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Abstract

In this article, we quantify the functional convergence of the rescaled random walk with
heavy tails to a stable process. This generalizes the Generalized Central Limit Theorem
for stable random variables in finite dimension. We show that provided we have a con-
trol between the random walk or the limiting stable process and their respective affine
interpolation, we can lift the rate of convergence obtained for multivariate distributions
to arate of convergence in some functional spaces.
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1 Introduction

1.1 Motivations

The Stein’s method is one way to bound the Wasserstein-1 (p! for short) distance between
two probability measures on a metric space (E, d), defined by

p}i(u,v) = sup (f Fd,u—f de) (1)
FeLip, (B) VE E

where
Lip, ()= {F : E—R, [F(x)~ F(y)| < d(x,), Vx,y € E}.

It is known [1] that convergence in the p! distance implies the convergence in distribution
and the convergence of first moments. The Stein’s method initiated in the seventies by C.
Stein, was originally built to assess rate of pulQ convergence towards the Gaussian distribu-
tion. It was soon extended to the Poisson limit by L. Chen (see [2] and references therein).
Since then, the majority of the tremendous number of papers dealing with this approach
has been concentrated on Gaussian limits and in a tinier percentage to Poisson limits. It is
only very recently that some attention were devoted to some other limiting regimes, like
convergence to a stable distribution [3-8]. There is here a dramatic difference between the
cases a > 1 and a < 1, since in the latter situation the distribution has no longer a finite
first moment. We refer to monographs such as [9-13] for an overview of non-Gaussian CLT.
In view of the preceding remark, this means that we cannot expect a convergence in the
sense of the Wasserstein-1 distance but we have to restrict the set of test functions taken
in the supremum of (1) as in [8]. We will not deal with this problem here but it is the object
a paper in preparation [14]. We thus assume throughout this work that a belongs to (1, 2).
Another extension of the Stein techniques is to consider functional convergence theorems,
i.e. CLT-like theorems in spaces of functions. The first paper to handle such a situation was
[15]. More recently, in a series of paper [16-20], the rate of convergence of some classical
theorems like the Donsker Theorem or the Brownian approximation of a normalized Pois-
son process were established. There are two remarks which can be made here. First, the
rate of convergence depends on the functional space into which we are envisioning the
processes under study. For instance, the sample-paths of a Brownian motion can be seen
as continuous functions or as Hélder continuous functions: The rate of convergence of the
random walk towards the Brownian motion has been shown to be n~"®log n (respectively
n~1/6+Y/3) in the space of continuous functions (respectively the space of y-Holder con-
tinuous functions for y < 1/2). The second remark is that we can get rid of the calculations
in infinite dimension which appeared in [20] by considering affine interpolations of the
different processes involved and then reduce the computations to estimates in some finite
dimensional spaces.

The main contribution of this paper is to show how we can convert a rate of conver-
gence for multivariate distributions into a rate of convergence in some Banach spaces
provided we have a control on the error made by replacing some processes by their affine
interpolation. In passing, we greatly simplify one of our former proof developed for the
Donsker theorem in [17]. We treat here the case of a random walk with increments in the
domain of attraction of a stable distribution with finite mean but infinite variance. As a



key element of our proofs, we derive a moment bound for sums of stable random variables
which seems to be new and interesting by itself.

1.2 Main result

A random variable Y is said to be in the domain of attraction of a stable distribution if for
a collection of random variables Y3, ..., Y, independent and with the same distribution as
Y, there exists two sequences (a,) ;=0 and (by) ,=0 such that

law

an (Y7 + +Yn)—bn—>S

where S is an a-stable random variable, for a € (0, 2]. In the literature, the appartenance to
the domain of attraction has been linked to the tail of the distribution, see e.g. [12] or [11]
for the review of the literature, and complete statement of the theorems.

One of the first paper to use Stein’s method to derive rates of convergence for the stable
central limit is [7]. In that paper, the authors introduce the normal domain of attraction of
an a-stable distribution: random variables whose cumulative distribution functions is of

the form ® A+e(-p)
+e +e(-
a and Fy (—1) = W’ (2)

whenever ¢ = 1, and where ¢ is a function with a specified decay at infinity. For (Y;),>1 a
sequence of IID random variables of this sort, define

1-Fy(®)=P(Y =1)=

1 n
5.

i=1

Sp=

nlla

It is shown in [7] that: c
1
Pr(Sn,S) = 170

Building on that paper, and their subsequent work, we aim at establishing the rate of con-
vergence of the continuous time analog of S;, namely the random walk (X;,(1)) ;> defined
by
271
Xn(0 = oz 2 Vi 3
i=1

to an «a stable process (S;):=0 in a space of functions. As in some of our previous works,
given p =1 and n € [0, 1], we introduce the fractional Sobolev space

1 pl _ p
Wn,pZ{fELp([O,l],Rd); f f Mdsdt<+oo},
0 JO

|s— ¢|1+np
equipped with the norm
O IO]
p p
1710, flf(t)l dr+ff O SO asar



Note that for n—1/p > 0, W, , is embedded in the space (n— 1/p)-Hélder continuous
functions whereas for n—1/p <0, W, ;, can be embedded into the space of p(1 -7 p)~lin-
tegrable functions over [0, 1]. Since (X, () ;=0 and (S;) ;> induce probability distributions
on some of these functional spaces W ,, (for n < a~! <1< p < a), their distance can be
quantified by the Wasserstein-1 distance on any of these spaces defined as

Pl (1aW(X,), law($)) = sup  (EIF(X,)] -E[F(S)]).
P FeLip; (Wy, )

Our main result is an upper-bound of this rate of convergence:
Theorem 1. Let (Y;);>1 be a sequence of IID random variables of cdf Fy, in the normal
domain of attraction of an a-stable distribution with a € (1,2). We assume that their exists
A>0,y>0and a function € such that

Al (1)
[FD[Y1>t]—gt—al[lﬂ_o@[(t)ﬁ‘(l—A)t—a fOT >0,
n 1 £(1)
PY1<tl=-———"—+(1-A)— r<o0,

M=i= g T4 A% o

where € is a bounded function on [—1,1] such that sup, |tYe(t)| < +oo. Let X, be defined as
in (3). For (n,p) € (0,1/a] x [1, @), there exist v > 0 and ¢ > 0 both depending on (n,p, a,7)
such that we have

