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MULTISCALE HYBRID-MIXED METHODS FOR THE STOKES AND
BRINKMAN EQUATIONS - A PRIORI ANALYSIS

RODOLFO ARAYA, CHRISTOPHER HARDER, ABNER H. POZA, AND FREDERIC VALENTIN

ABSTRACT. The multiscale hybrid-mixed (MHM) method for the Stokes operator was for-
mally introduced in Araya at al. (2017) and numerically validated. The method has face
degrees of freedom associated with multiscale basis functions computed from local Neumann
problems driven by discontinuous polynomial spaces on skeletal meshes. The two-level MHM
version approximates the multiscale basis using a stabilized finite element method. This work
proposes the first numerical analysis for the one- and two-level MHM method applied to the
Stokes/Brinkman equations within a new abstract framework relating MHM methods to
discrete primal hybrid formulations. As a result, we generalize the two-level MHM method
to include general second-level solvers and continuous polynomial interpolation on faces and
establish abstract conditions to have those methods well-posed and optimally convergent on
natural norms. We apply the abstract setting to analyze the MHM methods using stabilized
and stable finite element methods as second-level solvers with (dis)continuous interpolation
on faces. Also, we find that the discrete velocity and pressure variables preserve the bal-
ance of forces and conservation of mass at the element level. Numerical benchmarks assess

theoretical results.

1. INTRODUCTION

Let Q C R? d € {2, 3}, be an open, bounded polyhedron domain with Lipschitz bound-
ary 0). We consider the generalized Stokes problem, also called Brinkman model, which

corresponds to finding the velocity w and the pressure p such that

—vAu+0u+Vp = f in (),
(1.1) V-u =0 in,
u = g on 0f),

where f € L2(Q)? and g € H'/?(0Q)? with [,,g-n ds = 0, and n is the outward normal

vector on 0f). The viscosity v is a positive constant, and the reaction coefficient @ = 0(x) is a
1
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semidefinite positive, symmetric tensor which is uniformly elliptic, i.e., there exist constants
Crmin > 0 and ¢,,q, > 0 such that

(12) 0 S Cmin |£|2 S Hmzn(w) |€|2 S £T : 0(33) 5 S Qmaa:(m) |£|2 S Crmax |€|27

for all £ € R? and x a.e. in €, where 6,,;,, and 0,,,, are the smallest and largest eigenvalues
of 0 (Cimin > 0 if 0 is a definite positive matrix). Also, @ may contain multiscale geometrical
features of the media. We recognize the Stokes problem in if @ = 0. The Dirichlet
boundary condition in is chosen for the sake of the presentation, Neumann or Robin
boundary conditions can be easily accommodated in what follows. The Stokes-Brinkman’s

unique weak solution (u,p) € HY(Q)4 x L3(9), with u|sq = g, satisfies

/(I/Vu:Vv+0u-v) dw—/pv-vdaz:/f~vdw for all v € Hy ()%,
(1.3) Q Q Q

/qV-udw:O for all ¢ € L3(9),
Q

and there exists positive C, dependent on v, 8 and (2, such that

[|w 1,071 HP“O,Q <C (HfHoﬂ + H9H1/2,89) .

Given any measurable set D C  and any integer m > 0, we respectively denote by | - |,..p
and || - [|,.p the standard semi-norm and norm in H™(D). The L3(D) space stands for
the functions in L*(D) := H°(D) with zero mean value in D. We use the convention of
denoting (matrix-)vector-valued functions and spaces in bold. Hereafter, we shall denote
by C a positive constant, which is independent of any partition (mesh) parameter but can
change in each occurrence.

When attempting to approximate solutions to problem , one must deal with some
(potential) numerical instabilities. First, one must either choose compatible approximation
spaces (in the sense of the inf-sup condition [20]) or use stabilized numerical methods that
overcome this incompatibility [54]. Furthermore, in the case of a dominant reaction term,
numerical methods must be robust with respect to vanishing diffusion coefficient due to the
singularly perturbed nature of the solutions characterized by boundary layers. Without such
care, spurious non-physical oscillations may plague the numerical approximation. Beyond
these, solutions may exhibit poor approximation properties arising from the insufficient res-
olution of the physics occurring at multiple scales coming through heterogeneous and or high
contrast coefficients. Finally, it is desirable that numerical methods for the Stokes/Brinkman

problem produce discrete velocity fields respecting the local mass balance.
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Theoretically, the issue involving multiple scales and boundary layers may be overcome
by choosing a mesh whose size is smaller than the smallest relevant scale for the physics.
Practically, this can lead to problem statements that are intractable computationally. For
this reason, multi-scale methods are proposed to correctly incorporate the effect of subscales
(including boundary layers) into a numerical scheme proposed on a relatively coarse partition.
Such methods use a form of upscaling to incorporate sub-scales within the scheme on the
coarse mesh. This idea underlies the Variational Multiscale Method (VMS) [53], Residual-
Free Bubbles (RFB) [63] and other enriched finite element methods as the Residual Local
Projection (RELP) method [I7] and the Petrov-Galerkin Enriched (PGEM) method [4]. See
[34] for an overview. Some of these multiscale methods are directly related to stabilized
finite element methods, as pointed out in [23], 24] [T6], for example, and they deal with issues

related to the inf-sup condition and the approximation of boundary layers at the same time.

The idea of multiscale finite element methods goes back to [I3] where the multiscale
basis concept was introduced and analyzed first in one dimension for a highly oscillatory
coefficient problem. This seminal work was later extended to higher dimensions in the form
of the MsFEM [52]. Following such an idea, other multiscale methods have been proposed for
various operators, including the heterogeneous multiscale method [37], localizable orthogonal
decomposition [5§], the sub-grid finite element method [I0], and the generalized multiscale
finite element method [38]. More recently, multiscale methods have been devised for Stokes
and Brinkman problems [T}, 5 46], with discontinuous methods which are proving effective

in highly heterogeneous media context [25], 55].

The Multiscale Hybrid-Mixed (MHM) finite element method fits with relatively recent
attempts to use hybridization to resolve multiple scales [11, 39, 65]. First analyzed in the
context of the Poisson problem [61], hybrid methods for various operators are intrinsically
related to the domain decomposition methods [3, 26, 27], the discontinuous enriched method
(DEM) [42], and strategies to reduce computational cost related to saddle point problems
[12,33]. As for the MHM method, it was proposed for the first time for the Poisson (Darcy)
equation in [49] with an a priori and a posteriori error analysis developed in [6], 15 (9] 60].
The methodology was extended to other operators, such as the linear elasticity model in [48],
A7), the complete transport equation in [50, 8], and wave problems in [56] 31]. Furthermore,
the MHM method is closely related to other multiscale methods, such as the MsHHO [29] and
the multiscale version of the Crouzeix-Raviart element [57], and retrieves the lowest-order
Raviart-Thomas element in the homogeneous coefficient case [49]. In its two-level version,

it is related to the FETI domain decomposition approach [43] and can also be seen as the
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dual version of the MsFEM and the multiscale mortar methods [L1] (see also [21] for a recent
primal version of the multiscale mortar method).

In a companion paper [7] to the present work, the MHM method was extended to the
Stokes/Brinkman problem , and a residual a posteriori error estimator was proposed in
[9]. The philosophy underlying the MHM method involves using a hybrid form of posed
on a coarse partition. The approach decomposes the exact solution into local and global
coupled systems, and discretization decouples the system as follows: the global formulation
is responsible for the degrees of freedom over the skeleton of the coarse partition, and the
local problems driven by upscaling operators 7" and T provide the multiscale basis functions
resolving sub-scales. To fix ideas, consider &3 a general partition of a domain €2 with
characteristic length ‘H decomposed into elements K with contour K. The skeleton of &y,
denoted by 0%y, is partitioned with elements of diameter H. Remember (c.f. [7]) that the
one-level MHM method for the Stokes equation consists of finding a flux Ay in a polynomial
space Ay defined on the skeleton of Py, a velocity ull in Vy, the piecewise constant space

over ¥4, and p € R such that

Z/ Ag vy ds = Z /f~v0da: for all vg € V,
oK K

KePy KePy
(1.4) Z / By - Up ds:/ py-gds forall py € Ap,
Kezy VK 2l

f/pHdw:() for all £ € R,
Q

where the discrete velocity and pressure variables (ug,py) in (1.4) depend on the coarse

scale variables (ul’, Ay, p) in the form
(1.5) (wm, pi) = (u',0) + T\, p) + T(f).

The fine scales are resolved via the locally defined bounded mappings 7" and T , which have
finite-dimensional images in the local product space [HY(K) N L3(K)]¢ x L*(K). Specif-
ically, the mappings 7" and T are inverses of well-posed Stokes problems with prescribed
Neuman boundary conditions on each K € £23. As a result, the MHM method is
non-conforming in H'(Q) as the discrete velocity in does not belong to the Hj(Q)
space. Note that the second equation in ([1.4)) reinforces the weak continuity of the velocity
field in the boundary elements, while the third equation guarantees the uniqueness of the
pressure. The first equation in imposes that the numerical flux is in local equilibrium
with external force, which is a consequence of the spatial decomposition adopted in the con-
struction of the MHM method (see [7] and Section [3| for more details). Furthermore, the
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discrete velocity field wy is locally divergent free, i.e.,
V-uyg =0 inall K € &y.

