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Analytical Modeling of Metamaterial Absorbers with Low
Cross-Polarized Reflected Field under Oblique Incidence using

Equivalent Medium Approximation

Said Choukri*,1,2, Hakim Takhedmit1, Otman EL Mrabet2 and Laurent Cirio1

Abstract—In this paper, we propose a new physical model to accurately estimate the absorption
characteristics in Metamaterial Perfect Absorbers (MPAs). The proposed model, relying on the reflection
and refraction theory of microwaves, explains the physical mechanism of absorption and how unit-cell
constitutive parameters can contribute to control the absorption characteristics. By considering Floquet
modes (TE and TM) as an incident cross-polarized waves, analytical expressions have been established
to estimate the absorption at normal and oblique incidences from the extracted constitutive parameters
of the unit-cell. Analytical predictions are in excellent agreement with numerical results, proving the
validity of our model. Furtheremore, it can give an idea behind the absorption characteristics of MPA
unit-cells without passing through full-wave simulation which usually takes time. Compared to previous
works reported in the literature, the proposed method is efficient and do not requires time-consuming
tests and processing steps. Finally, analytical findings in this work hold for the general shapes of MPA
resonators.

1. INTRODUCTION

Research on Metamaterial Perfect Absorbers (MPAs) is quite recent and is similar to what is done with
absorbing materials comprising analog circuits, in particular Frequency Selective Surfaces (FSS) [1].
The improvement provided by this kind of material compared to absorbers comprising analog circuits,
like Salisbury screen [2] and Jaumann absorbers [3], consists in the reduction in the thickness of the
structure. On the other hand, as they are consisting of periodic structures made of dielectric and metallic
materials, which from an electromagnetic point of view behave like a perfectly homogeneous material,
makes them tunable and easier to fabricate as compared to absorbers with chemical composition [4].
These unprecedented electromagnetic properties make MPA a serious candidate to be used for several
applications over wide frequency range starting from microwaves to optics, notably : electromagnetic
energy harvesting [5, 6], Radar Cross Section (RCS) reduction [7], sensing applications [8], mutual
coupling reduction in antenna arrays [9], switching [10] and so on. The mechanism of perfect absorption
of MPA at certain frequencies is explained by the matching process between the unit-cell intrinsic
impedance and the free-space impedance [11]. When this condition is satisfied whitin the frequency band
of interest, the reflection coefficient goes to zero leading to a near unity absorption rate, so that almost
all incident electromagnetic energy is captured by the unit-cell. This can be considered as an overview
explanation and this approach is valid just when the electromagnetic (EM) waves are normally incident
on the plane of the unit-cell. To give some insights into the mechanism of absorbing EM waves by MPA
and further modeling and analysing this kind of EM absorbers, several models have been reported in
the literature during the last decade. For instance, Transmission Line (TL) model was proposed by
Qi-Ye et al [12] to demonstrate the absorption mechanism of an electric Split Ring Resonator (eSRR)
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cell at THz frequencies. Based on this model, the absorption coefficient was calculated by computing
the S-parameters of the TL-based model, but this model was limited to study just the case of normal
incidence considering only the transverse electromagnetic (TEM) waves illumination, since a planar
transmission line can only support the quasi-TEM mode. Furthermore, Pang et al [13] analyzed a
wire-based resonator metamaterial absorber by using an equivalent circuit approach. Also, this model
was investigated in a restricted way only in normally incident TEM-polarized plane wave. Besides,
via the presented circuit approach a loss of generality is noticed. In [14], a straightforward analysis
was extended to study the absorption in oblique incidence based on interference theory developed by
Chen [15] to interpret the electric/magnetic responses of MPA and the phase change introduced by the
thickness of the dielectric spacer between the resonator and the ground plane. This model [14] gives
a good estimation of absorption peaks in oblique incidence, but it still so far to be a direct solver and
it is strongly related to the software simulation, by the way, for each value of the elevation angle (θ),
the ground plane of the MPA unit-cell should be firstly removed (decoupled model), then the simulated
magnitudes and phases of the scattering parameters can be exploited to calculate the absorption, which
is a hard and time consuming task.
In this work, we propose a direct solving model which can be used to estimate the absorption
characteristics of MPA structures under normal and oblique incidence conditions. By considering the
two Floquet modes (TE and TM) as two incident plane waves, which correspnds to two orthogonale
polarizations, analytical expressions for the absorption coefficient as a function of the unit-cell
constitutive parameters were derived from optic law of reflection and refraction. Without loss of
generality, the proposed model can be adopted whatever the geometry of the absorbing cell being
analyzed.

