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Abstract: This paper is devoted to the study of perturbation evolution problems involving time-
dependent m-accretive operators. We present for a specific class of m-accretive operators with convex
weakly compact-valued perturbation, some results about the existence of absolutely continuous
solutions and BRVC solutions. We finish by giving several applications to various domains such
as relaxation results, second-order evolution inclusions, fractional-order equations coupled with
m-accretive operators and Skorohod differential inclusions.
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1. Introduction

In the present paper, we are mainly interested in the study of the perturbed evolution
problem governed by a time-dependent m-accretive operator A(t)

— —(t) € A(t,u(t)) + f(t,u(t)), vaet e[0T 1)

Here v is a given positive Radon measure on [0, T], u : [0, T] — E is a right continuous
function with bounded variation, du is its differential measure or Stieltjes measure, % is the
density of du with respect to v, t — A(t) : D(A(t)) — 2F is a time-dependent m-accretive
operator, f : [0,T] x E — E is a Caratheodory mapping. Multivalued perturbations
F :[0,T] x E — E are also considered.

When E is a separable Hilbert space and A(t) is assumed to be a Lipschitz in variation
or bounded variation and continuous in variation maximal monotone operator, the study of (1)
is performed in [1] and includes the convex sweeping process (or Moreau’s process), an
area which enjoyed a great deal of intense activity with application to mechanics [2],

du

E(t) € Neu(t) + f(t,u(t)), draet €0, T], )

where C(t) is a closed convex moving set, i.e., dg(C(t),C(s))) < |r(t) —r(s)| for all
s,t C[0,T],r:[0,T] = [0,00[ is a nondecreasing right continuous function with Stieltjes
measure, dr, dy denotes the Hausdorff distance on closed sets of E and N¢ ;) is the normal

cone of the closed convex set C(t). See [3—6] and the references therein.
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Consequently, it is interesting to extend the theory outside of Hilbert space to a time-
dependent m-accretive operator A(t). To our knowledge, until now one cannot expect
a positive answer to the existence problem of bounded variation and right continuous
(BVRC) solution for (1) in the framework of a time-dependent m-accretive operator. The
main difficulty is how to formulate the notion of solution to have convenient applications.

Therefore, it is important to know a few significant classes of m-accretive operators
for which existence of absolutely continuous or bounded variation and right continuous
(BVRC) solutions to (1) are proved.

In this regard, we present several new variants in the study of absolutely continuous
and BVRC solutions for (1) with time-dependent m-accretive operator A(t) and weakly
compact-valued perturbation F. This leads to some remarkable applications such as
periodic solutions, relaxation problems, second-order evolution driven with m-accretive
operators with perturbation, fractional-order equation coupled with m-accretive operators,
functional differential inclusion governed by m-accretive operators, sweeping process, and
Skorohod differential inclusions.

Our techniques are essentially based on Moreau’s catching-up algorithm [7] and deep
results on the differential measures of vector functions of bounded variation [8,9]. We
provide a new method for proofs that are simpler and that are independent in an essential
way to the results in m-accretive theory. Very roughly, our method makes it possible to
obtain, from sequences of partitions of the considered study interval, solutions as the limit
of step approximations and provides an estimate of their velocity. Our results are studied
from a theoretical point of view as well as in applications. They make it possible to obtain
concrete solutions in various domains such as elastoplasticity, mechanics, traffic equilibria,
and social and economic models.

2. Preliminaries and Background

We will use the following definitions and notations and summarize some basic results.

- Let E be a Banach space and E* be its topological dual.

- Bgis the closed unit ball of E.

- ¢(E), cc(E), ccwl(E), cwk(E) is the collection of nonempty closed, closed convex,
closed convex weakly locally compact which contain no line, weakly compact convex
subsets of E respectively.

- If Kis a subset of E, 6*(.,K) is the support function of K. For any convex weakly
compact subset K of E, |K| := sup,..p,, [6"(x", K)|

- Ai=dtis the Lebesgue measure on [0, T], £(]0, T]) is the o-algebra of Lebesgue mea-
surable subsets of [0, T].

- B(E) is the Borel o-algebra of E.

- Amap u: [0, T| — E is absolutely continuous (shortly AC) if there exists an integrable
mapping v such that u(t) = 1y + fot v(s)ds; in this case 1 = v a.e. on I.

