transfer rate.  548 

Simulations of the 2D model with the specification of the experimental outlet 549 

temperatures provided the values of 𝛼௘௙௙. The corresponding 𝐹 values were calculated 550 

using Eq. (8), which varied from 0.84 to 2.62 for the CMC solution and from 1.25 to 3.18 551 

for the glycerin/water mixture. 552 

The 𝐹 values were correlated with the Reynolds number in log scale, as shown in 553 

Fig. 11. It was possible to group data from both fluids in a single plot; however, the 554 

combination of heating and cooling experiments in Fig. 11C increased the scattering of 555 

points and was not considered appropriate. The dispersion of points seen in Fig. 11 may 556 

be related to the assumption that the velocity profile derived from the experimental RTD 557 

was valid at all temperatures in the experiments, since viscosity has an important 558 

temperature dependence and affects flow. Trends show that the value of 𝐹 tends to unity 559 

with decreasing Reynolds number, with a limiting Reynolds at 𝐹 = 1. This was expected, 560 

since the influence of secondary flow becomes negligible for decreasing Reynolds and 561 

Dean numbers. The linear log-log correlation in Fig. 11A is valid for 𝑅𝑒 ≥ 6.8 and the 562 

correlation of Fig. 11B is valid for 𝑅𝑒 ≥ 16.1 (𝐹 = 1 for lower values). As Dean numbers, 563 

these thresholds are 𝐷𝑒 ≥ 2.0 (heating) and 𝐷𝑒 ≥ 4.7 (cooling), which are lower than the 564 

limit of 20, under which the heat transfer enhancement is negligible according to Dravid 565 

et al. [7].  566 

The adjusted 𝐹 correlations in Fig. 11A and 11B were substituted in the model, 567 

and the experimental conditions were simulated to calculate the outlet bulk temperature 568 

for all the heating and cooling experiments in Table 2 to evaluate the model prediction 569 

error for outlet temperature. Additionally, the Janssen and Hoogendoorn [50] correlations 570 

in Eqs. (19a) to (19c) were used to predict the outlet temperatures. The range of Dean 571 
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numbers presented in Tables 7 and 8 confirmed that Eqs. (19a) to (19c) were used for the 572 

glycerin/water mixture, while for the CMC solution only Eqs. (19a) and (19b) were used. 573 

The values obtained were compared with the measured outlet temperatures, as 574 

shown in the parity charts in Fig. 12 for the CMC solution (Fig. 12A) and for the 575 

glycerin/water mixture (Fig. 12B). A good agreement between experimental and 576 

simulated values was obtained for the CMC solution with the 𝑅ଶ = 0.939 and all 577 

deviations under 5 °C. Predictions from the Nusselt correlations had 𝑅ଶ = 0.647 with 11 578 

conditions with deviations over 5 °C. For the glycerin/water mixture, the errors were 579 

larger, yielding 𝑅ଶ = 0.791, but with most of the deviations under 5 °C. Predictions from 580 

Nusselt correlations were mostly over 5 °C, as can be seen in Fig. 12A.  581 

 582 

5. CONCLUSIONS 583 

The proposed 2D semi-empirical model allowed the determination of the velocity 584 

and temperature fields inside the straight tube in a way that its RTD mimics the E-curve 585 

of the coiled tube, and the predicted outlet temperature matches the experimental value 586 

using a heat transfer enhancement factor. This model depends on inputting two 587 

parameters: 𝑦 and 𝐹, which were obtained from experiments using two model fluids with 588 

different rheological behavior. Velocity profile parameter 𝑦 was correlated with the flow 589 

rate (Reynolds was not used since temperature effects were neglected for the RTD) and 590 

provided a flatter profile in comparison with the theoretical laminar profile for a straight 591 

tube. Heat transfer enhancement factor 𝐹 linearly correlated with the Reynolds number 592 

in a log-log plot, combining data from the two model fluids, but with a small difference 593 

in trend between the heating and cooling experiments. These plots provided a threshold 594 

value for negligible heat transfer enhancement in the coiled tube.  595 
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Simulation time for this 2D model was very small in comparison with the values 596 