P, Xn,S) =27,

where o y
vz(l—n)pw.>0. 4)
a 1+(z-n)p
The strategy we use here is inspired by [17]. First, in Section 2, we consider a projection
of (X, (1) =0 and (S;) s on a certain finite dimensional space. This reduction to the finite
dimension allows us to rely on [7, 21, 22] to control the distance of the two projected pro-
cesses. Then, the control the sample-paths distances between (X},(f)) ;>0 and (Sy) ;>0 and
their respective projections is obtained via Lemma 5 of Section 3. Finally, we summarize
our results and state the final control in Section 3.3. As a key element of our approach, we
establish a moment bound in Section 4 that, up to our knowledge, was not known, even for
Pareto distributions. We prove that when Yj,...Y) are in the normal domain of attraction
of a stable distribution, for all p < a,

Yi+-+ Y|P

ola < +o00.

supE
n

2 The Interpolated Random Walk, and Reduction to Finite
Dimension
2.1 Notations and the Interpolated Random Walk

For the sake of simplicity, we choose the dyadic partition to define the affine interpolations
of the random walk. The general situation, for which we have non nested intervals and



thus side effects, can be handled as in [17]. We consider the sequence of functions:
) t
RE(=v2"| 1, iv,(s)ds.
n o b

Notice that this sequence actually forms an orthonormal family with respect to the inner
product

1
(f, 8 =f0 f'(s)g'(s) ds.

We then form the interpolated random walk:

vam 2t
onia Y ViRl ()
i=1

[2"¢]-1

Yiong
= Sa Z:Zi Y; + Sl (gnt—tzntj).

Xn(t) =

To obtain a convergence rate, we introduce for m < n (to be determined later) the
projection operator on span{h;,, j =0,---,2" —1}:

2m—1

Tm(H) = Y (f, ) il
j=0

The introduction of this projection operation is the tool that allows us to use results
available in finite dimension. We split the difference as follows:

X =8 = (X =7 (X)) + (A (X) = T (9)) + (0 () = ).

The first and third terms are of the same nature, they represent the gap between a process
and its projection. In Section 3, we prove the Lemma 6 that deduces a control of theses
distances from Holder sample-path regularity. For the second term above, we will see that
this term is controlled using the finite-dimensional distribution convergence, which is es-
timated using Stein’s method in finite dimension. For that term, we use the control given
by [7], but we also provide new approaches below.

2.2 Reduction to finite dimension

In this section, we show how the the projection operator allows one to reduce the analysis
on finite dimensional spaces, from where we can cite existing work in the literature. This
adapts arguments developed initially in [17].

Lemma 2. The projection of the partial sums write:

2 o 2m Jam (1 (D2 .
T (Xn) () = Y (Xn, Ky By (1) = Y m( = 3 Yi|ri .
j=1 j=12 @ \2a j=jpn-m

o



Proof. Recall that X,,(f) = Y2 Y2 Y;hi7(#). Taking the projection leads to

onla

n 2™ 2"
\/Z_ZZW Lrl Rl (Y.

j=li=1

T Xn) (1) = 2o

Now, the scalar product (hf,l, hl,) is zero except when the intervals zin, ‘;—,}] and [2]—,,, Janl

are nested. In that case, the scalar product yields the length of the resulting interval, hence
(hfl, hi,,) = ‘/ZTF . Thus, the projection becomes

\/2— 2m (]+1)2n m—l \/2—’1\/—
X0 =22 2 )
j=1 i=j2n-m

22X pi oy

We simplify the terms and normalise the inner sum by 2 “Z" in the above expression to get:

2 1 (j+D2""m—-1 .
X)) == Z(— Y Yi|hp.
2a = i=jon-m
The proof is thus complete. O

Remark 1. In the proof above, we see that considering the dyadic partition simplifies the

discussion, since the intervals [zln, ”1] and [2],, , ]ZL,,] are nested. In the case of an arbitrary

partition, we would have boundary terms that needs to be handled. We refer the reader to
[17], where such a discussion is performed.
Meanwhile, we have that the projection 7 ,,(S) is:

2m . .
Tm(S) () = Y (S, by Yhl (o).
j=1

This scalar product can be computed with an integration by parts:

(Shly=vem | s +1)(t)dt:x/z_m(s(ﬂ)—s(i)).

[0,1] L3P om 2m

Thus, we have:

2Mm—1 :
T (S)(1) = Z nl (t)\/z_m( (]“) s(zim))

and each term S (JZLMI) -S (ZL,,,) @ 2'"“1 S1. Hence, for all ¢ € [0, 1], we have established that

F(mm(X)(0) = F(mm(S) (1) =
1

om 2" -1 (+n2" -1 , 2m-1 +1
A () o[ ) (o)
« j=0 211 j=j2n-m j=0 2 2




Let

1 (]+l)2" m_1 i+1 .
L g 2 o{

2« i=jon-m 2m

where U}, i and Sp, ; are IID. Using the equivalent characterizations of the Wasserstein-

1 distance, we know that there exists a coupling (not necessarily unique) between the
. . . 1 .

random variables U}’ J and Sy, ; that realizes the distance de(Ur,;l,j’ Sm,j) for any j €

we have obtained:

E[F(mn(Xy) ©)

~E[F(mm(S))| =E

2m_1
F Z Smyjh;n) ,
=0

{0,---,2™ — 1}. Let (U;’;L,j’gmyj) be independent random variables such that for any j €
{0,-+-,2m"1 1}

PY Un, j» S ) =E[|Of, ;= S]]
The difference (5) now gives:

Pl (T X Tm($)) = sup B [F(mm(X0))] -

£ frncs)

FelLip, (W, )

2m
— & .pm
= sup E Z milt F| Y Sm,jhj
FeLip; (Wy,p) j=1
2m-1

1
< Z’ pR(UZ’j; Sm,])”h;n”WnW
< c2mpmmiz=m ol (yn 1 Sm1)
< sz(1/2+n) 1(Un 1 Sm 1)

m1» Sm,1) is now bounded using the estimate of [7, 21]:

The last part pR Lar

1 G+p2rm
1 1
PRWUp 10 Sm1) = Pa | = 2

a i Jzn m

Yi,j=1...,2™ 8| < Cqm2"04.

2m/a

We explain how to use [7, 21] in the next paragraph.

Remark 2. It should be noted that the characterization of the Wasserstein-1 distance as
a coupling is new in this setting. It simplifies greatly the proof of the analog result in [17,
Theorem 4.7].

2.3 Control in Finite Dimension

The purpose of this section is to explain how to derive the functional convergence from
existing results in the literature. Many authors have investigated the stable central limit
using Stein’s method, starting from Barbour [15], and more recently, a series of paper [7],
[21], [22]. We will rely on their result in the multidimensional setting.



The rate of convergence for heavy-tailed random walk converging to stable distri-
butions is obtained in [7]. In a subsequent work [21], this result is extended from one
dimension to the multivariate case. We copy their result here keeping the notations used
in [21].

