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Abstract: Electrical resistivity (ER), induced polarization (IP), and self-potential (SP) are three geo-
physical methods that have been broadly used in the realm of mineral exploration. These geophysical
methods provide complementary information, each exhibiting a distinct sensitivity to various types
of mineral deposits. Considering the relationship among these three methods, we propose an inte-
grated approach that merges their respective information to offer an improved localization technique
for ore bodies. First, we invert the electrical conductivity distribution through electrical resistance
tomography (ERT). Then, we use the inverted conductivity distribution to invert the IP and SP data
in terms of chargeability and source current density distributions. Then, we normalize the inverted
chargeability and source current density distributions and we combine them to obtain an ore body
index (ORI) χ used to delineate the potential locations of ore deposits. We design this index to be
sensitive to the presence of ore bodies, which are reflected by either strong and localized source
current density (SP) and/or strong chargeability values (IP). The proposed method is first validated
using a synthetic model with two distinct anomalies characterized by different properties. The
results show the limitation of individual inversion, as each method exclusively detects one of these
anomalies. The combined approach allows a better characterization of the target. Then, the approach
is applied to a sandbox experiment in which two metallic bodies are buried in water-saturated sand
used as the background. Again, the proposed methodology is successfully applied to the detection of
the metallic targets, improving their localization compared with individual methods.

Keywords: electrical resistivity tomography (ERT); induced polarization (IP); self-potential (SP); ore
body index (ORI); exploration of mineral resources

1. Introduction

The global demand for minerals is on the rise due to population growth, urbaniza-
tion, and industrialization, but the exploration for new mineral resources is becoming
increasingly challenging since large and shallow targets are mostly exhausted [1]. The
successful rate of discovering new ore deposits has consistently declined over time in recent
decades [2]. This decline can be attributed to several factors, such as thick overlying soil
layers; remote and secluded geographical regions; a decrease in the quality of ore grades;
as well as social and environmental impacts, among other reasons [1].

Exploration technology has made tremendous advances in the past 30 years [3]. Geo-
physical methods such as the seismic [4,5], airborne electromagnetic [6–9], gravity [10–12],
and magnetic methods [13–15] have played a crucial role in uncovering concealed deposits
that are geologically challenging to identify. In particular, low-frequency geoelectrical meth-
ods like the electrical resistivity (ER), the induced polarization (IP), and the self-potential
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(SP) geophysical methods are non-invasive and cost-efficient in the realm of mineral ex-
ploration. These geophysical findings also can be effectively integrated into the overall
geological and geochemical conceptual model [16].

ER is a method used to determine the subsurface resistivity/conductivity distribution
of the study area. The electrical conductivity describes the ability of a material to allow the
flow of current. Electrical conductivity is sensitive to various parameters like fluid contents,
pore water salinity, and clay and ore contents [17]. Consequently, ER has been extensively
used in hydrogeophysics [18,19], mining [20,21], geotechnical investigations [22], and
environmental surveys [17,23]. It is often though that ore bodies are usually characterized
by high conductivities and could be easily detected by the ER method [24–27]. However,
due to the complex geological conditions of certain ore deposits and the presence of ore
minerals in the form of very small particles or dispersed forms within the host rocks, the
resistivity contrast between these ore bodies and the surrounding rocks is not always
high. Furthermore, ore bodies may appear as insulators at low frequencies because of
their polarization [28–31]. As a result, ERT alone cannot be used to assess the position
of ore bodies [30].

The IP method was first described by [32] and has been broadly used in the explo-
ration of ore bodies [1]. Metallic bodies can be polarized under the primary current and
electric field [28,33]. IP is therefore a powerful tool able to locate mineral deposits [34–39].
The recently developed petrophysical model for IP of metallic ore immersed in a porous
conductive and polarizable material showed that chargeability of the material is linearly
dependent on the volume fraction of metallic ore and the chargeability of the surrounding
background material [28,33]. IP is sensitivity to ore deposits containing disseminated
metallic particles (pyrite, magnetite), but clay-rich materials and graphite can also gener-
ate strong polarizations, potentially misleading the interpretation of IP data if used as a
stand-alone technique [1].

The SP method is a passive geoelectrical method [40]. The electrical potential distribu-
tion at the surface of a geological object is mapped. The resulting electrical potential map
is then interpreted in terms of causative source current distribution in the subsurface. In
essence, the method is similar to electroencephalography (EEG) in medical imaging [41,42],
and the same underlying Poisson equation is solved [40]. In EEG, the source current density
is related to the opening of ionic channels at the synapses between neurons generating
electromagnetic signals. The record of the resulting electrical potential distribution is made
at the scalp [43] and the head is considered as a conductive body. In geophysics, the
source current density is mostly associated with the flow of the ground water through an
electrokinetic coupling effect called the streaming potential [44]. Another source is related
to the presence of ore bodies in a conductive background crossed by a gradient in the
redox potential [45]. This second case is similar to a car battery generating its own current
density. Both in EEG and in geophysics, the goal is to invert the recorded electrical potential
signals in order to characterize the causative current source accounting for the electrical
conductivity distribution, which modulates the electrical potential response between the
source and the recording stations.