A map u: [0,T] — E is BVRC if u is of bounded variation (shortly BV) and right
continuous.

- LL([0,T),dt) (shortly LL([0, T])) is the Banach space of Lebesgue-Bochner integrable
functions f : [0, T] — E.

- Wedenote by W™ ([0, T]) the set of all absolutely continuous mappings v : [0, T] — E
such that 9 € L¥ ([0, T]).

- If X is a topological space, Cg(X) is the space of continuous mappings u : X — E
equipped with the norm of uniform convergence.

- Aset-valued mapping F : [0, T| = E is measurable if its graph belongs to £([0, T]) ®
B(E). A closed convex valued mapping F : X — cc(E) defined on a topological space
X is scalarly upper semicontinuous if for every y € E¥, the scalar function 6*(y, F(.))
is upper semicontinuous on X.

- Let E be a Banach space and E* be its topological dual. Recall that operator A :
D(A) C E — 2F isaccretive if ||x — X|| < ||[x =X+ A(y —¥)|| forallx,Xx € D(A),y €
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Ax,y € Axand A > 0 and A is m-accretive if, in addition, R(I + AA) = E for all
A>0.

- If A is m-accretive, then,

(i) for each A > 0, the resolvent [, = (Ir + AA)~! is single-valued and non-
expensive, i.e.,
[ax = Jayll < [lx = yl|
for each (x,y) € E,
(ii) the Yosida-approximation of A defined by

Ay = —(Ig =)

S

is single-valued, Lipschitz continuous with Lipschitz-constant %,

(iii) Apx € AJyxforeachx € E,

(iv) ||Axx|| < ||A%(|| for each x € D(A) where A% is the element of minimum
norm of Ax.

Define (x,y)+ = lim;_ 2 [||x + ty||*> — ||x|[?], for x,y € E. Then A is accretive iff

(x=Xy—-9)+2>0

for x,x € D(A),y € Ax,j € AX. The duality map | : E — 2F" is defined by J(x) :=
[v € B+ (v,2) = [[¥)f} = ]2}, ¥ € E. Then (x,y)+ = sup{(x*,y) : v* € J(x)} =
0*(y,J(x)), for x,y € E. We refer to [10-12] for the theory of accretive operators and
evolution equations in Banach spaces.

3. Basic Hypotheses. Statement of Existence Theorems

We start this section by recalling some lemmas that are used in our proofs.
At first, the following is a discrete version of Gronwall’s lemma.

Lemma 1. Let («;), (B;), (i) and (a;) be sequences of nonnegative real numbers such that
aiv1 < o+ Bi(ao + a1+ ...+ ai_1) + (1 +vi)a; fori € No. Then

-1 -1
a; < <ao +) ock> ~exp< Y. (kﬁk+7k)> for j € No.
k=0 k=0

The following version of Gronwall’s lemma is crucial for your purpose.

Lemma 2. Let yi be a positive Radon measure on I = [0, T). Let g € Ly (I, ) and B > 0 be such
that , vt € 1,0 < u({t})g(t) < B < 1. Let ¢ € LY, (I, ) satisfy

MQSW+Awﬂ@wﬂM%LWEL

where w is a positive constant. Then

1

p(t) <w exp(m ]Ot]g(s)y(ds)), vVt el

Proof. Thislemma is due to M. Monteiro Marques. [

Lemma 3. Let y be a non-atomic positive Radon measure on the interval 1 = [0, T|. Let c, p be
nonnegative real functions such that c € L'([0, T, R, ), p € L*(I,R; u), and let & > 0. Assume
that for y —a.e. t €l

p(t) <t [ cls)p(s)ntas)
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Then, for y — a.e. t € [0, T],

p(t) < a-exp (/Otc(s)y(ds))

The proof (see [1], Lemma 2.7) is not a consequence of the classical Gronwall lemma dealing
with Lebesgue measure df on I. It relies on a deep result of Moreau—Valadier on the
derivation of (vector) functions of bounded variation [9].

