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Abstract— Combined with the Kramers-Kronig (KK) extraction method, the wave matrices
approach is used in this work to compute the scattering parameters of a metamaterial unit-cell
consisting of three stacked layers along the z− direction. The proposed semi-analytical approach
is taking into account the frequency dependence of the constitutive paramaters (εr(ω) and µr(ω))
of each layer and the loss introduced when the wave traveling through each one. The validity
of this method is proved through full wave simulations and analytical calculations, where the
comparison between the two results are in good agreement. This semi-analytical approach could
also be used to impose some necessary conditions on the structure geometrical parameters in
order to maximize and/or minimize the reflection and/or the transmission coefficients.

1. INTRODUCTION

Over the past few years, material scientists, physists and electronic engineers have been increasingly
focusing on metamaterials research. Almost, they have been trying to fabricate new and highly
performing electronic devices based on meta-structures, such as rectennas [1], filters [2], switches [3],
sensors [4] and so on. Most recently in [5], authors have developed flexible absorbing metasurface
using textile embroidery. Despite the significant advancements in the fabrication of metasurfaces,
some challenges, related to the performances, have proved difficult to overcome. For instance,
a metamaterial-based cross-polarization converter characterized by wideband and high efficiency
has been proposed in [6]. In order to achieve wideband Polarization Conversion Ratio (PCR),
several split-ring resonators, separated by dielectric layers, have been stacked. While in [7], authors
suggested a metasurface for energy harvesting with improved RF-to-AC conversion efficiency due
to the air spacer introduced between the dielectric substrate and the copper ground plane. In
addition, in order to obtain broadband absorption rate, multilayered metallo-dielectric structure
which consists of periodically stacked unit-cells along the z axis of the structure, besides, 12 GHz of
the absorption bandwidth has been achieved [8]. Z. Ashoor and Omar M. Ramahi have proposed
a rectifying metasurface based on cross-dipole unit-cell, where the RF-to-AC conversion efficiency
is improved by using a high permittivity dielectric slab as a superstrate [9]. The majority of
these works, however, have mainly been centralized on the objective of performance enhancement
by directly stacking dielectrics and metamaterials cells, however, no further analysis or analytical
approach providing physical insights into the involved mechanisms.
Authors in [10] proposed an analytical approach, based on Green’s functions derivation in spatial-
domain, for uniaxial anisotropic multilayered media. Nevertheless, no rigorous analysis of the
scattering properties supported the study. In this work, we propose a combined version of the
wave matrices approach [11] in multilayered dielectric slabs, and the Kramers-Kronig extraction
technique [12] to compute the scattering parameters in multilayered metamaterials structures with
frequency dependent constitutive parameters.

2. WAVE MATRICES FORMULATION IN BI-LAYERED MEDIA

In this section, the analytical formulation of the wave matrices method for two media is described.
For the sake of simplicity, we consider in this work homogeneous and uniform media, so that the
medium constitutive parameters are considered constant in all directions. Fig.1 shows two homoge-
neous media stacked along z, where each medium has its intrinsic impedance η(f), permittivity ε(f)
and permeability µ(f), which are assumed frequency dependent. Normally incident plane waves
Ψ1 and ξ2 are impinging onto medium 1 and 2, respectively. At the boundary between the two
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media, the incident wave Ψ1 (traveling in the +z direction) will be separated into its transmitted
and reflected parts. Similarly, the same thing happens with the incident wave ξ2 traveling in the
−z direction.
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Figure 1: Two-layered media with normal incidence

In Fig.1, the wave Ψ2 is considered as the sum of the transmitted wave (from medium-1 to
medium-2) and the reflected one of the incident wave ξ2, while for ξ1 is the superposition of the
transmitted wave (from medium-2 to medium-1) and the reflected part of the incident wave Ψ1.
The wave ξ1 can be expressed as follows :

ξ1 = Γ1Ψ1 + T12ξ2 (1)

Similarly for the wave Ψ2 :

Ψ2 = Γ2ξ2 + T21Ψ1 (2)

In equations (1) and (2), Γ1 and Γ2 are the reflection coefficients in medium 1 and 2, respec-
tively, T21 is the transmission coefficient from medium-1 to medium-2 and T12 is the transmission
coefficient from medium-2 to medium-1. They are expressed as follows :

Γ1 =
η2(ω)− η1(ω)

η2(ω) + η1(ω)
and T21 = 1− Γ1 (3)

Γ2 =
η1(ω)− η2(ω)

η1(ω) + η2(ω)
and T12 = 1− Γ2 (4)

Where the intrinsic impedances η1(ω) and η2(ω) are given by :

η1(ω) =

√
µ1(ω)

ε1(ω)
=

√
µ0

ε0

√
µr1(ω)

εr1(ω)
and η2(ω) =

√
µ2(ω)

ε2(ω)
=

√
µ0

ε0

√
µr2(ω)

εr2(ω)
(5)

Where εr(ω) = ε
′

r(ω) − jε′′

r (ω) and µr(ω) = µ
′

r(ω) − jµ′′

r (ω) are the relative permittivity and the
relative permeability of the medium.
In order to give a scattering formulution at the boundary between medium-1 and medium-2, Eq.(1)
and Eq.(2) can be arranged in the following system of equations :





Ψ1 =
1

T21
[Ψ2 − Γ2ξ2]

ξ1 =
1

T21
[Γ1Ψ2 + (T12T21 − Γ1Γ2) ξ2]

(6)

We employ a convenient matrix form for the system of equations (Eq.(6)) by defning the following
wave matrix W:
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[
Ψ1

ξ1

]

︸ ︷︷ ︸
Y

=
1

T21

(
1 −Γ2

Γ1 T12T21 − Γ1Γ2

)

︸ ︷︷ ︸
W

[
Ψ2

ξ2

]

︸ ︷︷ ︸
X

(7)

Where Y and X are two vectors representing waves in medium-1 and medium-2, respectively.