ER, IP, and SP methods provide complementary information, with each method ex-
hibiting a distinct sensitivity to various types of mineral deposits. In the past, several
authors have qualitatively underlined how some of these methods can be combined with
another one for mineral exploration and hydrogeology. For instance, integrating ERT, IP,
and SP methods to qualitatively evaluate a graphitic body [46] and gold mineralization [47].
The authors of [48] integrate these three methods to evaluate the subsurface and its engi-
neering suitability for construction. The authors of [49] simultaneously collected SP and ER
data for the detection of seafloor massive sulfide deposits. They usually use the collected 2D
SP data to outline the ore at the surface and obtained the depth information from inverted
2D/3D conductivity or chargeability distribution. Marine SP tomography has been recently
used to image seafloor massive sulfide deposits [50–52]. However, to perform SP inversion,
we require the conductivity distribution below the surface (or seafloor) [40,53]. In addition,
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single geophysical inversion often exhibits non-uniqueness due to the uncertainty in the ob-
served data [54]. Therefore, the quantitative integration of ER, IP, and SP surveys becomes
imperative in this scenario, enabling a more comprehensive characterization of ore bodies.

In this paper, our primary objective is to develop a quantitative approach integrating
ERT, IP, and SP methods to enhance the 3D localization of ore deposits. This is achieved by
defining an ore body index (ORI). We first present a concise overview of the methodology
and inversion techniques of these methods. Subsequently, we apply our newly defined
index on a 3D synthetic model and then on a sandbox experiment. The results of our
combined interpretation demonstrate a clear advantage over individual inversion.

2. Methodology
2.1. Self-Potential Method

Negative SP anomalies (sometimes amounting on the shore to several hundreds of
millivolts) are associated with redox-active environments in which metallic bodies are
located [40,45]. As a passive method, we just need two non-polarization electrodes and a
high-impedance voltmeter to perform an SP survey [40]. The method is therefore cheap
and easy to carry out in field conditions.

Total current density Jtol is the sum of Ohm’s law (associated with the transport of
electrical charges by conduction) and a source current density [55],

Jtol = σE + Js (1)

where σ(S/m) denotes the electrical conductivity below the surface, E = −∇ψ is the
quasi-static electrical field, and ψ is the electric potential (or SP) distribution. Using the
conservation of charge in the low-frequency limit of Maxwell equations∇ · J = 0, we obtain
the following governing field equation for the SP method [40,56]:

∇ · (σ∇ψ) = ∇ · Js = qv (2)

where ψ(V) denotes the electrical potential (in V), the Js (A/m2) is surface current density,
qv (A/m3) is the equivalent charge density per unit volume corresponding to the source.
The direct multifrontal massively parallel sparse direct solver (MUMPS) is used to solve
Equation (2) [57,58]. We can rewrite the above Equation (2) [59–61]:

∇2ψ =
qv

σ
+∇ ln σ · E (3)

From Equation (3) (from Equations (2) to (3), see Appendix A), we notice that the
subsurface conductivity distribution σ influences the observed SP data [62]. Moreover,
this conductivity distribution is used to calculate the kernel matrix of the SP problem (the
calculation of the kernel matrix is described in [60]). Therefore, it is important when using
the electrical conductivity distribution from the ERT in SP inversion to calculate the source
current distribution [53,59]. Nonetheless, when conducting SP inversion independently, it
is common practice to assume a homogeneous conductivity distribution. However, a more
favorable approach is to incorporate the conductivity distribution obtained from ERT or
transient electromagnetic (TEM) inversion results if available. This enhances the accuracy
of the SP inversion in separating ghosts (associated with electrical conductivity contrasts)
from true sources associated with ore bodies [59,60].

In the realm of deterministic inversion, SP tomography is a linear problem. Given the
value of the regularization parameter, the solution is therefore obtained in a single iteration.
However, the optimization of the regularization parameter itself (for instance, through the
use of the L-curve technique) implies a set of iterations to obtain an optimized solution.
The most important thing is that we should add the depth weight in the SP inversion.
Additionally, we also use the minimum support (MS) method to reconstruct a compact
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volumetric source current density. The general form of the objective function is to combine
the data fitting term and the model constraint term [40]:

ϕβ(mq
w) =

∥∥∥Wd(Kwmq
w − dobs)

∥∥∥2

2
+ β

∥∥∥Wm(m
q
w −mq

ref)
∥∥∥2

2
(4)

where the Wd is the diagonal data-weighting matrix, Wm is the roughness operator used
here to obtain a smooth inversion result, dobs is the observed data, mq

ref is the reference
model, and mq

w is the optimized (inverted) model. The regularization parameter (trade-off)
β is used to balance the data misfit term (first term in Equation (4)) and the model constraint
term (second term in Equation (4)). The value β is determined by a cooling strategy in this
paper, while other methods include the L-curve criterion [63]. The depth-weighting matrix
is based on the sensitivity matrix and defined as

Λ = diag(
N

∑
i=1

K2
ij)

1
4 (5)

where Kij is the element of the raw kernel matrix K, and N is the number of SP data. With the
minimum support (MS) function [64], the diagonal weighting matrix Π is defined as [65]

Π = diag

√√√√ Λ2
kk

m2
k−1 + α2

 (6)

where Λkk is the elements of the diagonal depth-weighting matrix, mk−1 is the model at
the last iteration (k − 1), and α is a small threshold value [65]. The new kernel matrix is
Kw = KΠ−1. The solution mq

w of Equation (4) is a sensitivity-scaled solution. According to
m∗ = Π−1mq

w, the depth-weighting volumetric source current density distribution m∗ will
be obtained.