In the present paper, E is a separable Banach space. We are mainly interested in the
study of perturbed evolution problems governed by a time-dependent m-accretive operator
A(t)

du

E(t) € A(t,u(t)) + f(tu(t)), vae t €[0,T], 3)

where u: [0,T] — E is a right continuous function with bounded variation, du is its
differential measure, v is a positive measure on [0, T], % is the density of the differential
measure du with respect to the measure v, t — A(t): D(A(t)) — 2F is a time-dependent m-
accretive operator, f: [0, T] x E — E is a Caratheodory mapping (multivalued perturbations
F: [0,T] x E — E are also considered). We also treat the case of m-accretive operator A:

D(A) — 2F with various perturbation

B0y ¢ Aue) + S u(), dtae.te 0.T), Y

where u: [0, T] — E is absolutely continuous, f: [0, T] x E — E is a Caratheodory mapping
(multivalued perturbations F: [0, T| x E — E are also considered). A special study of
integro-differential Volterra inclusion is provided

B0y € au)+ [ s ue))is, drac e 07), ®

where u: [0, T] — E is absolutely continuous, f: [0, T| x [0, T] x E — E is a Caratheodory
mapping.

3.1. Existence Results for (3) in the Bounded Variation and Right Continuous Case

Our first result on the existence of the BVRC solution to a perturbed evolution problem
(3) is stated with the following hypotheses: Let t :— A(t) : D(A(t)) — ccwl(E) be a time-
dependent m-accretive operator satisfying:
(Hf) there exists a nonnegative real number c such that

| At x)|| < c(1+ ||x||) for t €[0,T], x € D(A(t));

(HA) T: t — D(A(t)) has right closed graph Gr(T'), and for each t € [0, T], for each k > 0,
the set {x € D(A(t)): ||x||| < k} is relatively compact, shortly D(A(t)) is ball compact;
(HAY) (t,x) — A(t,x): Gr(I') — ccwl(E) is scalar upper semicontinuous: for t, | t, for
Xy — x with x, € D(A(t,)) and x € D(A(t)),

Vi € E*, limsup 0% (x*, A(ty, 1)) < 0% (x*, AL x));
n

(H4') There exists a nondecreasing and right continuous function r: [0, T] — [0, o[ such
that 7(T) < co with the Stieltjes measure dr such that for t < T C [0,T], for A > 0 and
x € D(A(t))

= V@ < (r(0) = r(0) 1+ 1A% 2) 1)
(HF) Let F: [0, T] x E — cwk(E) be a convex weakly compact-valued mapping such that

(i) Fisscalarly £([0, T]) ® B(E)-measurable, i.e., for each x* € E*, the scalar function
5*(x*,F(.,.)) is L([0, T]) ® B(E)-measurable,
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A
n —
Uiv1 = ]5;.1

(i) foreacht € [0,T], F(t,.) is scalarly upper semicontinuous, i.e., for each x* € E*, the
scalar function 6*(x*, F(t,.)) is upper semicontinuous on E,
(iti) F(t,x) C M(1+ ||x||)Bg forall (t,x) € [0, T] x E for some positive constant M.

We present at first our main existence result of BVRC solution.

Theorem 1. Assume that E be a separable Banach space. Let t — A(t): D(A(t)) — ccwl(E) be
a time-dependent m-accretive operator satisfying (H{'), (H3), (H4), (H4'). Let F: [0, T] x E —
cwk(E) satisfying (HF). Let v = dr + A and let 92 be the density of A relatively to the measure v.
Then for all ug € D(A(0)) the evolution problem

—Du(t) € A(t,u(t)) + F(t,u(t))

admits a BVRC solution u with u(0) = uy, that is, there exists a BVRC mapping u: [0, T| — E
and a Lebesque-integrable mapping z: [0, T] — E such that

=up € D(A(0))
€ D(A(t)),Vt e [0,T]

t ,u(t)), Aae
—du(t) € A(tu(t)) +z(t) B (t),vae, t € [0,T]

Proof. Let for each (t,x) € [0, T| x E, f(t, x) be the element of minimal norm of F(¢,x), i.e.,
f(t,x) = Pp(; x)(0). For each x € E, the map t — f(t,x) is £([0, T])-measurable by virtue
of Theorem I11-41(2) [13], and by (#})

[F ()] < M+ [[x]]), V(£ x) € [0,T] x E. (6)

We choose a sequence (e,), C [0,1] which decreases to 0 as n — oo and a partition
0=ty <t <...<tp =TofIsuch that