Theorem 3. Set

Sn= ((nl _E[(n,l])+(Cn,2_E[Cn,2])+"‘+((n,n_E[(n,n]);

Let . be an a—stable distribution « € (1,2) with Lévy measure

d
v(dO) =ag@)dO+b) (06, +06_¢,) + cvy(db).
i=1

Then we have:

n n
patz«snxu)SChﬁ(n‘i§:E[kﬁif‘“ +n7% Y E[ICnl]* +E
i=1 i=1

where the remainder R,,; is related to the distribution function of the {,; and the Lévy
measure of the stable distribution.

They proceed to give an estimation for the remainder in the case where {,; are
symmetrized Pareto. The following upper bound can be found in [21] section 5:
Corollary 4. Lett; =¢;¢;, wheree; is a random unit vector such thatP(e; € A) = v(A), and
¢ is a Pareto random variable. Define

1/a
a 1
Sn= (—1) —7z (71 =Bl )+ + (ta = Elra1)).
Pa n
Then,
a2
Py (LS, ) < Cqan'a .
Recall we need a convergence rate for each j =1,...,2":

1 (j+1)2nm 1

Y vi»s(EH) - s(L
2" o fgem 2mia ! 2m 2m

Since each of the 2" component are independent, the vector:

1 2 1 2" —1\\ @)
[ 2)-5()os-s[Zest) s
2m 2m 2m 2m

has a stable distribution, whose Lévy measure is

(6e;+6-¢,),

N | =

2m
)
Jj=1



Now, to use Theorem 3, we need to compute each term in the right hand side, and {, ;
in terms of our to our Y;. Fortunately, in [21], Paragraph 5.2, Example 2 (refer to the arXiv
version 1), is a section devoted to the calculation we need. Using the same notations as in
[21], for a distribution function of the form

B(r0)

Wdrd@,

A
Ff (drd@) = deV(de) +
the convergence rate towards 7, the multidimensional stable distribution, is:
1 a=2 a-p
Pl (L(Sy),m) < ca,d,A,B(n T 4na )

where d is the dimension, that is in our case, 2. Recall that in our setting, we consider Y;
in the normal domain of attraction (see Equation (2)), we now actually have to prescribe a
decay rate for €. From now on, assume that

Note that this is the decay rate prescribed in [7], this relate to the Example discussed in [21]
by taking y = B — a = 0. Hence, in our case, the convergence rate is

2

a=2 i g
Pl (L(Sy),m) < ca,d,A,B(z 423 ”)

where vy relate to the choice of €. At this point, we need to be very careful with the constant
Ca,d,A,B, as a compromise between n and m is to be chosen. In [21], this constant comes
from the density estimation for the stable distribution. Since we deal with symmetric sta-
ble distribution (that are unimodal with a mode at zero), it is enough to upper bound the
density at x = 0 to get a good estimate on that constant. Let us denote q(x)dx the density
of §, we have:

1
0) = R
a0 = fR E[e€9] a

1 . .
T en?” fRzm exp (0 ~1-i, 01 g1

d
x (ag(e) dO+Db) (08, +076_¢,) +cvy( d@)]) dé.
i=1

In general, one would proceed by change of variable looking for Gamma functions to com-
pute this integral. We point out that if the Lévy measure had had a density with respect
to Lebesgue measure, the volume of the sphere $2"-1 would have come into considera-
tion. However, because stable distribution S we consider has independent increments, this
constant becomes linear in the dimension 2™:



We therefore obtain the rate in Wasserstein distance:

) 1 (j+n2"-m - ” m(an(-2) ax
de “nm ; WY,’,]—I...,Z ,S SCQVA,EZ (2 a’+2 ‘1).
a i=j2n-m

3 Approximation and Final Estimate
In what follows, the constants may change from line to line.

3.1 Approximation Lemma

Let 7., = (1) where ;! = k27", k = 0,..,2™ be the dyadic partition of [0,1]. Let F be a
stochastic process and 7”" (F) be its linear interpolation along 7", that is

Tm(F)y = Fyn + [t = )27 [Fyn = Fyml, t€ (g0, 61,1, k=0,..,2" 1.
Lemma5. Letl < p < a <2, let F be a stochastic process such that there exists C > 0 such

that
E[|F, - Fi|P] <Clt-s|P'% Vs, te[0,1)% (6)

Then forn < 1/ a, there exists a constant C > 0 (depending on a, p,n) such that, forallm = 1:

ds dt < C 2~ ma=mp,

Im:ff E(|nn(F)¢ —mm(F)s— F + Fs|P]
[0,1)2 |t — s|t*+Pn

1
]’":f E[|mm(F), - FilP] dt<C2 ™é.
0

Remark 3. The stable process satisfies the assumption of Lemma 6, since forany0 < s<t <
1, we have

S - S(s) 2 (£ - 978(1)
andS(1) € L foranyp < a.
Remark 4. Sincep/a <1, (6) does not entail that F has continuous sample-paths. Moreover,
note that we have I + J™ = E [IIF — T (F) ||'5V” e Hence, this Lemma gives a control of the

norm, in W, ,,, of the difference between a process and its affine interpolation provided that
we have a bound on the moments of its increments.

Proof. Without loss of generality, let s < t. First, let us assume that s and ¢ are elements
of T,,,, that is s = k27", t = [27™, Then F; — Fs = n,,,(F); — n,,(F)s, in other words, the
projection agrees with the process on the points on the partition.

Let T]T = [t]’cn, t,’;ﬁrl], for k=0,..,2" 1. Let i,j € {0,...,2"} i < j then for s € T]f" and
re T" we have

Am(F)y—m(F)s— Fp + Fs
3 (t—s)zm[Ftl{?}rl—Ftim]—[F[—Fs], ifi=j
B [t— tjm]zm[thWil —thm] - [tl.r:l_l - S]Zm[Ftirfrl —Ftlzn] —[F; —Ftim] + [Ft[rﬁl — F,] otherwise.

10



Then,

[ (E) ¢ = 7t (F)s — Fy + Fol P < 4P x
|t =sIP2"P|Fym — Fym|P +|F = Fy|P |, if i =
[t— f]r-n]pzmpwtﬂl _thf”|p+|tl-’zl —S|]gzm‘v|Fti’ﬁ'rl _Ftl.'”|p‘|‘|Ft—1:'ti'”|p+|Ftl.’f£1 — Fs|P| otw.

