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Abstract—In this article, we consider the problem of the
Doppler/angle coupling induced by Slow-Time Phase codes in
MIMO Radar. We show that such a coupling must be carefully
taken into account when clutter rejection is performed for a given
Doppler frequency. After studying the simple non-realistic case
of one single point-like scatterer and deriving the projector to
be used to properly perform the rejection in the Doppler/angle
domain, we extend the study to a clutter spread over a continuous
angular interval. Simulation results show the efficiency o f the
proposed approach.

Index Terms—MIMO radar, Doppler/angle coupling, Slow-
Time Phase Code, Clutter rejection

I. INTRODUCTION

MIMO radar has appeared in the early 2000’s and rapidly
gained tremendous attention [1], [2]. It consists in transmitting
different waveforms with the different transmitting antennas
of a phased array. A considerable amount of literature has
been published on the choice or the optimization of signal
waveforms for coherent colocated MIMO radar and of their
advantages and drawbacks [3]-[6]. In particular, choosing
orthogonal waveforms enables to spread the transmitted energy
uniformly in all angular directions. Intrapulse MIMO coding
where each antenna transmits a different pulse have often been
studying. For such waveforms, orthogonality is not achieved
on intrapulse coding but rather over the pulse duration, with
the drawbacks of presenting a costly hardware since they
require as many Tx generators as transmitted waveforms, and
of creating a potentially strong range/angle coupling [7].

Other families of waveforms have thus been considered
more recently, that are less costly in terms of hardware. Among
these can be found interpulse MIMO coding solutions where
the same elementary pulse is transmitted by all antennas and
orthogonality is achieved over the pulse train duration by
applying a code over the successive pulses. These solutions can
be denoted as ”Slow-Time Coding” (STC). STC MIMO radars
require only one single Tx generator share by all antennas,
and the ability to change the transmitted phase or carrier
frequency from pulse to pulse and antenna to antenna. Time
Division Multiplexed (TDM) MIMO radars [8], where the
pulse transmission is switched from an antenna to the other in
a random time pattern, belong to this category. Such strategies
are however not efficientinterms o f S ignal-to-Noise Ratio
since only one antenna is excited for a given pulse [9]. To
limit that effect, general multiplexed waveforms have been

designed where several (at least two) antennas from the array
are active during the same pulse, thus improving the SNR
[9], [10]. It was shown that that particular coding scheme
creates Doppler/angle coupling [9]. Another popular slow-time
coding is the DDMA (Doppler Division Multiple Access) [11],
that considers Doppler-offset waveforms. This solution can be
viewed as a slow-time phase code applied to the transmitted
pulse by assuming that the phase rotation due to the Doppler
frequency is negligible over the pulse duration.

In this paper, we will consider a general Slow-Time Phase
Coding (STPC), where the transmitting antennas are all active
at the same time during the whole pulse train transmission, and
orthogonality is achieved by use of a phase code that changes
the phase from pulse to pulse and antenna to antenna. We
will first review the STPC framework, introduce the Matched
Filter processing at reception and discuss the Doppler/angle
coupling induced by this specific coding scheme. We will
in particular show that this Doppler/angle coupling must be
carefully taken into account when Doppler rejection is required
in the presence of strong clutter echoes: classical Doppler
rejection cannot be performed over the sole Doppler domain
because of that Doppler/angle coupling, and thus one must
perform the rejection in the Doppler/angle domain.

Based on these considerations, we will derive the proper
Doppler/angle projector to use for a single point-like scatterer
and show that it effectively enables good rejection of the
clutter contribution. However in many applications, if clutter
scatterers can be considered to be located at the same Doppler
hypothesis, as for ground radar with ground echoes at zero-
Doppler, or HFSWR (High-Frequency Surface Wave Radar)
with Bragg peaks at two specific Doppler values [12]-[14],
there contributions are usually spread over a wide angular
domain. We thus extend the proposed STPC Doppler/angle
projector to a continuous angular interval; funnily enough, we
show that when considering a linear transmitting array, this
projector involves the Discrete Prolate Spheroidal Sequences
(DPSS) [15]. We finally show on simulations that the proposed
approach indeed enables the rejection of contributions over a
given angular interval at a specific frequency.

This article is organised as follows: in section II, we present
the STPC signal model and reception processing. In section III,
we consider the rejection of one single point-like scatterer, and
then extend the rejection to a continuous angular interval in
section IV. Finally we present simulation results in section V.
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Fig. 1. Slow time phase coding principle for MIMO radar. Orthogonality is
achieved over the phase code period Nj,T}.