P =t dr(Jef ) <enfori=0,...k, — 1. )

Such a partition can be obtained by considering the measure v = dr + A using the construc-
tions developed in Castaing-Marques [1].
Fori=0,...,k; —1,let

5zn+1 = d”(}t?/t?-i—l]) =r(tip1) —r(t}); 77;1+1 = t?+1 —t; /3?+1 = V(]t?/t?+l])' (8)
We define a sequence of step-mappings u,:I — E as follows:
uy(t) = uy = upg € D(A(0)) for t € [0,#]], and

un(t) = uj, t € [t7, 6] 4], un(T) = ug,

fori=0,1,...,k, —1,

) t L A 1
+ (u;1 _/t'? f(s,u?)d)t(s)) with ]ﬁ}’HH () = (I+ B4 A(t))  (x), 9)
for x € E. By construction u}, ; € D(A(t,;)) and
uft, —uf 1 ti
- e A(th ,ut )+ (s,ul")dA(s)
v(Jtr, 1 4]) B v(JEf thq]) Jer Jlor
so that
o
uflg —ul + [ f(s,uf)dA(s)
- 1 € A1, uiyq)- (10)

v(IE )
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We also define the bounded variation and right continuous mapping

Un(t) = M? ‘|‘

on each interval [t}, }', ;] so that v, is bounded variation and right continuous on [0, T].

Step 1. Estimates and convergence.

t A(t1 ) A )
ity = < W = [ o) = Ty )+ g =

< [ A IAAG) + r(eL) = D+ |4 )]
< M@+ [[uf[[)Biq + B [L+ (U [ [])]
(using (6), (H{}), (H4')). Whence we obtain

lufyr = uf' | < (M4 Bl Juf | + (M +c+1)B,

Juipall < (M +c+1) Bip)[uf ] + (M +c+1) B q.
Then, by Gronwall discrete Lemma 1 it implies that for n € N,andi =0, ..., ky:
kn—1 kn—1
[uf |l < [[luoll + (M +c+1) Z Bl -exp [(M +c) Z Biial-

It follows that
uf || < [luoll + (M +c+1)(T +7(T))] -exp [(M+c)(T+7r(T))] = Ki.  (11)

and then
uf  —uil] < Ko By (12)

Putting K := max (K, K,) we conclude that

sup |lun| <K, (13)
neN
and
kn—1
sup var(uy) = sup ( Z |ul q — u”|) < K(T+r(T)). (14)
n

We note that u,, is uniformly bounded and bounded in variation (cf (13) and (14) and
{uy(t): n € N} is relatively compact for each t since D(A(t)) is ball compact according to
(H4') and the estimation (13) so that by Helly principle [14] we may assume u, pointwise
strongly converges to a BV mapping v. Now we will focus on the estimate for v,,. We will
show that v, has the density %’ (.) with respect to v with the estimation || %7 dou(h)|| <L, v
a.e for some constant L > 0. Let us denote by z,(t) = f(t,u}') for t € [t}, z+1] We note
that for any t € [0, T],

) = 0a(0)+ [ gule)av(s) = [ za(s)dA(s),
where
ka=1 ! —ul + [ ’“ (s,ul")dA(s)
+1 (]t; i ]) 1]t” m }(f)

1
i1 i+
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Since v = dr + A, the Lebesgue measure A is absolutely continuous with respect to the
measure v, it has a density Z—i‘ € LR ([0, T], v) relatively to v, then the above expression of
vy, (1) is written as

o) = 00(0) + [ pn(5) = 20(5) . ())dv(6).

Therefore dv, has a density %x relatively to v with %» € L2 ([0, T], v) and for v a.e we have

douy dA
B0 (1) = gu(t) ()22 1),
dvn i kn—1 1/[ n + ftnlJrl T/lln)d/\(s)
Ty (O Fza(t) () = gu(t) = i;) ) Ly 1 (8)-

