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Abstract: This paper focuses on the critical role of temperature in ultrafast direct laser writing pro-
cesses, where temperature changes can trigger or exclusively drive certain transformations, such as
phase transitions. It is important to consider both the temporal dynamics and spatial temperature
distribution for the effective control of material modifications. We present analytical expressions for
temperature variations induced by multi-pulse absorption, applicable to pulse durations signifi-
cantly shorter than nanoseconds within a spherical energy source. The objective is to provide easy-
to-use expressions to facilitate engineering tasks. Specifically, the expressions are shown to depend
on just two parameters: the initial temperature at the center denoted as Tow and a factor R represent-
ing the ratio of the pulse period 7, to the diffusion time 7+. We show that temperature, oscillating
between Twex and Twin, reaches a steady state and we calculate the least number of pulses required
to reach the steady state. The paper defines the occurrence of heat accumulation precisely and elu-
cidates that a temperature increase does not accompany systematically heat accumulation but de-
pends on a set of laser parameters. It also highlights the temporal differences in temperature at the
focus compared to areas outside the focus. Furthermore, the study suggests circumstances under
which averaging the temperature over the pulse period can provide an even simpler approach. This
work is instrumental in comprehending the diverse temperature effects observed in various exper-
iments and in preparing for experimental setup. It also aids in determining whether temperature
plays a role in the processes of direct laser writing. Toward the end of the paper, several application
examples are provided.

Keywords: temperature distribution; femtosecond pulsed laser; interaction laser—dielectric solid

1. Introduction

In the context of an ultrafast laser interacting with solids, temperature plays a special
role in the transformation processes. Some of the processes can be thermally activated,
others can be temperature driven, such as phase transition but not thermally activated.
The objective of this paper is to develop an analytic approximation to predict the behavior
of the spatial temperature distribution and the temperature evolution over time according
to the key laser parameter combinations and then to deduce their importance. This ap-
proach seeks to provide physical insight and semi-quantitative results without relying on
heavy and overly detailed finite element calculations. This methodology resonates with
the philosophy espoused by Paul Dirac in 1929, as documented in the Proceedings of the
Royal Society of London [1]:

“The underlying physical laws necessary for the mathematical theory of a large part of
physics and the whole of chemistry are thus completely known, and the difficulty is only
that the exact application of these laws leads to equations much too complicated to be
soluble. It therefore becomes desirable that approximate practical methods of applying
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quantum mechanics should be developed, which can lead to an explanation of the main
features of complex atomic systems without too much computation”.

In the ultrafast laser—matter interaction process, the energy from the laser pulse that
has an extremely short pulse duration (10-1'-10-'4 s) is partially injected into a small focal
volume of transparent dielectric solids. This intense laser pulse with high irradiance (>10%
Wem?) in the focal region stimulates a series of complex dynamic processes, such as mul-
tiphoton ionization, tunneling ionization, inverse bremsstrahlung absorption, and ava-
lanche ionization within an ultrashort time scale [2]. Such interactions lead to high-density
electron excitations in condensed matter, creating plasma with high temperatures and
pressures. This plasma expands rapidly in the focal zone, resulting in structural modifi-
cations as energy relaxes through phonon-electron interactions [3,4].

In the low repetition rate regime, thermal accumulation is usually negligible in the
processing. The temperature decreases to the initial degree before the next pulse arrives.
The non-linear nature of the optical absorption can confine the formed modifications to
the focal volume. These advantages minimize the thermal collateral damage and heat-
affected zone [5]. Thus, ultrafast laser direct writing (ULDW) is suggested as a general
technique to induce highly localized modifications and optical structures within/near the
focus in a wide range of transparent solids [6-11]. In this regime, denoted as non-thermal
ULDW, the repetition rate (RR) is usually a few kilohertz, and the fabrication efficiency is
also limited by the low pulse RR.

In contrast, when the pulse repetition rate of the ultrafast laser increases, the interval
between successive laser pulses is less than the time needed for the absorbed energy to
diffuse out of the focal volume and this induces an obvious localized heat accumulation
effect [11-18]. In this case, for a given pulse energy, the temperature increases continu-
ously in the focal zone before stabilizing. The final diffusion of the heat into the surround-
ing material may lead to a material melting beyond the focal volume over a longer time
scale. In this regime, denoted as thermal ULDW, the melted modified region is much
larger than the focus size. Paralleling to the wide applications of non-thermal ULDW, the
localized thermal accumulation has been demonstrated to be important in the ULDW for
inducing various phenomena and structures in the transparent solids and improving the
performance of the fabricated devices. For example, the thermal accumulation can lead to
a higher symmetry of the waveguide cross-section, reducing the propagation loss and en-
hancing the fabrication efficiency [12,15,16]. Thermal accumulation in the ULDW can also
induce unique phenomena, such as elemental redistribution and local crystallization,
which are nearly not achievable in the non-thermal ULDW [11,19-23]. In the thermal
ULDW regime, the temperature distribution can work as a driving force to redistribute
the elements or reorganize the structures in the thermal melted region. The thermal accu-
mulation effect has also been reported to be critical for the formation of periodic
nanogratings in some glass systems [24]. Moreover, the thermal accumulation induces a
high temperature that can produce thermally excited free electrons, which seeds the ava-
lanche ionization and significantly enhance absorptivity [25]. As a result, more energy can
be absorbed, and this further increases thermal accumulation. Until now, thermal accu-
mulation has been established to be an important assistor in many cases to help ULDW to
achieve various applications in fundamental science and technological manufacturing
[14-16,21,25,26]. Clarifying the principle of thermal ULDW and reviewing its current
stage in the applications are highly urgent and significant for guiding future work
[11,15,16].

For this aspect of the work, Lax et al. in 1977 [27] published the first paper that de-
scribed the 3D spatial distribution of the temperature rise induced by the Beer-Lambert
absorption of a static Gaussian CW laser beam in cylindrical geometry. Then, Sanders in
1984 [28] described an extension of these calculations for scanning beams and provided
analytic expressions. In 1991, Haba et al. [29] described the calculation of a 3D spatial dis-
tribution for the Beer-Lambert absorption of a scanning Gaussian pulsed laser in cylin-
drical geometry. However, even if the expression was quite complete but numerically
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solvable, there was no extended discussion on the laser/material parameters. Then, Eaton
et al. [15] in 2005 and Zhang et al. [30] in 2007 performed finite difference calculations, for
simple pulsed and CW Gaussian beams in spherical geometry, preventing easy material
analysis. In 2007, Sakakura et al. [18] solved the Fourier equation in the frame of cylindri-
cal geometry for energy delivered by a Gaussian pulsed fs laser (pulse duration 220 fs, RR
3 Hz, pulse energy <1 pJ). With such a weak RR, the calculation can be restricted to one
pulse as the experimental measurement (a lens effect) was smaller than 1 ms. However, it
is not a special case and for material treatment, a large number of pulses are required.
That is why Miyamoto et al. [31] in the same year, deduced analytical expressions for
scanning uniform pulsed laser energy deposition in a parallelepiped volume of width 2
w corresponding to the scanning CW beam diameter at 1/e and length corresponding to
the absorption length (1/a). These calculations were used also by Beresna et al. [32] and
applied to a particular case, i.e., borosilicate. In 2011, Miyamoto et al. [25] considered a
cylindrical source with its full width dependent on z in order to account for the conver-
gence of the beam or the non-linear properties including the self-focusing. In 2012,
Shimizu et al. [33] used a static cylindrical Gaussian beam and Gaussian energy deposition
in depth for multi-pulsed laser energy deposition but solved the problem numerically.
Lastly, in 2019 and 2020, Rahaman et al. [34,35] proposed an analytical solution using Du-
hamel’s theorem and Hankel’s transform method, for a transient, two-dimensional ther-
mal model. We summarized the above research in Table 1 below, to compare with our
work.

Table 1. State of the art of the thermal simulation of laser—-matter interactions.

Laser Type = Mode

Geometry  Source Shape Solving Method Refs.

Gaussian(r)

CW static cylindrical Beer-Lambert(z) analytical Lax [27]
. Gaussian(x,y) )
pulsed scanning three axes Beer—Lambert(z) analytical Sanders [28]
. Gaussian(x,y) .
pulsed scanning three axes Beer—Lambert(z) analytical Haba [29]
pulsed static spherical Gaussian(r) finite difference ][F;Bc]() n [15] or Zhang
. . g Gaussian(r) .
pulsed quasi-static cylindrical Beer-Lambert(z) analytical one pulse Sakakura[18]
CW scanning three axes uniform d.eposmon n analytical Miyamoto [31]
parallelepiped volume
pulsed static cylindrical ~Gaussian(r,z) analytical Miyamoto[25]
. . Gaussian(r) . .y
pulsed static cylindrical Gaussian(z) numerical Shimizu [33]
pulsed scanning cylindrical Gaussian(r) . analytical Rahaman [34,35]
surface absorption
pulsed quasi-static spherical Gaussian(r) analytical this work

In short, the drawback in the available literature is that the authors did not provide
simple expressions that allow the reader to easily understand how each parameter of la-
sers and materials influences the evolution of the temperature distribution, and to control
the thermal effect in transparent materials with non-linear optical absorption for which
the effect is mainly in volume for a focused beam. However, beyond this step that corre-
sponds to the absorption of a small part of the pulse energy, the absorption becomes linear
[36]. This is the reason why we present the analytical approach or link the properties of
the materials to the shape of the temperature distribution and use it for explaining the
phenomena such as:
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- The appearance of several regions in the heat-affected volume including change of
the structure of a glass, crystallization, phase separation, thermal erasure while writ-
ing providing that energy endo or exo is negligible in front of the laser one;

- The variations in the shape of the interaction volume according to the laser parame-
ters like a change of laser track width, change of laser track morphology.