2.2. Electrical Resistivity Tomography

ER is an active method and the electrode array includes two current electrodes (inject
electrode A and retrieve electrode B) and two voltage electrodes (M and N). The acquired
voltage different ϕ between M and N and input currents I are related to the subsurface
conductivity distribution satisfying the following Poisson’s field equation [66]:

∇ · (σ∞∇ϕσ∞) = −I(δ(r− rs+)− δ(r− rs−)) (7)

where σ∞ (in S/m) denotes the instantaneous conductivity (without polarization effect) in
Figure 1, ϕσ∞ (in V) is electrical potential field generated by the injection/retrieval of the
current I (in A), δ(r− rs) is the Dirac delta function, rs+ and rs− are the locations of the
positive (electrode A) and negative current sources (electrode B), respectively. Neumann
boundary conditions were used at the Earth’s surface.

Different from the SP inversion, ERT is a non-linear optimization problem. The
objective function is as follows:

φβ(m) = ‖Wd( f (m)− dobs)‖2
2 + β‖Wm(m−mref)‖2

2 (8)

where dobs is the vector of observed data (ψσ∞ ) and f (m) is the vector of predicted data,
mref is the reference model. m is the model that we want to estimate (here, the model
parameters are ln(σ)).

The solution mn corresponds to the minimum of the objective function (8) at the nth
iteration, so we need to calculate the gradient of Equation (8),

gn = 2JTWT
d Wdrn−1 + 2βWT

mWm(mn−1 −mref) (9)
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where rn−1 = f (mn−1)− dobs is the difference in predicted data and observed data, and
Jacobian (sensitivity) matrix J is defined as

J =
∂ f (mn−1)

∂m
(10)

Performing the Taylor series expansion of the function f (m) at the mn and neglecting
the second-order term and higher-order terms, f (mn−1) = f (mn)− Jδmn and setting the
gradient gn = 0, Equation (9) can be written as

(JTWT
d WdJ + βWT

mWm)δm = −JTWT
d Wdrn − βWT

mWm(mn −mref) (11)

The preconditioner conjugate gradient (PCG) solver is used to approximately solve
Equation (9) and then update the model according to

mn+1 = mn + µδm (12)

where mn+1 is the updated model and the mn is the solution of the current iteration. µ is a
simple line-search parameter, making sure the new model update adequately reduces the
objective function (8) [67].
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Figure 1. Time-domain-induced polarization. (a) The yellow curve denotes the current injection I,
the green denotes the voltage difference ϕ from the measurement electrodes M and N. (b) Secondary
voltage ϕ(t) decay curve, the partial chargeability M(ti, ti+1) is obtained by integrating the response
over each window (w1, w2, etc.).

2.3. Induced Polarization Method

Figure 1 illustrates the concept of time-domain-induced polarization (TDIP). In TDIP,
the process of polarization is characterized by a dimensionless property called the “charge-
ability”, and the chargeability M is defined as [28,33]

M =
σ∞ − σ0

σ∞
, (13)

where σ0 denotes the direct current (DC) conductivity. If we know the chargeability M and
inverted instantaneous conductivity σ∞ from ERT, we can obtain the apparent chargeability
by forward modelling twice using Equation (7). According to Equation (13), we substitute
DC conductivity σ0 for σ∞ in Equation (7), and the potential field distribution ϕσ0 can be
obtained by re-running the forward modelling step for the DC condition,

∇ · (σ∞(1−M)∇ϕσ0) = −I(δ(r− rs+)− δ(r− rs−)) (14)
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The observed data (apparent chargeability) Ma (dimensionless) in the TDIP survey
are related to the initial voltage ϕσ∞ and the steady-state or DC voltage ϕσ0 and can be
calculated [31],

Ma =
ϕσ0 − ϕσ∞

ϕσ0

(15)

In the IP survey, we usually record the partial chargeability. The secondary voltage
is measured with windows after the primary current is shut down (Figure 1b). These
data are utilized to determine the apparent chargeability. In order to minimize electrodes’
polarization effects, we design the current electrode pair [A B] at the boundary, and the
measure electrode pair [M N] is inside. The secondary voltage is monitored using integrated
windows to have a high signal-to-noise ratio. For measuring window wi between ti and
ti+1, the partial chargeability is calculated as follows:

Mt1,t2 =
1
ϕ0

∫ t2

t1

ϕ(t)dt (16)

where Mt1,t2 is recorded partial chargeability by the IP system (in mV/V), and the apparent
chargeability Ma used in inversion can be calculated using the mean value theorem,

Mt1,t2 = Ma(t2 − t1) (17)

here, t1 < t2 << τ guarantee the linear relationship [35], and τ is the time constant.
The secondary voltage ϕ(t) is measured in windows (w1, w2, etc.) separated by time
(t0, t1, . . .) (Figure 1b). The time windows are set to equal (ti − ti−1 = 0.1 s) in this IP
survey, and in total 10 partial chargeability Mt1,t2 (mV/V) values were determined. So,
the Ma = Mt1,t2 /100 (V/V). There are two ways to invert the IP data. One is using the
average apparent chargeability of all the windows [68], and the other is using the apparent
chargeability calculated from the first integral window which would be better to estimate
the intrinsic chargeability [69] because it is closer to the true response of the decay curve
(secondary voltage over primary voltage at the time when the current is shut down). Here,
we chose the second method to invert IP data.