In [7], the MHM method was presented along with numerical results involving a stabilized
finite element method to approximate local problems, but numerical analysis was absent.
The use of these local numerical schemes is viewed as forming approximations of multiscale
basis functions and leads to two-level methods. In the context of [7], the choice of the unusual
stabilized finite element method (USFEM) [16] intended to take advantage of its well-known
robustness to approximate boundary layers that can be presented in the multiscale basis
while making the pair of polynomials spaces of the same order available to approximate
both pressure and velocity multiscale basis functions. The efficiency of this choice has been
extensively verified in 7] numerically.

In the present paper, we fill this theoretical gap and propose the first numerical analysis
for the one- and two-level MHM methods applied to the Stokes/Brinkman equations. For
example, we prove that is well-posed and the error due to exact flow approximation
A of X := (vVu — pI)n® on OK turns out to be an upper bound for the error associated
with velocity and pressure approximations, where n€ is the outward normal vector on K
for all K € &3 and [ is the d x d identity operator. Notably, we prove (see Theorem in
the context of the one-level MHM method)

0,0 = ¢ inf A = gl ps
BgEAH
(}\—/,LH,'UO)B.@,H =0VYvpoEVyo

lw = willy, gz, + [P = pu

where || - ||o is a norm in A and (-, -)s», means a dual product on the skeleton 0% (see
Section for precisions). So, convergence arises by bringing approximability properties to
the definition of the finite-dimensional space Ay C A. Furthermore, under local regularity
assumptions for the exact velocity and pressure variables, we prove that the two-level MHM
solution in [7] converges in the energy norm with rate O(H*! + h*), where ¢ > 0 is the
polynomial degree of interpolation on faces used in Ay, and h is the local submesh diameter
and k > 1 is the polynomial degree of interpolation on sub-meshes (see Theorem {4.2)). This
way, convergence can be achieved by keeping the macroelement mesh fixed (i.e., H remains
fixed). This property, in addition to its practical interest in avoiding remeshing complex
geometries to improve accuracy, leads to superconvergence with additional convergence or-
der O(H'?) under the smoothest local exact solution assumption (see Theorem and
assuming that the local multiscale basis functions are “sufficiently” approximate. This is

also verified numerically in Section 5]
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In a broad sense, the proof strategy is as follows: we first establish a relationship between
the primal-hybrid version of and the MHM method in an abstract general sense, showing
that the well-posedness of both are related at the fully discrete level and also establish how
their stability constants are related. Then, the numerical analysis of the MHM method
proposed in [7] arises from fulfilling the conditions to have the primal-hybrid version of
well-posed. Thereby, the overall analysis in this work follows a totally different path
from that used in previous MHM works, which is fundamental to prove the existence and
uniqueness and the best approximation property of the two-level MHM method with the
USFEM method used to approximate 7" and T in . In a sense, such a perspective is
also presented in previous works on MHM-type methods applied to the Poisson problem
[51], 29, [14].

The correspondence between the solution of the discrete primal-hybrid methods and the
two-level MHM methods also produces an interesting reinterpretation of the two-level MHM
methods. When the USFEM is used as a second-level solver on one-element sub-meshes,
the corresponding discrete primal-hybrid method can be seen as a new member of the class
of non-conforming stabilized finite element methods. Stabilization then acts at the element
level, which has a global impact by weakly imposing continuity on the boundary elements (see
[28, 2] for other examples of non-conforming stabilized methods). As a result, local mass
is conserved, which is a property missing from conforming-stabilized methods in general
(see [17] for a post-processing strategy to recover this property in the conforming scenario).
Furthermore, the use of refined sub-meshes in this context can be interpreted as a multiscale
version of non-conforming stabilized methods. A similar interpretation arises if we replace
the stabilized second-level solver with the Galerkin method based on stable pairs of spaces.
For example, when adopting the lowest-degree Taylor-Hood element into the scope of the
two-level MHM method with single-element sub-meshes, this corresponds to nothing more
than the non-conforming Crouzeix-Raviart method [36]. Thus, with the adoption of refined
sub-meshes in the context of the stable two-level MHM method, a non-conforming multiscale

version of the Crouzeix-Raviart method emerges.

In addition to providing a numerical analysis for the two-level MHM method introduced

in [7], in this work we

(1) establish abstract conditions for the well-posedness and optimality of MHM methods
for the Stokes/Brinkman model in natural norms. Such conditions allow extending

the analysis to more general second-level solvers than the stabilized method used in
[7;
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(77) extend the two-level MHM analysis to include a stable second-level solver and con-
tinuous polynomial interpolation for the flux variable. This version of the two-level
MHM method is new, and we prove that the method also achieves optimal conver-
gence using the abstract conditions of item (7). This version of the two-level MHM
method produces point-wise divergence-free exact discrete velocity when it adopts
one-element sub-meshes;

(71) validate numerically the MHM method using continuous interpolation on faces. The
results indicate that interpolating the flux continuously improves convergence when
compared to the discontinuous case, at least for regular exact solutions. The use of
continuous interpolation within the MHM methodology is new, even in the context

of other operators.

We also provide some numerical verification about the dependence of the constant in the
error estimates in terms of the physical coefficients, but we leave this theoretical question

outside the scope of this work.

2. HYBRIDIZATION

The MHM methods are built on reformulating a hybridized version of . In a broad
sense, given spaces V, @), and A and (bi)linear forms f : V.xQ — R, g : A xR — R,
a: (VxQ)x(VxQ)—=R andb: (A XxR)x (V xQ)— R, the hybrid formulation takes
the form: Find (u,p) € V x @ and (A, p) € A x R such that

a(u, p; v,q) + b(A, p; v,q) = f(v,q),
(2.1)

b(p, &; u,p) = g(p, §),
for all (v,q) € VXQ and (p, &) € AxR. The hybrid forms in arise working in the spaces
V x @ which contain H*(Q)? x L2(€). The burden of enforcing (u,p) € H(Q)? x L3()
is then borne by the action of the bilinear form b(-;-) defined over appropriate spaces. The
remainder of this section is dedicated to defining this setting precisely and establishing
the equivalence of and . This will provide a solid basis for defining the MHM
formulation of in Section .

2.1. Partitions. Consider a family of partitions { Py}, of © parameterized by H :=
maxXge»,, N, where hy is the diameter of simplex elements K. The collection of all element
boundaries 0K is denoted 0.%73. Without loss of generality, we shall use hereafter the
terminology employed for three-dimensional domains. The collection of all faces E in the

triangulations, with diameter hy, is denoted €. This set is decomposed into the set of faces
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on 0f) denoted &,, and its complement &,. To each E € £, a normal m is associated, taking
care to ensure this is directed outward on 0€). For each K € %3 we collect local faces
of E C 0K in the set £X, while denoting the outward normal on K by n’* and defining
nk = n® |, for each E C EX. Also, we denote by {€p} -, a regular family of simplicial
partitions of £, where H := maxpeg, hp and hp is the diameter of F' € £y. We collect the

faces of F' C OK in the set .

2.2. Broken spaces and norms. Given a partition &y in { %y }4.,, we adopt the nota-

tion

(2.2) Q:=L*Q) and V:={ve Q) : vgc H(K)" VK € P},
where we denote vp :=v|p with D C Q a measurable set, and

(2.3) A= {on" |y forall K € 2y : o € H(div;Q2)}.

Also, we define the broken gradient operator V,, : V. — L?(Q)™? as such (V) |x := Vv
for all v € V and K € 2. Given w, v € L*(Q)¢, and owing to the notation (w,v),, =
> ke, (Wi, Vi), where (-, -)p stands for the L?(D)% inner product, we equip V with the

norm || - ||y induced by the inner product
(24) (wv U)V = d52(w7 U),@H + (va, V’Hv),@;u

where d, is the diameter of Q. Further, we equip @ with the induced norm |- |[3) :== (-, ) ==
(+,) 2, - We denote (-, )vxg = (-, )v+ (-, -)g the inner-product on the product space V x Q,

which induces the following norm in V x )
(2.5) lv,dlvvq = VIl + llallgy for all (v,q) € V x Q.

We equip the space H (div;2) and A with the norms,

2
(2.6) HU”H(div;Q) = Z (”UHgK +d§ V- 0'”%,1()7
KeZPy
2.7 = inf -
(2.7) 2] A Geé?div;m o || E(aivie)

UOK"’K |0K:H8K7 KePy

Also, we define the following product norm

(2.8) e, Ellasq = llplla + lI€lIG  for all (p,€) € A x R.

The duality pairing between H~Y/2(0K)? and HY/?(0K)? is denoted by (-, -)ax, and we de-
fine (1, oy = D e, (Box: Corlox for p€ [ HV2(0K) and ¢ € T[] H'?(OK)™

KeZPy KeZPy
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Observe that if p € A and Cyx = vglpp for all K € Py where v € H}(Q)4, then
(1, €)ooz, =0 (c.tf. [7, Lemma 4]).

2.3. (Bi)linear Forms. Given, w, v € V and ¢, r € @, and (i,§) € A X R, let

a(w,r; v,q) = Z ag (Wi, T Vi, Qi) and - b(p, &5 v,q) = Z bic (ks s Vorcs dic)s

KePy KePy
where
ag (Vi Qs Wi, Tic) = (0 VU, Vwge) o + (00, wie) o — (0, V- wie)
(2.9) + (V- vg, rg )k
bi (Box, Eics Vors k) = (Box Vor)ox + (S i) ke
and
(2.10) fw,q) == (f,v)», and g(p,§&) = (1 g)oo.