For this purpose, we restricted ourselves assuming that the physical properties of the
material are independent of the temperature, but this does not prevent the possibility of
physical deductions. We used the simplest solution of the Fourier equation in spherical
geometry, i.e., a Gaussian shape along the perpendicular and longitudinal direction of the
beam propagation direction. This applies not only to the sample surface but also to mul-
tiphoton absorption by stating the coordinate origin at the geometrical or effective focus.
Since the typical application of this model is the thermal accumulation of a high focused
beam in a material with non-linear absorption. Namely, the cylindrical symmetry and the
Beer-Lambert law along z cannot be considered. We have also considered that the pulse
duration (smaller than a few ns) is much smaller than the diffusion time so that the initial
temperature distribution is defined by the shape of the absorbed energy source. This is
applicable in most cases to femtosecond and nanosecond lasers as the diffusion time is
usually of the order of a fraction of us in inorganic glasses and a few pis in organic mate-
rials. In addition, material phase change and non-linear optical effects are not considered
in this model except for the presence of coefficient A (see below).

This study was motivated by seeing nowadays that, as the means of simulation are
easily accessible, the physical sense is hidden or even lost, which prevents the correct
management of the laser parameters according to targeted property modifications.

2. Starting Formulation

From a theoretical point of view, the heat deposited at a point by the laser diffuses
into the material by following Fourier’s law § = —KVT where § is the heat flow (energy
per unit area and time). Fourier considers it to be linearly dependent on the temperature
gradient. x is the thermal conductivity, in general, a tensor of order 2 which relates the
gradient vector of T to the flux. Its dimension is energy (J/m?-s-K). For isotropic materials,
such as glasses, one will suppose that this tensor is reduced to a scalar. To calculate (in
principle) the evolution and distribution of T, we start with the law of the conservation of

d . : .

energy, % + V- g = source terms — sink terms. The source term is the laser energy den-
50
5t
Its spatial shape defines the symmetry of the problem. For the sake of simplicity for
demonstrating physical conclusions, we have assumed spherical symmetry. This means
that we do not take into account some changes of focal volume with incident pulse energy
due to Kerr self-focusing and electron plasma defocusing. We assume that there were no
heat annihilation terms (for example, endothermic chemical transformation),

sity deposited per unit of time (i.e., absorbed laser power), written symbolically as

sink terms = 0. Using the definition of specific heat, ‘%Q =p- G -%, p and C, are the
density and specific heat capacity, respectively. V-G =V - (—KVT) = —Dyy, - AT, with dif-

fusivity Dy, = p% , A is the Laplace operator written in spherical symmetry, A = V*=
p
92

—+ 2 Considering a beam moving not too fast, convection can be neglected (i.e., the
ar ror

. . . . . . a .
time derivative of the spatial coordinate), Z—: is thus written as a—:. Therefore, we obtain
the following equation:

0T (r,t) 1 6pg
T — D¢ AT(T’, t) = EY 1

Since the pulse duration is much less than the diffusion time (w?Dw with w is the
beam waist radius at 1/¢), the latter is at the scale of 107 s and 10 s, the diffusion process
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can be considered therefore to be well separated from the deposition process. During the
pulse, a deposition of energy density takes place, but the diffusion does not begin, so Dy, -
AT = 0, and Equation (1) becomes:

oT(r, ) - L% )
at  pC, 6t @

AEp
3

2
Assuming a Gaussian shape of [%Q(r, t) = - exp [W—Tz] - f(t), where w is the
n2Zw3

beam waist radius (at 1/e), f(t) is the pulse shape (integral of f(t) on the pulse time=1),
E, is the energy of the pulse, A represents the absorbed fraction of the pulse energy.

_ 2 8pQ 4o _ . 1 with:
Therefore, T(r,0) — Trpom = p_cpfpulse?dt = Tyo - €XP [Wz] with:

7o AE
00 — (3)

3
n2pC,w3
After pulse energy deposition, diffusion begins to operate, and Equation (1) becomes:

0T (r,t)
ot

— Dy, AT(r,t) =0 4)

Using the initial and boundary conditions on solutions of Equations (2) and (4), we
obtain:

w3 r?
(e =T, -—-exp[—<—>]+T
s Rl e e R ®

Equation (5) describes a single-pulse-induced temperature distribution over time.
Ty is the maximum temperature induced by a laser pulse at the focus center. T,y is the
ambient temperature, which will be omitted for ease of calculation. The temperature
should thus be understood as the temperature increment above the initial sample temper-
ature.

It is important to note that when utilizing the spherical model, the deposited energy
volume will consistently yield a higher temperature than reality, as the size along z is
usually larger than the waist radius. Given our primary concern lies in assessing the tem-
perature’s dependence on various parameters, it is possible to adjust the actual calculated
value, which is notably affected by the absorption fraction A4, to align it more closely with
reality.

In the case of the absorption of N pulses, we easily obtain the evolution of the distri-
bution considering the linearity of the differential equation and making up the sum of the
solution for one impulsion but shifted in time 7, = 1/RR, where RR is the pulse repetition
rate:

N-1

w3 r?

oy o )

00 - (W2 + 4Dth . t)3/2 WZ + 4Dth(t —_n- Tp) (6)
N-1=integer part(t-f)

With t4 = w?/4D,,, 7, = &, Equation (6) reads:
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N-1

1 7,2
T, t) = Too - oz | T mn, )
n=0 <1 + —T p) 1 + Td
d

We note that the variables involved in Equation (7) are the ratio between the period
of the pulses 7, and the diffusion times 74, while the other laser and material parameters
are involved in the amplitude Tyo. Therefore, we introduce the parameter R;:

T
R, =2+
= ®)
Therefore, Equation (7) becomes:
N-1

T(w,t) _ 2 1 exp |- (rw)?
— = . SR 1 4 S

Too ] ¢ 2 1+ (L _ n) ‘R 9)

. |1+ —— n) ‘R, Ty
N-1=integer part <%) ‘L'p

where N is the number of pulses defined from the time ¢.

The objective now is to compute the value of the temperature T according to the co-
ordinate 1, when N >» 1/R;. We will show how the temperature changes with the num-
ber of pulses according to heat accumulation (hence R;), i.e, when T at the end of the
period cumulates with the increase induced by the absorption of the next pulse. We will
also describe the properties of the temperature on average in the pulse repetition period.
We will also show that a steady state can be reached and give the practical number of
pulses for that.

3. Final Temperatures at Steady State

At first, we separate the temperature problem into two cases: (1) at the center, i.e.,
1, = 0; (2) for general cases when 7, # 0 including case (1). Again, for the sake of sim-
plicity, Tyo will be usually omitted. Therefore, the subsequent temperatures will virtually
include Ty,.

3.1. At the Center
At the center, 7, = 0, and thus, from Equation (9):

1
T(,t) = Z (10)

n=0

t
N-1=integer part (%) [1 + (E B Tl) . RT]

NI

Calling N, = Ti The temperature evolutions over the generalized pulse number N:
p

for several R, are shown in Figure 1.
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T(Nt)/T00 with R7=0.2.2.20 at r=0 T(Nt)/T00 with R7=0.2.2.20 at r=0
6 T T T T 8 T T T
(@) (b)
Ez..\'tu_ [\ Ez..\'tm- \N\I\NV\—
T(2.N,) T(2.8) | \N\N |
T|.20,.\'t|2_\‘\} 4 T(20.Ny)
. . i o % R . 2r O
IR LB
0 2 B 6 8 10 0 5 10 15 20
N N
T(Nt)/T00 with R7=0.2.2.20 at r=0
10 T T T T
()
i i
T(02.N,) \MNQMNN\N\WNNN\MNMWMMWMI

T(20.N,) 4'NN
2

R e e

AR AR A R

20 40 60 80 100
Nt
Figure 1. Plot of the relative temperature (Equation (10)) at the center 1w = 0 according to the gener-

alized pulse number N, = TL with R; = 0.2,2, 20 until several pulse numbers (a) 10, (b) 20, and (c)
p

100.

From Figure 1 we observe that:

- T(0,N,) oscillates between a minimum (7Ty,;;,) and a maximum (T;,,4) in each period
between two pulses;

- The oscillation amplitude (T,s.) seems to be the same, whatever R;;

- T seems to reach a steady state as N; becomes large (already seen in various papers
[29,31,32]);

- The number of pulses to reach this ‘steady state’ appears very small for a large R,
but larger for small R, values. For a larger R;, the temporal overlapping of temper-
ature increase contributions from consecutive pulses is weaker, whereas it increases
(heat accumulation) when R, is smaller.

3.1.1. The Oscillation Amplitude Tosc

We observe the oscillations of temperature on time in Figure 1 on each period. Just
after the pulse energy deposition, the temperature experiences a sudden increase and then
a slow decrease until the next pulse arrival. It is important to know the amplitude of the
temperature oscillations (T,s.) because when T, is large, at the beginning of a period,
temperature may be high enough for transformation but in a short time, and at the end of
the period during a long time duration, the temperature can be low, maybe achieving
another transformation. The middle part could therefore often be the most active part.
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The Limit of the Temperature Oscillation Amplitude after an Infinite Number of Pulses

The question here is: how do the oscillations evolve in time according to the pulse
number N for a given diffusion time? If the period is large (R, large), we expect inde-
pendent pulses and thus the amplitude will be T,,. However, when the pulse period is
small (R, small), can we imagine a smaller oscillation? The next calculation provides an-
swers.