Please note that on any interval [t}, ], |[¢n(t)|| < Kz + M(1 + K), using the estimate
(12) of ||u},; — u}||, and

t” f(s ui)dA < M(1+ Kl q,

using the above estimate of ||u}||. So

1992 4) 420 ()22 5)]] < Ko+ M1 1K), (15)
as consequence
192 1) < Ko+ 2M(1 4+ K) 1= L. 6
Hence, we have
on(t) =+ [ SO, VDT
with the estimate (16). Define ¢y, 0, : [ — I by @, (t) =t} and 8, (t) = t}',; for t €]t} 1}, ;]

and ¢,(0) = 6,(0) = 0, so that

doy,
10,9u(t)] AV

On(@n(t)) = ug + (t)dv(t), vt €[0,T],

_ do,,
B) = up + /}o,enm] SO (£) du(8), Vit € [0, T],

with

000 (1) € A (0))0n (6a(6) + F(t,0n(pu(1) S (1), dv e
according to (10) and our notation. It is clear that |[v, (6, (t)) — vx(t))|| — 0 when n goes
to o0 and so is the term ||v, (@n (f)) — v, (t))]|. As consequence, v, is uniformly bounded,
lon(£)]] < ||xo|| + Lv(]O, T]),Vt € [0,T],¥n € N, and equi-right continuous with bounded
variation: ||v,(t) — v, (7)|| < Lv(]7,t]), VT < t € [0, T]. Hence the sequence v, pointwise
converges weakly to a BVRC mapping u,

du
£ = u0+/M )
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and we may assume that % converge weakly in LL([0, T],v) to an integrable mapping
‘L%‘ with ||d“ || < Ky +2M(1+ K), v a.e. By construction for every ¢ we note that for all

te [t], f?+1]

tia
[on (8) = un (D] < [Joa(t) —uf[] < [Jufy —ul] +2/ﬂ, [1f (s, ) ||ds

< ufy — uf {1+ 2M QA+ [[uf |[) (8 — ) < [K+2M(1+ K)en.

It implies that v, (t) — u,(t) — 0 for all t € [0, T] and by identifying the limits, we have
u = v. With our notations, recall that

—%(t) i Un(@n(t))%(t) € A0, (1), v (04 (1)).

Now, we use Mazur’s trick and (#4') to finish the proof being ensured that u(t) € D(A(t))
using the fact that v,,(6,,(t)) € D(A(0x(t)) 0,(t) | t and v, (0x(t)) — u(t). Let u(t) :=
f(t,on(gn(t)) and £(1) = f(t,u(t)). As vn(@u(t)) = u(t), Gult) = {(t), 50 Ln — €
weakly in LL([0,T],A). Hence dd%( ) + n() 9 (.) weakly converges in LL([0,T],v) to

% () +z() Z—f/‘ (.). For convenient notation let

::._‘>:

%

wu(t) = —”Z’v (t) — @(t)%(t),

w(t) = 21— 20 % o)

Then {w, } weakly converges in L ([0, T],v) to w. We will show that

w(t) =~ ()~ 2O P (1) € At u(t), vae.

By applying Mazur’ s lemma, there exists a sequence {@;(.) } which converges strongly in
LL([0,T],v) tow = —44()) — z(.) 2 (.) with

Wy (t) € co{wy(t) : k > n}.

Extracting a subsequence, we may ensure that @, (t) — w(t) = —94(t) — z(t) 22 (t) v a.e.
Consequently, for t ¢ N where N is a v-negligible set , we have

w(t) = —Z—Z(t) d)\ ) € ﬂco{wk ck>n}.

It follows that for ¢t ¢ N and for any x* € E*,

(x*,w) < i%f sup(x*, wy).
k>n

So, by the above fact we obtain
(2", w(t)) < limsup ™ (x*, A(0n(t), va(0n(t)) < 6" (x*, A(t,u(t)),

because 0, (t) | t, v4(0,(t) € D(A(0x(t)) and v, (0, (t) — u(t) with u(t) € D(A(t)). As
consequence by ([13], Prop. I11.35) we obtain

w(t) =~ ()~ 20T () € At u(e).



Mathematics 2022, 10, 317

9 of 32

It remains to check that z(t) € F(t,u(t)), A a.e. However, this fact is clearly true thanks to
the property F. Indeed from z,(t) € F(t,v,(¢,(t)) we have for any x* € E*,

(2%, zn(t)) < 8" (27 E(t,vu(@n(t)))-

Then by integrating on any A-measurable set Q C [0, T| and by noting that z,, t —
0 (x*, F(t,vn(pn(t)) and t — 6*(x*, F(t,u(t)) are Borel, we obtain

/Q (x*, 20 (£))dE < /Q 5% (x*, (b, oy (@ (1) )it

Passing to the limit yields

/Q<x*,z(t)>dt < limsup /Q 5 (x*, E(t, vn(u(t)))dt

< /Q lim sup 8 (x*, F(t, on(g (1))t < /Q 5 (x*, E(t,u(t)))dt,

so that
(x*,z(t)) < 6" (x*,F(t,u(t)) Aae.