2. GENERAL CASE OF OBLIQUE INCIDENCE AT THE INTERFACE AIR-MPA
UNIT-CELL

In this section, a comprehensive and exact mathematical description for the behaviour of MPA unit-
cell illuminated by an oblique incident EM plane wave, is explained and formulated for both TE and
TM modes. We emphasize that the normal incidence is a case of particular interest when the angle
of incidence θi goes to zero, so that general description of oblique incidence is held and extended to
normal incidence. For the sake of simplicity, the azimutal angle ϕ takes two values with respect to the
polarization of the incident wave : (ϕ = 90◦ for TE and ϕ = 0◦ for TM ). Hence, the analytical equations
developped in this work do not show the azimutal angle ϕ. As shown in Fig.1, an incident forward oblique
plane wave, with respect to the angle of incidence θi, illuminates the metallic resonator etched on the
front side of a dielectric substrate. Note that in this model, we consider only the total electric and
magnetic fields given by the superposition of the individual quantities. The metallic resonator and the
reflective ground plane, on the back side, have the metal thickness tm and the conductivity σ. The
substrate is a dielectric slab of height h, relative permittivity εr, relative permeability µr and dielectric
loss tangent tan δ.
Due to the effective medium theory[16], The MPA unit-cell can be considered as an homogeneous
medium that has the effective impedance ηeff . As this impedance, seen looking into the front side of
the unit-cell, is different from the free-space intrinsic impedance η0, a part of the incident power will be
reflected back while the remaining part will be transmitted into the dielectric slab. In Fig.1, θr and θt
are respectively, the reflection and transmission angles. At normal incidence (θi = 0◦) of EM waves on
the surface of the metamaterial absorber cell, the co-polarized and cross-polarized reflection coefficients
at the interface air-MPA can be expressed for both TE (y−polarized wave) and TM (x−polarized wave)
modes as follows :

γkk(ω) =
Ekr (ω)

Eki (ω)
(1)

Where k = {x, y}. For the cross-polarized reflection coefficient, we have :

γkl(ω) =
Ekr (ω)

Eli(ω)
(2)
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Figure 1. Reflection/Refraction of oblique incident plane wave at the front side of a MPA unit-cell
and its equivalent effective medium representation based on EMT. (a) Case of TE. (b) Case of TM.

where l = {x, y} for k = {y, x}.
By applying the superposition theorem to the reflected electric field components, the total reflection
coefficient can be written as follows :

γk(ω) = γkk(ω) + γkl(ω) (3)

Similarly, for the total transmission coefficient :

τk(ω) = τkk(ω) + τkl(ω) (4)

We emphasize that τk is the transmission coefficient through the MPA cell to the air. In this work, we
deal with MPA unit-cells that present a low cross-polarization conversion, so the contribution of the
reflected cross-component of the electric field can be ignored in (3) and (4). Therefore, the reflectivity
and the transmittance would be expressed respectively, by :

Rk(ω) =
∣∣∣γk (ω)

∣∣∣2 =

∣∣∣∣∣ηkeff (ω)− η0

ηkeff (ω) + η0

∣∣∣∣∣
2

(5)
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Tk(ω) =
∣∣∣τk(ω)

∣∣∣2 (6)

Where ω is the angular frequency. Due to the presence of full reflective metallic ground plane in MPA
structures to block the transmission through; hence, no transmission occurs over the whole frequency
band (τk(ω) ≈ 0). Besides, the absorption coefficient could be expressed only in terms of the reflectivity
as follows :

Ak(ω) = 1− Rk(ω) (7)

The normalized effective impedance can also be expressed only in terms of the reflection characteristics
of the unit-cell as follows :

ηkeff (ω) =

√√√√µkeff (ω)

εkeff (ω)
=

1 + (γk (ω))2

1− (γk (ω))2
(8)

It should be noted that reflection coefficients as well as the effective impedances, are complex quantities.
The normalized constitutive paramaters of the unit-cell can be extracted from simulated or measured
frequency responses using Reflection Only (RO) algoritm [17] :

εkeff (ω) = 1 + χke(ω) = 1 +
2j

β0(ω)h

(
1− γk (ω)

1 + γk (ω)

)
(9)

µkeff (ω) = 1 + χkm(ω) = 1 +
2j

β0(ω)h

(
1 + γk (ω)

1− γk (ω)

)
(10)

In equations (9) and (10), β0(ω) = ω
√
ε0µ0 is the propagation constant in free-space, χke and χkm

are respectively, the complex electric and magnetic susceptibilities. From all above aforementioned
relationships between the characteristics of MPA unit-cell and its reflection coefficient in the frequency
domaine, we can clearly notice the dependence of these characteristics on the polarization state of the
electric field of the incident waves, this polarization can then define how the shaped metallic resonator
will behaves towards the external excitation to create a strong electric and/or magnetic resonance.
Since, the main objectif of this work is to give a direct estimation of the absorptivity in the case of
oblique incident TE- and TM-polarized waves, we can use the constitutive parameters (εkeff and µkeff )

as well as the effective impedance ηkeff calculated at normally incident waves to formulate the reflectivity
at oblique incidence.
When we consider the entire unit-cell equivalent to an homogeneous dielectric slab of effective impedance
ηeff (Fig. 1), the reflection coefficient at the interface air-MPA unit-cell in TE and TM excitations at
an incident angle θi, is calculated by applying boundary conditions to the EM fields as follows:

γy(ω, θi) =
Eyr(ω)

Eyi (ω)
=
ηyeff (ω) cos θi − η0 cos θt

ηyeff (ω) cos θi + η0 cos θt
(11)

γx(ω, θi) =
Exr (ω)

Exi (ω)
=
ηxeff (ω) cos θt − η0 cos θi

ηxeff (ω) cos θt + η0 cos θi
(12)

Following notations of Fig.1, Snell’s law of reflection and refraction can be formulated by the following
equations :

θr = θi (13)

β0 sin θi = βkeff (ω) sin θt (14)

Where βkeff (ω) is the wavenumber in the effectively equivalent medium of the unit-cell, which can be
expressed by :

βkeff (ω) = ω
√
ε0εkeffµ0µkeff = β0

√
εkeffµ

k
eff (15)

Replacing βkeff (ω) by its expression in Eq.(14) we obtain :

θt = arcsin

 sin θi√
εkeffµ

k
eff

 = arcsin (ψ (θi)) (16)
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Figure 2. Step by step flowchart model for absorption estimation in oblique incidence from unit-cell
response under normal incidence.

Where :

ψ (θi) =
sin θi√
εkeffµ

k
eff

This new expression of Snell’s law, given by (16), is leading to eleminate θt from equations (11) and

Figure 3. Schematic of absorbing unit-cell considered here to validate the proposed analytical model.
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Figure 4. Normalized equivalent effective impedance of the unit-cell as a function of frequency : 4(a)
Case of TE mode exciatation, and 4(b) case of TM mode excitation.

(12), hence :

γy(ω, θi) =
ηyeff (ω) cos θi − η0 cos (arcsin (ψ(θi)))

ηyeff (ω) cos θi + η0 cos (arcsin (ψ(θi)))
(17)

γx(ω, θi) =
−η0 cos θi + ηxeff (ω) cos (arcsin (ψ(θi)))

η0 cos θi + ηxeff (ω) cos (arcsin (ψ(θi)))
(18)

This formulation, given by equations (17) and (18), provides a simplified and direct method to
calculate the reflection coefficient for TE and TM modes at any incident angle if the effective impedance
and constitutive parameters of the unit-cell are known at normal incidence. However, the absorption
coefficient is expressed for TE and TM modes by :

Ay(ω, θi) = 1− Ry(ω, θi) = 1− |γy(ω, θi)|2 (19)

Ax(ω, θi) = 1− Rx(ω, θi) = 1− |γx(ω, θi)|2 (20)

Fig. 2, describes the flowchart used to estimate the absorption coefficients (Ax(ω, θi) or Ay(ω, θi))
in oblique incidence from the unit-cell constitutive parameters extracted initially from only one EM
simulation at normal incidence, unlike [14] where EM simulations were running in each step of the angle
θi.

3. NUMERICAL SIMULATION AND MODEL VALIDATION

In order to evaluate the performances of this model, the MPA unit-cell proposed in our earlier work [18]
has been served as a testing sample to prove the validity of our analytical findings. Fig.3, illustrates
the schematic of the metamaterial absorber unit-cell with its geometrical parameters, where the host
material is an epoxy FR-4 lossy substrate, having a relative permittivity of εr = 4.3× (1− j0.025), and
the metallic resonator is made of copper which has the conductivity σ = 5.8×107 S/m. The geometrical
parameters has been optimized to fixe the resonance frequency at 5.8 GHz. It should be mentioned that
the unit-cell presents a low cross-polarized reflection coefficient of −45 dB at the resonance frequency.
Following the first step described in the flowchart (Fig. 2), the unit-cell has been analysed under normal
incidence by using floquet modal analysis utility in CST MWS software. Indeed, unit-cell boundary
conditions have been applied in the x and y directions to simulate 2D infinite periodic array, while two
Floquet ports were used to excite the two Floquet modes TE and TM. Then, the simulated reflection
coefficients have been used to accurately extract the unit-cell constitutive parameters, using the above
described RO algorithm, as well as its effective impedance. As shown in Fig.4, the normalized real
part of the unit-cell effective impedance is equal to 1 (<{ηkeff} = η0), while the imaginary part is equal

to zero at the resonance frequency (5.8 GHz) for both TE (4(a)) and TM (4(b)) excitations. It can
also be seen from Fig.4 that the frequency response of the unit-cell is similar for both modes, and
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Figure 5. Comparison between numerically simulated and analytically calculated reflection coefficients
for different values of the incidence angle θi: (a),(b),(c),(d) and (e) Case of TE. (f),(g),(h),(i) and (j)
Case of TM.