expected for typical 3D CFD simulations, and it can provide a reliable outlet temperature 597 

for the coiled heat exchanger (Fig. 12). The advantage of this approach over using Nusselt 598 

correlations to predict the outlet temperature is that the 2D model provides velocity and 599 

temperature fields in the tube that can be used for the simulation of non-isothermal 600 

reactions. The downside of the model is the previous requirement of experiments to 601 

provide correlations for 𝑦 and 𝐹. In the case of design changes, a new set of parameters 602 

will be necessary. Some ideas for further investigation of this 2D modeling approach 603 

would be: 1) this model could use virtual experiments from a rigorous 3D model in CFD 604 

to adjust not only the outlet temperature, but the bulk temperature distribution along the 605 

tube as well; 2) to study the dependence of RTD parameter 𝑦 with temperature, thus 606 

correlating it with the Reynolds number; 3) to use this approach to model a corrugated 607 

coiled tube so 𝑦 and 𝐹 would take into account two passive heat transfer enhancement 608 

techniques; 4) to introduce the differential species mass balance equation in the model to 609 

evaluate a non-isothermal LFR in a coiled tube to predict not only temperature 610 

distribution, but reaction yield as well, as in the bacterial inactivation in thermal 611 

processing of liquid foods.  612 
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FIGURE CAPTIONS 786 

Figure 1 – Representation of the geometry in the 2D axisymmetric model 787 

Figure 2 – Dimensionless velocity profiles derived from laminar tube flow in function of 788 

the model parameter 789 

Figure 3 – Geometrical characteristics of the coiled tube used in the experiments  790 

Figure 4 – Experimental setup of the cooling/heating experiments 791 

Figure 5 –Experimental and simulation steps for adjusting the parameters of the semi-792 

empirical model  793 

Figure 6 – Fitting of the 𝑦-laminar model to the experimental RTD data for the CMC 794 

solution (A) and for the glycerin/water mixture (B) at the flow rate of 0.5 L/min 795 

Figure 7 – Parameter 𝑦 in function of the volumetric flow rate for the CMC solution (A) 796 

and for the glycerin/water mixture (B) 797 

Figure 8 – Results of the lumped capacitance experiments for the heating (A) and cooling 798 

(B) conditions 799 

Figure 9 – Simulation results of the bulk temperature (𝑇௕) in function of the axial position 800 

(𝑧) at the flow rate of 0.5 L/min for 𝐹 = 1 and for 𝐹 = 3 in the heating condition H1 (A) 801 

and in the cooling condition C2 (B). Non-dashed lines represent the CMC solution and 802 

dashed lines represent the glycerin/water mixture 803 

Figure 10 – Simulation results of the temperature profile at the tube outlet (𝑇௭ୀ௅) in 804 

function of the radial position (𝑟) at the flow rate of 0.5 L/min for 𝐹 = 1 and for 𝐹 = 3 in 805 

the heating condition H1 (A) and in the cooling condition C2 (B). Non-dashed lines 806 

represent the CMC solution and dashed lines represent the glycerin/water mixture 807 

Figure 11 – Logarithm of the heat transfer enhancement factor (𝐹) in function of the 808 

logarithm of the Reynolds number for the heating experiments (A), cooling experiments 809 

(B) and assembled results (C). Triangles represent the CMC solution for heating (filled 810 
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triangles) and cooling cases (empty triangles), while circles represent the glycerin/water 811 

mixture for the heating (filled circles) and cooling cases (empty circles). 812 

Figure 12 – Parity charts for predicting the outlet temperature of the CMC solution (A) 813 

and the glycerin/water mixture (B) with the 2D model and using Nusselt correlations from 814 

literature. Dashed lines indicate deviations of ±5 %. 815 

816 
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TABLE CAPTIONS 817 

Table 1 – Details of the adjusted RTD models: velocity profiles, 𝐸ఏ(𝜃) functions, 818 

parameters and breakthrough times. Adapted from [33] 819 

Table 2 – Conditions of the heating and cooling experiments for the glycerin/water 820 

mixture and for the CMC solution: inlet temperatures, external temperatures and flow 821 

rates 822 

Table 3 – Mesh independence study of the 2D axisymmetric model 823 

Table 4 – Sum of squared errors (SSE) between the adjusted RTD models and the 824 

experimental data for the glycerin/water mixture and for the CMC solution 825 

Table 5 – Outlet temperatures obtained in the heating and cooling experiments for the 826 