Since E is separable, and t — F(t,u(t)) is measurable, by ([13], Proposition III-35), we
conclude that z(t) € F(t,u(t)), A ae. O

We provide some direct corollaries of Theorem 1.

Corollary 1. Assume that E separable Banach space. Let t — A(t) : D(A(t)) — ccwl(E) be a
time-dependent m-accretive operator satisfying (H:), (H3'), (H4), (H{). Let f : [0, T) x E — E
such that

(i) f(.,x)is L]0, T])-measurable on [0, T| for all x € E,

(it)  f(t, x) is continuous on E forall t € [0, T],

(iii) ||f(t,x)|| < M(1+||x||) forall (t,x) € [0,T] x E.

Let v = dr + A and let ‘;—f/‘() be the density of A with respect to the measure v. Then for all
ug € D(A(0)) the evolution problem

~Du(t) € Alt,u(t)) + £(t,u(t)

admits at least a BVRC solution u with u(0) = uy, i.e., there exists a BVRC function u : [0, T] — E
such that

Corollary 2. Assume that E is a separable Hilbert space. Let t — A(t) : D(A(t)) — ccwl(E) bea
time-dependent m-accretive operator satisfying (H1'), (H3), (HZ), (H{). Let f : [0, T) x E — E
such that

(i) f(.,x)is L]0, T])-measurable on [0, T| for all x € E,

(i) 11£(t,x)— f(ty]l| < Ml|x — y]| forall t,x,y  [0,T] x E x E,

(iii) ||f(t,x)|] < M(1+||x||) forall (t,x) € [0,T] x E,

for some constant M > 0. Let v = dr + A and let ‘% (.) be the density of A relatively to the measure
v. Assume further that there is p €]0,1[ such that ¥Vt € [0,T], 0 < ZM%\(t)dv({t}) <B<1l
Then for all ug € D(A(0)) the evolution problem

—Du(t) € A(t,u(t)) + f(t, u(t))
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admits a unique BVRC solution u with u(0) = uy, i.e., there exists a unique BVRC function u:
[0, T| — E such that

—24(1) € A( ,M(l:)) +f(Lu(t) B (1), vae.

Proof. We need only to prove the uniqueness, suppose that there are two BVRC solutions
uand v,

du dA
— (1) = f(tu(t) (1) € At u(®)),
_%(t) — f( ,U(t))%(t) € A(t,o(t)).

By the monotonicity of A(t) we obtain

<Zz(f> - %(t) + %(t)f(t,v(t)) - Z—;\(t)f(t,u(t)),v(t) - u(f)> <0

by the Lipschitz condition on f(t,-),

v v

(50~ G000 =500 ) < (GO0 u0) = GO0, 00 - u()

< M2 (1) ot) — u(t) P

Then, u and v are of bounded variation and right continuous and have the density % and

g—z relatively to dv, by a result of Moreau concerning the differential measure [8], ||v — u||?
is BVRC and we have

dlfo —ull? < 2(o() (), ()~ % (yav

so that by integrating on |0, ] and using the above estimate we obtain

o)~ (= [ dlju—olPav(r < [ 200() ~ut) )~ Oav(e)
<[, M () lo() — u(r)| 2 (r).

According to the assumption 0 < 2M% (+)dv({t}) < B < 1 and using Grownwall’s Lemma
(Lemma 2), we deduce from the last inequality that u = v in [0, T|. This completes the
proof. O

A concrete application is given by the convex sweeping process in a separable Hilbert
space E. If A(t,x) = N¢(;)x, where C: [0, T] — E is a closed convex valued mapping and
Ne(1)x is the normal cone of C(t) at the point x € C(t), one deduce the existence of BVRC
solutions of a closed convex and nonconvex sweeping process. See e.g., [15]. For more
information on the existence BVRC of solutions to the sweeping process we refer to [2,7,16].
The above results shed new light on the problem of the existence of BVRC solutions for a
class of time-dependent m-accretive operators with convex weakly compact perturbation.
At this point, compare with some related results in the literature [17-19] dealing with
mild solutions for evolution inclusion driven by fixed m-accretive operator A with convex
compact perturbation. Here our result is strong and new. Further applications will be
provided.
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3.2. Existence Results of Absolutely Continuous Solutions

We begin this section by recalling at first an important result in ([20], Theorem 4.6)
dealing with the existence of AC solution for problem (1).