II. TRANSMITTED SIGNAL AND RECEPTION PROCESSING
A. Slow-Time Phase Coding and received signal

Let us consider a MIMO transmitting array composed of
Nr transmission antennas. In the considered setting, the signal
transmitted by each antenna is the same FMCW waveform
with an additionnal slow-time phase code that differs from
pulse to pulse and from antenna to antenna. In such a setting,
the signal transmitted by antenna m can be written as :

N, —1Nj—1
Sm(t)= D > cmne(t — hT, —rTy), (1)
r=0 h=0
where:

o ¢(t) is the elementary linear frequency modulated (LFM)
waveform transmitted by each antenna at each pulse.

e T, is the pulse duration.

e N}, is the number of chips of the phase code.

e Tj, is the duration of the full code, i.e. T}, = N, T,

o N, represents the number of repetitions of the phase
code during the overall signal transmission. Thus the total
number of transmitted pulses is equal to N, N,, and the
total duration of the transmitted signal is T, = Ny N, T,.

e Cmp is the phase value for antenna m and time chip h.
For such a STPC code, orthogonality between the signals
transmitted by the different antennas is not achieved over the
pulse duration but over the full phase code period, i.e. at least
Ny T, here.

If we denote by X,,, the location of the m" transmission
antenna in cartesian coordinates, the signal transmitted by the
full MIMO array in direction 6 is then provided by

Np—1
so(t) = Y e nkOs, (1) @)
m=0

where k(0) is the wave vector in direction 6.

Finally, let us consider that a target is present in direction
0;. In that case, the received noiseless signal on one single
reception antenna can be expressed as

y(t) = Z eszbk(ef)cmhe(t—th—rTh—Tt)eﬂ”"t(hTP*rTh)

m,r,h
3)

where the three summations run for indices specified in Eq.(1)
and (2), 7+ and v; are the target delay and Doppler frequency
respectively, and we have assumed, as classically done in radar
processing, that the phase rotation induced by the Doppler
frequency is negligible over the pulse duration, thus resulting
in a simple constant phase over T},.

B. Matched filter for slow-time phase coding

As in classical radar processing, the well-known matched
filter can be used at the reception to maximize the target
Signal-to-Noise Ratio (SNR). This matched filter, considered
as the solution of the Generalized Likelihood Ratio Test
(GLRT) to the detection problem of a target with an unknown
deterministic amplitude, consists in computing the scalar prod-
uct between the received signal for a target with parameters
(7¢, 04, v¢) and a model of the transmitted signal for hypothetic
parameters (7,0,v). Since the elementary pulse is the same
for all time slots and antennas, the range matched filter can
be performed as the convolution of the received signal with
only e(t), and we obtained the following matched filter output:

Doppler matched filter

N;.—1 Np—1

E E €7j27ru(th+rTh) %

r=0 h=0

ymf(’l',e,l/) =

phase code correction
[vtere-m

Range matched filter

Nr—1

. N
3 emik® G

m=0

Tx beamforming
“4)

where -* stands for the complex conjuguate.

The MIMO processing for slow-time phase codes can thus
be viewed as the succession of the following steps:

« Range matched filter with the elementary pulse e(t);

o Phase correction linked with the slow time phase code: it
simply consists in multiplying each time slot of duration
T,, with the corresponding conjugate phase ¢

o Angular transmission beamforming;

o Doppler matched filter over the whole pulse train, with a
slow time step T,.

* .
mh?

Note first that, since the Doppler matched filter is performed
over a duration Ny, N, T,, the Doppler resolution is equal to
1/NpN,T,. Since the Doppler matched filter is performed
with the slow time step T),, the Doppler interval considered
will be equal to 1/7,. Moreover the Doppler processing and
the angular beamforming cannot be decoupled: indeed the
presence of the phase terms c,,; mixes both Doppler (index h)
and angle contributions (index m). This may create potentially
strong Doppler/angle coupling, as illustrated in Figure 2 that
represents the Doppler/angle cut for the delay 7; of the
matched filter output in presence of a single target. Finally the
Doppler phase terms e~72™"Tr correspond to a pulse train
with periodicity Tj, = N;T},, and thus create an additional
superimposed ambiguity pattern with period 1/N},T,, that can
be also observed in Figure 2.
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Fig. 2. Doppler/angle cut of the matched filter output for the delay 7 of
a target with parameters v; = 0 Hz and 6; = 7/3. Parameters of the
STPC codes are provided in section V. Strong Doppler/angle coupling can be
observed together with ambiguity pattern of period 1/Np,Ty.