In this section, we introduce how to calculate sensitivity matrix JIP (the sensitivity of
apparent chargeability Ma with respect to the intrinsic chargeability M). The matrix JIP is
defined as

JIP =
∂Ma

∂M
(18)

According to Equation (15), Equation (18) can be rewritten as

JIP =
∂
(

ϕσ0−ϕσ∞
ϕσ0

)
∂M

, (19)

JIP =
ϕσ∞

(ϕσ0)
2

∂ϕσ0

∂M
. (20)

According to the chain rule of derivation

∂ϕσ0

∂σ0
=

∂ϕσ0

∂M
· ∂M

∂σ0
= − 1

σ∞

∂ϕσ0

∂M
(21)

So, combining Equations (20) and (21), Equation (18) can finally be written as

JIP = −σ∞ ·
ϕσ∞

(ϕσ0)
2

∂ϕσ0

∂σ0
= −σ∞

σ0
· ϕσ∞

(ϕσ0)
2

∂ϕσ0

∂ln σ0
(22)

The chargeability sensitivity matrix JIP has a relationship with the conductivity sen-
sitivity matrix JDC, so, the code developed for inverting DC data requires minor changes
to invert IP data [70]. We do not need to explicitly compute the sensitivity matrix JDC in
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the ERT. Instead, we compute the matrix–vector product of JDCv, which is equivalent in
solving the adjoint forward problem [67]. If we want to join IP and SP data inversion, we
should explicitly compute the chargeability sensitivity matrix JIP and the current density
sensitivity matrix JSP. Actually, we firstly compute the sensitivity matrix JDC of ERT,

JDC =
∂ϕσ0

∂ln(σ0)
(23)

then we use Equation (23) to explicitly calculate the matrix JIP.

2.4. The Integrated Analysis of IP and SP Results

Here, our aim is to combine the inverted chargeability and source current density from
the traditional IP and SP surveys to delineate the ore deposits. The inverted chargeability
and current density were normalized using the following linear transformation to normalize
the values of both data to 0–1:

mnorm =
m−mmin

mmax −mmin
, (24)

where m denotes the raw inverted model, mmax and mmin represent the maximum and min-
imum value of m, respectively. Here we define an ore body index (ORI) χ (dimensionless)
that is sensitive to the presence of the ore body. The ORI distribution is calculated by using
the sum of the ORI for IP and SP, in which ERT has been used to better determine the true
sources associated with ore bodies:

χ = mIP
norm + mSP

norm. (25)

We notice that the two kinds of data use equal weighting if the anomaly also showed
high chargeability and source current density, and the ORI χ is close to 2; if the anomaly
only has one character (chargeability or current density), the ORI χ ≈ 1. Because we use
the L2 norm in the inversion, the inverted model will be smooth, and we define a threshold
greater than 0.5 to delineate the ore body.

3. Synthetic Test

Here, we design a 3D synthetic model, whose size is similar to the sandbox. Consid-
ering the difficult conditions currently facing mineral resource exploration, two different
anomalies with different sizes are located at the center of the box. The first anomaly (C1) is
buried beneath the surface, whose size is 0.1 m × 0.1 m × 0.1 m, with a low conductivity of
0.3 S/m, a high chargeability of 0.2, and a volume current density of 0 mA/m3. The second
anomaly (C2) is a vertical, slender metal bar from the surface to the bottom (C2), whose size
is 0.05 m × 0.05 m × 0.20 m, with a high conductivity of 10 S/m, a low chargeability of 0.1,
and a volume current density of 2.5 mA/m3. The background conductivity is 0.025 S/m,
and the chargeability and current density are 0. For the synthetic tests, we use the same
protocol as the sandbox experiment below. In total, 64 positions were used to inject current
and acquisition voltage potential difference. The space of the electrode is 6 cm (y direction)
and 4 cm (x direction). For ERT and IP, in total there are 237 potential fields and apparent
chargeability. For SP, 64 voltage differences were recorded.

3.1. ERT

The model was a meshed 40 × 40 × 25 grid, and each cell is 0.02 m × 0.02 m × 0.02 m
(Figure 2). Neumann boundary conditions are used at all the boundaries. Conductivity
tomography is finished after 5 iterations (Figure 3). ERT is sensitive to ore bodies with
significant conductivity differences from the host rock, so, the anomaly C2 is better imaged
than anomaly C1, but the worse resolution of the boundary could be attributed to the ore
body’s small size. This synthetic test demonstrated that ERT is not a very useful method
to explore such tiny deposits. Considering balancing the measuring speed, resolution,
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and polarization effect, we cannot use a very small electrode spacing in the field work.
However, the conductivity distribution from the ERT is very important, as we mentioned
earlier, and the inverted conductivity distribution will be used in the next step in inverting
SP and IP data.