Theorem 2. Assume that E is a separable reflexive uniformly convex space along with the dual E*.
Let A: D(A) — 2F is an m-accretive operator satisfying

(H1) ||A%|| < c(1+ ||x]|) for all x € D(A) where c is a positive constant,

(Ha2) D(A) closed and for each k > 0, the set {x € D(A) : ||x|| < k} is compact.

Let f : [0, T] x [0, T] x E — E satisfying to the conditions

(H3)(t,s) — f(t,s,x) is Lebesgue measurable on [0, T| x [0, T], V(t,s,x) € [0, T] x [0,T] x E,
(Ha) I f(t,5,x) = f(t,s,y) < M|[x —y||, Vt,s € [0,T],Vx,y € E,

(Hs)[If(ts,2)[|| < M(1+[|x[]), VE,s,x € [0, T] x [0, T] x E,

where M is positive constant.

Then, for every uy € D(A), there exists a unique Wé’“’([O, T))-mapping u : [0, T| — E such that

{ u(0) = uy,
u(t) € D(A),Vt € 10,T],
—i(t) € Au(t) + [y f(t, 7, u(7))dTae.

Lemma 4. Assume that E and E* are uniformly convex reflexive separable and A(t) : D(A(t)) —
cc(E) is a time-dependent m-accretive operator satisfying:

(Aq): t = Ax(t,x) is L([0, T])-measurable for all A > 0 and for all x € E,

(A2): |Ax(t,x)| < JAY(t x)| < c(1+||x||) forall A > 0 and for all fixed x € D(A(t)) where
is a positive constant.

Then the operator A : D(A) C L4([0, T],dt) — 2LE([0.T)dt)

Au = {o € 2([0,T],dt) : o(t) € A(t,u(t)), ae te[0,T]},

for each u € D(A) where D(.A) is defined by

D(A) := {u € L4([0,T],dt) : u(t) € D(A(t)) ae. t € [0,T] : exist v € L%([0, T}, dt) :
v(t) € A(t,u(t)), ae. t € [0,T|} is m-accretive. As consequence, the graph of A is strongly
weakly closed.

Proof. It is easy to see that A is accretive in L%([0, T}, dt), namely

1f *7||L%([0,T],dt) <[|(f=f)+Alg *E)HL%([Q,T],dt)rvg € A(f),3 € A(f).

We need to check that R(IL%([O,T],dt) +AA) = L2([0,T),dt) for each A > 0. Let g €
1((0,T], db). Then t = 0y(£) = [Ig + AA(1)]g(t) = Na(6,8(1)) = g(t) — AAL (L, g(1).
We note that A, (t,.) is #-Lipschitz map in E and A, (., x) is £([0, T])-measurable for all
A > 0and forall x € E. Set h(t) = Ax(t,g(t)) = (Ar(t, g(t)) — Ax(t,u(t)) + Ax(t u(t)).
Then h is measurable with ||1(t)|| < 2||g(t) — u(t)|| + ||Ax(t, u(t)|| and so we deduce that
h € L2(]0, T], dt) because u and g belong to L2([0, T],dt) and t — A, (t,u(t)) is £([0, T])-
measurable and belongs to L2 ([0, T],dt) because ||A(t, u(t))|| < [|A%(t, u(t))|] < c(1+
||u(t)]|) for all t € [0, T]. This proves that v, € L%([0, T],dt) and g(t) € vy (t) + AAv,(t))
so that R(I 12(0,dr) + AA) = L2([0, T), dt). So, we conclude that the m-accretiveness of
A O

Remark 1. This lemma has some importance in further application. If A : D(A) — cc(E) isa
fixed m-accretive operator, the result is obvious. See e.g., [12].