This phenomenon is similar to the Doppler/angle coupling
that is observed for Time Division Multiplex modulations
proposed in low cost MIMO radar applications [9], but is
induced here by the presence of the slow-time phase code.
We will see in the following that this Doppler/angle coupling
has a strong impact when Doppler rejection is performed.

III. DOPPLER/ANGLE REJECTION FOR POINT-LIKE
CLUTTER

In many radar applications, the presence of strong clutter
echoes tends to deteriorate the detection performance. Since
this clutter is usually located at a precise value in Doppler,
the solution considered is often to remove all contributions
corresponding to this Doppler shift in the received signal,
for instance by least square rejection [16]: this consists in
projecting the received signal orthogonally to the considered
Doppler steering vector, for all range cell where some clutter is
present. However, due to the potentially strong Doppler/angle
coupling, this rejection must be carefully done: in particular
one cannot simply apply classical Doppler rejection alone, as
will be shown in the following.

In this section we will first consider the (not realistic) case of
a point-like clutter, with parameters (7., 0.,v.). In that case,
range compression to the received signal (3) for this clutter
contribution provides the output

= Y PRk, TNt — T, — 7o),

m,r,h

Yrm f

where A(t) is the autocorrelation of elementary pulse e(t) and
q = h+rNp. As in classical Doppler processing, considering
the range cell 7. (i.e. retrieving the signal samples at time
T +¢T), for ¢ € [0, N, N, — 1)), the clutter contribution in cell
T, can be described by the vector sg with entry ¢ = h+rNp,

e Ve

Nr—1

T
E ejxmk(gc)cmh
m=0

e]QWDChTP e]27ruc'rTh) (5)
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Fig. 3. Doppler cut of the matched filter output at the delay 7. and angle
0. of a 50 dB point-like clutter contribution with parameters vy = 0 Hz
and 6; = 7/3. Ny = 20, T, = 10 ms, Hadamard phase code of length
Ny, = 20.

so that the noisy Doppler/angle received signal can be written
Yrmf = ASQC,VC +n,

where A is an unknown deterministic complex amplitude and
n is a zero-mean complex circular white gaussian noise.
Removing the clutter contribution here resorts to estimating
the unknown amplitude A in the Maximum Likelihood sense,
i.e. solving the very classic optimization problem [16], [17]

A= arg mm”yrmf—Ang,,C ||2 = (Sé‘c,uc 607”0)_1S£7V0y7mf7

and removing the corresponding contribution from y,p.f,
which consists in projecting the signal y,,,s orthogonally to
the steering vector sg_ ., , resulting in the signal after rejection:

Yrej = Yrmf — S0, (86 1.S0.0.) 7" Yrmg-  (6)

C)Vc

Clearly from this expression, the orthogonal projector used
for the rejection depends on both v, and 6.. Thus, replacing
in (6) the steering vector sy, ,, by the classic Doppler steering
vector s, such that its k" entry is s, (k) = e/2™eFTp,
would not remove perfectly the clutter contribution. In fact,
it would remove all contributions at Doppler v, but not the
Doppler/angle coupling induced by the STPC code. This can
be observed in Figure 3 that presents the Doppler cut of the
matched filter output at the delay 7. and angle 6. of a point-like
clutter contribution. The Doppler cut without rejection shows
strong ambiguities due to the phase code. Applying classic
Doppler rejection enables to remove the clutter contribution
at v, = 0 Hz but the strong ambiguities remain. Applying the
Doppler/angle projector provided by Eq.(6) enables to remove
these strong ambiguities as well, and only noise remains here.

IV. CONTINUOUS ANGULAR REJECTION AT CONSTANT
DOPPLER HYPOTHESIS

In real applications, assuming that the clutter is located at a
specific angular direction is not realistic. On the contrary, it is



usually spread over a wide angular area, while potentially be-
ing present only at specific frequencies. This is for instance the
case for ground radar where the ground clutter will be located
potentially in all angular directions but only at zero-Doppler,
or for HFSWR radar [14] where the wave propagation along
the sea surface creates Bragg peaks that correspond to two
narrow frequency peaks present in any direction [12], [13]. It is
then important to be able to remove these clutter contributions
from the data in order to improve target detection.

Let us first assume that the continuous set of clutter angular
directions to reject is discretized and thus corresponds to a set
of Ny directions (6;)i=1,... n,, S0 that the noisy Doppler/angle
signal after range compression can now be written as

No
Yrmf = Z AiSOi,yC +n,
i=1
and the orthogonal projector corresponding to these clutter
contributions is provided by P, = S, (S¥ SC)_1 SH, where

Sc = |:5017VC7 SOg,vey v - - 7SGN9,VC:|

is a matrix of size N, [Nj, X Ny that depends on the number of
clutter contributions considered, and can thus be of very large
size when finely discretizing the angular domain.