CMC solution 827 

Table 6 – Outlet temperatures obtained in the heating and cooling experiments for the 828 

glycerin/water mixture 829 

Table 7 – Viscosity, Reynolds number and Dean number ranges of the heating and 830 

cooling experiments with the glycerin/water mixture for the flow rates of 0,5 to 2,0 L/min 831 

Table 8 – Viscosity, Reynolds number and Dean number ranges of the heating and 832 

cooling experiments with the CMC solution for the flow rates of 0,5 to 2,0 L/min 833 

Table 9 – Results of the mesh independence study for the CMC solution: outlet bulk 834 

temperature, absolute errors of temperature and computational time 835 
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Table 1 – Details of the adjusted RTD models: velocity profiles, 𝐸ఏ(𝜃) functions, parameters and breakthrough times. 863 

RTD Model Velocity profile RTD function Parameter Breakthrough time 
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𝑝 = 1.0183 

Exponential 𝑣∗ = ቆ
𝑒 − 𝑒௥∗

𝑒 − 1
ቇ

ఉ

 

𝐸ఏ(𝜃) =
1

𝜃ଶ

2

𝛽

𝛺

(𝑒 − 𝛺)
ln(𝑒 − 𝛺) 

with  𝛺 = (𝑒 − 1) ቀ
ఏబ

ఏ
ቁ

భ

ഁ 

𝛽 

𝜃଴ ≈
𝑎

𝛽ଶ + 𝑏𝛽 + 𝑎
 

𝑎 = 5.4204 

𝑏 = 6.5342 
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Table 2 – Conditions of the heating and cooling experiments for the glycerin / water 865 

mixture and for the CMC solution: inlet temperatures, external temperatures and flow 866 

rates 867 

Experiment 𝑇௜௡ (°C) 𝑇௘ (°C) 𝑄 (L/min) 

H1 20 80 0.5 / 1.0 / 1.5 / 2.0 

H2 30 80 0.5 / 1.0 / 1.5 / 2.0 

H3 40 80 0.5 / 1.0 / 1.5 / 2.0 

H4 50 80 0.5 / 1.0 / 1.5 / 2.0 

C1 60 10 0.5 / 1.0 / 1.5 / 2.0 

C2 70 10 0.5 / 1.0 / 1.5 / 2.0 

C3 80 10 0.5 / 1.0 / 1.5 / 2.0 

C4 90 10 0.5 / 1.0 / 1.5 / 2.0 
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Table 3 – Mesh independence study of the 2D axisymmetric model 869 

Mesh N° of axial points N° of radial points N° of elements 

M1 100 20 2 000 

M2 200 40 8 000 

M3 300 60 18 000 

M4 400 80 32 000 

M5 500 100 50 000 

M6 600 120 72 000 

M7 700 140 98 000 

M8 800 160 128 000 

M9 900 180 162 000 

M10 1 000 200 200 000 
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Table 4 – Sum of squared errors (SSE) between the adjusted RTD models and the 871 

experimental data for the glycerin/water mixture and for the CMC solution 872 

Model 
SSE 

Glycerin/water CMC 

𝑚-laminar 3.2×10-2 2.9×10-2 

𝑦-laminar 1.0×10-2 1.3×10-2 

Sinusoidal 3.3×10-2 2.4×10-2 

Exponential 1.1×10-2 1.4×10-2 

  873 
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Table 5 – Outlet temperatures obtained in the heating and cooling experiments for the 874 

CMC solution 875 

Experiment 
𝑇௢௨௧ (°C) 𝑇௢௨௧ (°C) 𝑇௢௨௧ (°C) 𝑇௢௨௧ (°C) 