Observe that since f € L2(Q)? and g € H'/2(9Q), there exist constants C' > 0 independent
of the mesh &y, such that f(v,q) = (f,v)», < C|v,q|lvxg for all (v,q) € V x Q
and g(p, &) = (1,9)aa < C|lp, E|laxg for all (p,&) € A x R. We denote by || f|| and
|lg|| the smallest possible of such constants. Similarly, a(+;-) is uniformly bounded over all
(v,q), (w,r) € V x Q, and then

(2.11) la|l == sup sup a(v,¢; w, ) < 0.
(v,9)EVXQ (w,r)EVXQ ||'UaQ||VxQHwa7”||VxQ

Above and hereafter, we lighten notation and understand the supremum to be taken over
sets excluding the zero function, even though this is not specifically indicated. The nullspace

of a(+;+) will play a critical role in the analysis. We define
Ny ={(v,9) € VX Q : (vk,qx) € N(K) VK € Py},

where
N(K) ={(v,q) € H(K)" x L*(K) : ax(v,q; w,r) =0 VY(w,r) € H(K)* x L*(K)},
and their orthogonal complements are

%(K)L = {(v,q) € Hl(K)d X LQ(K) (v, ¢, w,r)vxg =0 Y(w,r) € J{L(K)},

N ={(v,9) e VXQ : (vk,qx) € N (K)" VK € Py}.

We notice that, based on the space .4, (K), the following characterisations hold

Stokes model: A7 (K) = Po(K)*x {0} and A5 (K) = [H'(K)NL§(K)]* x L*(K);

a

(2.12)
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Brinkman model: 4, (K) is trivial and A,*(K) = H'(K)? x L*(K),

a

where Py(K)? is the constant vector function space in K € 92y,.

For simplicity, we assume hereafter that .4, (K) is of Stokes or Brinkman type for all
K e 2.

2.4. The well-posedness of hybrid problem (2.1). With the previous definitions and
the definition of the null space .4} given by

(2.13) Ny ={(v,q) €V xQ :b(p,&v,q) =0 forall (u,&) € A xR},

we establish that hybrid formulation (2.1]) of (1.1]) is well-posed.

Lemma 2.1. There exists a positive constant o, independent of H, such that

a(v,q; w,r)

(2.14) v, qllveg < sup for all (v,q) € A;,.

wnes 1w,rllvig
Moreover, it holds

b(p,&; w,r
(2.15) e, €llaxg =  sup blp. & w,r)

for all (m, &) € A x R.
wrevx@ 1w, rllyvo

Therefore, hybrid formulation (2.1) is well-posed and
(2.16)
1 lal ol
< Ly (1 lel < (1l )
upbvee < oA+ (14 ) gl Ixplag < (14 20) (114 el

Proof. First observe that 4, = H}(Q)? x L3(Q) (c.f. [T, Lemma 4]), and then the first result
in (2.14) stems from the classical well-posedness of (1.3) over H}(2)? x L2(Q). Next, let
(1, &) € A x R. From Green’s Theorem and the Cauchy-Schwarz inequality, we get

1/2
b & v.0) = > [(0,V0)c + (V-0 0)] + (€ 0)g < 9. dllvag (103w + 1€12)
KeZy

for all (v,q) € V x Q and all o € H(div; Q) with the property o n® |, = pyx for each
K € &2, It follows that SUP(, ) busiva) < 10, &l axg for all (p,€) € A x R. Next, for

eVXQ [vallyyo
each K € &%, note that for each component jiyz ; of pry, 1 < i < d, there exists a unique

v, € H'(K) such that

(VUk i, Vg )ik + d52(0;<,i7zK)K = (MoK.is 2k )ore  for all 2 € H'(K).
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It follows that V- Vu}; = dy*v}; € L*(K) and Vuj, - ¥ |ox = pox ;. Defining v* € V by

v*|g = v, where vi 1= (V¢ ;.. .,V 4), it holds that Vyv* € H(div;2) and,

1/2
1/2 1
1 €l < (1730 |2 0 + dRIIV- Vw20 + IElIS) /2 = (nwwuag bl Ba+ ||§Hé>

_ <p’7’v*>69% + <§’§)Q < su b(“a€§ an)
”U*,€||V><Q a (v,9)EVXQ ||v>q”v><Q ’

thereby proving the second condition in (2.14). Finally, the stability of the solutions follows
by classical results (see [41l, Theorem 2.34]). O

Remark 2.2 (Equivalence with primal-hybrid formulation). The solution of the classical
weak formulation (1.3)) and its hybrid form [2.1)) coincides and Ay = (v Vg — pi I)n®
on OK and p =0 (c.f. [T, Theorem 1]). O

3. MHM’S ABSTRACT SETTING

This section presents the MHM formulation in general terms, which will be used to analyze
specific cases in the following section. It also establishes necessary and sufficient conditions
for the MHM method to be well-posed and with best approximation properties. To this end,

consider finite subspaces of spaces A, V and @)

(3.1) Api= ][ An(@K), Vi:= @@ Vi(K) and Q= P Qu(K),

KePy KePy KePy
where Ay (0K), Vi,(K) and Qp,(K) are finite subspaces of H~Y/2(0K)?, H'(K)? and L*(K).
Also, let apk(+;-) and f, k() be bounded (bi)linears form over V,(K) x Q,(K). For all
instances below, we assume the nullspace of ap x(-;-) equals A, (K) and f k() coincides
with fx () over A,(K). However, we distinguish its orthogonal complement from as

follows
AunK)T = {(v,q) € Vi(K) x Qu(K) : (v,¢; w,r)vxq =0 V(w,r) € A (K)},
Non = {(0,9) € Vi x Qi : (v,9)lx € A, (K)" VK € Py}
Next, we define two global mappings 7}, and fh from their local counterpart, namely, T}, - :

Ap(0K) x R — A 5(K) and T, 5+ LX(K)* — A% (K) defined by

~

(3.2) ah,K(Th,KW»af); v,q) = —by(p, & v,q) and ah,K<Th,K(Q); v,q) = lZ,K(”?Q)7

for all (v,q) € A5 (K). Here, Ifl ((-) is a given bounded linear form over V,(K) x Qu(K)
associated with a ¢ € L*(Q)? such that ||I7|| < Cllqlloq, and bg(-;-) is given in (2.9),
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where [}l (-)|x 1= I} x(-). Global versions of an x(-;), fax(-) and I}l ;(-) are defined, for all
('U7Q)7 (’U),T) € Vh X Qh

ap(v, g, w,r) = Z ap (v, ¢;w,r) and fi(v,q) = Z frnr(v,q).

KePy KePy

Given those definitions, the MHM abstract formulation is: Find (ul},0) € A, and (A, p;,) €
Ay xR such that

b(u’a 57 )‘H Th()‘Hv Ph)) + b(ﬂ»f, ’U/g, 0) = (”L?g)aﬂ - b(u’a 67 Th(f))a
b(AH7 Pns Vo, 0) = f(v07 0)7
for all (p,&) € Ay x R and (vg,0) € A4,. In the case of the Brinkman equation (6 # 0),

we recall the nullspace .4, contains only the zero element, and then the MHM formulation

(3.3) reduces to find (A, p,) € Ay x R such that

b(/*lﬂgv Th(AHﬂph)) = (ll”g)aQ - b(/"’757 fh(f)) for all (M,f) S AH x R.

3.1. Well-posedness of the abstract MHM (3.3). Let .4, be the finite space

(3.4) My ={(v,q) €V, x Q) : b(p,&; v,q) =0 forall (u,§) € Ay x R},

(3.3)

and assume the following conditions hold:

Assumption. Gwen (vg,qx) € A5 (K), (z,m) € Ay, and (p, &) € Ag X R, there exist

positive constants o, p,, o, and (), independent of mesh parameters, such that

a U 9 ; w 771
(H1) aa,h|vi7QK||H1(K)XL2(K) < Sup e i W K)’
(w e ) EN 5, (K) lwg, 7"K||H1(K)xL2(K)
(H2) aypllz,mlveg < sup {2 wJ’))
’ (w,r)ep ||w7r||VxQ
b(p, & w,r
(H3) Glintlag < sup et )

(w,r)EVELXQp H'LU, 7ﬁHVXQ ‘

Condition (H1)) ensures computations may be localized to each K € &, thereby ensuring
that operators T, and T, ., are well-defined. Also, from (H1)) the operators 7T, and fh are
bounded and

(3.5)
an(Th(p,€); w,q) b(p,&; w,q)
O‘a,hHTh(N,f))HVxQ < sup = sup ———F7F— < ||Ma§||AxQ7
(w,q)ez/i/a’ih ||va||V><Q (w,q)eNt ||w7qHV><Q
-~ ah(Th(q)v ’LU,q> l(I(qu)
Wl Th(Dllveg < sup = sup == < I < Clqlloe-

(w,q)e/VaJ"h Hw7QHV><Q (w,q)eN 1t ”w7QHV><Q
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In — we recognize the necessary and sufficient condition for hybrid problem
to be well-posed over the spaces V, x @, and Ay, x R with a(+;-) replaced by an(+;-) and
f(-) by fa(-). We recall that operators ap(-;-) and f(-) are assumed to be continuous on
V, x @, and b(-;-) is continuous on (A, x R) x (V, x Q) since, from the proof of Lemma

2] it holds

b(p, & b, &
sup (u»,ff,'v,Q)S sup (1, & v, q)

< [, &l A for all (p,&) € Ay x R.
(v,0) EVRXQp H'U7QHV><Q (v,9)EVXQ ”v7qHV><Q x@Q H

If (wp, pn, XH, pr) denotes such a unique solution, from the same argument in Lemma ,

1 v, 1 a .0
HuhathVXQ S —— sup M + — <1 -+ || h||) sup M’
b (w)ev,xQ, 1V dllveg — Bn W ) pehr |15 0] g

~ 1 a v, a 0
Badillacg < 5 (14120 (( w0 el o) )

B Qp.h v,q)EV, XQ, HU:CIH\/xQ B MEA Y H“’?OHAXQ

(3.6)

The following result is central to the analysis of the MHM methods that will follow. We
establish that is indeed well-posed under the assumptions —. We also see that
the unique solution (wy, pp, A i, Pn) of can be constructed using the unique solution of
, establishing thus an equivalence between both formulations.