Minerals 2024, 14, x FOR PEER REVIEW  8  of  24 
 

 

the L2 norm in the inversion, the inverted model will be smooth, and we define a thresh‐

old greater than 0.5 to delineate the ore body. 

3. Synthetic Test 

Here, we design a 3D synthetic model, whose size is similar to the sandbox. Consid‐

ering the difficult conditions currently facing mineral resource exploration, two different 

anomalies with different sizes are located at the center of the box. The first anomaly (C1) 

is buried beneath the surface, whose size is 0.1 m × 0.1 m × 0.1 m, with a low conductivity 

of 0.3 S/m, a high chargeability of 0.2, and a volume current density of 0 mA/m3. The sec‐

ond anomaly  (C2)  is a vertical, slender metal bar  from  the surface  to  the bottom  (C2), 

whose size is 0.05 m × 0.05 m × 0.20 m, with a high conductivity of 10 S/m, a low chargea‐

bility of 0.1, and a volume current density of 2.5 mA/m3. The background conductivity is 

0.025 S/m, and the chargeability and current density are 0. For the synthetic tests, we use 

the same protocol as the sandbox experiment below. In total, 64 positions were used to 

inject current and acquisition voltage potential difference. The space of the electrode is 6 

cm (y direction) and 4 cm (x direction). For ERT and IP, in total there are 237 potential 

fields and apparent chargeability. For SP, 64 voltage differences were recorded. 

3.1. ERT 

The model was a meshed 40 × 40 × 25 grid, and each cell is 0.02 m × 0.02 m × 0.02 m 

(Figure 2). Neumann boundary conditions are used at all the boundaries. Conductivity 

tomography  is finished after 5  iterations (Figure 3). ERT  is sensitive to ore bodies with 

significant conductivity differences from the host rock, so, the anomaly C2 is better im‐

aged than anomaly C1, but the worse resolution of the boundary could be attributed to 

the ore body’s small size. This synthetic test demonstrated that ERT is not a very useful 

method to explore such tiny deposits. Considering balancing the measuring speed, reso‐

lution, and polarization effect, we cannot use a very small electrode spacing in the field 

work. However, the conductivity distribution from the ERT is very important, as we men‐

tioned earlier, and the inverted conductivity distribution will be used in the next step in 

inverting SP and IP data. 

 

Figure 2. The 3D synthetic model. Green dots denote the position of the electrode. The area encap‐

sulated by the black box denotes the position of the anomaly. 

Figure 2. The 3D synthetic model. Green dots denote the position of the electrode. The area
encapsulated by the black box denotes the position of the anomaly.

Minerals 2024, 14, x FOR PEER REVIEW  9  of  24 
 

 

 

Figure 3. True and inverted conductivity distribution. (a) The inverted 3D conductivity distribution, 

(b) true 2D conductivity distribution cross section at x = 0 m, (c) the inverted 2D conductivity cross 

section at x = 0 m, (d) the true 2D conductivity cross section at z = 0.06 m, (e) the inverted 2D con‐

ductivity cross section at z = 0.06 m. The green dots denote the position of the electrodes. The areas 

encapsulated by the black boxes denote the true positions of the anomalies. 

3.2. IP Inversion 

For IP inversion, we use the same mesh as that used in ERT. The maximum iteration 

is set to 5, and the result is shown in Figure 4 after reaching the maximum iteration. No‐

tably, the IP inversion result is better than ERT, and we were able to clearly see the anom‐

aly C1  from  the  inverted 3D chargeability distribution, but  the anomaly C2  is not well 

identified in the result. One reason is the size of C2 is small, and the other reason is the 

depth of investigation in the IP survey. At the same time, the chargeability of C2 is low. 

Figure 3. True and inverted conductivity distribution. (a) The inverted 3D conductivity distribution,
(b) true 2D conductivity distribution cross section at x = 0 m, (c) the inverted 2D conductivity cross
section at x = 0 m, (d) the true 2D conductivity cross section at z = 0.06 m, (e) the inverted 2D
conductivity cross section at z = 0.06 m. The green dots denote the position of the electrodes. The
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3.2. IP Inversion

For IP inversion, we use the same mesh as that used in ERT. The maximum iteration is
set to 5, and the result is shown in Figure 4 after reaching the maximum iteration. Notably,
the IP inversion result is better than ERT, and we were able to clearly see the anomaly C1
from the inverted 3D chargeability distribution, but the anomaly C2 is not well identified
in the result. One reason is the size of C2 is small, and the other reason is the depth of
investigation in the IP survey. At the same time, the chargeability of C2 is low.
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Figure 4. True and inverted chargeability distributions. (a) Inverted 3D chargeability distribution,
(b) the true 2D chargeability cross section at x = 0 m. (c) Inverted 2D chargeability cross section at
x = 0 m, (d) the true 2D chargeability cross section at z = 0.06 m. (e) Inverted 2D chargeability cross
section at z = 0.06 m. The green dots denote the position of the electrodes. The areas encapsulated by
the black boxes denote the true positions of the anomalies.