this effect can be readily explained by the high symmetry of the impinging wave and structure under
normal incidence. Based on the extracted effective impedances and by using equations (17) and (18),
the reflection coefficient has been calculated under various incident angles. Fig.5 shows a very good
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Figure 6. Comparison between numerically simulated and analytically calculated absorption curves
for different values of the incidence angle θi. (a),(b),(c),(d) and (e) Case of TE. (f),(g),(h),(i) and (j)
Case of TM.

agreement between EM simulations and analytical results, except that for the sake of symmetry when
the incidence angle approaches 90◦, a bit difference in terms of reflection magnitudes appears between
analytical calculations and simulations, especially around the resonance frequency.
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Figure 7. Corresponding change of the quality factor of the unit-cell as a function of the incidence
angle θi : 7(a) Case of TE−polarized wave excitation and 7(b) TM−polarized wave excitation.

Finally, the absorptivity of the unit-cell has been calculated analytically with respect to different
incident angles θi using expresssions described by equations (17), (18), (19) and (20). The comparaison
between numerically simulated results and analytically calculated ones is reported in Fig.6. We have
performed calculations with incident angle step width of 5 degrees, but we limited to show results with
wider step of 20 degrees in Figures 5 and 6. Besides, we can observe that there is an excellent agreement
between analytical and simulated absorption curves over the whole frequency span for both TE and
TM modes. We also note that the proposed model can accurately predict the decay of absorption rate
as the angle of incidence increases, which is a real challenge in designing MPAs. However, achieving
perfect absorption with incident angle insensitivity is a much complicated mission due to the impedance
mismatching issues occuring when approaching the critical angle. Although, as mentioned before, when
approaching the grazing angle (The 90-degree complement to angle of incidence) an estimation error
appeared between the simulation results and those calculated by the analytical model especially at the
resonance frequency, due to the sake of symmetry of the impinging waves, leading to a small increase in
the impeadnce mismatching, however the oblique incident wave sees different effective impedance from
the normal one. But the error of estimation is still lower, only 4% for TM mode, and even more lower
than for the TE mode.
In order to verify how would the change in quality factor impact the calculation results, we have plotted
the simulated and calculated quality factors as a function of the incident angle θi. It is defned as :

Q =
f0

FWHM
(21)

Where f0 is the frequency point of the maximum absorption, and FWHM is the Frequency Width
at Half Maximum. As we have seen before (Fig.6), there is a slight difference between the simulated
and calculated absorption peaks for TM mode when the angle of incidence increases, this aspect can
be explained by the quality factor change. As shown in Fig. 7, for higher values of the quality factor
(Fig. 7(a)) the analyticaly calculated absorption curves are perfectly agree with simulated ones as can
be seen in Fig. 6 for TE mode results, while when the quality factor decreases (less than 19) a slight
difference appears between the analytical and simulated results, as can be seen in Fig. 6 for TM mode
absorption curves.

From the above results, we can claim that the proposed model is efficient and less consuming EM
simulation tasks for absorption coefficients prediction compared to previous limited analyses in [12],
[13], [14]. Further comparisons between the method developed in this work and others reported in the
literature is presented in table 1.

4. CONCLUSION

In summary, we developed a novel and efficient model based on classical theory of reflection and
refraction and the effective medium theory. The proposed model can not only be used to estimate
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Table 1. Summary of the comparaison between the proposed work and the earlier reported ones in the
literature

Ref Model
based
theory

Incident
Wave Anal-
yse

Polarizations EM simulation Tasks

Ref[12] Transmission
Line

Normal TEM Onea

Ref[13] Equivalent
Circuit
Approach

Normal TEM Onea

Ref[14] Interference
Theory

Normal and
Oblique

TE and TM Two for each incident angleb

This work Equivalent
Medium
Theory

Normal
and
Oblique

TE and
TM

Onea

aOne EM simulation is performed to extract the S-Parameters at normal incidence (θi = 0◦).
bTwo EM simulations are performed to extract the S-Parameters at each value of the incidence angle (θi)
: One simulation with ground plane (coupled model) and the second without ground plane (decoupled
model).

analytically the absorption coefficients, but also gives some insights on how these coefficients are directly
related to the unit-cell effective impedance and its constitutive parameters compared to the existing
models proposed in the literature. Beside these merits, the proposed model drastically decreases the
computational time compared to the model based on the interference. Our model has been tested
at microwave frequencies leading to a better result, which are in a good agreement with full wave
simulation.
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