Using Fubini to exchange the integration order, we have:

m :zflffEnnm(F)t—nm<F)s—Ft+Fs|P1 dsde= 1M+ "

TR

where

2'"—1[ f E[|70(F); = m(F)s — Fy + Fsl”] ds dt,
Tm Tm

[t — s|LtP

201] E(I7,1(F) ¢ = 7 (F)s — Fy + FilP]
=2y 5[ /. T dsdr.

In the integral I}", ¢ and s are in the same interval T}, thus are at a distance at most 2™,
where as in 12’”, s and t are not in the same 1nterval Tm Note crucially that for IJ%, the
denominator in |s — ¢| is not singular.

For I 1’”, since t and s are in the same Tl.m, we can split the expectation as:

E || (F)e =7 (F)s = Fy + F

p
] < 4’”_1E[|t—s|p2m’”|Fﬂzl—thl’”+|Fr—F5|p .

Using the fact that E[|F; — F|P] < |t - s|P'® we can bound "= 4p-1 (1" +17%], where:
2m—1 p —m[f p 2m—1 t
r—s|¥2
=) ff Lkl ———————dsdr=2 Z 2- ””T”]f f (t—s)PP1 1 dsde
' pr T s<r  |[t—=s|' PN T Jim

2m 1 = Sl* 2Mm—1
ff dsdtr=2 Z[ f |t sla~P1 1 ds dt.
T =T s<t [T — |£—s[l+pn

Integrating in s, we get:

m
2M-1 1

m =2 2—"1( -p) (t— t{")P—Pﬂ dt,
=22 pa-m Jyp

2m—1 1 p
II"fZ:Z Z T rE— |t—tl_m|E_pT’d['

—o plla—n) Jrm

11



Recall that Tl.’” =[i27™, (i + 1)27™], we get:

2m— 1
I =2 > Z_m( e

i=0 pa-m(p-pn+1)
o2y ! o~ m(G=pn+1)
V2705 pla—na-pn+pla)

o—m(p—pn+1)

and

2

p(l-n(p-pn+1)

2 )
m _ —-m[<—pnl
11,2 = 2 a P

pl-n+1l/al(l-pn+pla)

I{?? — p-mlg-pl 2=mp=pn),

Note that the crucial part is that we assumed a > 1 and n < 1/a, thus, the exponent is
indeed negative. Now, we turn to the study of I;". In this case, s and ¢ are not in the same
interval T}, we can split the expectation four ways:

E Hnm(F)t—nm(F)s—FﬁFs

P _
| =477 1= 1]"172"PE | \Fy — Fypl? | +E[ Iy~ Fiol?)|
J J i
B[Py = FylP] +16%, = sIP2"PE[|Fyn — Fyp1?).

This prompts us to split ;" four ways according to the above decomposition.

For the first contribution above, and since p > 1, we can use the Lemma 6. We get

! [t= P27V E|Fyn ~ Fynl?
Iy =2 ff T dsde
21 jzl i=0J JT'xT/" [t —s|t*Pn
2m_1j-1 [7’ | |t_t]’?1|p
<2 ff 27 Pl — — dsdt.
jzzl ;’) T} [t —s|i*Pn

We can now simply compute the remaining integrals:

2m_1
P _
I <2 ff 27 mlg=p] dsdt
21 Z (0,7 1= st+pn
zfm[gfm 2m-1

<2— f |t — PP de
pn ]; o

2—m[§—p+p—pr]+l—1] 21—m[£—pn]

< .
pnp—pn+1) pnp—pn+1)

<2

12



Again, we note that since p = 1 and 1/a > 1, this exponent is indeed negative. For the
second contribution, we proceed similarly, using (6) to estimate:

2m_ 11 1 E[lFt_Ft.m|p]
=2 ff U 0 gear
2,2 ]ZI pr meTm |[— s|1+PTI

2m_1j-1 |t—t’”|a
<2 dsdzt.
)y ZffT'"me |- SI”’"’7

j=1 i=0

Here the sum of integrals in d on T;" yields an integral on s between 0 and t]’.”. We can
therefore estimate

2 2m_q 21—m(§—n)
<=3 |t—z]’?1|§*f”7 dfs ————.
pn =1 pn(l-pn+pla)

Now, for the terms involving s € T/", we use (6) to estimate:

2'"—11 1 E[Ithl—Fslp]
Ly=2 fme - — dsdr

T f— ol+pn
j= 1 i=0 |t —s|2*Pn
<2 mz_uzlff ’“' dsdr
j=1 i=0 T'”xT'" |1+pn

Which gives after integration:

2m_p am_] +1|§
i =L
2,3 Z Z T”’xT’” |t— s|1+pn

i=0 j=itl

2’"—2 —n |3

i+1
— 3 dsdt
mej;m |t S|1+p17 $

2 22 ol-m(E-pn]
= Z Is—t 1|“ Pldss —m — .

pn i=0 pnl-pn+pla)

The last term handled similarly:

2m— 1] 1 |tl+1—8|p2mpE |FtiVZI—Ftim|p
f/;"mme

=2 dsdr
2 121 i=0 |t —s|ttpn
1- ] i +1|
—pl-mlE-p ff 1o dy
]ZI lZO meTm |[ S|1+P1’]
2m 12m 1
_21 m[Z —p] Z ff s — tz+1| dsdt
i=0 j=i+1d JT"xT" It~ s|1+P71
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m

2Mm—1 |s— ¢ |P
p
=2l-mla-pl Y ff —LL dsdrt
i=0 [

i [t = s|trPn
2m_1 _m p-pn
<o-mlE-p) Zf o lP
i=0 JIt]7,1] pn
ol-m(E—pn]
pn(p—pn+1)

Then, there exists a constant C depending on p, 7, &, such that
eil™ < C 27N, for (kD) €{(1,2,(L,1D}UIR,D), i=1,..4}, ¥m
The case of J; is simpler since

E[sup |7, (F); — Fy|P] < C 27 M.
t

The proof is thus complete. O

Remark 5. Since Iy, +Jm = E [”F— T (PN ] we get the estimate:
Wa.p
E|IIF -7 (B, ] <C (2*"15 +2*m<1/afn>p) <comE-np.
mp

3.2 The Interpolated Process Fits the setting of Lemma 5

In this section, we show how the interpolated random walk satisfies the assumptions of
Lemma 5.
Lemma 6. Assume that for somep < «,

Y14+ Y|P

ia < +00. 7

supE
n
Then, for some C > 0, for all n = 1, we have:

E

Xn(t)—Xn(s)|”] <C|t—sPe.