Theorem 3.1. Consider
(3.7) Ny =, &) € Ay xR : b(p,&; v9,0) =0 for all (vy,0) € A}

Under assumptions (H1)—(H3|), it holds

Oéb,hﬁ2 b(“’7£7 T, (’777—))
L ”’777—||A><Q S sup L )
(38) (awn + [[an]]) x| woer, I éllaxo
’ O‘b,hﬁh b(#’7§7 v 70)
—— v, Ollvxq < sup
Qp,h + HahH (1,€)EA g xR ||p,, §||A><Q

for all (y,7) € Ny and (v,,0) € A,. Thus, the abstract MHM formulation (3.3) admits a

unique solution, and

f(v0,0) 9(m,0)
| Xers | <C sup —+||T( il + sup ————
HPhiAxQ (vo,0)€A, ||v0a0||V><Q " Ve HEA ||I‘l’70||A><Q
f('vo,O)

g, Olly g < € < sup

9(p, 0)
e + | T, ()] B TP T
(vo,0)€14, Hv070||V><Q Ve

w110l a g
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Furthermore, (Ag, pr) = (A, pn) and the solution (wy, pp) ofhybm'd problem (2.1)) in V,xQp
can be written in terms of the solution (ul,0) and (Ag, pr) of (3.3)) as follows

(3.9) (wn,pn) = (uh,0) + Tn(Aer, pr) + Th(f).

Proof. Let (v, 1) € A} and define T, (v, 7) by the first equation of (3.2)), observing the need
for assumption (H1)). Then, define (w,r) € V, x @, and (i, &) € Ay xR the unique solution

(from (H2)-(H3)) of
(3.10) aj (w,r; v,q) +b(p, & v,q) = (Th(, 7); v,q)vxg for all (v,q) € V,, X Q,,
' (¢, d: w,r) =0 for all (¢,¢) € Ay x R,

where al (-, -) stands for the adjoint operator of ay(, ). Picking (v,q) := T}, (v, 7) in (3.10),
HTh<’777—)H%’XQ = CLT(w”r’; Th<777—)) + b(l'l’v g? Th(777—)) = a<Th(’Y?T); w, T) + b(p’7£7 Th(’YvT))
= _6(77 T, 'w,r) + b(l-‘lﬂga Th(77 T)) = b(l"’afa Th(’Ya 7—))7

where we used the second equation in (3.10). The term ||T}, (v, 7)||3 o may be bounded
from below. On one hand, from (3.6 it holds

1 e, | (T,(v.7); v, @)vxq _ 1 Al
s &l A S—(l-i- < = Ty (7: T)llvxq-
H H xQ ﬁh o (0)eV, xQ, ||’U QHVXQ Bh o H h( )H xQ
On the other hand, from (H3|) and the first equation in (3.2)) (which we use owing to the defini-
tion of .4}, ), and the boundedness of ay(-; -) that ”th 1Y, Tllaxo < [|T,(7, 7)|[vxg for all (v,7) €
Ny. As a result, the first inequality of . ) holds since the above equations imply
Blzz Ay h

lanll (v, + el

)||“7£||AXQ||7’THAXQ S b([,l,,f, Th(777))'

We follow the same strategy to establish the second inequality of (3.8)), this time using
(v,0) € A, and defining (w,r) € V, x @, and (i,&) € Ay x R as the unique solution of

aj, (w,7; v,q) +b(p, & v,q) = (vy,0; v,q)vxq forall (v,q) € V,, x @,

b(¢,m; w,r) =0 for all ({,7) € Ay xR.

Taking (v, q) := (v,,0) we have
Hv()7 0||%/'><Q = a:,f(w,r; UO7 0) + b(IJ/,f, va 0) = a’h(”O? 07 wﬂn) + b(l"”?év v07 O) = b(l"'7€7 v07 0)
By (3.6), we get [[i1,€llaxo < 5 (1 + %) |vg, 0llyx, Which establishes the second in-
equality in (3.8)) since it implies

Bhabh
—— " v ,0 , < b v ,O )
oo Ollv el g < Bl & v, 0
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Hence, the abstract MHM method has a unique (ul, Ay, pr) from standard saddle-
point theory. Finally, it is straightforward to verify that (u},0) + Th(Aw, pn) + T(f) and
(Am, pr) satisfy the hybrid formulation (2.1]) when restricted to subspaces Vi, x Qp x Ay x R.
Then, follows from the uniqueness of solution of on Vi X Qn X Ag x R using

H2)-(H3). =

Remark 3.1 (The continuous MHM formulation). Consider the MHM formulation (3.3))
with spaces VX Qx A in place of Vi, X Qp X Ay, i.e., we seek (ug,0) € A, and (A, p) € AxXR
b(p, & TN, p)) + b, & 20,0) = (11,9)pq — b1 & T(F)) V(m.€) € AR,

(3.11)
b<>‘70; v070) = f(’UQ,O) v(1)070) € '/‘{17

where [3.2) is solved using an(+;-) == a(-;-) and I} (v,q) == (f,v)»,, and then, we adopt
above the notation T, =T : A X R — A+ and T, = T : L*(Q)¢ — . Note that Lemma
establishes directly (H2)-(H3), and (HI)) holds. Thereby, Theorem[3.1] asserts (3.11) is

well-posed, and we can characterize the (unique) exact solution to the hybrid formulation

(2.1)) as follows
(3.12) (u,p) = (up,0) + T\, p) +T(f) and Ay = (vVuy — pr )nX on K.

Note that p vanishes (see [T, Theorem 1] for details), and following (3.5)), T and T are
bounded

(3.13) [ T(1, ) lvg < I €llaxe  and  a,[T(@)llvxg < Cllaloo-

3.2. Best approximation results. Having established conditions for the MHM formula-

tion to be well-posed, we can explore best approximation properties. Let
(314) A}({ = {IJ’ € AH : b(l‘l’v Oa Vo, O) = f('Uo, 0) \V/(’Uo, O) € Ji{l}a
and note that A}, = Ay in the Brinkman case.

Theorem 3.2 (Best approximation). Assume (HI)-(H3) hold. Let (Ay, p,) € Ay X R and
(uf,0) € A, be the solution of (B.3), (A ,0 € A xR and (uo,0) € A, the exact solution

of (3.11] -, and (w,p) and (wp, pr) given in and -, respectively. Then, there exist
positive constants C, depending only on constants in (H1)—(H3)), such that

A= Xl + llwo —wglly < € (| inf - IA = puglla + 1T = TIA0) + (T = T) (£ lveq)-
H

e~ p = pallvaq < € (int IA = plla + 1T = T)A0) + (T = T)(Fllvg).

BEE
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Proof. First, recall that p = p, = 0. Given p, € A}, and using Ay satisfies the second

equation in (3.3)), it holds b(py — Am,0;v0,0) = 0 for all (vy,0) € A4, and then (p, —

Ay, 0) € Ay where 4, is defined in . Therefore, from Theorem there is a =
. such that

(ap,ntllan()llanll

b(p, & T (g — Ay, 0))

allpg = A, Ollaxg < sup

(1.E) €Ny H/J'7§HA><Q
c oy G T iy 0) = b & (T = T3) (10,0) +(T = T)(5)
T (mOeNy 12, €llaxa

1 ~ o~
< A = pula + T =Tk, 0) + (T = T)(f)llvg

Qg + zaa,h

< IA = geglla + 1T = T,) (A, 0) + (T = T,)()llvo

Qglg h
where we used B:13), B:5) and [|(T' = Tw)(A = pg, 0)llvxe < S [[(A = pg, 0) || axg-

QaQq,h
Therefore, the triangle inequality yields

IA=Aulla < [A=ttrlla+lien—Anlla < C ( inf A — plla + (T = T,)(A,0) + (T - Th><f>r|w) .

prENY

Next, observe that from Theorem [3.1| there exists 3 := —222%: _ guch that

ap p+lan|

b(”ﬁ é'a Uy — u87 O)

Blluo —ug, Oy, < sup

(1,€)EA ¥R HN;fHAxQ
MG T =T+ (T =T) A 0) + T(A = Ay 0))
N (1,E)EX g XR ||/-l’a§||A><Q

<@ =T () + (T = T Ollveo + —IA = Anlla

Qg

o+ 204,

< ”(f_fh)(f)+(T_Th)()‘>0)HVxQ+ A = Agllas

a“ta,h

we used again (3.13)), (3.5]), and the first estimate follows. The second estimate is a simple

consequence of the characterization of (u,p) in (3.12) and (wu,pp) in (3.9), using the first
estimate. 0