For that purpose, we compare the difference between the maximum T and minimum
T of the Nth pulse, Twax(0,N) = Twin(0,N) = T(0, tn) — T(O, tn+1— €), where ¢ is an arbitrary
small quantity for ensuring that the number of pulses in the expression (11) is the same.
Tmixis defined just after the deposition of the Nth pulse, so at the beginning of the pulse,
tN = (N = 1)tp. Tminis at the end of the pulse period, just before the (N + 1)th pulse arrival.
Using Equation (10), we have:

N-1

Tmax(oyN)=T(0,t=tN =(N_1)Tp)=z ( —
n=0 1+ N—1—n R,

NI G

N-1 11)

1
. 3
—o[l+n R ]2

Twinwill be at t = N'1p — ¢, thus not containing the temperature contribution induced
by the (N + 1)th pulse, so:

N-1
Tmin(O,N) =T(0,t =ty;y —€ =N-7,—¢) =
n=0 1+(N—Tl) RT]Z

N (12)
1

3
n'=1 [1 + Tl' " 1'?-,_—]E

Therefore,

1
Tpsc(0,N) = Ty (0,N) — Ty, (O,N) = 1 — - 3 (13)
[1+N-RJ?

and

Tosc (O, 00) = 1\111_11}0 Tosc (0' N) =1 (14)

When N > 1/R;, Tys, tends to 1. This means Too in the absolute scale. T,;. according
to the pulse number is shown in Figure 2. It reaches a maximum value 1, i.e., Tyo, when
N > 1/R;. At the beginning of the irradiation, T, starts with a value smaller than Ty,
where a smaller R, leads to a smaller oscillation at the beginning. When the pulse number
N increases until some value, T,; reaches Tpo. When R, is large, e.g., 10, the amplitude
is equal to Ty, whatever N, as pulse contributions are separated (no overlapping). With
the expression of Ty, (Equation (3)), which is proportional to pulse energy (E), the tem-
perature oscillation range can be determined.
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Oscillation amplitude with R7=0.1. 1 and 10

1
ToscIN.0.1)
Tosc(N.1)
Tosc(N.10) 0.5
0 1 1 1 1
20 40 60 80 100
N

Figure 2. Temperature oscillation T,s.(0, N)/Ty, (here quoted Tosc(N,R<) dependence according to
pulse number and for three values of R = 0.1, 1, and 10).

The Effective Number of Pulses for Reaching the Limit of Tose(N,)

When will the temperature in the material reach a stable oscillation? In practice, we
can calculate a real number of pulses (N&,) to closely reach the oscillation limit. (In nota-
tion, N&,, where sso means steady state of oscillation, 0 means the situation when rw = 0).

Consider when T,s.(0,N%, ) = (1 — &) * Tys(0,0), the limit is practically reached,
where ¢ is a small quantity, i.e., a few % (based on the actual situation). Thus, it is:

|Tocs(0' Oo) - Tosc(oi Nsoso)l
<¢g

(15)
TOCS(O’ 00)
Then, we have:
2
NS, = ! (1)§ 1 16
sso — RT < ( )

The plot of N&, is shown in Figure 3, note that the actual number of pulses is the

integer part above 1 (as ¢ should be smaller, bounded by ¢ = L ). Some specific pa-

[1+R]3

rameters are given below for visualizing this value. With ¢ =3%, when R, = 1 (conceiva-
ble combinations of material parameters and laser RR), N%, = 9.36. So, after 10 pulses,
the amplitude of the oscillating temperature reaches 0.97 Too. When R, islarge, e.g., R, =
10, N&, = 0.94, so only one pulse rules the oscillation amplitude, and we can understand
that pulse contributions are separated. When R; is smaller, Ng, increases rapidly, e.g.,
R, =0.1, ie., 1/R, =10, N&, = 94. Beyond Ng, pulses, the oscillation amplitude be-
comes almost constant. According to the pulse period, we can know the time to reach the
constant oscillation amplitude. By comparing with pulse number N =1 (blue dashed line
in Figure 3), we can deduce in what condition (R, larger than which value) the tempera-
ture oscillation is constant since the first pulse.
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Effective pulse number Nsso (1=0)
100 T T

Nsso(0.R;} 10

T
|

1

R,

Figure 3. Number of pulses to reach the oscillation amplitude limit N3, according to R, from 0.1
to 100, with € = 3%. For 1/Rx > 0.1, weak heat conduction, large RR, and vice versa.

To conclude on this point, Equations (13) and (14) provides that the temperature os-
cillation amplitude is Tow after Nsso pulses and at an oscillatory steady state. Equation (16)
provides the effective number of pulses for reaching it. It takes more time when R; is very
small (slow heat diffusion or high pulse RR) but the requested time remains quite small.
In particular, the temperature oscillation amplitude is only relevant to certain laser pa-
rameters of a single pulse and material parameters of the energy-to-temperature conver-
sion relationship, independent of RR and diffusion parameters.

Tomin and Timax

We demonstrate in Appendix B that the temperature induced by laser pulses will not
increase indefinitely but converge to a finite value. This defines a steady state that corre-
sponds to the equilibrium between the energy supplied by the laser and the energy dif-
fusing out of the irradiated voxel.

The Limit of Tmax and Twin

Twin: The analytical expression of the minimum temperature is transformed from the
sum expression Equation (12), with details found in Appendix C. Therefore, we obtain:

Trin (O, N ) L ! PN L
min\Y ~ 3 3T 5 -
20+R)? 21+N-R)z Fely1+R J1+N-R,

17)

This expression shows the increase of T,;, according to N and R;. It is plotted in
Figure 4.
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Tmin(N)/T00 with R7=0.2. 1 and 5
10 T T T
o
T, (02.N) 8 o N
Tyin(1.N) [ i
Toin(5-N) ar )
y | P -
0 A5 | _ | 4
1 10 100  1x100  1x10*
N
Figure 4. Twin/Too at ro = 0 according to N increasing from 1 to 10,000 when R:=0.2, 1, and 5.
The final limit of Ty,;,, i.e., when N > 1/R; is given below:
T (0,00) 1 4 2 1 2 1
min\U, ®) = 3T o My (18)
20+R)z Fey1+R ReJ1+R,

Tmax(O,N) = 1 +

The same method has been applied to obtain the T4, limit, and the detail can be
also found in Appendix C. We have thus:

1 1 2 1 1

LT RIZ 21+ (N DRI R |JLtR] 1+ (N DR (19)
When N > 1/R,, the T4, limitis:
Tnax(0,0) =1+ - 3+£ - it (20)
2(1+R,)2 R, 1+R; R, 1+R;

From these expressions, we see that the difference between Ty, ,(0,0) and
Tinin(0,00) is 1, which is consistent with the oscillation amplitude limitation (Equation
(14)).

When R; reaches 0 (e.g., by increasing pulse RR or with the material of small thermal

conductivity), Equations (18) and (20) are approximately proportional to R%. Reintroduc-

ing here exceptionally Ty, (Equation (3)), we obtain:

24E, 24E,t, 24E,f 24P

2
Timax (0, 00)~Tmin (0,0)~Top. 5 = —5 = = =73 (21)

3 - 3
T mw2pC,w3R, mZpCyw3T, WZDypCyw  mZkw

with P being the average power.

We note that the temperature is now dependent on the incident laser power as is the
case for CW lasers, and inversely dependent on the thermal conductivity («), whereas Too
was dependent on the incident pulse energy (Ey), not on the thermal diffusivity but just
on the heat capacity of the material. This is due to large time-overlapping of the pulse
contribution when R, reaches 0.

Therefore, increasing the pulse RR with constant E, leads to a faster temperature in-
crease but NOT with constant average power. The same maximal temperature can be
achieved with or without heat accumulation. However, Twir, which is negligible in front
of T for large R, values, increases until it almost equals T for small R, values (large
RR).
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The Effective Number of Pulses for Reaching the Limit of Twin and Timar (Npin» Nsmax)

Nssmin: The effective number of pulses to reach the steady state Nss is defined to have

temperature reaching Ty, OF Tqy. As the same definition as for Nssw, the first approxi-
ITmin(0,N)=Timin(0,0)| <e, with
Tmin(0,00)

mation of Nssuin is obtained by solving the following assertion,

3
€ being a small quantity. Posing X = \/ﬁ , it reads XT - R%X + & - Tyyin(0,00) > 0. This
cubic equation has three roots, where the physical one is X < %(Om) Therefore,
Rt
e (— )2 1 )
ssmin Ry [\R; - & Tppin (0, 0)
Nissmax: With the same method, we obtain:
Noar > | (2 ) ) (23)
ssmax Ry [\R; - & Tipax (0, 0)

The Nss for reaching closely the steady state (with ¢ departure). Tosc(0,20), Tumin(0,20),
and Tmax(0,20) are plotted in Figure 5 according to R, (with € = 3%).

Effective pulse number N (¢=0.03)

1x10°

T

T
Pulse contribution

Is separated
1x10 | e

4

Nssog (R, )
Nssmin0 (R )

Nssmax0 (R, ) 100f

1

1x10°

Boundary point‘of
10F heat accumulation

Figure 5. The effective number to reach the limit of Tosc, Tmin, and Tmax according to R; from 0.1 to
100 for ¢ = 0.03. The boundary point is at R« =15.7.

From Figure 5, we can see that with 1/R, increasing, the effective pulse numbers for
reaching the steady state increases whether for Tos, Tmin, or Tmax. For practical use, it is
better to define one Nis for calculation. When R, is large, since the value of Twix is almost 0
(no pulse superimposition), it is therefore not meaningful to take it into consideration. For
Nsso and Nssmax, the value converges to 0 when R, is large because it can be considered to
be already at steady state when the pulses are separated. As observed, the green dash is
always higher than the red line when N > 1, and the oscillation reaches the steady state
faster than Twe. Therefore, No,q, is the suitable and practical number of pulses needed
for reaching the steady state. Some examples for the Nssmax value are shown in Table 2 (with
¢ =0.03 for organic materials and ¢ = 0.06 for inorganic materials):
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Table 2. Pulse number needed (Nss) for reaching the steady state in materials, using Equation (23).