3. WAVE MATRICES FORMULATION IN MULTILAYERED MEDIUM

Fig.2 depicts N -stacked layers along the z axis, each medium is represented by its electric permit-
tivity, εi(ω), magnetic permeability, µi(ω), intrinsic impedance, ηi(ω) and thickness hi. Normally
incident plane wave, Ψ1, coming from free space, is separated into its transmitted and reflected
versions, and this process is produced at each interface between two media due to the impedance
mismatching. At the interface between the (i − 1)th-layer and the ith-layer, the forward and the
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Figure 2: N-layered medium with normal incidences

backward traveling waves Ψi+1 and ξi+1 could be expressed by :

Ψi+1 = Ψie
−jβihi (8)

ξi+1 = ξie
jβihi (9)

Where βi = ω
c

√
µri(ω)εri(ω) is the propagation constant for medium-i, for conductive media (lossy

case) it could be expressed by :

βi = j
ω

c

√
µri(ω)εri(ω)

√
1− j σ

ωεi(ω)
(10)

In our study, each medium can be considered as a dielectric material, conductive material or
metamaterial slab with frequency dependent constitutive parameters. So that the metamaterial
constitutive parameters are extracted using the Kramers Kronig technique and they are expressed
as follows [12]:

ε(ω) =
n(ω)

ηeff (ω)
and µ(ω) = n(ω)ηeff (ω) (11)

Where n is the refractive index and ηeff is the effective impedance of the metamaterial unit-cell
extracted from electromagnetic simulation and given by :

ηeff (ω) = ±
√

(1 + S11(ω))2 − S2
21(ω)

(1− S11(ω))2 − S2
21(ω)

(12)
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the relationship between incident plane waves Ψ1 and ξ1 and those traveling the N−layers can
be given by cascading N wave matrices. However, the wave matrices corresponding to N−layered
medium is obtained as follows [11]:

[
Ψ1

ξ1

]

︸ ︷︷ ︸
Y

=

N+1∏

i=1

1

Ti




eβihi Γie
−βihi

Γie
βihi e−βihi



[

ΨN+1

ξN+1

]

︸ ︷︷ ︸
X

≡
(
A11 A12

A21 A22

)

︸ ︷︷ ︸
W

[
ΨN+1

ξN+1

]

︸ ︷︷ ︸
X

(13)

Where W is the 2× 2 resultant matrix, which has the coefficients Aij ∈ C. If the thickness hN
of the last layer extends to ∞ (case of the free space or good conductor), however, it is convenient
to assume that the plane wave ξN+1 = 0. Then, the total transmission and reflection coefficients
of the equivalent medium, constituted by the periodic arrangement of the N layers (ref Fig.3), are
given by :

Ttot =
ΨN+1

Ψ1
=

1

A11
(14)

Γtot =
ΨN+1

Ψ1
=
A21

A11
(15)
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Figure 3: Schematic representation of the scattering coefficients of N layers equivalent medium

4. APPLICATION TO AN HYBRID DIELECTRICS-METAMATERIALS SLAB :
SCATTERING PARAMETERS CALCULATION

To illustrate the validity of the proposed method, the structure shown in Fig.4 has been considered
for electromagnetic simulations. The structure is made of three layers stacked along the z axis,
where the first one is a metamaterial unit-cell with the thickness h1 = 1.6 mm and frequency de-
pendent constitutive parameters εr1(ω) and µr1(ω), the second layer is a teflon dielectric slab that
has the thickness of h2 = 15 mm and constitutive parameters εr2 and µr2, while the lower layer is a
low loss foam with the height h3 = 40 mm and constitutive parameters εr3 and µr3. Note that the
second and third layers have their constitutive parameters considered constant over the simulation
frequency range.
First, the upper unit-cell has been characterized, using presimulation, in order to extract its con-
stituent parameters using the Kramers-Kronig extraction technique [12]. Second, the structure
depicted in Fig.4 has been analysed using the wave matrices method, considering the frequency
dependent constitutive parameters of the metamaterials unit-cell, to calculate the total reflection
and transmission coefficients given by Eq.14 and Eq.15. Finally, the same structure has been sim-
ulated using CST MWS studio with periodic boundary conditions in the x and y directions with
two Floquet ports in the z direction for excitation purposes. The comparison between full-wave
simulated and analytically calculated transmission and reflection coefficients is reported in Fig.5.
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Figure 4: Schematic representation of the scattering coefcients of N layers equivalent medium
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(a) Frequency response of the structure : Comparison be-
tween transmission coefficients magnitudes (simulation vs an-
alytical).
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Figure 5: The scattering parameters of the metamaterial unit-cell constituted of three stacked layers

As can be seen, there is a very good agreement between both results in terms of computed reflec-
tion and transmission phases, while for the magnitudes still there is a slight difference, as can



6

be observed from Fig.5(a) and Fig.5(b), which maybe refered to the incertainties of the extraction
technique being used.

5. CONCLUSION

In summary, the wave matrices method has been adopted to calculate the total transmission and
reflection coefficients of multilayered metamaterial structure. Using presimulation, the constitutive
parameters of the elementary cell have been calculated, then investigated by this method. The
proposed semi-analytic approach is efficient and valid for both lossy and lossless cases. However, if
the constitutive parameters of each layer are known, by measurements or simulations, the scattering
parameters can be determined certainly using the proposed method.
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