The estimates in Theorem highlight how the choice of the second-level solver impacts
approximability. It corresponds to the consistency errors ||T — Ty|| and ||T — T}||, which
vanishes in the case of the one-level MHM method (c.f. [7]). This is precisely the reason
for employing the inf-sup conditions in the proof of Theorem instead of those of

(H2)—(H3), which could be also used to estimate ||u — un,p — p;|ly g (probably with a
different error constant).
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4. Two-LEVEL MHM METHODS

In this section, we introduce practical strategies to approximate the solutions of the local
Stokes/Brinkman problems in order to seed the global problem of the form (3.3). The
first level of a two-level MHM method is built on partitions & of Q2 and £y of £. Specifically,
let 0 < ¢ € N and define the space of (dis)continuous piecewise polynomial functions on £y

of degree up to ¢ given by
P{(ER) = {p e L*(OK)" : pp € Py(F)? forall F e &ff},

and

P (Eq) = {n e C'(E)? forall ECOK : pp € Py(F)? forall Fe&f}.
Their global counterparts are

P(Ey) = {m € L*(€) : pp € P(F)? forall F €&y},
and
P (Ey)t = {n e COE)! foral ECE : pp € By(F)* forall F €&y},

Then, we consider the following finite-dimensional subspace of A
(4.1) A=Ay ={peA: py € PIERN or PP (E)T forall K € Py} .

In light of Theorem [3.2] we focus first on convergence with respect to the mesh parameters
H, H, and the key convergence properties will follow from the interpolation result for qu.
For that, the next result requires a sub-mesh =% | which denotes a regular simplicial partition
for each K € Z24 and extends the partition on £y to the interior of K. That is, for each
F € &y, there exists 77 € 25 with diameter h,, such that 97 NOK = F, and for simplicity,

we assume that for two different F, F' € £y, we have 7 # Tpr.

Lemma 4.1. Suppose (v,q) € H™"M(Py)t x H™(Py), 1 <m < L+1, and (vVyv —ql) €
H(div;Q), and ¢ > 1 if qu 1s the continuous space and ¢ > 0 otherwise, and let g € A be

such that pay |5 = (Vv — ql)nk |, for each E € £. Then, there exists p, € A% and
C such that

(42) It = taglla < CH" (0930000, + a0, )
and b(p — py, 03w, 0) = 0 for all wy € Po(Py)L. Moreover, assuming the quasi-uniformity
of {Pu}y~p and (v,q) € H™2(Py)? x HMH(Py,), such a p, € AY; satisfies

Hm+1/2
(4.3 = plla < O (Wolhnizon + Nallsr )
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Proof. We follow closely [47] for the discontinuous case and [60] for the continuous one using
the existence of =K, for all K € %4, to prove . Also, such a function p, € qu
02y < CH™||p|lm,02,
with 1 <m < ¢+ 1 and ¢ > 0 in the discontinuous case and ¢ > 1 otherwise. The proof of
follows the strategy in [30]. Notably, let I1% : L?(K )¢ — Py(K)¢ be the L? projection
operator on the space of constant functions on K € £, and I1°(-) its global counterpart
defined by T1°()| = T1%(+). Then,

satisfies (1 — py, vo)ow,, = 0, for all vy € Po(Py)? and ||p — ]

b(p — py, 0; w, 7 p— py,w —110(w))s
n—pla = sup AR _pEDOD g, s W),
(w,r)eEVXQ HwarHVXQ (w,r)EVXQ Hwﬂ"”VxQ
= pylloz,, |w — T1%(w)||lom m
< sup ” EH HH ( )H H < CHl/Q”/'l’_HZH&@H <CH +1/2HH’Hm,3?}H7
(w,r)EVXQ ||war||VxQ

where we used Cauchy-Schwarz inequality and the estimate || w—T11°(w)||s4,, < C HY?|w|; »,,.
Now, using pyx = (VVog — qel)n’ | for all K € 25, and the regularity of v and ¢ and
trace inequalities (see [30] for details), we get (4.3). O

The second level of the MHM method involves constructing numerical solutions to local
problems using simplicial and shape-regular triangulations {EK } heo Of cach K € Py. They
are construct as red refinements of the baseline mesh =&, and we denote the collection of
such triangulations 7, := |J Keo, 7711( . Here, h = max,er, h, and h, is the diameter of an
element 7 € T,. We denote by & the set of faces on T, and EF the set of internal faces.
To each face v € EX, we associate a normal vector n’, taking care to ensure this is facing

outward on d7. We illustrate the different partitions of the global and local domains in
Figure
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Global partition Py Skeleton mesh £y

FIGURE 1. A sketch of the global and local meshes with notations. The red
dots represent the degrees of freedom associated with the Ay space and the
blue dots with the V;, (or @5) space.

In principle, second-level solvers may be quite general. Here, we consider two approaches:

(1) a stabilized finite element method with equal-order nodal approximation for velocity
and pressure (the USFEM, [16]);
(i7) the Galerkin method using stable pairs of spaces (Taylor Hood elements, c.f. [20]).

Owing to those discrete (local) operators, we form the two-level MHM discrete solution

(W Py p) € Vi X Q as follows

(4.4) (U Prr ) = (ué{’hy 0) + Th(Agr > Prp) + Th(F),

where (u"™,0) € A4, and (Ngps Prp) € A% x R is the the solution of with mappings
Ty, and T}, using the methods cited in itens (i) or (ii) above. Also, we recall that (W P sy)
corresponds to the solution to the hybrid formulation over V5, x (J and qu x R
according Theorem [3.1]

4.1. Analysis of a stabilized two-level MHM method. The unusual stabilized finite
element method (USFEM) proposed in [16] was first adopted in [7] as a second-level solver
for local problems (3.2)) to solve MHM formulation (3.3]). For K € &4, we take

V,(K) = {ve C/K) : v, e Py(r)* VreTK},
Qn(K) == {qe C'K) : ¢ ePy(r) Vre T} withk>1.
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The global operators T}, € L(A}; x R, #.4) and T, € L(LX(Q), A,) are defined locally by
using the USFEM in (3.2), i.e., taking (u,p), (v,q) € V,(K) x Q,(K) and the (bi)linear

forms

ah,K(uap; v, Q) I:(I/V’Ll,7 VU)K + (0 u, U)K - (p7 V- v)K + (q7 A U)K

(4.5) — Z O (—vAu + 0u + Vp, —vAv + 0v — Vq)_,
TGThK
(4.6) i c(0.q) == (f,v)e = Y 6.(f, —vAv+0v—Vg),.
TeTK

The stabilization parameter 0, reads

h? 4
o7 = : o with Pe = 0 —
v T o h2m
Ggwx hz max{l, PeT} 4+ — maz 'Ot 'Yk
my

T

where m,, := min {%, Ck}, the non-negative constant 67— := maxze, Opmee(x) and Cy is a

positive constant, independent of h,, such that,
Cr by [[Av]]y, < [[Vo|ly, forall v € V,(K).

The USFEM has the property (see [16, Lemma 4.2] for details), given (v,q) € V,(K) x
Qh(K)7

ank (v, q; w,T)
(4.7) aa,h||v7 q||H1(K)><L2(K) < sup
(wmren s, 1) 10T ey rz i)

)

where a, ;, depends on physical parameters but is independent of i and h,. Furthermore,
following closely the proof of Theorem 4.1 in [16] using the Cauchy-Schwartz inequality, the
definition of the stabilized parameter §, and inverse inequalities, we obtain that aj k (-, ) is

bounded in V, (K) x @, (K) with a constant independent of the mesh parameters. Following
closely (3.5)) and using (4.7]), mappings T}, and T, are bounded

(4.8) I3 (1s )llv g < g 11, Ellaxe and  (1T5(@)llv g < Cagy Il

Furthermore, there exists C' dependent only on physical coefficients, such that [|If| <
Clqlloo = Hfh(q)HVXQ < Cagy llalloq as a result of definition of the dual norm (2.11]),
the linear form I7 .(-) in (4.6), and inverse inequalities. The remainder of this subsection is

dedicated to the analysis of the method (3.3) with 7}, and T, defined throught (4.5)-(4.6).

Before these may be tackled, some preliminary results must be established.
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4.1.1. Preliminary results. The analysis for the stabilized two-level MHM method requires
a geometrical assumption between meshes. Specifically, letting xr be an element of minimal
partition Z5 of K € £ such that Okr N OK = F, and choose 7 € T,;¥ such that 7 C kp.

We assume that there exists a positive constant C' such that

(4.9) hgp, < Ch;.
Since hp < h,,, we see that the assumption (4.9)) is equivalent to the requirement that

the collection 7, cannot contain elements of size “too small” relative to the elements in
Ey. This indicates the need for a sufficiently small partition of faces in areas of the domain
with strong small-scale physics, which fits in with practice. Let %, : H(Py)? — V, be
the Clément interpolation operator defined locally. In other words, for every v € V we
define %, (v)|x = €K (v) where €K : HY(K)? — V,(K) is the usual Clément interpolation
operator. It is well-known that the operator €/ satisfies the following two properties (see
[41, Lemma 1.127]):

(1) there exists C' > 0 such that

(4.10) 16" (i)l ke <

(77) for m and s satisfying 0 < m < s, with s =0, 1, there is C' > 0 such that

(4.11) lv, = € (vie) |l < C ™ [lv

‘r”s,wff’

for all v € H*(wX)? and all 7 € T, where w¥ := {7 € TKX : 7N 1" # 0}. The constants
C' depend only on k and d. The next lemma recalls the Fortin operator proposed in [47],

(which is based on an argument in [I5]), adding some additional information about it.