SiO2 LNS STS Glycine Zeonex Sucrose Nifedipine

T4 (Us) 0.28 0.235 0.04 0.28 0.42 4.9 1.63
RR(kHz) 200 200 200 200 200 200 200
R, 18 21 125 18 12 1 3
Nssmax 1 1 1 1 3 641 80

We observe that for the inorganic material examples in the table, with RR =200 kHz,
there is no heat accumulation, pulse contributions are separated, there is no transient time,
and the time variation of T is from one pulse contribution. However, for the organic ma-
terial examples, except for glycine crystal, with same RR, the laser induces heat accumu-
lation. Therefore, not only can we deduce from the known laser and material parameters
whether or not there will be heat accumulation, but we can also easily backtrack on how
to choose a laser RR that avoids or guarantees heat accumulation in a particular material.

We can thus define the boundary between the two domains by Nsma(Rre) =1 as
shown in Figure 5 by the blue point. When the effective pulse number is equal to 1, the
pulse contribution is separated, so it is considered that there is no heat accumulation. This
is the heat accumulation definition we propose with a new perspective. R« varies with the
level of sensitivity of the targeted transformation, for € =0.03, R-=15.7, for € =0.06, R-=7,
for instance.

From Nssnax together with the laser pulse RR, we know the time needed to reach the
steady state. Accordingly, the time for reaching the steady state t2; is (considering the ef-
fective number to reach the T limit):

2 2
td% = NomaxTp =T [( ) —1] (24)
ss ssmax “p d R‘l.' .- Tmax (0’ Oo)

2
Figure 6 show the plots versus Ri = iRDW according to three different diffusion
T Pth

times: 0.28 ps (silica, glycine), 1.63 us for nifedipine, and 4.9 us for sucrose.

q Time(us) to reach steady state (¢=0.03)
1x10 T T
tss < Tp

SS

1<10°F

tss|R.0.28) 100

T

tss|R,.1.63)

10[

Figure 6. The time in ps to reach the steady state according to 1/R, value for glycine or silica (red),
nifedipine (blue dash), and sucrose (green). The value of the second parameter in tss corresponds to
74 in Table 2.

For small enough values of R,, the time reaches the value 7,4/¢?,i.e., 11117, for ¢ =
3%. Note that for inorganic glass and glycine crystal cited above with 7, = 0.28 ps, this
time is smaller than 1 ms (red profile). However, for sucrose and nifedipine, this time is
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5.5 ms and 1.8 ms, respectively. In any case, the important fact is the independency of the
transient time with R« for small values (see for R: < 1) and thus it is bounded to quite a
small value.

For large enough values of R;, this time is limited by the period 7, that increases

3.2. Time Behavior out of the Center (r,, = r/w # 0)

When (r,, #0, we come back to the expression Equation (10):

T
I

1 (1)?
T(rW’t) = t 3/2'exp _1+ (tw ) R
=0 - . —-——nj-
N—1=integner part (t/tp) [1 + (‘L'p n RT] Tp ’

Figure 7 shows the temperature evolution based on the above expression over time
at two relative distances 7, =1 (Figure 7a,b) and 7, =2 (Figure 7c,d).

(a) T(Nt 0-19)/T00 at r=1 (b) T(Nt 99-119)/T00 at r=1
4 T T T 6 T T T T
T(1.02.8,)3} 1 T(102.x | o, P j |
T(1.2.N) ,| N 1 7(1.2.N5) o
T(1.20.N,) 7(1.20.N,) 2} gt S
— 1 - 105 1055 106 1065 107
RRCEANUIRI VY LT
0 5 10 15 100 105 110 115
N, N
(c) T(Nt 0-19)/T00 at =2 (d) T(Nt 99-119)/T00 at r=2
T T T 3 T T T T
0.8f . 1
T(2.0.2.N,) T(2.0.2.Ny),| . 1
7(2.2.N) | 1 1(2.2.%)
cees K el aeess 02
1(2.20.N,) 041 1 1(2.20.8) 4| o1 1k
o 02F _ = o5 1055 106 1065 107
0 ',.::"\’\[‘4\'\1’\1\'\[\,'\\'\ IR NN WA T Iy
0 5 10 15 100 105 110 115
N, N

Figure 7. Plot of the relative temperature (T/Tw) with R, =0.2, 2, 20 at (a,b) » =w from (a) pulse 1 to
pulse 20 and (b) pulse 100 to pulse 120 (¢,d) = 2w from (c) pulse 1 to pulse 20 and (d) pulse 100 to
pulse 120. Inserts (b,d) zoom of pulse 106-108 of R =2 and 20 at r = w and r = 2 w, respectively.

We observe the following differences according to radius r« =0, 1, 2:

- The amplitude of oscillation is less than 1 (in the unit of Tw) for increasing radius;

- The maximum temperature during a period is still at the beginning of the pulse dep-
osition for 7, = 1 with these three R;, while at 7, = 2 the maximum temperature is
no more at the beginning. That is because there is time for heat to diffuse from the
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center to 7,,. This renders the following calculation of Tma for increasing radius to be
more complex.

3.2.1. Tosc, Tmin, and Tonax
The Limit of Twmax and Twin (When N > 1/R;)

To calculate the oscillation amplitude T, it is the same as the case of 7« = 0. In gen-
eral, we compare the difference between the maximum T and minimum T in the Nth pulse
period. Twin is still considered at the end of the Nth one, i.e., when t = N - 7,, before the
absorption of the (N + 1)th pulse, so:

N-1

1
Tonin (1w, N) = Z sexp |—
n=o[1+ (N —n)-R.]2

(rw)? ] (25)

1+(N—n)-R,

However, since Twax in some situations can be in the middle of the pulse period, we
set X, 0 < x,, <1 to define the place where the T is. Therefore, T is at the time t =
(N =1+ x)7p:

N- 2
max (Twr Z ! 3 €XP [_ (TW) (26)

[14+(N—1+2x,—n) R 1+(N—1+xm‘")‘Rf]

This expression is also a general expression to describe both T and Twin, while Twmin
appears at the end of the period, i.e., x,, =1, as well as the case when rv =0, T appears
at the beginning of the period with x,, =0.

The position of the maximum x,, is solved as a function of R;, 7, and N. When
considering the steady state, when N > 1/R;, x,, is shown below, and the results of the
cumbersome calculation details can be found in Appendix D:

_ JR9R, +32(1,)? — 3R, — 8 @)
Xm = 8R,

Based on Equation (27), when considering different values of 7, and R;, the thermal
calculation can be divided into two situations (see Appendix D):

Situation 1: x,, = 0, when, 1w < %+ Ri whatever R; or R, small enough (less than
T

2
1 when r,* > 1.5).

. . . fs 2 . .. . . ..
Situation 2: x,, # 0, i.e., 1w > > + P in this situation the maximum temperature is in
T

the middle of the period, and the expressions of T and Tosc should contain x,,.
(1) For situation 1, when x = 0, the limit of Tes is described as:

- e
Tose i N) = T (s N) = Tonin s N) = exp[—(5,)2] — 1X VR xp[=()?] (28)
(1+N-R)? N>»1/R;

The amplitude of the temperature oscillations reaches Ty, - exp[—(r;,)?] whatever
R.. It is consistent with our observations in Figure 7, e.g., the amplitudes are 0.368 Ty,
and 0.018 Ty at 1, =1 and 7, = 2, respectively.

Therefore, for Twmin and Tmar, using the trapezoidal rule for approximation as for 7. =0,
we have Twin from Equation (25):
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ex ()" ex (rw)2
1P [~ 1 +R, PITT+NR, vr T T
Tmin(rw: N) >y + + erf e erf A+N-R
2| (1+R,)3/2 (1+N-R,)3/? Ry 1y 1+R, J1+N-R,
1w)?
(i N ) —— Ty oo)—exp[ K3 AN erf (—2 29
Tinin (tw» N>»1/Ry Tmin (T, 2(014+R)32 R,'7, J1+R;
w)?
—exz’[_“Rf] erf ( ) is called part 2 for further use. T is
2(1+RT)3/2 T p . 1 max
Tmin+ Tosc.

(2) For situation 2, even if x,, influences the Tmax and Tos, its influence is bounded.
When x,, = 0 is used, we calculate the temperature at the beginning of the period and
the maximum is thus larger (with a non-zero x,,). However, how much larger? In which
situations should we care about it? From the analysis, the details are described in Appen-
dix D, we found that the difference appears only around 7, = 1.6 to 4 when R, is large.

Twinis the same as situation 1. For Tma, using the trapezoidal rule for approximation
as for v # 0, we have Twma from Equation (26):

(1)? (1)? (1)?
exp[_1 R] PITT+ R PITTyv -1 ‘R
Tmax(rw' N' xm) ~ i xm 3 * ( * xm) + i ( i xm) 3T
[1+x, R.]2 21+ (A + xp) - RT]z 2[1+ (N —1+x,) R.])2

T Ty

Tw
"R {erf [\/[1 e, RT]] il L/[1 T (N—1+x) RT]]}

(r)? (r,)*
olrttn bl el oy
N>1/Ry (142, - R‘r]% 21+ (1 +2,)- RT]Z R..7 \/[1+(1+xm)-RT]

] e R e W

, , {erf [ T
[1+%m Re13/2 7 2[1+(1+2m)-Rc13/2 " Rery JIL+(1+%m)Re]
spectively.
The general expression of Tosc (When N tends to infinity or larger than the effective
number for reaching the steady state) is given as Ty;4, (Equation (30)) minus Ti;, (Equa-
tion (29)), and it reads:

} are called part 1, 2, and 3, re-

w)z (ry
-] bl g
osc(Re, Ty [me'RT]E 2[1+(1+xm)-RT]5 R, 7, JIT+ @ +xp) R 31)
(1)?
_exP[‘liR,]

Vi Tw
3 R erf
2(1+Rr)§ T J1+ R,
Part 1 in Equation (29) and part 2 in Equation (30) are smaller than the other parts by
a factor 10, so they can be approximately omitted to simplify the expressions in practice.
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Tosc (R-n Tw) ~

(@)

201

Tax!0-1. 1)

Tyin(0.1.1) 10

exP[ 1+W)2R]

Vi

Tw

[1+x,- RT]Z

(32)

‘rW
R Tw{ f[\/[1+(1+xm).RT]]}_ erf(,/1+RT)

Rr'rw

It is worth noticing (see Appendix D, Figure A4a,b) that when R, increases, Tosc €x-
hibits a small departure from the exact value at around rv = 2, attributed to the existence
of a non-zero xu. This departure, if it is generally not negligible, is nevertheless bounded.
It is calculated to be —— EWE for a large R, (details are shown in Appendix D Figure

44(ry)

Adc,d by plotting Tosc according to rwand R;). Therefore, the range of Tos is given by Equa-
tions (33) and (34):

Tosc (R‘D rw) ﬂ exp [_(rw)z] (33)
(R ) R;— 1 34
OSC ‘L"rw - 2.44(7,.‘”)3 ( )

We note that the oscillation amplitude Tos at situation 1 is exp[—(r;,)?] which is the
minimum, while in situation 2, the amplitude is larger due to the influence of x», with a
maximum value of —— at the place around r» = 2. By now, with these temperature

44(ry)3
expressions, we obtain the spatial distribution of the minimum and maximum tempera-

ture for a given R, at steady state, shown in Figure 8. The temperature is oscillating be-

tween these two temperature profiles, and note that at 7w = 0, the difference is always 1
regardless of R;.