Fortunately this large matrix size can be dealt with by use of
the Singular Value Decomposition (SVD) of the matrix SCSf .
Indeed it is possible to show that the projector P, can be
written in the form [17]

P.=Ugl U4, (7)

where Ug is provided by the SVD of S, such that S, =
UsDgVygs and I,, is the identity matrix where only the
first M diagonal values are non zero, M being the number
of non zero (or non negligible) singular values of S.. Thus
the projector is fully described by M and Ug. Noticing
that S.SH = UsDZUZ, it is then possible to obtain these
quantities by computing the SVD of matrix S.S¥, which is
of size N,.N;, x N, N}, independent of Ny! It then suffices to
compute this matrix S,SH and the corresponding SVD.

Let us remark from the expression (5) of the Doppler/angle
vector sgp, . that the matrix S, can be decomposed in the form

Sc = FN,,(VcTh) ® (CfX) ,

where

¢ ® denotes the Kronecker product;

e« X is the matrix corresponding to the angular phase,
whose (m, ) entry is given by X (m,i) = eIxmk(0:),

o C; contains the phase code together with Doppler terms
within the code duration N, whose (h,m) entry is
provided by C'¢(h,m) = cy,e?™" o,

o Fn () is the vector of size N, with terms defined by
(€277, 2o, Np—1-

Exploiting the properties of the Kronecker product and the
particular sizes of the matrices involved here, we can write

8.8 = [Fu, (veTh) ® (CyX)] [Fw, (veTh) ® (X))
= [Fn, (v.Th)Fy (v.Th)] ® [C,XXTCH] . (8)

Writing the following SVD of the two matrices in Eq.(8) as
Fn, (veTh)FN (v.Th) = UpDpUR and CXXHYCY =

UCDCUg and using the fact that the SVD of a Kronecker
product is equal to the product of the SVDs enables to obtain

S.S” = (Up®Ug) (Dr @De) (Up @ Us)?,  (9)

and thus Ug = Ur ® U¢. Thus computing the projector P,
only requires the computation of matrices Up and Uc.

Since Fy, (v.T})) is a column vector, its SVD is straight-
forward, Dp only contains one non zero value associ-
ated to the normalized vector F . (v.T3)/||Fn, (v.Th)| with
|IFn, (v.Th)|| = /N, and in fact in the computation we can
even restrict U to this single normalized vector.

It suffices then to compute the SVD of matrix C ;XX C? .
Note here that Cy is of constant size Nj X Np. Although the
matrix X is of size Ny x Np and depends on the number
of angular hypotheses, the matrix XX is of constant size
Nr x N, and its (m,!) entry is provided by

(XXH)m’l _ Zejx?nk((h)efjx?k(ei).
If we now assume that the angular hypotheses 6; are uniformly
distributed in [fin, Omax] With a sampling step A, and if we
make A# tend towards 0 (and thus Ny — +00), we obtain

Omas ,
(Py),,; = lim (XX') = / e xmk(0) g=ix{ k(0 g
’ Gmin

9—0 m,l

(10)
Equation (10) provides the general expression for the pro-
jector over a continuous angular interval. In the particular
case of a linear phased array with antennas separated by half
the wavelength, this integral can be simplified. Indeed we
classically get that x k() = mmsinf so that the angular
phase is linear in v = sin 6. Considering then a sampling of
the angular space in terms of w instead of 6, with bounds uy;,

and upm,x, we straightforwadly get the following projector

Umax il
_ jrmu —jmwlu
(P —/ e e du
U,

min

. 7)) Ymint%max Umax — Umin
— eim(m—l)=mzme o ((m — l)f .

Such a matrix is well-known since it corresponds to the gen-
erating matrix of the Discrete Prolate Spheroidal Sequences
(DPSS) [15], and we have already uncountered it in other
applications ( [18], [19] for instance).

It remains to compute numerically the SVD of matrix
C fPuC]I;I of limited size N; x Nj, that enables to provide
Uc. Gathering (7) and (9) and restricting Up to the nor-
malized vector . (v.T},)/+/N, as previously mentioned, the
projector P, is finally provided by

1

P,
Ny

(F, (veTh) © Ug) Loy (Fu, (veTh) © Ue)"

with M the number of non-zero singular values of matrix D,.



V. PERFORMANCE RESULTS

In this section, we present performance results obtained on
simulated data. The considered MIMO array is a linear array
with Ny = 20 antennas spaced by half the wavelength. The
carrier frequency is f. = 6.5 MHz, the chirp pulse has a
bandwidth B = 50 kHz and a duration 7, = 10 ms. The
STPC used is a Hadamard code of length N}, = 20, repeated
N, = 10 times, leading to 200 transmitted pulses for a total
duration T3,; = 2s. Note that some parameters are not realistic
for a HFSWR radar but chosen to ease the results presentation.