Lemma 4.2. Assume integers k > 1 and ¢ > 0 satisfy k — ¢ > d, and let F € Eg. Then,
there exists a mapping I, : V.=V, such that, for all v € V, it holds

I01,(0) |y i) p = (U, i) for all py, € Py(F)?,

(4.12)
/V I, (v |Kda::/V-'deaz for all K € Py,
K

and (I, (v),0) € A4 given in (3.4) if v € H(Q). Moreover, there exist constants C' such
that

w1z L@y < Cloly ad 3" 3 b2, -1, (@),

KePy TeTK

o < Cvly.

Proof. From [47], it follows there exists a mapping II, : V. — V|, that satisfies the first
equality in (4.12) and the left inequality in (4.13]). The second equality in (4.12)) follows from
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the first one after integration by parts and n®|p € Py(F)?. As for the second inequality in
(4.13), we recall the definition of II, (-) defined locally on each K € Z as follows (see [47,
Lemma 4.2])

(4.14) I, (v) | = €, (v) + Z pr (v — 6 (vg)),
FCOK

where pk is a mapping from H'(K)? to V,(K) (see [47, Lemma 4.1] for details). Mapping
p is bounded, for each 7 € T, as follows || pfv | |lo, + P lpEvK |: |1, < C (v, +
h, |v.|;,). Using this, mesh regularity, (4.14)) and (4.10))-(4.11)), we get

> nle, -~ m@) LR, <0 Y > (5 e, = G i) LR, + o, — G (i) LI )

KePy reTk KePy reTK

< C vl

Finally, if one restricts IT, () to Hg ()¢, then from (&.12)) it holds >~ e . [op 1(0) ok 2y loxe ds =
D ke Jox Vo e lore ds =0, for all p, € A%, and then (II, (v), 0) belongs to Ny O

The next result generalizes [45, Lemma 3.3].

Lemma 4.3. Let (0,q) € A, given in (3.4). There exist positive constants Cy and C,,

independent of mesh parameters, such that for all ¢ € Q) we have

(V : an)W
(4.15) sup  —————+ > Cilqllq — Cslaln,
(v,0)EM 1 vaoHVXQ

. 12 .
where qlf = 3" ke, 1A lh e with |qr|nx = (ZTE%K (5THVqTHaT> is a semi-norm on Q.

Proof. Let (0,q) € A;, and v € Hj(Q)* be such that V-v = ¢ and |jv]|, o < Cllqll,-
Define (v,0) := (II,,(v),0) € A, where II,(-) is the Fortin operator available from Lemma
4.2l Given K € P, let kp be an element of =8 such that Okr NOK = F. Set ¢, :=

I%F\ [. 4., dez, and define h,  the diameter of £p. From the trace and Poincaré inequalities
F
(4.16)

1
lgr — o lFllor < C (WH%F — qollosp + hi/FZHV(%F - QO)HO,NF) < Ch? Vo
KR
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Then, by integration by parts, using (4.12)), the trace inequality (4.16)), (4.9) and (4.13)), and

the fact that 0,1 < C'%maet? (c.f. [I6, estimate (39)]), we obtain

(V-v,9)p, =(V-v,9) 0, + (V- (V-2),q) 4,
= lgllg + (V- (¥ —v),4) »,

= ||Q||g;) - Z Z (67 — U Vq’T)T + Z Z (687' — Vorsqor nT)aT

KePy reTK KePy reTK
= ||q||22 - Z Z (5T -V, VQT)T + Z Z Z (57 - vy? (qu - QO|'\/)n’[y()’Y
KeZPy TeThK KeZy Te’ThK YCOKNOT
B _ 1/2 1/2
>l = (> D e, - l8) (X Y alvael?,)
Ke?y reTX KePu reTK
L 1/2 1/2
(=Y S w-ek) (XX Y e -whli)
KePy TEThK YCOKNOT KePy 7-€ThK YCOKNOT
B N 1/2 1/2
>l - (X D e ~wlR) (X D Ve l,)
KePy reT KePy reTK
_9 ~ 19 _ 9 1/2 9 1/2
(X X e =B IV =B R)) (X Y Y b lle, a3,
KePy TGEK KePy 7—67;LK YCOKNOT
N 1/2 1/2
> By |Cillalo =€ (> 3 aIvald,) (X X > #Ivel:,) ]
KePy TGEK KePy FCOK TC’T:F

> ol [Culdllo ~ G (XX alvali,) ],

KePy TE'ThK
and the result follows. O

4.1.2. Well-posedness. We prove that the two-level MHM method (3.3 with the stabilized
finite element method (4.5))-(4.6)) is well-posed in the following theorem.

Theorem 4.1 (Well-posedness of (3.3]) with (4.5)-(4.6)). Assume that k — ¢ > d with £ > 0
if AL is discontinuous and ¢ > 1 otherwise, and assume that (E.9) is satisfied. Then, there
exists a unique solution of (3.3) with the stabilized method (4.5)-(4.6)), denoted by (ué{’h, 0) €
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Ny and Ay, Py p) € A% xR, and

(f; vOaO)VxQ 9(w,0)
X s Prnl <C sup -~ | T, (F) - sup ’
Ll I AXQ (vo,0)€1, HvOaOHVxQ " Ve ueAZ HP":OHAXQ

(f; v0,0)vig | 1 9(w,0)
lug™, Ollyxg < C [ sup =Tt |1, (F)llyg + sup i
oo Ive wo0ety 1100, 0llvq MEIIVE@ T ean 11 0llaxg
Proof. We prove conditions (H2))—(H3|) as (H1|) holds from (4.7)). First, condition (H3)) follows
from the Fortin operator in Lemma under the condition & > ¢ + d, and using the L?
orthogonal projection IT,(r) := ﬁ Jor dz. In fact, let (u,&) € Ay x R then
bp.& w.r) _ b, & 1Ly (w), Uy (r)) _ b(p, & w,r)

[, €l = sup < sup sup
AR (w,r)EVXQ ||w7r||V><Q (w,r)EVXQ 111, (w), O<T)|’V><Q (w,r)EVEXQp ||w7THV><Q

)

where we used . As for condition , we adapt the strategy of the proof of [16]
Lemma 4.2]. Let (v,q) € A and set w := v — €z, where z achieves the supremum
in Lemma with properties ||z|lv = ||¢lloq, and (2,0) € A4,. First, [16] establishes
ank(Vi, K Vi, qr) > 374”||V’UK||(2)K + lax i for all K € 2. Further, given K € P
define GK

max

ab < 3 a 2+ 2b* we get

1= max,crx 0., Since 6.0, < 1 and 6,v[|Av.[[§ . < (Vo [§,, and using

anx(Vi,qx; —25,0) > =05 Nvklloxllzkllox — VIVokllox|Vzrllox + (V- 2k, qx )k

- Z o- (0v; — vAv o + |Vakllor) [0z — vAz: o
TEThK
> — Opacllvrlloxlzllon = vIVorlloxlVzrllox + (V- 2k, qx)k
1/2 1/2
- Z o-[|0v, — VAUTH%,T + laxc|n i Z 0-)|0z; — UAZTH(Z),T
’TE'ThK TefThK

1/2

1/2
—_S(err(mx |/UKH3,K+V||V’UKH3,K) ( max’zKHOK—i_vazKHOK) +(VZK7QK>K

1/2

1%
‘QK|hK 2 Z 9macc||ZT”(2),T+ZHVHZTH(Z),T

TGTK

3 3’710
2_27 ( max|’vKH0K+V|’vaHOK) 2

1 2’720
- ot = T3 (g lexlu + 192l )

(d2 2l + 192kl ) + (V- 200,01 )
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where C' := max{0X,_d2,v}. Therefore, using the lower bound on (V- zx, ¢ ) x from Lemma
(.3, and ||z[lv = llgllq, we get

v (1 I3
(%wﬂnm@>~—(——%)HVyﬂ;H—

3 Crnaz€
21

5 10115, +2(Cillallg — Calalallqllg)

€
3 2 1—— ) |q?
5 ~= (3w + 29l + ( 2%) lql
3v (1 € 3 Crnax€ 1 e Oy
> (= — =) Va5, — /vl +—<2————> ql?
> ( 71) V0l = =5 ol + 5 (2= = = 225 1ol

2
(261 = € (3 +292) = O ) lally

s
2
3v (1 ~ € € Cy
== —12C= ) Va5, — 18 CmaaC = —lqll?
8 ~
+ (1 — (4C+C§)> al2.
Cy
where we used v, = g}), Yo = 8(,1*’ and 3 = —12 Now, since (v,q) € A, we have the

Poincaré inequality [22]
Cp
||’U||JH < [Vuvly,,

where Cp is a positive constant independent of mesh parameters, from which we find
Cpv eCl
+ 48Cmax
bt 3 (2 &) 1o,

9 =~ 3v CP
4 (1 e <4C+C22>) lali, > 16 (HVHUH/’H B vl

—llall

3 1
ah,K(v>q;w7Q) 2 zl/ (5 - 120 )

el
%)+34wézcwm&w,

— Cpl/
where we took £ = min{-—= B oo, OB, 10+ 02} Finally, condition . follows observing
that

Hw? QHVXQ S ”’U, QHVXQ te sz 0||V><Q S va QHVXQ + Ce ”07 Q|IV><Q S C ||’U, QHVXQv

and the result follows from Theorem [3.1] 0

Remark 4.4 (Relaxing k — ¢ > d constraint). The constraint k —d > ¢ > 0 in Theorem
leads to the well-posedness of eq. in two and three-dimensional problems on simplicial
meshes. We restrict our analysis in this work to simplicial K elements to avoid unnecessary
technical details, but Theorem[4.1] also holds for polytopal elements under the mesh conditions
given in [15, Section 1.2] and [8, Section 2.1]), for instance. In the two-dimensional case,

other possibilities exist to ensure the well-posedness of eq. (3.3)), such as
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o T, = Py, and even polynomial degree ¢ under the constraint k = ¢+ 1. The proof
follows from [62, Lemma 4] applied to each component of the vector function p'; €
AY;

o meshes with “enough” refined local meshes TX (see [15] for precisions) under the
conditions k = €+ 1 with £ > 0 or k = ¢ with ¢ > 1. The proof follows from [15,

Lemmas 4 and 5] applied to each component of the vector function ub, € qu.