3.3. SP Inversion

The conductivity distribution from ERT (Figure 3) was used to calculate the kernel
matrix in SP inversion, and the inverted result is shown in Figure 5. The resolution of
the inverted current density in the lateral is impressive, but the bottom of anomaly C2 is
not well identified. As a comparison, we use the true conductivity distribution in the SP
inversion, and according to the result shown in Figure A1 in Appendix B, the resolution
in the depth is improved a lot. It is crucial to emphasize the critical role of accurate
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conductivity distribution in SP inversion, which underscores the importance of conducting
SP surveys in conjunction with other active electromagnetic methods. The integration of
inversion results from active sources for SP inversion or joint inversion of SP data with
other electromagnetic data [60] truly enhances our ability to characterize ore bodies beneath
the surface.
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Figure 5. True and inverted current density distribution using the inverted conductivity distribution
from the ERT. (a) The inverted 3D current density distribution, (b) the true 2D current density cross
section at x = 0 m, (c) the inverted 2D current density cross section at x = 0 m, (d) the true 2D current
density cross section at z = 0.06 m, (e) the inverted 2D current density cross section at z = 0.06 m. The
areas encapsulated by the black boxes denote the true positions of the anomalies.

3.4. Integrated Result

We normalized the inverted chargeability and inverted source current density from
IP and SP inversion and calculated the ORI χ using Equations (24) and (25). The left
anomaly C1 only has the chargeability, and the anomaly C2 has low chargeability and
source current density. We use χ > 0.5 (which can be considered as an arbitrary threshold
here) to delineate the ore bodies. The interpreted result is shown in Figure 6. Comparing
the individual inversion before, the two designed anomalies were both recognized. In
comparison, we also use the SP inversion result with true conductivity distribution. The
new integrated result is shown in Appendix B (Figure A2). The synthetic model test
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demonstrated that combining the ERT, IP, and SP data is an effective method for delineation
of ore deposits. In the subsequent section, we apply the same workflow to process the
sandbox data.
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4. Sandbox Experiment
4.1. Experimental Setup

The tank was filled with uniform sand. A metal bar (anomaly S1) and a pop can made
of iron with liquid (anomaly S2) were placed in the sand. To accelerate the corrosion of the
metal bar, the outer protective oxidation layer was removed firstly. The water used had a
conductivity of 0.031 S/m at a temperature of 24.9 ◦C and was poured into the bottom of
the box through a vertical plastic tube. The height of the water table was maintained at
14cm below the surface and was kept constant throughout the study, approximately in the
middle of the metal bar and below the bottom of the pop can. Figure 7 depicts the sandbox
experiment setup, including the locations of electrodes and anomalies. The tank used for
this experiment had dimensions of 0.57 × 0.40 × 0.285 m. A total of 64 holes were drilling
through a plastic plate in an 8 × 8 grid, and electrodes were inserted into these holes
to inject current and measure voltage differences. Each hole was marked with a unique
number for ER and IP investigation. The voltage difference and apparent chargeability
were collected during the ERT and IP survey. Two non-polarizing Pb/PbCl2 electrodes
were used for the SP survey. One electrode served as the reference electrode, and the other
electrode as the scanning electrode. The experiment spanned approximately two months,
including ER and IP measurements and three rounds of SP measurements.

4.2. ERT

We designed a 2D protocol (the current electrodes [A B] and measuring electrodes [M
N] on the same profile) for ERT data acquisition, comprising a total of 17 profiles along
the x direction and y direction (Figure 7b). Along each profile, we kept the position of the
injection location (electrode A) and the retrieval location (electrode B) constant, but the
position of measuring electrodes M and N is changed for each measurement. This approach
aims to minimize electrodes’ polarization effects. The voltage difference and apparent
chargeability were automatically acquired using an ABEM instrument Terrameter SAS
4000 (http://www.guidelinegeo.com, accessed on 6 November 2023), and the maximum

http://www.guidelinegeo.com
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injection current is set to 200 mA. The injected current duration (time on) is 1 s, then
the current is shut down and the partial chargeability is measured. There are a total of
237 voltage differences and partial chargeability data were recorded.
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Figure 7. Experiment setup, (a) the diagram of the constructed tank, two anomalies are buried
in the sand, the yellow one is a metal bar (anomaly S1) and the other (orange) is a pop can with
liquid (anomaly S2). The black dot denotes the transmitting and measuring station. (b) The ER and
IP survey line from the up (x/y) view, A and B denote current electrodes and M and N denotes
measuring electrodes (c) SP survey line, ref denotes the reference electrode (M) and the Ns are the
scanning electrodes.