Two targets are simulated at respective approximate ranges
57 and 80 km, respective Doppler frequencies 11.7 and 7.3
Hz, respective SNR 25 and 20 dB, and an angle of 22.5°
for both targets, the same angle being chosen to facilitate the
result presentation. Clutter contributions are drawn as 10000
reflectors with the same Doppler frequency 2 Hz, ranges
spanning the interval [0, 100] km, and angles in [—30°, 30°].

Since the matched filter output is 3-dimensional, we will
only present either the range/Doppler cut obtained for the
target angle (the same for both targets) or the angle/Doppler
cut obtained for the range of the first target (57 km). We
present in Figure 4 the range/Doppler cut obtained without
and with the proposed Doppler/angle rejection method with
Umax = —Umin = sin 30°, and in Figure 5 the angle/Doppler
cut in the same conditions. We clearly observe on the results
before rejection the presence of clutter echoes that mask the
targets, even though the clutter is located in the Doppler
ambiguity interval [0,2.5] Hz and the two targets are located
in different Doppler intervals. This is of course due to the
strong STPC Doppler/angle coupling. After rejection, the
target contributions can be clearly observed in Figure 4. The
contribution of the first target with its Doppler/angle coupling
is also visible in Figure 5, while the second target is less visible
since the cut is not taken for this target range.

In order to better visualize the effect of the proposed
Doppler/angle rejection method, we present in Figure 6 the
angle/Doppler cuts for two different values of %yax — Umin,
that iS umax = sin 30° and up,.x = sin 15°, the first one cor-
responding to the angular domain spanned by the clutter while
the second one correspond to only half that angular domain.
This figure presents zooms of the angle/Doppler cuts first for
the Doppler ambiguity interval [0,2.5] Hz of the clutter, and
second for the Doppler ambiguity interval [10, 12.5] Hz of the
first target. We can clearly see that for the interval [0, 2.5]
Hz the rejection method has indeed rejected contributions in
the prescribed interval, so that when u,,x = sin 15° only the
clutter contributions in that interval have been rejected. For
Umax = sin 30°, all clutter contributions have been correctly
rejected and the first target can be easily seen. In a similar
way, in the interval [10, 12.5] Hz, when rejection has only been
performed for u,,x = sin 15°, we can see the residual strong
contribution of the clutter due to the Doppler/angle coupling,
while it has been perfectly removed in case uyx = sin30°.
Note finally that in that case, no target would be detected at
Doppler frequency 12 Hz that corresponds to an ambiguity of

the clutter Doppler frequency, because the rejection removed
all coupling contributions as well.

VI. CONCLUSION

In this article, we have considered the problem of Doppler
and angle coupling in MIMO radar with STPC codes. We
have shown that this coupling must be taken into account for
Doppler rejection, and proposed a method that enables to reject
clutter contributions at a fixed Doppler frequency over a given
angular interval. This method enables to properly remove the
clutter contribution and its Doppler/angle coupling. It could be
used jointly with STPC codes optimized to limit the coupling.
Further work shall be done to propose a method that enables
to reject the clutter over a given 2D Doppler and angle patch.
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Fig. 4. Range/Doppler cut of the matched filter output for the angle of the targets. Left: before rejection. Right: after Doppler/angle rejection. Although the
strong Doppler/angle coupling created by the clutter prevents from detecting the targets before rejection, they can be easily detected after rejection.
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Fig. 5. Angle/Doppler cut of the matched filter output for the range of the first target. Left: before rejection. Right: after Doppler/angle rejection. Again the
proposed Doppler/angle rejection has enabled to remove the clutter contribution, and target 1 can be detected in that range, together with its Doppler/angle
coupling (target 2 is not in the same range cell, but some coupling contribution can still be observed).
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Fig. 6. Angle/Doppler cut of the matched filter output for the range of the first target for the Doppler ambiguity of the clutter (interval [0, 2.5] Hz, two
left figures) and for the Doppler ambiguity of the first target (interval [10, 12.5] Hz, two right figures). Two angular interval have been considered for the
rejection: umax = sin 15° (first and third subfigures), and umax = sin 30° (second and fourth subfigures). In third subfigure where all clutter contributions
have not been fully removed, the target contribution is partially masked by the clutter residual Doppler/angle coupling. The dashed lines in the two first figures
represent the angular interval for the rejection for the Doppler frequency of the clutter.