We have now all the information for plotting the T distribution with any R« value.

RT=0.1 (b) (c) RT=10

T

-
T T T T 3T T T T T T T T

Tmax' L.rg)2F / \\
_ o
Tain( 1.5 1 oo

Tmaxl 10.r“.) I|'l |
— |I

Tyin( 101} 0-5F [ .

/

-2 24

Iw Iw T,

Figure 8. Spatial distribution of Twin (blue dash, by Equation (29)) and T (red, by Equation (30)
and Equation (27)) according to the relative radius r« when (a) R; = 0.1, (b) R, = 1, and (c) R, = 10.

From Figure 8, we can see that when R, is small (large frequency or small diffusiv-
ity), Tmin and Tmar have no large relative difference compared to their average values be-
cause the oscillation amplitude is always limited to exp[—(,)%] whereas the Tmean am-
plitude is converging to 2/R; (heat accumulation). This case is interesting if a rather stable
temperature is requested. Then, pulse energy can be adjusted for compensating the pulse
RR increase. It is also worth noting that, by decreasing R., the shape of the curve con-
verges to the erf(rv) curve and decreases much slower than a Gaussian one.

For large values of R, (small frequency or large diffusivity), the oscillations are rela-
tively large as the pulses are separated and thus Twin appears to have small values. It is
negligible (<3%) when R, > 16 or < 6% for R; > 7). This limits the domain of heat accu-
mulation. The calculation shows that the shape of Twa« is also converging with increasing
R, to the shape of the beam energy distribution (Gaussian, here exp[—(r,)?]) independ-
ent of R,. This translates that the maximum is almost whatever the radius, at the
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beginning of the period. This is not true exactly only around r = 2w where a few % depar-
ture from the Gaussian shape of Twmax is demonstrated.

For R, intermediate values, the temperature oscillations are limited between T
and Twin. This is shown with particular cases with a shoe box in [31] for R, = 2 and 20 or
in [32] for R, = 20.

However, in this paper, we regard that when r«> 2, the difference between Twin and
Tmax is vanishing. We see this in [37].

Therefore, we can deduce in particular, in whatever situation of rvand R;, the tem-
perature oscillations can be neglected and the use of an average temperature is applicable.

Other application remarks:

(1) In the intermediate cases around R = 1, the center of the heat-affected zone experi-
ences large temperature oscillations whereas the periphery temperature is not oscil-
lating. This may induce differences in the modification structures along the radius.
Specifically, the pedestal of the curve, borne by Twi,, increases in width with R, as

1 . R;+145
1.75+—=R,/——;
16 T R;+20

(2) Forsmaller R, values, during the transient period (before Nss), the width of the tem-
perature distribution starts with the beam waist (Gaussian) and then increases until
a size which is defined by R,. It does not increase indefinitely over time. The order
of magnitude is one w per two orders of magnitude on R, e.g., the trace width at 1
MHez is twice the one at 10 kHz.

The Effective Number of Pulses for Reaching the Temperature Limits

Since x,, is not negligible in very limited circumstances, the effective numbers of
pulses for reaching the limit of Tos, Tmin, and Twmax(N'ssossminssmax) are given in the situation
when x,, = 0.

With the same definition as we calculated in 7, = 0, with € being a small quantity

1 Tosc/max/min(Tw-N)=Tosc/max/min (Tw,®)
and X= VI+N-RT , WE have | : /Tosc/max/min(:w.oo)/ |
Nssolssminsssmax sSolutions are shown belowr:

< ¢ . Therefore, the

1 1. 2 2
—3-W[——e 3w -rwz-e3]—2rwz 1 o 2
N> 3 L fw 1| (35)
sso 1 1 > 2 R 1 1.2 2
3-RT-W[(—§e 3w -rwz-e3)] T 3-W[<—§e 3w -rwz-ss)]

This expression does not have an analytic root without using the tabulated function
W, i.e., the Lambert W function (defined as we® = z,w = W(z)). In practice, since X 2K
1, by approximation, it becomes:

2
LY N 5
550 7 R, [\e - exp[—(%,)?] (36)
For Nl i and Nig,a,, with the approximation of erf (X - r,) = \/iEX T,
NS ( 2 )2 1 37)
ssmin R’L’ R’L’ i Tmin (Tw' oo)
N > — ( 2 )2 1 (38)
SSMAx = Rt |\RT * € * Ty (i )

The behavior of NJ; according to R, for 7, =0 has already been shown in Figure 5,
with an overall increase. We have plotted Nswo and Nssmax, according to 7, for R; = 10 as
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an example, as shown in Figure 9a, and the plot of the related time for reaching the steady
state (using Nssmar and with diffusion time 0.28 us) in Figure 9b.

(a) : Effective pulse number N (R7=10.£=0.03) (b) s Effective pulse number N (R7=1.6=0.03)
1x10 T T T T 1x10 T T T T

w10t . 1x10

Nssmax|r,. 10) Nssmax ry,. 1)

— 1x10°

1x10°

Nssmin|ry,.10) Nssmin(ry,.1)
Nsso|ry,.10) 100 Nsso(ry.1) 100 .
10 10+ o
1 E L L 1 1 L L L L
0 1 2 3 4 5 0 1 2 3 4 5
2 Tw
(C) _ Effective pulse numberN(R7=0.1.6=0.03) (d) 8 Effective time tss (¢=0.03)
1x10° T : : : 1x10
4/ l><107'
1x10 p 1 108k
Nssmax (ry,.0.1) . 103- | tss{ry,.0.1.0.28) 1x105 .
Nssmin(ry,.0.1) tss{ry,.1.0.28) 1X104‘ )
,,,,, g | 3|
Nssofrg.0.1) 100f ts(ry. 10.0.28)  1,10%F _
1001 B
101 e
101 1
1 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 0 1 2 3 4 5

Figure 9. (a—c) Effective number of Nesmar (red), Nesmin (blue dash), and Nswo (green) for reaching a
steady state according to 7, from 0 to 5 when (a) R, =10; (b) R, =1; (¢) R, = 0.1. (d) The time
(in ps) for reaching the steady state according to 7, from 0to5 when R; = 0.1,1, and 10.

From Figure 9, we can see that as 7, increases, it takes more pulses (three orders of
magnitude more) and this corresponds to a longer time to reach the steady state. There-
fore, in reality, even though at the exact center of the beam, the temperature is stable, the
periphery is still evolving. In particular, in the case of a moving beam, the maximum speed
of scanning is limited by the change at the focus periphery increasing from zero.

4. The Mean Temperature in the Period between Two Pulses

For many transformations induced by laser irradiation (fictive temperature, crystal-
lization, erasure of previously induced structures, stress relaxation, and so on), the large
temperatures occurring within a pulse period are so brief that the system has no time to
significantly respond. On the contrary, for smaller temperatures occurring at the end of
the period, the system may have time to respond if the temperatures are not too small
(this is the case for overlapping pulse contribution, i.e., heat accumulation). Therefore, the
system responds efficiently predominantly for intermediate temperatures in the main part
of the period. On the other hand, when R« is small (large pulse RR versus diffusion time),
temperature oscillations are relatively small whatever the radius, or for large radius val-
ues whatever R: values (see Figure 8), the temperature oscillation can be neglected. For
these, the use of an average temperature is relevant. In any case, the average value can be
a guide for following the temperature distribution in space and its evolution. Hence, this
section is devoted to simple expressions of average temperature values in the function of
material and laser parameters.

We define the averaging by T(r,N) = Ti Joutse perioa T (1, t) dt, and this gives:
P at N
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_ 1
rem=— [ reod (39)
P pulse period
at N

N.B. due to software problem, the average temperature is sometimes quoted as T
and sometimes Tren. They have the same meaning.

4.1. Temperature at the Center (T(0,N))

LN
T

"e:
2
)_x

dt (40)

The two summations can be permuted as they do not operate on the same variables
and are independent. We obtain:

t_ LN
v P

T(O.N) = 1 Z 1 Z 2 2 (1 1 > @)
’ T, 3/2 1/2 “rR A\ :
T - v Tt ‘R, [1+(——Tl) R T J1+N R;
p

=N-1

This result is obtained without approximation. Then, when N > 1/R;:

T(0,00) = lim T(0, N)—Ri (42)

N>1/Ry .