The sandbox in Figure 7 is discretized with a 40 × 40 × 25 mesh for inversion, the core
mesh has a fine cell size of 0.02 × 0.02 × 0.02 m. The initial value β is set to 4 × 10−3 and
reduced 3 times after 2 iterations. The maximum number of iterations is set to 5. The ERT is
run with a homogeneous conductivity distribution (0.025 S/m) and the reference model is
the same as the start model. The inverted 3D conductivity distribution is shown in Figure 8.
It seems like a homogeneous layer below the surface. The depth of investigation (DOI)
in the ERT is about 0.12 m below the surface, the 2D slice x = 0 m and slice z = 0.06 m as
shown in Figure 8. We could not identify the position of the buried target. The convergence
is illustrated in Figure 9, and the root-mean-square (RMS) error is defined as

RMS =

√
φd(m)

N
(26)

where N is the number of observed data, φd(m) (the first term on the right-hand side
of the objective function) is the data misfit. The value of RMS is dependent upon the
data-weighting matrix Wd. As we mentioned earlier, the matrix Wd is often used to make
sure every observed data point contributes the same weight in the objective function
and also can be an identity matrix. We designed the different weight matrixes in these
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inversions. Wd = diag
(

1
ε1

, 1
ε2

, · · · , 1
εN

)
is a diagonal matrix in which εi stands for the

standard deviation of the ith data in ERT, but the identity matrix is used in the IP and
SP inversion.
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Figure 8. Inverted conductivity distribution from the ER data. (a) The 3D conductivity distribution,
(b) 2D conductivity cross section at x = 0 m, (c) 2D conductivity cross section at z = 0.06 m. Green
points denote the electrode position. The area encapsulated by the black box denotes the position of
the anomaly.
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square (RMS) error of the voltage differences; (b) observed data versus the predicted data for the
last iteration.
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4.3. IP Inversion

After the primary current was shut down, we measured partial chargeability by
integrating the secondary voltage over a time window of 0.1 s. We recorded a total of
10 partial chargeability data each time. Figure 10 illustrates the apparent chargeability
decay curve over time for two different survey lines: line 1 and line 13. All survey lines
share the same injection location (electrode A) and retrieval location (electrode B), but the
location of measuring electrode M and electrode N is different. In survey line 1, electrode
A is located at position #1 and electrode B is located at position #8. In contrast, for survey
line 13, electrode A is located at position #25 and electrode B is located at position #3. As
shown in Figure 7b, line 1 is located farther from the anomaly, whereas line 13 crosses the
top of the anomaly. Consequently, the magnitude of the measured partial chargeability is
greater in line 13 (red line in Figure 10) than line 1 (the black line in Figure 10). There are
some negative chargeability values in the observed data, we treat this as noise and delete
them, and the remaining data are used for IP inversion.
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Figure 10. Apparent chargeability (in V/V) of decaying curves in different lines. Line 1 is far from
the anomaly (red line), but line 13 (black line) is near the anomaly. This demonstrates that IP has a
sensitivity to the presence of the metallic object located along line 13.

Traditional two-step DC-IP inversion was performed: firstly, the electrical conductiv-
ity distribution is inverted, then the chargeability distribution is inverted. Here, we use
the previous inverted 3D conductivity in Figure 8 as the input and the same mesh for IP
inversion. The initial value β is set to 10−4 and reduced 5 times after 2 iterations. The
maximum number of iterations is set to 5. IP inversion is run with a homogeneous charge-
ability distribution (the value is 0) and no reference model cooperated in the inversion.
Since the chargeability has to be positive, we add the boundary constraint in the inversion
(0 < M < 1). Figure 11 illustrates the reconstructed 3D chargeability distribution in which
we only use the apparent chargeability from the first window. We recognized the anomaly
S1, but the small anomaly S2 is not recognized. Figure 12 shows that the observed data is
well reproduced by the inverted chargeability.
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position of the anomaly.
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4.4. SP Inversion

In this experiment, SP data were acquired at the surface of the tank. Figure 13 illustrates
the data collected at Day 7, Day 22, and Day 40. Initially, a total of 80 data points were
collected during the first measurement (Day 7). The 64 data points for the second and third
measurement used the same electrode positions as the ERT and IP (Day 22 and Day 40).
The reference electrode was near location #1, and the scanning electrodes were located at
#1 to #64. We should emphasize that anomaly S1 was buried at Day 18. So, we only see
the SP anomaly caused by redox reaction around anomaly S2 (metal bar) near the center of
the tank from the first measurement (Figure 13a), and the maximum SP anomaly reaches
−70 mV, but the maximum SP is −40 mV during the second and third measurements. We
attribute this difference in SP anomalies between the first two measurements to variations
in electrode positions. There is no other SP anomaly during the second measurement,
because the anomaly S1 was just buried and the redox action did not occur. As time goes
by, the 2D distribution of SP anomalies changes (Figure 13c). Since the height of the water
table is near the bottom of anomaly S2, the redox reaction of S2 is very weak.
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Figure 13. Development of the SP anomaly during the experiment. (a) The 2D self-potential anomaly
at Day 7, and only anomaly S2 (the yellow one in the Figure 7a) was buried in the sand; (b) 2D SP
anomaly at Day 22, and the secondary anomaly (the orange one in the Figure 7a) was buried at Day
18; (c) 2D self-potential anomaly at Day 40. Anomaly S1 is above the water table, so we think the
redox action is weak. The blue dot denotes reference electrode (near electrode #1) and the crosses
denote the position of scanning electrodes. The development of the anomaly over time is due to the
corrosion of the metal bar. Ref denotes the references (zero potential) for the array of electrodes in the
self-potential survey.