Proof. We start with the case where ¢ and s are on the grid: ¢ = k27" and s = j27". Without
loss of generality, assume ¢ > s. In this case, the increment of the interpolated process

writes:
k-1

1
Xn() = Xn($) = o7 2 Vi
i=j
From (7), we deduce that for all n € N, there exists some constant C > 0 such that :

EHY1+---+Yn

p] <cnP'e.

14



Hence, we directly get:

=
E[|Xn(t)—Xn(s)|p] =E onla FZ}YI
_ apla
< Compralk =1
k - pla
=C __L :C|Z’—S|pla»
2n 2n

thus, the moment condition in lemma 5 is satisfied for points on the grid.

Now, let us discuss the case where t and s are not on the grid, but in the same sub-
interval [j27", (j + 1)27"]. In that case, the increment of the interpolated process reduces
to

la

1
Xn (1) — Xp(s) = Zn_ Y]‘ V21 (t—s).
In that case, we get:

V2P (t—s)P

E[|Xn(t)_Xn(S)|p] = 2np/a

E[IY;1P].
Since a <2, we have § < £, thus (2")P/? < (2")P'®. Hence, we get:
E[1X,(0) = Xn(9)IP] < C1=9)P < C(r= )",
the last inequality being true since ¢ and s are in the same sub-interval, hence t —s < 1.
It remains us to discuss the case where ¢ or s are not on the grid, and in separate sub-

intervals. In that case, we introduce s* and ¢~, on the grid {k2™",k = 1,...,2"} such that
s<s* <t” < t. We can always split the difference into:

X (6) = Xn(8) = (X (5) = X (1)) + (X (67) = X (5 + (X () = X, (5))-

Now, ¢ and ¢~ are in the same sub-interval, and so are s and s*. Moreover, s* and ¢~
are on the grid, hence, we can directly use the controls explained above to get:

E[1X, (1) - X ()|P] < C((t— (P14 (1 = sTYPI 4 (st s)P’“) <Cyl1-9)P'",
where for the last inequality, we used the fact that a” + b” < C,(a+ b)P, that holds with
Cp= 21=Pif p<1and C,=1if p=1. Hence, Lemma 5 is applicable and the norm in W, ,,

is controlled.
O
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3.3 Derivation of the Final Rate of convergence

In this section, we derive the final rate of convergence of the interpolated random walk
(Xn (1)) te0,11,n=0 towards the stable process S in W, ,,. Recall:

Pl,, XS = sup (BIF(X)]-E[F(S)]).
' FeLip,;

Let F be a Lipschitz function from W, ,, to R. We have:

ELF(Xp) =~ F(S)] = (ELF(X)] = EFGrm (X)) + (ELF (X)) - ELFGTm(S))

+(BIFG.(9) -EF©)])

< E[1X = 1)l , | + 0y (1 6, 1 (S)) + B[ 1S = 70 (S) 1w, |
Thus,
P, ,(Xn,S) = sup  BIF(Xy)] -E[F(S)]
P FeLip(W,p)
< B[1X, - tm X lw,,, | + ol (Em (X, () +E[IS = (S, |-

We plug-in each the controls we obtained for each term, to get:
Pl (Xn,S)=C (2"”(%‘")” +2mpn G oMy G 4 2"”(5"7)")

Crucially, we can already notice we can choose m and n such that every exponent is actu-
ally negative. Up to a modification of the constant, we can group the first and fourth term
together, to get an estimate:

P, , 9 = C (271 4 ma=n(G1) 4 gmp=nc), (®)

We see that we need to choose m in terms of n to ensure that:

1
o 27m(3 1P tends to 0 as fast as possible, that is m as large as possible,
2
o 2m2-1(5=1) tends to 0 as fast as possible, thatis m < n (% -1).
Y . .
* 227 "% tends to 0 as fast as possible, that is m < n%
One can solve this optimization problem to find the optimal m in terms of n, but the
calculations are quite heavy. Hence, we provide a more tractable calculation giving a
sub-optimal rate. First, note that

p%/vn,p (Xp,8) <C (g—m(ﬁ—ﬂ)lﬂ +2m—nxmin(%‘1%))

16



We set m = xn, and find « such that the exponent match:

(21X
1 2 min(=-1,+

—K(——n)pzk—min(——l,z):K:(’f—“).
a « )T T

Our final bound comes out to be:
P (Xn, S =C27",

with
v_(l_n)pmm(%—lr%)
a L+(z-mp

4 Proof of the Moment Condition

In this section, we prove that the moment condition 7 actually holds for all p < a. Recall
that a random variable Y is in the normal domain of attraction of a stable distribution if
its distribution function Fy is of the form:

+£(1) A+e(-1)
a andFy(—t)=—(_t)a )

A
1-Fy()=P(Y =)=

whenever [f| = 1. We split this paragraph into two parts in order to isolate the main
ideas. We first deal with the symmetrized Pareto case in subsection 4.1, then deal with the
full case in subsection 4.2. In both case, the proof uses a technique very reminiscent of
Stein’s method. The key is to perform an integration by parts with respect to the Pareto
distribution.

4.1 The case of Symmetrized Pareto

Theorem 7. LetY,..., Y, independent and identically distributed with probability density

function:
a

dy
P(Y e dy) = EWI{WPI}.

Then, it holds that forallp < a:

1 p

nlia

< +o00.

sup E
n

n
Y;
i=1

This resultis ofindependent interest in the sense that, to the best of our knowledge, this
estimate is not present in the literature. This result is not surprising however, the Pareto
distributions being in the domain of attraction of the stable distribution, similar estimate
are expected to hold.

Similarly to the non-integrable case, the idea is to relate the moment of ﬁ Y Y; tothe
moment of a stable random variable. However, the lack of uniform Lipschitz property of

17



x — |x|P at 0 prevents us from using the results of [7] directly. We introduce the function

Pp:
b, (x) = |x| if|x|>1 ©
P 2+(1-5) else.

This function interpolates a parabola close to the origin and the function x — |x|”. By
construction, it holds that
|x[P < 1+¢px), (10)

and ¢p € ‘62"9 , meaning twice differentiable with p-Hélder first derivative and bounded
second derivative. We will use this function to establish the moment condition. Namely,
we prove:

1 n

E\¢p (m Z Yi)

Jj=1

Estimate (11) coupled with inequality (10) on ¢, yield the moment condition of
Theorem 7. We now focus of establishing (11).