We note that here, the steady state temperature at the center will reach:

2 " TOO _ ZA . P
= (43)
T T2KW

It is the same expression as for Ty, (0,0) or Ty, (0,0) forsmall R, values. We can
note in Figure 10 that Ty,4,(0,0) and Ty, (0, ) approach T(0,0) when R, is decreas-
ing. Tpax(0,0) goes to 1 and Tp,;, (0, ) goes to 0 when R, is large. From Figure 10, we
can also find the heat accumulation bound already defined in Figure 5 (with ¢ = 0,03). It
corresponds to Ty, (0,0) = 0,03 and R; = 12. On the other hand, when Tj,;;,(0, ) de-
parts from T,4,(0,00) by less than approximately 10%, we can admit that the average T
is applicable, i.e., for R; smaller than 0.17 (purple circle). In this case, we can apply the
simple expression Equation (43).
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100 T T T
Boundary point of applying Tmean for Tmax/Tmin
Tmino(R ) o O
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Figure 10. The plots of Ty, (0, ) (red), Tax(0,) (blue dash), and T (0, ) (Tmem, green dash) ac-
cording to 1/R;. The defined boundary points of heat accumulation and negligible oscillation in the
system are marked by a blue circle and purple circle, respectively (for definitions, see text).

The Effective Number of Pulses for Reaching the Limit 7(0,%) (N&;,)

With the same definition as above, the number of pulses to reach T(0,»), i.e.,

IT(0,0)-T(0.N)|
1\ 2
) -1 44
() 1] ()

T(0,0)
N, are compared to N3, and N&, in Figure 11. The steady state of the mean
temperature is reached as Tonax.

< ¢, N, is obtained:

Ngsm >

R,

Effective pulse number N (¢=0.03)

1x10°

T

T
Pulse contribution

is separated
L "

Nssop(Ry)

Nssmin0(R,)  1x10°

Nssmax0(R.) A i
1001 ’

N Y
B ?Sino'&” Boundary point’of
10F heat accumujation

Figure 11. The effective number of pulses to reach the limit of Tosc (red), Tmin (blue dash), Tmax (green
dash), and Twew (pink dash) according to R« from 0 to 5.

Therefore, the time for reaching the steady state here is not R: dependent:

2
Tp [(%) - 1] ~ Z—‘z’ =1111tp when e = 0.03. It is the value of the maximum ts for reaching
a steady state when R; — 0 (Figure 6).

With these analytical expressions of temperature at the steady state at the center of
the focus (Tysc, Trmin(0, ®), Tjax(0,0),T(0,0)) , and the needed number of pulses

(N&o) Nomaxs N&sm), we have a clear view of how parameter R, influences the thermal
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situation at the focus center. The problem is now to extend these results to any place out
of the center.

4.2. Temperature out of the Focus Center (T(r,N))
With the definition T(r,N) = Ti Jouise perioa T (1, t) dt, we have the average tempera-
p

at N
ture in a period as:

_ _ 1 1 (‘rw)2 _ 77“” \/E
MM =2 f RN A T (£-n)-re R, [errin - erf(\h TN RT)] ol Rro, )
B L T e
P
So T(x, ) = RT\/-Er erf ()

This limit when n~ » 1/R; is shown in Figure 12 and compared to the Gaussian shape
of Twex when R, is large and when R; is small. When Twax(r) is Gaussian for the first case,
Tmax(r) has the same shape that Twen has for the second case. As the erf function tends to
1 (already for 7, > 2), the function tends to be hyperbolic and thus decreases much slower
than a Gaussian one (see Figure 12). The amplitude is %. It is inversely proportional to

R, whatever R, value.

(— .
AT T U
Tmax(rw. 100) .

Tmax(0.01,100) | AR 4

Tmax(rw.0.1)
Tmax(0.01.0.1) o4 -, 4
Tmean(rw. ) o,
Tmean(0.01.1) 02} Tz

0 1
Figure 12. Plot of normalized Ty, (fiy, R;) and T(7,, R,) at the steady state for R, = 0.1 and 100
for Tmax and 1 for Tmean.

Consistently with the previously calculated Twex and Twin, the Twmean curve width is
equal to the beam Gaussian for large R, values and to the curve limit given in Equation

45 and shown in Figure 8a which is wider.

The Effective Number of Pulses for Reaching the Limit of Timean (Nis,)

The effective number of pulses N, with the approximation erf(X -r,) = \/%X Ty
1 . .
as X(N,R1) = == < 1, is solved to be:
N )>1 ( 2 )2 1] 1 ( 2.7, )2 . s)
r e - =,  —_ < - = - - -
sSmAEWS T RA\R, - - T(,, Ry) R [\e-Vm-erf(r,)

From the expression above, we see that the periphery of the distribution is stabilized
later than the center as we noticed already in the previous section.
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5. Application Examples

To demonstrate the practical significance of the aforementioned calculations, we are
discussing below several problems where we can apply these equations to analyze the
temperature effects.

Laser-induced crystallization. It is known that for crystallizing a glass, it is necessary
to control temperature and time in order to penetrate the crystallization domain [38]. A
method for reaching it with a pulsed laser is described in [39]. It is shown that crystalliza-
tion with a single pulse is possible from the solid state if the beam scanning speed is suf-
ficiently low according to the nucleation time and crystallization growth rate. For a larger
scanning speed, it is necessary to increase the pulse energy or the RR to reach the crystal-
lization domain. This is for the formation of nanocrystals that are orientable with laser
polarization. The decrease in the speed leads to the growth of the nanocrystals. In turn,
crystallization is still possible if the speed is increased but the pulse energy should be
increased. In such a way, the temperature overcomes the melting one during a time long
enough in the pulse period and the material is melted in such a way that crystallization
does not progress more after each pulse. From the calculations in this paper, the best
method appears to be a high RR with moderate pulse energy in order to maintain T (con-
trol of T and Twin) around the crystallization temperature.

Erasure process during laser writing. In the case of pure silica, there is a first regime
called type I for which the refractive index increases for pure silica glasses [40,41]. It is
partly produced by a change in fictive temperature [42,43]. For that, the time for the tem-
perature to decrease until a given value of temperature has to be larger than the relaxation
time of the glass. This time is roughly defined by the cooling time which is itself defined
by the moving spatial curve for one pulse [44]. Pulse energy can be adjusted consequently.

In the case of the materials in which type II transformation is achievable giving rise
to a large birefringence based on self-organized nanograting (NG) and nanopores, there
is a pulse-energy—RR-scanning-speed-related domain [45,46]. This domain is limited for
large pulse energies depending on RR. In addition, for large RR values, the retardance
decreases until it is no longer possible to write NGs. One of the hypotheses is the follow-
ing: NG is based on the existence of nanopores distributed in a self-organized NG [9].
Recent work [47] shows that the thermal stability of such an object is defined by the vis-
cosity that itself depends on T. Therefore, as T increases when pulse energy and RR are
increased, they have to be limited to avoid an in-pulse erasure after creation during the
pulse.

Concurrent processes. In organic materials, according to pulse energy and RR for the
same mean power, two different processes are observed whereas we could believe that
modification is just dependent on mean power (i.e., dose) [48]. One is the destruction of
the material at low RR and high E, while the other is the creation of luminophores at high
RR and low E,. We explain this by looking at the amplitude of the T oscillations; we can
say that for the first case, the oscillations are large whereas for the other case, they are
small. In the first case, the temperature is overcoming the decomposition temperature of
the material but not in the second case.

Size of the crystallized trace. In [49], we find a size of the heat-affected zone that is
much larger for the glass called Silica-5rTiOs than for Silica-LiNbOs for comparable laser
parameters. R: for the first is 84 and for the second is 11. The first remark is that there is
almost no heat accumulation (separated pulse contribution to the temperature) especially
for the STS glass. For this glass, it is even possible to use the formula for one contribution.
Then, the size is defined by the lowest maximal temperature according to the radius
(Equation (30)) at least larger than T;. Note that due to the expected size of the trace, the
use of Timean is possible for intermediate R, values (Equation (45)).

- T,
Rt- 7, erf(r,) =T(ry, o) = Too
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Crown effect. In [49], we also find an example of a crystallized shell (the center is not
crystallized). Similarly, as above, there is a highest maximal temperature that is equal to
Tomering. Above this temperature, the viscosity decreases strongly and other processes may
appear (see [49]) to be blocking crystallization on cooling.

Speed effect on the laser trace width. In glasses for mid IR [50], the energy threshold
for the appearance of a sudden spatial broadening depends on the scanning speed, so we
can deduce that it is not related to temperature as the writing speed is not involved in the
thermal diffusion for a speed lower than a few m/s.

There are also some remarks that we can deduce from the calculation:

- If a process is actually independent of RR, it does not depend on temperature (see
[461);

- The number of pulses received by the material locally depends on the scanning
speed. As the number of pulses for reaching a steady state is different at the center
than at the periphery, it is possible that the appearance of the trace on the edge de-
pends on the scanning speed during the transient stage;

- However, the transient stage is not dependent on the pulse energy.

6. Conclusions

This study derives analytical expressions for the temperature distribution at the
steady state induced by ultrafast multi-pulses within a spherical geometry, based on the
laser and constant material parameters. These expressions depend only on two parame-
ters: the initial temperature at the center (denoted as Too) and a quantity R«, defined as the
ratio of the pulse period 7 to the diffusion time 7s. We recall that temperature oscillates
between T and Twin, eventually reaching a steady state, and we calculate the minimum
number of pulses required to attain this state. For ease of use, a geometry with spherical
symmetry was chosen for the energy deposition in order to lead to simple temperature
expressions compiled in Table 3. The Table 4 is a further simplification usable in most of
the cases. This approach also facilitates a clear and precise definition of the onset of heat
accumulation.

Table 3. Analytical expressions of final temperature and the effective number for reaching steady
state. *: condition of r,, R; (Equation (27), Figure A2).