The SP anomaly at Day 22 is attributed to a redox reaction occurring around anomaly
S2, and this reaction remains stable during this period. However, due to its small size,
the associated chargeability is very weak. Our aim is to demonstrate the sensitivity of SP
inversion in identifying such types of ore deposits. So, the SP data collected at Day 22 were
used for SP inversion, and the same mesh as that used for ERT and IP inversion was used.
The previous inverted 3D conductivity in Figure 8 was incorporated into the SP inversion
as a priori information. The initial value β is set to 1 × 10−3, and the threshold value α in
Equation (6) is 2.2 × 10−6. The maximum number of iterations is set to 10. SP inversion is
run with a homogeneous current density (with a value of 0) and no reference model was
used. Finally, the inverted 3D current density distribution showed anomaly C2 at the center
of the sandbox (Figure 14). Figure 15 shows that the observed SP data is well reproduced
by the inverted volumetric current source.
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Figure 14. The inverted 3D current density distribution from the SP data. (a) The 3D current density
distribution, (b) 2D current density cross section at x = 0 m, (c) 2D current density cross section at
z = 0.06 m. The green points denote the position of the electrodes. The areas encapsulated by the
black boxes denote the position of the anomalies.
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4.5. Integrated Result 

Figure 15. Convergence of the SP inversion and fit between the observed and predicted data.
(a) Root-mean-square (RMS) error of the potential field. (b) Observed data versus predicted data for
the last iteration.

4.5. Integrated Result

As in Section 3.4, we calculated the ORI χ and used χ > 0.5 as the final interpreted
result. Both anomalies were identifiable in Figure 16. The synthetic test and sandbox
experiment demonstrated that combining multiple methods together enabled a more
comprehensive characterization of the ore body morphology. We observed that the vertical
resolution is inferior to the horizontal resolution, particularly for anomaly S2 (metal bar).
Anomaly S2 was mainly reflected by inverted current density. One possible explanation is
the insufficient precision of inverted conductivity. As we mentioned earlier (Equation (3)),
the collected SP data are related to the conductivity distribution, and the inverted current
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density relies on conductivity (see Figure A2). Another reason may be the limited depth of
investigation. To obtain deep information, a larger electrode array is necessary.
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Figure 16. Interpreted result obtained by integrating the IP and SP data. The 2D-modeling SP
anomaly is plotted on the surface. The blue cubes below the surface denote the ore bodies (χ > 0.5),
and the green dots denote the position of the electrodes.

5. Conclusions

Low-frequency geoelectrical methods offer a non-invasive and cost-efficient method
for mineral exploration. However, challenges such as diminishing ore quality, increased
overburden thickness, and ore body size have intensified the complexity of mineral explo-
ration. While reducing the space of electrodes may improve the accuracy, it also increases
costs, particularly in 2D/3D acquisition protocols for ER and IP surveys. SP data are sensi-
tive to ore bodies intersecting the water table and undergoing redox reactions. However,
SP inversion requires electrical conductivity, as does IP inversion. We highly recommend
integrated application of ERT, IP, and SP methods in mineral exploration. In this paper, we
defined an ore body index (ORI) χ using normalized inverted chargeability and current
density to delineate the ore body. ORI χ tomography is sensitive to both the polarization
phenomenon and redox reaction around the ore body. Compared to individual inversion,
the interpreted result enhances the accuracy and feasibility of exploration of ore bodies,
which are supported by synthetic models and sandbox experiments. ERT, IP, and SP data
are easily collected together during the survey, and combining these data will provide
critical information and insights for the exploration and development of mineral resources.
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Appendix A

The governing field equation for the self-potential problem is written as

∇ · (σ∇ψ) = qv. (A1)

Using the identity ∇ · ( f A) = ∇ f ·A + f (∇ ·A), Equation (A1) is written as

∇σ · (∇ψ) + σ∇2ψ = qv. (A2)

From Equation (A2) and after a few algebraic manipulations, we easily obtain

∇2ψ =
qv

σ
− ∇σ

σ
· (∇ψ) (A3)

So, we can rewrite Equation (A1) as

∇2ψ =
qv

σ
+∇ln σ · E. (A4)

Appendix B

We use the true conductivity distribution in the SP inversion, and according to the SP
inversion result shown in Figures A1 and A2, the resolution in the depth is improved a
lot. However, it is not easy to obtain the exact conductivity during the survey, especially
clearly distinguishing the conductivity of small anomalies from the conductivity of the
surrounding rocks.
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Figure A1. True and inverted current density distribution using the exact conductivity distribution
from ERT. (a) The 3D inverted current density distribution, (b) the true 2D current density cross
section at x = 0, (c) the inverted 2D current density cross section at x = 0 m, (d) true 2D chargeability
cross section at z = 0.06 m, (e) the inverted 2D chargeability cross section at z = 0.06 m. The areas
encapsulated by the black boxes denote the true positions of the anomalies.
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