0.5 L/min 1.0 L/min 1.5 L/min 2.0 L/min 

H1 56.4 49.5 45.6 43.7 

H2 63.8 59.5 54.5 52.2 

H3 64.3 61.2 56.2 55.5 

H4 67.1 63.1 61.6 59.7 

C1 34.2 41.2 41.8 43.5 

C2 36.8 48.4 51.6 55.8 

C3 39.5 53.3 55.1 58.2 

C4 42.7 54.4 59.5 62.5 
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Table 6 – Outlet temperatures obtained in the heating and cooling experiments for the 877 

glycerin/water mixture 878 

Experiment 
𝑇௢௨௧ (°C) 𝑇௢௨௧ (°C) 𝑇௢௨௧ (°C) 𝑇௢௨௧ (°C) 

0.5 L/min 1.0 L/min 1.5 L/min 2.0 L/min 

H1 61.6 53.3 45.9 42.5 

H2 67.4 58.4 53.5 50.4 

H3 68.1 61.2 57.9 55.8 

H4 71.9 67.0 63.9 62.9 

C1 31.6 38.0 41.1 43.1 

C2 32.4 41.3 43.1 48.3 

C3 33.5 47.0 49.9 52.3 

C4 35.0 47.4 53.7 58.8 
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Table 7 – Viscosity, Reynolds number and Dean number ranges of the heating and cooling 880 

experiments with the glycerin/water mixture for the flow rates of 0.5 to 2.0 L/min 881 

Experiment 𝜇 (mPa∙s) 𝑅𝑒 (-) 𝐷𝑒 (-) 

H1 20.4 – 32.3 67 – 169 20 – 50 

H2 14.5 – 21.0 93 – 259 28 – 76 

H3 11.8 – 15.0 115 – 361 34 – 106 

H4 9.19 – 10.7 146 – 502 43 – 148 

C1 12.9– 16.3 83 – 420 25 – 124 

C2 9.73 – 13.1 104 – 553 31 – 163 

C3 7.69 – 10.6 127 – 697 37 – 205 

C4 5.98 – 8.67 155 – 892 46 – 263 
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Table 8 – Viscosity, Reynolds number and Dean number ranges of the heating and cooling 883 

experiments with the CMC solution for the flow rates of 0.5 to 2.0 L/min 884 

Experiment 𝐾 (Pa∙sn) 𝑛 (-) 𝑅𝑒௚ (-) 𝐷𝑒 (-) 

H1 1.63 – 1.95 0.421 – 0.436 9 – 70 3 – 21 

H2 1.27 – 1.49 0.444 – 0.460 10 – 79 3 – 23 

H3 1.11 – 1.24 0.462 – 0.474 11 – 85 3 – 25 

H4 0.94 – 1.03 0.481 – 0.492 12 – 91 3 – 27 

C1 1.12 – 1.27 0.460 – 0.472 10 – 88 3 – 26 

C2 0.84 – 1.07 0.478 – 0.506 11 – 96 3 – 28 

C3 0.71 – 0.91 0.496 – 0.525 12 – 100 3 – 29 

C4 0.61 – 0.78 0.515 – 0.546 12 – 102 4 – 30 
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Table 9 – Results of the mesh independence study for the CMC solution: outlet bulk 886 

temperature, absolute errors of temperature and computational time 887 

Mesh 
CMC heating CMC cooling 

𝑇௕,௢௨௧ (K) Abs. Error (K) time (s) 𝑇௕,௢௨௧ (K) Abs. Error (K) time (s) 

M1 322.64 - 0.58 312.75 - 0.75 

M2 326.28 3.64 2.30 315.70 2.95 2.33 

M3 327.41 1.12 5.25 316.60 0.91 4.88 

M4 327.94 0.54 8.92 317.04 0.43 8.92 

M5 328.25 0.31 14.36 317.29 0.25 14.19 

M6 328.45 0.20 21.83 317.45 0.16 20.39 

M7 328.59 0.14 29.22 317.56 0.11 30.00 

M8 328.70 0.10 40.11 317.64 0.08 39.42 

M9 328.78 0.08 52.23 317.71 0.06 51.42 

M10 328.84 0.06 64.27 317.76 0.05 67.50 
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