Tw = 0
T(0,N) T(0,N - ) NY%(& R,)
2/3
T,..(0,N) 1-x3 1 Ri [G) - 1]
1 2 1 2 1] ) 2 2
T,..(0,N) Z X1+ X004 (X1 -] X4 = (m) —1
1 2 2]
T11ax(0,N) 14Tin (N) 14T in (00) R_‘r <m) -1
_ 2 2 1 [/1\2
ro.m R, %) R, R—,[(E) - 1]
Tw# 0 *
T(r,N) T(r,N - ) Ni (¢, R,)
Toser,N)  expl—(r,)?] — X3exp[—(X - 1,)?] expl—(r,)?] i[(;)m - 1]
osc\T", w w w R, [\e - exp[—(1,)?]
X exp[~(x1-7,)7] .
Fxexpl-(X )7 pXUepl-(1-n) 1 ( 2 )
Tmin(r' N) w _[ - _ 1]
b2 ferfxn b erf(rin) Re [\ & Tonin (€2)

1y) —erf(X - n,)]
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) 1 2 2
T pax (1, N) exp[—(1,)?] + Tpin (N) exp[—(,) 2|+ Tin (o0) 7 [(m) - 1]
_ Vi Vi 1 2.1, \
T(r,N) - -lerf(n,) —erf(X -7,)] R erf(r,) Rt <m> - 1}

Table 4. Practical approximated analytical expressions of final temperature and the effective number

for reaching steady state. With X(N,R;) = \/ﬁ and X1(R,) = \/%Rr' *. condition of 7, R;
(Equation (27), Figure A2).
tw=0 rw#Q*
T(O,N — ) N%(&,R,) T(r,N - o) N% (g, R,)
1 [/17\2/3 1 1 2/3
Tar) 1 AT [ N S
oxe ) =& 1 [t
Toin(rN)  —X1 ! ( 2 )2 1 aLn) - ( 2 )2 1
in(T) 5> —WN5————F=) — er . N\ —
e R; R [\R; - &- Tmin(oo) t Tw f v R [\R; - €- Tmin(oo)
Tar W) 1) | () 1] el ) | () 1]
f (00 — ) — exp|—(r, . (00 — | —] -
e e Ry |\R; - € Tpax (oo) P i e R |\R; - ¢ Tmax(oo)
_ 2 1[/1\2 Vi 1 ( 27 )2
TN 2 EiE-. 12w ),
. ) R, RT[ : ] Ry n, o W) R |\evt -erf ()

We analyzed the distribution of the temperature oscillations relative to the radius
from the center and the parameter R-. Oscillations are large at the center for large R« values
but decrease strongly for a large radius 7, > 2, i.e., for the periphery where the light in-
tensity decreases almost by a factor of 10. On the contrary, oscillations are minimal every-
where for small R« values (i.e., high frequency or low thermal diffusivity). In such condi-
tions, the average of the temperature from the last period can be used, yielding even sim-
pler expressions. Additionally, we found that the periphery of the focus reaches the steady
state later than the center. By examining the pulse number required for the steady state
according to the radius, we can better control transformations in these regions and under-
stand the variations from the center.

This work aids in understanding how temperature variations influence different ex-
perimental observations, mentioned at the end. It can also be helpful to detect if tempera-
ture is acting on the processes of direct laser writing.

Future work includes refining this approach by considering the asymmetry of fs fo-
cus, making differences between transversal radius and depth to deduce how the trace
changes over time. Another interesting point is the T dependence of the physical-chemical
parameters, but this cannot be investigated without finite element calculation. Our ap-
proach allows us to choose the most representative parameters for applying such a calcu-
lation. In addition, the asymmetry of the focal volume, along and perpendicular to the
propagation axis, is a refinement of the present calculations that we could be interested in
to include variations with the pulse energy (like Kerr focusing, plasma density defocusing,
plasma mirror).
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Appendix A

Table A1. Glossary of laser and material parameters.

Parameters Definitions Units
A Fraction of reflected light by the plasma none
a Light absorption pum-!
£ A small quantity of computational needs none
Ty Period of the pulses us
Tp Heat diffusion time 7, = ﬁ us
R, Tp/Tp none
w Beam waist radius (at 1/e) pm
Dy Thermal diffusivity Dy = e m?/s
K Thermal conductivity W/(m-K)
Ey Pulse energy J
f Pulse repetition rate MHz
P Density kg/m?
Cy Specific heat capacity J/(kg-K)
Table A2. Thermal physico-chemical data of some materials and processing parameters.
p (kg/md) C, J/(kg’K) x W/(mK)) Dy (m*s) t, (us) Melting Point (K)
STS glass 3887 410 10.1 6.34x10°  0.039 1585
LNS glass 3830 650 2.65 1.06 x 10 0.235 1530
SiOz(glass) 2200 703 1.38 8.92x107  0.28 1983
Borosilicate (Schott D263) [40] 2510 820 0.96 4.66x107  0.534 1324
Glycine 1160.7 1266 1.3 [51] 8.85x107 0.283 506 (decomp.)
Zeonex 1010 1000 0.045 4.445x10% 5.624 553
Nifedipine 1300 1000 0.2 1.54x107  1.63 446
Sucrose 1587 1243.1 0.1 5.07 x 10-8 4.93 458 (decomp.)

Appendix B. The Existence of a Bound for T and Timin

Does Twmax theoretically have a limitation?

Since the temperature is the sum of the temperature contribution induced by each
pulse, as shown in Equation (10), we need to know the convergence of this sum when the
time or pulse number N increases to infinity. A condition necessary but not sufficient is
that the increase between the Twax just after N + 1 pulses and just after N pulses, i.e., tn =

(N-1)1, and tn+1=(N) 7, is tending to 0. It is:

N-1

N
max(o tN+1) max(o tN) = Z

)

n=0 1+(N Tl) R ]2 n=0

1

3
[1 +N-R,]Z

L+ —1-m)-RJE (ay)

When R, is fixed, Equation (A1) goes to 0 when N tends to infinity. It is the same if

we consider the difference of Tuin.
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On the other hand, the sum expression of Equations (11) and (12) can be proved to
be convergent by using the p-series test, since the p value in them (p = 3/2) is larger than 1
[52].

Appendix C. Expression Approximation

To calculate the limit of the temperature, we start with the evolution of the minimum
temperature on each period as long as N increases to infinity (so, with Equation (12), the
limit of Twin (0, ty+1) with N > 1/R;).

Here, we introduce the approximation derived from the trapezoidal rule for the cal-
culation of the integral, which is:

N-1
0 N-1 N-1
S pony < TOEZD [ pnyan (A2)
n=0 0
Here,
1
f(n) = 3
[1+(N—n)-R.]2
with an error smaller than (Tz_zjf ' (mn.

Therefore, with this approximation, we obtain:

Tiin(0,N) ! + ! + 2 ! !
min\Y, ~ 3 3T - (A3)
20+R)2 2(1+N-R)? Ry \/1+RT \/1+N-RT
When N goes to infinity, Tp,;,(0,N) goes to:
T (0,00 1 N 2 1 2 1
min{U, ©) = 3T 5 e A4
2(1+R,)2 R: /1+R, R:J1+R, (Ad)

Tmax: The same method has been applied to obtain the Twax limit but with the last term
from the sum extracted out (due to the nature of the trapezoidal rule, there is a sharp
increment in the temperature of the last pulse, which should not be averaged out):

fO)+fIN-2)
2

N-1 N—2
> fa = fv -1+ + [ rooan (45)
n=0 0

1

f(n) = 3
[1+(N—-1-n)-R,]2

We have thus:

1 2 1
0+ R 21+ (V- DRFZ R, [Ju TR] ST 1)RJ (A6)

Tmax(O,N) = 1+

Tmex can also be obtained by the Twin Equation (A4) + Tos. (Equation (13)), thus:

1 1 2 1 1

20+RIP2 21+ N-RIP R, L/[1 TR] J1+N: RT] (A7)

Tnax(O,N) =1+
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Both Equation (A6) or Equation (A7), when N tends to infinity:

L2 1 L2 1
2(1+R)2 "R 1+R, R: \J1+R,

Trnax(0,0) =1+ (A8)

(N 1)

The errors: For Twin, the error is smaller than ~f"'(m) with f"(n) =

p 2
W with 0 £ n £ N - 1 [53,54] and has to be Compared with Ty, (0,00) =
1 T

L2 1
2[1+R{13/2 * Ry J1+R;
Ala.

For Twax, we have an error smaller than

The error is smaller than 1.1% for any value of R, as shown in Figure

(N-2)3 15.R7?

12(N- 1)3f”(n) with f"(n) = 4[1+(N—-1-n)-R¢]7/?
. _ Tmax(0,90) 2 1
with 0 <n <N - 2. The error has to be compared with s =1+ R TR N

The error is smaller than 1.7% for any value of R;, as shown in Figure Alb.

a) 0.015 T T T T b) 0.02 T T T T
0.01F . 0.015 1
R&2(RT) R&3(RT) 0.01F -

5x107° 1 _

510 °F -

0 1 1 1 1 0 1 4

0 20 40 60 80 0 20 40 60 80O
Rt Rt

Figure A1. The error in using the trapezoidal rule for the approximation of computing. (a) Twmin and
(b) Tmax versus R;.

Appendix D. About Situation 2 in Section 3.2.1: When the T is in the Middle of a
Pulse Period

To calculate the oscillation amplitude T’ for r # 0, same as the case of r» =0, in gen-
eral, we compare the difference between the maximum T and minimum T of the Nthpulse
period. Twin is considered still at the end of the Nth pulse, i.e., when t = N - 7, without the
(N + 1)th pulse, so:

N-1

Tnin (Tw' = Z 3 €XP

t[1+(N—n)- R]

2
() ] (A9)

"1+ (N—-n)-R,

while Twa in some situations can be in the middle of the pulse period, we thus set x,,;,, 0 <
<1 to define the place where the T is. Therefore, Tnaxis at t = (N — 1 + x,,)Tp:

1 (rw)?

exP[_1+(N—1+xm—n)-R,

max (rW’

MZ

] (A10)
no[l+(N—-1+x, —n)- R]2

This expression is the general expression to describe both Twa and Twin, while Toin
appearing at the end of the period means x,, =1, as well as the case when rw = 0, Tax
appears at the beginning of the period with x,,, =0.
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To find the place of the maximum in the period, we search for the root x,, of the
derivative of Equation (A10). We obtain the root x,, as a function of R; and 7, and N,
but to know only the final situation, and also for mathematical solvability, x,, is de-
scribed as Equation (A11) as N > 1/R;. The x,, values according to R;, 1, are plotted in
Figure A2.