Lemmas8. LetGe ‘6;’” (R). Let Y with probability density function

< +oo. (11)

Y
P(Ye dy = 2 Wl{‘ybl}'

It holds that

ady

| |oc+1'

2
—E[G’(Y)Y]=LG(0)—(G(1)+G(—1)—2G(0))—f (61 -6O-G'Oy) -
a lyl<1

where L is the non local operator:

+o0 , a dy
Lo(x) :f ((p(x+ N-—px)-—¢ (x)J/) DECh

o0

Proof. We start by expressing the left hand side using the pdf of Y:

E[G()Y] = f‘

lyl>1

+o0 a dy -1 « dy
G yy= f Gy ——
O et TV e

o, @ dy
Wy35 T Liyi>1

E,+E_.

By integration by parts, we have:

d G G0) ]+ +oo
f Gr()“ J’ (J/) ()] fl (G(y) G(O))( )

a+1
a (a: | " (G(y) G(0>) S dy = (G0 - G(O)))‘

E,

18



Similarly, for the negative side, we have:

a a[Gy)-Go)]! af—l (-D(-a)
G'(y = | = = G(y)-GO)|———=d
f ()2( y)a ol e RS _oo( (»)-GO) Syt

= (af_oo (6 - G(O))(_y% dy- (G- - G(O))).

We can group the two integrals together writing:

E_

-1 (-1)(~a) - ! _ dy
f_ N (G(y)—G(O))WdJH f_ N (G(y)—G(O))(_y)aH dy= Iy|>1(G(y) G(O))l QT

Besides, since the distribution is symmetric, we can add G'(0) y under the integral without
changing its value:

dy f dy
G G = G(y)-G0O)-G'(0
“f|y|>1( m-60)g=] (6060 -6

Adding the integral for |y| < 1, we get:

d ad
afl (6t - G(O))| |ay+1 —LG(O)—[ (65 -G - G(O)y)| lafl
yI>1 lyl=1

Consequently, we finally have:

ad
E[G’(Y)Y]=g(LG(O)—(G(1)+G(—1)—2G(0))—fH l(G(y)—G(O) G'Oy)= y)
yl<

| |a+1

O

Proof of Theorem 7. Consequently, we see that we can bound E [G'(Y)Y | with the second
derivative of G. Let us now define some notations. Recall the function ¢, defined in(9)
above. We use bold letters to denote vectors in R". Besides, capital letters will denote
random variables.

LetY=(Yy,...,Y},) be a vector with IID entries, such that

d
PYiedy) =7 v |,311 Liy>1-

Letalso S = (Sy,...,Sy) be a stable process in R” with independent coordinates. For any
function F € ngp , it holds that

+00
E[F(Y)]-E[F(S)] =—f0 E[ZP.F(Y)] dt, (12)
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where Z is the generator of the stable driven Ornstein-Uhlenbeck process:
1
dXt = ——Xl» dt+ dSt,
a

We note here that the generator £ has the expression:

$<p(x)———V¢p(x) X+ (Foc+ uen - FOo) = VFO0 - u)— du,

=Jr ||a+1

where e; is the canonical basis element of R”.
We use equation 12 with

F) =,

X1+ +xn)

This leads us to the identity:

+Y,
¢>p( nlla )

+00
[(pp(u)]:_fo E[%P,FY)] dr.  (13)

nl 11
Now, since S = (Sy,...,Sy) be a stable process in R”, it has finite moments of order p < a.

Thus, equation (11) will hold as soon as we control the right hand side of (13). Hence, we
need to control:

7 1
E:ZE[—EGin(Y)IG f(G(Y+ue)—G(Y) VGW) - u)| = du],
i=1
where G = P;F.Letus denotefori=1,...,n
G\Yi(y)zG(Yl)---)Yi*l)eriJrl!---!Yn)-

In other words, Gy, is the (random) function G where we replace the i-th component by
the variable y € R. By conditioning in the sum by Y3,...,Y;_1, Yi11,..., Yy, it holds that

n 1, 1
E=YE —EG\Yi(Yi)Yi+fR(G\Y,m+u)—G\yim) Gly, (Yi)- u)| o
i=1

These notations allows us to reduce to the once dimensional case, and use Lemma 8 above.
Namely, we deduce that:

E[Gly,(Y)Y| =E [% (165 - (Giy, () + Gry, (-1 =261y, )

dy

Recall G = P,F, we need to control
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1
——G(Y,.(mmLG(Y,-)]

E[£P,FY)]=) E "

i=1

n
Z[E( (~2613, @ + Gy, (1) + Gry (=1 - 26y, 0)
i=1

G Gor 0= Gy )2 + 67,
+ mil( i (1) = Gy, (0) - \Y()y)| it | FLG).

Looking at this identity, it appears that the quantity we need to focus on is LGy, (¥;) -
LGy, (0), all other terms can be controlled by || G" |l from a Taylor’s expansion. We have:

+oo ady
LG\Y,(Yt)_LG\YL(O)zf (G\Yl(Yz'Fy)_G\Yl(Yl) G\Y(Y)y)| |a+l
+00 ad
—j;oo (G\Yt(y) G\Yz(o) G(Y,(O)y)l |ai/1

We split this integral between {|y| < 1}, where we can do a Taylor’s expansion, and {|y| > 1}:

LGy, (Y;) - LGy, (0)

ad
= flqu} (G Y= G ) = (G (4 = Gy, @) = (Gly, (¥ - Gy, )]
ad
+f|yl>1} (G (¥ + )= Gy, (1) = (G (YD) - Gy, 0)) = (Gly, (¥ - Gly, (0))y)—|y|a+y1
=1+1I.

We now turn to the second integral above. First, noticing that on {|y| > 1}, the measure

ady
|y|a+1 is finite and symmetric, we can cancel the compensation term. Next, we have:

1
G (Y43 =Gin ) = [ Gly, v +0%)-¥; do,
1
Gy, (Y)) - Gy, (0) =f0 Gy, (0+0Y;)-Y; dO.
This gives us:
! ady
= Gy (y+0Y;) -Gy (0Y) |Y; A0 —.
fuy|>1}fo ( vy Y HOL) =Gy, l) Py

Now, we do an additional Taylor’s expansion, writing that

1
Gly, (y+0Y) -Gy, O) =f0 Gl (OY; +py)ydp,
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which can be bounded, since 1{\y\>1}|;% integrates |y| at infinity. This gives us the
following estimate:
E[I < |G"|ElV1]].

Remark 6. We point out that this last estimate is rather tricky. Doing bluntly a second

order Taylor estimation on Gy, would not work here because y? is not integrable at in-
finity against I;I%' Instead, here, the second increment y is replaced by Y;, which can be
estimated.

For the sake of completeness, let us write the estimate we obtain for I:
Ul 1
ENl=1G oo
2-a

Hence, we managed to relate every terms in (12) to the derivatives of G. We have the
following lemma:
Lemma9. ForanyF € %s'p, it holds that
* VP,F(x)<e '*P,(VF)(x).
* IfVF is Lipschitz, then VPF is Lipschitz, with
IVP,F(x) - VP;F(y)| < Ce™ "% x—y|p1.