Finally, we note the existence of multiscale methods that avoid the above space restriction,
such as the MsHDG method [40] applied to the mized form of the Poisson model. Such an
attractive feature comes at the price of designing a priori stabilization terms on faces balanced

by positive stabilization parameters.

4.1.3. Convergence. We recall from [16, Theorem 4.1] that the mapping 7, and fh carry
approximation properties. In other words, adopted element-wisely in each K € %y, they
approximate T and T with sharp constants which are independent of mesh parameters.
Specifically, assume that (u,p) € H™(Py)? x H™(Py), for 1 < m < k and k > 1, it
holds

(4.17) 1T =T p) + (T = T (Fllvg < CH ([l + 1ol )

where T}, and fh are defined from (3.2)) with (4.5))-(4.6). We are ready to present the main

convergence result.

Theorem 4.2 (Convergence of with —). Assume k — 0 > d, with £ > 0
(¢ > 1) if A% is discontinuous (continuous), and (w,p) € H™(Py) x H™(Py), with
1 <m < l+1, and (vVu — pl) € H(div;Q). Then, there exist positive constants C;,
1 =1,...5, independent of H, H, h, such that

h m m
1A= Agalla + lluo = g™ Iy < CoH™ ([0V sl 9, + [Plin ) + Col™ ([l + 1ol )
lw = w2 = Py < CoH™ (193Ul 0, + Db ) + Cil™ ([ulmir, g + [Pl ).

where (/\H7h,ué{’h) solves (3.3) with (4.5)-(4.6), and (wy,,py,) is given in (4.4). In addi-
tion, if (u,p) € H™2(Py)d x H™H(Py), then
m+1/2

= wirpp = Prrslvcg < Cs oz (Ul o, + Ipllmsr o) + Colt™ (Il + [plln,n ).

Proof. The result is a direct consequence of Theorem Lemma [4.1] and (£.17). O

Remark 4.5 (Local conservation). The discrete velocity uy , built according to (4.4) pre-
serves the divergence-free constraint weakly. Indeed, taking (wy, q,)|x = (0,15) € A5 (K)
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in (4.5)-(4.6) and using py ), = 0, it holds [ V- Uy, de =0 for all K € P4 In addition,
the local equilibrium between the numerical traction Ay, and the external force is satisfied,

1.€.,

(4.18) /OUHh da:—l—/ Ayn ds:/fda: for all K € Py,
K ’ oK K

where we used the second equation in (3.3) if @ = 0, and the definition of wy in (4.4)
and local problems (3.2)) with (4.5)—(4.6]) tested with (w,,q,)|x = (1k,0) € Vi(K) x Qn(K)

otherwise.

4.2. Analysis of a stable two-level MHM method. Stable pairs of spaces may be used
in local problems to solve MHM formulation . Notably, we analyze here a two-level
method based on the Taylor-Hood element (c.f. [20]). Recall that the Taylor-Hood element
is such that given k > 2 and K € &4,

Vi(K) == {v, e V(K)NC(K)" : vy, |, € Pp(r)? VreTK},

Qn(K) == {gn € QK)NC°(K) : qu|- € Pyoa(r) VT e T},
We then have a fully defined MHM method by letting ap x(-;-) := ax(-;-) and l,{K() =
(f, )k as defined in and (2.10), respectively. We immediately obtain that ap g (-;-) is
bounded on Vj,(K)xQy(K) from with a constant independent of the mesh parameters.
To see that the method (3.3) is well-posed and converges optimally using these definitions,
we first note that assumption is met when using spaces V,(K) and Q,(K) (c.f. [I8]
19]), with a constant independent of K, when the sub-mesh 7,X satisfies the following mild

conditions:
Assumption (Assumption (M)).
2D case: T, contains at least one internal vertex;

3D case:  Every tetrahedron in T, has at least one internal vertex.

Lemma 4.6. Given K € 22y;, assume that TX satisfies Assumption (M). Then, condition

holds, and
(19) [T =T ) + (T = T)(Dlvee < CH ([lloirzy + [Pl ).

where 1 < m < k, and k > 2. Moreover, if T, is a one-element mesh, then condition (HI)

and estimate (4.19) also hold.

Proof. We use the standard technique for mixed problems to prove (H1)) (see [20]). First,
note that (v Vv, Vv, + (0v,,v,)x > Cllv, |3 x for all (v,,0) € A, (K) where we used
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Poincaré inequality for the Stokes case (@ = 0). Next, the pair of spaces V(K) x Qn(K) (or
[ViL(K)NLA(K)Y x Qn(K)) is compatible in the sense of Babuska-Brezzi using [18, Theorem
4.1] and [19, Theorem 3.1] under the assumption (M) on the partition 7,%X. When TX is
a mesh of one element, the corresponding inf-sup conditions follows noting that the image
of the Raviart-Thomas space RT)(K) C V,(K) by the divergence operator coincides with
Py_1(K). Therefore, we recover the condition (H1)) using [66, Theorem 3]. Finally, classical
arguments based on Galerkin orthogonality, continuity and interpolation results applied to
each K € &4 result in (4.19)). O

The two-level MHM method (3.3)) with the stable second-level solver (3.2)) is well-posed

and convergent. This is establish in the next theorem.

Theorem 4.3. Assume that T, satisfies Assumption (M). Then, the method with the
local problems defined using — is well-posed with k — € > d and £ > 0 if A%
is discontinuous and { > 1 otherwise. Moreover, if (u,p) € H™(Py)? x H™(Py,), with
1<m<{l+1, and (vVu — pl) € H(div; Q) then there exist C such that

sy P Aml e -y < O (11, + [Pl ).
.20

lw = wially + Ip = Pl < € (H™ + 1) (el + 1ol 5, )

where ()\H’h,ué{’h) solves (3.3) with (2.9)-(2.10), and (wy,, py ;) is given in (4.4).

Proof. First, observe that holds by the arguments used in the proof of Theorem and
follows from Lemma It remains to show condition (H2), which is a consequence of
the local inf-sup condition of the generalized Taylor-Hood element presented in the proof of
Lemma [4.6] and the Fortin mapping proposed in Lemma [£.2] Specifically, note that given
(0,q) € S4p, there exists v € H}(2)? such that

(4.21) Viv=q inQ and |v]1a<Cl4qlo-

Then, we adapt the technique of |46, Lemma 3.5], and define the following “corrector”
mapping ., : HY(Q)? — V, N HI(Py)? as

(4.22)

/ThV'%h(’U”K dw:/’l”hV'(’UK—Hh(’U)‘K) dx for allThEQh(K)ﬂL(Q)(K),
K K

where H}(Py)¢ denotes the space of functions vx € H}(K)?, for all K € 923. Observe
that ., (v)|x € Vi(K) N HL(K)? exists under the mesh assumption (M) which allows the
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use of [I8, Theorem 4.1] and [19, Theorem 3.1], and then
(4.23) |4 (v)|lv < Cllv]lv.

Next, using k > d + ¢ > 2 by assumption, we set O, : H}(Q)¢ — V}, as O, (v) = I, (v) +
M, (v), and then from (4.13), (4.23) and ([4.21)), we get ||©x(v)||v < ||, (0)||[v+||-#n(v)|v <
C'||v]lv < CJqllq- Notice from the properties of operator II,(-) in and 4, (v)|ox =0
for all K € 2y, that for all w, € AY it holds (w,, ©4(v))or = (ty, Tr(v))or = 0 =
(On(v),0) € A5 1. In addition, for all ¢ € Qp, ¢ = ¢+¢° with ¢ € L3(P) and ¢° € Po(Py),

/QKV'Gh('U)’Kdm:/ QNKV'@h(U)‘KdiL"i‘/Q%V'@h(v)‘deB
K K K
:/ q~KV-de:v+/ q?(V-Hh(v)|Kd:B+/q?(V-///h(vﬂKdm
K K K
:/ gV - v da,
K

where we used the definition of operador .#,(+) in (4.22)), Lemmaand [ @5V Ay (V)| da =
0 since .#,(v)|x € Hy(K)?. We conclude that, given (0,q) € .4;,, there exists (9,0) :=
(On(v),0) € Ay such that

(4.24) (@:V - 0)q = (¢,V-v)g = llally, and [[¥]lv < Cllglle-

Let (v,q) € A, and define w := v —ev. We observe (w,q) € 4, and then there exists

positive constants C; and Cy independent of mesh parameters, such that

00,0 w,0) > Cy [ol}y — & [0, V5) 0, + (00,)., — (0.V T,

> Ci vl — e CellvllvIBlly +ellallg = Crllviy — e CoCllvllv llallg + € llallg

Cy,Ce C,C
> (€= S folR + < (1- B2 ol 2 CalvwalRre

where we chose the positive constants v and € such that C'5 is a positive constant indepen-
dent of mesh parameters. In addition, we have [|[w, qlly.q < [|v,qllvxg + €1V, 0llvxg <
1v,4llv o +Cell0,qllyvvg < C v, qllvxg, and the well-posedness follows from Theorem .