JRAJ9R, + 32(r,,)> — 3R, — 8
= All
i k. (A11)

1.22

Rz

Figure A2. 2D map of the solution x» according to R, and the reduced radius (r/w). Lines corre-
spond to iso xum.

In Figure A2, x,, = 0 is located in the center of this map (at 7, = 0), the boundary is
between dark green and green, below it x,, is negative and it should be considered to be
0 (this is the maximum T location), i.e., the blue and purple area is also x,, = 0. In this
parameter region (7, R;), the maximum of temperature is at the beginning of the period.
From green to yellow then orange, the x,, value increases to 0.5 then to 1, i.e., the maxi-
mum of temperature is in the middle of the period or even at the end. The boundary be-
tween yellow—green and orange is the boundary of x,, = 1, thus with the parameters in
the orange region and red region, x,, = 1. When in the parameter region of (r,, R;), the
X, > 1 is also considered to be 1. The thermal calculation can be divided into two situa-
tions:

(1) xp, =0, for ro < E + Ri or R, small enough (less than
T
this situation, x,, can be omitted from the expression.

(2) xpm #0, for rv> E + Ri or R, > 2_ when r,%2 > 1.5, x,,, will be appearing in the

rw?-1.5

2_15 when r,? > 1.5). In

rw?

temperature expressions.

To further analyze the condition in situation 2 that x,, can be set to 0, since x,, only
influences the value of T and Tos, we analyze Twma by Equation (A10) with x,, in it and
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the one without x,,. Figure A3a,b displays the spatial distribution of Tw. with the x,, of
the value depending on r« (red) and the one with x,, = 0 for whatever r» (blue dash).

a) R=1 b) R~=10

T .maxexac{ 1, 1'.“_)

T .111axexactxd 1, r.w) 1

0.03

ol pu

T.maxexac{ 10, '..\\')_Timaxexactx({ 10, 1'_“.) 0.02

T.maxexac{ L. ".\\')_T.maxexactxd 1, 'A.W) di ]
0
4 1 1
0
4 -2 0 2 4
-5 1"“’ 5
difference
T T T T
5
005 4 oaf- .
T.maxexac{ R.. 2)'Tmaxexactxd R.. ‘7‘)

T (R..3)-T )0'02

.maxexac .maxexacrx({ R.T »3

001 ¢

Figure A3. (a,b) Spatial distribution of T with the exact expression (x,, is a function of R, 7,) and
simplified expression (x,, = 0). (a) R; = 1, (b) R; = 10. (c) The differences between the two expres-
sions of R; = 10 (red) and 1 (blue dash). (d) The differences between these two expressions accord-
ing to R;.

We can see from Figure A3a that when R, = 1, the two expressions have no obvious
differences, i.e., even when x,, # 0, the approximation by omitting x,, in the expression
is feasible. While when R, = 10 (Figure A3b), there are differences appearing around
1, = 2. The difference distribution is emphasized in Figure A3c. From it, we can see the
difference appears around 7, = 1.6 to 4. The maximum of the difference is around r, =
2. However, it can be not negligible if To is large. In addition, we observe that the differ-
ence around 2 becomes larger as R, increases from 1 to 10. Figure A3d shows the differ-
ence according to R; at 7, = 2 and 3. From Figure A3d, the differences seem to have a
limit which is less than 0.04. Therefore, using the expressions of situation 1 to approxi-
mately simulate situation 2, i.e., always xn= 0 is feasible practically, only to have a lower
Tmer and smaller Tosc around 7, = 2, the error will be less than 0.04 Too.

Why is the largest difference at 7, = 2? That is because when 7, is small enough, xm
is 0; while when 1, is very large, the temperature is quickly decreasing, not mentionning
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the case when R; is large. Therefore, 7, = 2 is the middle value that is not small enough
to cross the x,, = 0 boundary, and not so far away to have a low temperature.

For calculating the analytical expression of the amplitude of temperature, Toc at 7> 0,
due to a non-zero x,, value, the parts in the summation of Twmax at this point can no longer
be eliminated with the parts of Twir, except in situation 1. We give the analytical expression
for situation 1 first, and the general expression will be presented after having given the
expressions for Tmin and Timax.

When xn = 0, the limit of Tos is described as:

|- -]

3
(1+N-R)2

Tose (T, N) = T (1, N) = T (r, N) = exp[—(5,)%] — exp[—(1,)?] (A12)

N»1/R;

The amplitude of the oscillations appears to be Ty, - exp[—(7,)?].
For Twin and Tmax, using the trapezoidal rule for approximation as for r»# 0, we have
Twin from Equation (A9):

1 ex?’[ 11)1:] e"”[‘1f‘1’</)-2121]

Tmin(rw:N) Y (1 +R )3/2 (1 +N- R,)S/Z

VT Ty T
TR [erf< 1+R,)_erf(,/1+N-Rr>] (A13)

(1)?
exp
i, ot () (A14)
N1/ R 2(1+R)3/2 R -1y \/TRT

_(Tw) ]

1+R7
We call ———=7% RETREE

Furthermore, Tma from Equatlon (AlO).

part 1, and —e f(\/rL) part 2.

(rw)2 ( )2 (rW)Z
T Nox )zexz)[_-1+xm R] ‘”‘”[ 1+(17+xm) R +exp[—1+(N—1+xm).RT
e [1+xm "-']2 2[1+(1+xm) R] 2[1+(N_1+xm)'Rr]%

+ v {erf Tw ]— erf[ Tw }
Ry 1y VIT+ A+ x) - R JII+ (N =1+x,)R,]

exp[ 1+(:‘C”732R] exp[ H(l(-l-W]

[142x, R]? A1+ A +x,) R R { [\/[1+(1+xm) R, ]}

(A15)

N»1/R;

(rw)? (rw)?
exp[ 1+xm.RT] exz’[ 1+(1+xm).RT] Vi

[1+xmRe13/2 7 2[14(14x).Rc]3/2 " Ry
spectively.
The general expression of Tose (When N tends to infinity or larger than the effective
number) is given as Equations (A14) and (A15), and it reads:

{erf [ \/[1+(1?me)31]]} are called part 1, 2, and 3, re-
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(n)? (1)?
e"p[ e R] e"”[ T+ (4% - R] r {erf[ i ]}
[1+xp - ReJ2 201+ (1 + 1) RJ2 N W ey
w)z]

()
- erf
2(1+ Rr)z Ry -1y 1+R,

TOSC (R‘L" rW)

(A16)

(rw)?
. . . . . exp [~ Xm)-Rt
Part 1 in Equation (Al4) and part 2 in Equation (Al5) (i.e., W and

W) are smaller than the other parts by a factor of 10, so they can be approximately
T
omitted to simplify the expressions in practice. Then, we obtain:

-]

rW
[1+x,- 1]2 R; rw{ L/ 1+(1+xm) .R, ]} R, Tw < 1+R‘[)

Tasc (R‘rrrw) ~ (Al 7)

The plots in Figure A4a are Tosc according to rwat R; = 0.1, 1, and 10, accompanied
with exp[—(,)?] (the result of situation 1) for comparison, while the distribution differ-
ence between the exact and the approximation is shown in Figure A4b. It is the same as
the difference for Tmar as in Figure A3c. It is also plotted according to R;, with 7 =2 and
3, accompanied with exp[—(2)?] and exp[—(3)?].

h\
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1 \ T T T
0.03
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Figure A4. (a) Spatial distribution of Tese with the real expression (x,, is a function of R;,7,) when
R, =10,1,and 0.1, and the reduced expression (x,;, = 0) in the pink dash. (b) The differences be-
tween the two expressions according to rw. (¢) Tosc with the real expression (x,, is a function of
(R;, 1), and the reduced expression (x,,, = 0) accordingto R; at 1, = 1,2,3.(d) A zoom of R, from
0 to 10. (e) Tosc distribution when R, = 1000 (red), comparing with Tosc in situation 1 (blue dash)
and the maximum Tosc value when R; — o according to 7, (green).

Similarly to T, we note that from Figure A4a, when R, increases, attributed to the
non-zero value of x», compared to situation 1 (x» = 0), the oscillation amplitude has only
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a small increase around rw = 2 which is sometimes not negligible. The R, dependence is
shown in Figure A4c,d, and we note that in Figure A4c, the oscillation amplitude at 7w =2
(green dash) and r» =1 (cyan) increases when R, increases, until it reaches a limit. These

3
limits are calculated to be zexp—[é]/z when R; —» oo (from Equation (All), x,.R;
~(rw)?
3
Ry—o . T .
— % (r,)?* — 1). Figure Ade shows this limit value according to rv around rv = 2.

Therefore, the range of Tes is given by Equations (A18) and (A19):

Xm = 0 and in particular when R;—0 whatever ry,

Tosc (RT' rw) exp [—(T‘W)Z] (A18)

R;—o0 and ry, around 2 1

2.44(r,,)3

Tosc(Re, 1) (A19)

We note that the oscillation amplitude Tos at situation 1 is exp[—(r;,)?] which is the

minimum, while in situation 2, the amplitude is larger due to the influence of xm, with a
1

2.44(ry)3
racy, consistent with Figure A4e, when 7, < 1.2 or R, is small, we can apply Equation
(A18). Furthermore, when 1, > 1.2 or R; is large, Equation (A19) can be applied for Tos.
Even though, by using situation 1 for all the situations, the error will be less than the limits
shown in Figure A4c.

maximum value of at a place around 7, = 2. Therefore, in practice and for accu-
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