Recalling G = P,F, derivatives of G actually yields an additional 1/n'/® factor. Hence,
our final estimate is the following:

noroq
E[ZLPF(Y)] =) E|-—Giy, (Y)Y +LG(Yi)]
i=1
no11
=Y E E(—LG\YL,(O)+(G\yi(l)+G\yl.(—1)—2G\yl,(O))
i=1
/ ady
+f (G111 = G @ - Gly, ) | + LG (Y|
lyl=1 ! Iyl

Finally, in this sum, we bound each term by |G" ||, = nzl/a e~ ta II(I)Z lloo- Now recall that

¢, interpolates between a 2nd order polynomial and x — xP, with p <2, hence, its second
derivative is bounded.
This gives us the upper bound:

1

—tlay _ 1-2
—e "¢} lloo = Cn

ae e, (14)

n
El=C
|E] i:zinz

The presence of the exponential term allows us to integrate in ¢ from 0 to co, and finally,
the proofis complete. O

Note that we also established the following lemma:
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Lemma 10. LetG bea Cf}’p function with bounded derivative then,

- - / 1 2 n
Mulsl[G(u+y) G(y)—uG (y)]|u|w+1 du| < 2—a”G lloos (15)

|L(G)(») - LG (0)] = CallG"lloo[1 +1¥I1, Yy€ER. (16)

4.2 In the Normal domain of attraction

In this paragraph, we demonstrate how to establish the moment condition (7) for a gen-
eral random variable in a Normal Stable domain of attraction. We recall that for a random
variable Y to be in the normal domain of attraction of a stable distribution, we require its
distribution function F) to satisfy:

A+e(1) and Fy (- 1) = A+€(—t)’

1-Fy()=P(Y=1)= pr e

whenever || = 1. From that decomposition, we see that we can extract a Pareto compo-
nent from Fy. We let Py (dy) =nPz(dy) + (1 —n)u(dy), where Py is the distribution of a
symmetrized Pareto.
Remark 7. The constantn is chosen according to A and a to ensure that we indeed define a
probability distribution. In the case where the constantn = 1, notice that we recover the pre-
vious symmetrized Pareto distribution. This constantn will also play a role in the generator
below.

Observe now that u is simply a signed measure, for which we have the following

information:
* uis centered, signed and finite
(t+00) = 22 it > 1, and p( 0= i<
° ; TO0) = ——, =4 -0, 1l = ———, ==
U p U —na
* =Py +Pz =+ lello)Pz

Proposition 11. Forall1 < a < f§ there exists a constant cq,g , such that for all Y a random
variable with distribution in 2*" and G € P and A> 1

E[£%G(Y)] = Capn [1G oo+ (1 =M1+ €loo) {AP1G I g1 ot + 421G o} |

Proof of Proposition 11. The main lines of the proof is similar, we first derive from Stein’s
equation:

t
E[F(Y)]-E[F(S)] =f E[ZPF(Y)] dt,
0

where Z is the generator of the Orstein Uhlenbeck process:

ZLo(x)

L, oo ’ na 1
—;q) (x)-x+f_oo (<p(x+y)—<p(x)—<p (ﬂy);W dy

1
—E<p’(x)-x+nL(p(x)
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Remark 8. We point out here the coefficient ) that was not present or rather equal to one in
the Pareto case. We can put this coefficient here, up to a modification of the Lévy measure of
the stable process, and this saves a renormalisation by some coefficient o in Nourdin [7].

Let Y be a random variable with distribution in &% and Z be a random variable with
symmetric Pareto distribution and Fy, Fz their distribution function. Then Fy —nFz is a
function of finite bounded variation associated to a signed measure p such that

=Py +Pz <1+ elloo)Pz,
e(t)
u(t, +ool) = ~a Vi>1,

t
u(]—oo,t])=ﬂ.

tﬂi
With these notations in hand, since Y is a centered random variable
1
E[Z(G)(Y)]=- EfRy [G’(y) - G'(O)] [1] dPz(y)+(1 - n)du(y)]

n fR LG)(y) dPy ().

Using Lemma 8 for the integral with respect to dPz we obtain

ELZ(G)(Y)] = —gn (G) + G(~1) —2G(0)]
1 du
— G - GO)-uG 0] ——
o |u\51[ (=GO~ uGO)] |uja+t

+ﬂfR[L(G)(y)—L(G)(O)] dPy (y)
1 ) )
_—fJ’[G(}’)—G(O)](l—n)du(y).
a Jr

Using Lemma 10 the three first terms of the right member are bounded by Cy 5IIG" |l
where C, ; depends only on a and 7.

For the last term, notice how when 7 = 1, then term is not present, and the result follows
from the Pareto case. When 1 < 1, we shall use the following Lemma to bound the last term
by for some A > 1 to be chosen later.

‘ fR y[G'1) -G O)] dp(y)| = Capp [ AP1G 51151+ A NG oo

Thus this achieves the proof of Proposition 11 under Lemma 12. O

Lemma 12. Under the assumptions of Proposition 11, there exists a constant Cyq g, such
that for all Ge %P and A>1

< Caron [ AP1G N gy, g1+ AN G oo -

‘ fR y[G' () -G ©01] duy)
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Proofof Lemma 12 :. Let A> 1 We split the integral in fourth terms :

| yiew-colauy - f{l _ e -colduy
yl=
+f y[G () -G O] duy)
{lyl=A}
A -1
+f1 y[G’(y)—G’(o)]du(nyA Y6 W -G O]duy.

The first one is bounded using Taylor expansion by

S 1G ool B = 2 G" lloo-

U y[G) -G O] du(y)
{lyl=1}

Using the fact that G’ is —1 Holder continuous and that || < (1+]|€lleo)P 2z (an a Pareto
distribution) the second term is bounded by

G' -G O] du| <161, 11 (1+||e||oo)f 1P dP ()
Mlyle}y[ Y | duty p-1H8 iz 2

a

<1651 5101+ leloo) 57—

For the third one, we perform an integration by part

A
fl Y[ -G O] duy) = [-y[G' () - G'©)] ully, +ooD]
A
" fl ([G') - G O] +yG" (1) u(ly,00D dy.

Thus since
(1+lelloo) 1

|y, +ool)| = B

it is bounded by

a
<2 [1 + ﬂ] 1G oo (1 + ll€llo0) [1+ AZ79].