The error estimates (4.20) follow from Theorem [3.2, Lemma and estimate (4.19) using
min{¢+ 1,k} =0+ 1. O

Remark 4.7 (The one-element sub-mesh case). We note that if TX is a mesh of an element
(H = H = h), then the MHM method with the stable Taylor-Hood element at the second level

coincides with the non-conforming Galerkin method with the Crouzeiz—Raviart element for
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polynomial degrees k = 1, 2, 3. In fact, note that the MHM method can be recast as find
(wn, pn) € o

ah(“haPh?”hth) = (favh>§2 for all (’UmQh) € Mh,

where the product space with weakly continuous polynomaial velocity and pressure with zero
mean value Ny, is given in ([3.4). Then, we recognize [36] for £ =0 and k =1 (d = 2, 3),
[44] for ¢ =1 and k =2 (d = 2) and [35] for { =2 and k = 3 (d = 2). Consequently, the
two-level stable MHM method using one-element sub-meshes is well-posed for those cases and
satisfies estimate (with H = h). The pair of spaces Vy, X Qp with polynomial degree
k>/0+dand ¢ >21in 2D and ¢ > 0 in 3D are inf-sup stable as it includes the (stable)
Scott-Vogelius element (c.f. [64, 67]). Then, the two-level MHM method is also well-posed

in those cases and satisfies (4.20)).

5. NUMERICAL BENCHMARKS

In this section, we assess the two-level stabilized MHM method using USFEM as
a local solver (Section , performing convergence tests and verifying that this method is
robust when simulating fluid flows in highly heterogeneous porous media. The validations
focus on two-dimensional problems, but since the theoretical estimates of the MHM also
work for three-dimensional problems, equivalent numerical results are expected in this case
(see the validation for three-dimensional linear elasticity in [47] and for a transport model in
[8], for example). Details of the underlying algorithm and its implementation can be found
in [7, Algorithm 1].

5.1. Convergence studies. We first focus on the Stokes model (6 = 0) with v = 1. The
domain 2 is ]0, 1[x]0, 1], the function f is chosen such that the exact solution is given by

ur(z,y) = —ug(w,y) = =256 2%(x — 1*y(y — 1)(2y — 1), p(z,y) = 150 (x — %) <y - %)
The discontinuous version of A%, was validated in [7], and then we assume hereafter that A%
is the space of piecewise continuous polynomial functions. We set ¢ = 1 and first validate the
method using USFEM with the elements P3(/K)? x P3(K) in one-element sub-meshes (i.e.,
H = H = h), respectively. We observe convergence rates concerning H in Figure [2| (left)
that perfectly agree with Theorem . Using the broken norm in the H (div; &) space,
we also verify in Figure [2| (left) the convergence of the two-level stress variable op ) =
vV — paspl, and |o — UH,h”%—I(div;ﬁ?H) = Ykeoy llo — o'H,hH%I(div;K)’ which is not
covered in Theorem Owing to the regularity of the exact solution, we also observe that

the error in the L2(2) norm for the velocity converges of order O( H**?) as expected. Next, we
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maintain H fixed and refine the face partitions (H — 0). Since the exact solution is regular,
we achieve super-convergence with an extra O(H'/?) rate in agreement with Theorem
(see Figure [2] (right)).

—— |p=praho
— \u - "11&\1./“
— \U - uH:'w‘u!}
lo = i ey
7= asalno

—— [p=paalon
e \U-umh Py
e HU —Ug oo

o = il iz

HU - UHhHmz

log error

— 1
7[11
—

I HJ‘Z
N H'JJZ
- Hﬁ?

log H

FIGURE 2. Convergence curves with respect to H (left) and H (right). Here
v=1and 8 =0.

Table [1| shows convergence when using continuous or piecewise discontinuous space A};.
To do so, we keep the number of mesh elements constant at the first level (64 elements) and
refine the mesh only at the skeleton. Note that using the piecewise continuous space Af,;, we

obtain better error results for a given number of degrees of freedom than the discontinuous

case.
P — Pr,nllo,0 v —wmnllon llw — wmnllv
dof | A} (cont) ‘ A}, (disc) ‘ A}y (cont) ‘ A}, (disc) ‘ A}y (cont) ‘ A}y (disc)
545 | 0.1978e+00 | 0.1978e+4-00 || 0.8244e-02 | 0.8244e-02 || 0.2857e+00 | 0.2857e+00
1377 | 0.3197e-02 | 0.1275e-01 || 0.2673e-04 | 0.1435e-03 || 0.5017e-02 | 0.1667e-01
2209 | 0.7108e-03 | 0.3535e-02 || 0.3203e-05 | 0.2343e-04 || 0.1120e-02 | 0.4614e-02
3873 | 0.1421e-03 | 0.8087e-03 || 0.3322e-06 | 0.2940e-05 || 0.2246e-03 | 0.1053e-02

TABLE 1. Convergence history with respect to the number of global degrees of freedom.

Next, we are interested in the exact solution of the Brinkman problem (8 = I) using
the same analytical solution above, just changing the definition of the exact pressure by
p(x,y) = (x —y)% — 1/28. We do not show the convergence in relation to H and H because
this is close to that obtained for the Stokes problem. Instead, we show in Figure [3| the
behavior of the error in relation to the diffusion coefficient v when it tends to zero. We note

that the error remains limited for a wide range of v values.
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FI1GURE 3. Error sensitivity with respect to v on a fixed mesh with 64 elements.

This indicates that the constant in the error estimates in Theorem [4.2] depends only slightly
in terms of physical coefficients, which verifies the robustness of the two-level stabilized MHM
method. The analysis of such property, which appears closely related to the known accuracy
of the USFEM in dealing with vanishing coefficient problems, deserves further theoretical

investigation.

5.2. A highly heterogeneous case. We adopt the following version of the Brinkman model
—pAu+0u+Vp =0 inQ), V-u=0 inQ,

with @ := pK™!, where K is the permeability tensor and p is the fluid viscosity. We
adopt a heterogenous isotropic permeability coefficient K, which is obtained from layer 36 in
SPE10 project [32] (second dataset). The domain € :=]0, 1200[x]0, 2200[ and p = 0.3. The

permeability tensor K and the boundary conditions are depicted in Figure [4

on =0

®

3e
&3

uw = (0,1)

FIGURE 4. The statement of the problem (left), the permeability field K in a
logarithmic scale (center), and the coarse mesh with 528 triangle elements
(right).
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FiGURE 5. Comparison between the isolines of the velocity magnitude from
the reference solution (left) and the MHM solution (center). Profile of the
pressure (right) from the reference (red) and the MHM solutions (blue).

A reference solution is calculated by solving the problem using USFEM on a mesh with
1,081,344 elements (1,625,283 degrees of freedom) with P;(K)? x P;(K) element. We
perform the calculations using the MHM method with the continuous space Aj; with 10
elements by faces on a coarse structured mesh with 528 elements, as shown in Figure [
(right). The number of degrees of freedom is 33,040. The coarse partition faces are not
aligned with changing coefficients, and multiple scales still persist within the elements. The
sub-meshes contain one hundred triangles with P3(K)? x P3(K) interpolation. We note a
good agreement between the reference and the MHM solution through the isolines of |wg 5/,

and the pressure profiles (see Figure [5)) .

6. CONCLUSION

Hybridization was used to characterize exact velocity and pressure variables in terms
of local and global problems, producing new face-based multiscale numerical methods for
the Stokes/Brinkman model. The Neumann local problems respond to multiscale basis
functions that incorporate physical and geometric aspects of the coarse mesh, while the global
formulation responds to the degrees of freedom. The present work is also the first to prove
that, under conditions of local regularity, the two-level MHM method originally given in [7] is
well-posed and has optimal approximation properties. Such results are previously established
in an abstract way, starting at the continuous level and assuming generic second-level solvers
that satisfy some local properties. Then, by particularizing the second-level solver via a
stabilized and stable finite element method and (dis)continuous polynomial interpolation
for the flow variable (e.g., Lagrange multiplier), we demonstrate that the underlying MHM
methods are high-order super-convergent for pressure and velocity variables and release local

mass conservative numerical velocity fields and numerical flux in local equilibrium with
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external forces. These properties are achieved without post-processing. In the case of a sub-
mesh composed of only one element, we establish relationships between the MHM method
and classical non-conforming methods in the literature. The numerical tests validated the
theoretical results and fully complement and support the extensive numerical validation first
proposed in [7]. The robustness of the proposed MHM methods with respect to physical

coefficients is verified numerically, but its precise demonstration is left for future work.
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