A
‘ fl y[G' (1) -G )] du(y)

The integral on ] — A, —1] term is bounded in the same spirit. This achieves the proof of
Lemma 12, and thus the proof of Proposition 11 is complete. O

Let us now return to the general case. Recall that the goal is to control

Yi+---4+Y,
E[F(Y)]:E[(PP(T)]’
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where Y;’s are in the normal domain of attraction. Hence, we need to control:

n
E=YE —éain(Y)Y,-Jrnf(G(Y+uel-)—G(Y)—VG(Y)-u); dul.
i=1 R

|u|a+l

Keeping the notations as in the previous paragraph, we can reduce this calculation to
the one dimensional case by conditioning. Let G = P,F and fori =1,...,n:

Guy () = G(Ya, o Vit 1, Vi, o, Y.

We need to control:

n

E=)E

i=1

1 1
~—Gly,(WY; +nfR(G\y,m+ u)—G\Yi(n)—G(Yi(Yi)-u)W dul.

Now, we can plug the one-dimensional result from Proposition 11:

n
E<capn Y BIG"y; oo+ (1 =M1+ llelloo) { AP~ 1Gly, 5y g1+ A2 NGy, oo} |-
i=1

Finally, we recall that || G" || = nzl,a e~2tla ¢} lleo and

e 1
1G'll5_, g1 < Ce "' a1 #plloo.

This power in n prompts us to chose A = n®, where 6 < é, so that
- U
nx APEIGlL I porHBl, =, O

A similar calculation leads to the same restriction over 6 for the contribution of
AZa G('y, lloo- This choice of A lets us finally control the difference by something bounded

in 7. As for the integral in time, the extra e~/% factor allows us to integrate from 0 to +oo,
thus the moment condition holds.

References

[1] Villani, C.: Topics in Optimal Transportation. Graduate Studies in Mathematics, vol.
58. American Mathematical Society, Providence, RI (2003)

[2] Barbour, A.D., Chen, L.H.Y.: An Introduction to Stein’s Method. Lecture Notes Series,
vol. 4. National University of Singapore, Singapore (2005). https://doi.org/10.1142/
9789812567680_0001

[3] Arras, B., Swan, Y.: A stroll along the gamma. Stochastic Processes and their Applica-
tions 127(11), 3661-3688 (2017) https://doi.org/10.1016/j.spa.2017.03.012

26


https://doi.org/10.1142/9789812567680_0001
https://doi.org/10.1142/9789812567680_0001
https://doi.org/10.1016/j.spa.2017.03.012

(4]

[5

(6]

(7]

(8]

[9

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

Arras, B., Houdré, C.: On Stein’s Method for Infinitely Divisible Laws with Finite First
Moment. Springer, Switzerland (2019)

Upadhye, N.S., Barman, K.: A unified approach to Stein’s method for stable distribu-
tions. Probability Surveys 19 https://doi.org/10.1214/20-ps354

Barman, K., Upadhye, N.S.: Stein's Method for Tempered Stable Distributions.
arXiv:2008.05818. https://doi.org/10.48550/arXiv.2008.05818 . http://arxiv.org/abs/
2008.05818 Accessed 2023-09-13

Chen, P, Nourdin, L., Xu, L.: Stein’s method for asymmetric a-stable distributions, with
application to the stable CLT. Journal of Theoretical Probability, 1-26 (2018)

Chen, P, Nourdin, I., Xu, L., X.Yang, Zhang, R.: Non-integrable stable approxima-
tion by Stein’s method. Journal of Theoretical Probability 35(2), 1137-1186 https:
//doi.org/10.1007/s10959-021-01094-5

Zolotarev, V.M.: One-dimensional Stable Distributions vol. 65. American Mathemati-
cal Soc, Providence Rhode Island (1986)

Feller, W.: An Introduction to Probability Theory and Its Applications vol. 2. John Wiley
& Sons, Princeton (1991)

Meerschaert, M.M., Sikorskii, A.: Stochastic Models for Fractional Calculus vol. 43.
Walter de Gruyter, Berlin/Boston (2011)

Bertoin, J.: Lévy Processes. Cambridge University Press, Cambridge (1998)

Gennady, S., Taqqu, M.S.: Stable Non-gaussian Random Processes: Stochastic Models
with Infinite Variance vol. 28. Chapman & Hall/CRC, Boca Raton, London, New York,
Washington DC (1996)

Coutin, L., Decreusefond, L., Huang, L.: New approaches to CLT for stable random
variables. In preparation, 2024

Barbour, A.D.: Stein’s method for diffusion approximations. Probability theory and
related fields 84(3), 297-322 (1990)

Besancon, E., Coutin, L., Decreusefond, L., Moyal, P: Diffusive limits of Lipschitz
functionals of Poisson measures. Annals of Applied Probability (2024)

Coutin, L., Decreusefond, L.: Donsker’s theorem in Wasserstein-1 distance. Electronic
Communications in Probability 25 (2020)

Coutin, L., Decreusefond, L.: Stein’s method for rough paths. Potential Analysis 50,
387-406 (2020) https://doi.org/10.1007/s11118-019-09773-z

27


https://doi.org/10.1214/20-ps354
https://doi.org/10.48550/arXiv.2008.05818
http://arxiv.org/abs/2008.05818
http://arxiv.org/abs/2008.05818
https://doi.org/10.1007/s10959-021-01094-5
https://doi.org/10.1007/s10959-021-01094-5
https://doi.org/10.1007/s11118-019-09773-z

(19]

(20]

(21]

(22]

Coutin, L., Decreusefond, L.: Higher order approximations via Stein’s method. Com-
munications on Stochastic Analysis 8(2), 155-168 (2014)

Coutin, L., Decreusefond, L.: Stein’s method for Brownian approximations. Commu-
nications on Stochastic Analysis 7(3), 349-372 (2013)

Chen, P, Nourdin, L., Xu, L., Yang, X.: Multivariate stable approximation in Wasserstein
distance by Stein’s method. arXiv:1911.12917 (2019)

Chen, P, Nourdin, I, Xu, L., Yang, X., Zhang, R.: Non-integrable stable approximation
by Stein’s method. Journal of Theoretical Probability 35(2), 1137-1186 (2022)

28



	Introduction
	Motivations
	Main result

	The Interpolated Random Walk, and Reduction to Finite Dimension
	Notations and the Interpolated Random Walk
	Reduction to finite dimension
	Control in Finite Dimension

	 Approximation and Final Estimate
	Approximation Lemma
	The Interpolated Process Fits the setting of Lemma 5 
	Derivation of the Final Rate of convergence

	Proof of the Moment Condition
	The case of Symmetrized Pareto
	In the Normal domain of attraction