Our second result on the existence of AC solution to a perturbed evolution problem
(3) with time-dependent m-accretive operator is stated as follows.
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Theorem 3. Let E be a separable Banach space. Let t — A(t) : D(A(t)) — ccwl(E) be a
time-dependent m-accretive operator satisfying
(H{Y) there exists a nonnegative real number c such that

1A%t )| < c(1+ |Ix)) for t € [0,T], x € D(A(t)),

(HAY) t — D(A(t)) has closed graph, Gr(D(A)), and Utelo,r) D(A(t)) is ball compact,
(HZ) (t,x) — A(t,x) : Gr(D(A)) — ccwl(E) is scalar upper semicontinuous: for t, | t, for
Xy — x with x, € D(A(t,)) and x € D(A(t)),

Vx* € E*, limsup 6" (x*, A(ty, xn)) < 6" (x*, A(t, x)),
n

(H4Y)' There exists a nondecreasing and absolutely continuous function B : [0, T] — [0, oo with
B € L2, such that fort < T C [0,T], for A > 0and x € D(A(t)),

Ix = 72 ()l < (B(r) = B1) (1 + ||A%(, %)),

(HF) Let F: [0, T] x E — ck(E) be a convex compact-valued mapping such that

(i) F is scalarly L£([0,T]) ® B(E)-measurable, i.e., for each x* € E*, the scalar function
5*(x*,F(.,.)) is L([0, T]) @ B(E)-measurable,

(ii)  foreach t € [0, T), F(t,.) is scalarly upper semicontinuous, i.e., for each x* € E*, the scalar
function §*(x*, F(t,.)) is upper semicontinuous on E,

(i) F(t,x) C M(1+ ||x||)Bg forall (t,x) € [0, T] x E for some positive constant M.

Then for all ug € D(A(0)) the evolution problem
—Du(t) € A(t,u(t)) + F(t, u(t))

admits an absolutely continuous solution u with u(0) = uy, that is, there exists an absolutely
continuous mapping u : [0, T] — E such that

Proof. We will use the ideas and techniques of Theorem 1 above and Theorem 1 in [21].
For the sake of completeness, we give here the proof. Let for each (¢, x) € [0, T] X E, f(t,x)
the element of minimal norm of F(¢,x), i.e., f(t,x) = Pp(; ) (0). For each x € E, the map

t — f(t,x)is L([0, T])-measurable by virtue of Theorem I1I-41(2) [13], and by (H})
(& )] < M1+ [[x][), V(¢ x) € [0, T] x E. (17)

We choose any sequence (g,,), C I which decreases to 0 as n — oo and any sequence of
partition 0 = t§ < #{ <... <t} = Tof I = [0, T] such that (t/ ; — ) + ft ’“ T)dT < €y

fori=0,...,k, — 1, which is allowed since t — B(t) + tis absolutely contmuous Without
loss of generality, we may assume that f(0) = 0. Letfori = 0,.. —1,0" —t),

o i+1 ( i+1
Bl = t?"“ B(t)dT so that B(t}, ;) — B(t]) = B}.1, ni'y = (5i+1 + B < en. We define
the mapping v, : [ — E by

t—t! t t
0ut) =+ oLl — !+ [ frud) - [ e
A ti t
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fort € [t},t}

l+1] where fori =0,1,...,k, — 1,

t"

t
+1
wly = Ty = [ pe o).
i

By construction
z+1 € D(A( z+l)

1 i+1
Mfavﬂfﬁfmwmmu%wh»
1+ i
Let us define 6, (t) = iH,qon( ) =t fort e [t:’,tfﬂ] i=0,1,...,ky —1and 6,(0) = ¢,(0).

so that
—0u(t) € A(6n(t),0n(0n(t)) + f(T, 0n(@u(T))

a.e. with |0,(t) —t| — 0and |@,(t) —t| = 0asn — oo.
Step 1. Estimates and convergence.

A(#1 ) t
ety =l = g = [ i )ae) — |
i

tn

A(t,)) 't " n )
< W™t = [ ftydn) = fo )l

i+1

At

g 1“(1) ui [

ML+ [[u![1)0f,1 + Blia (1 + [A(H] uff)])
ML+ [[uf[1)of 1 + Bia (T4 (1 + [[uf]]))
< (M o) [uf || + M+ e+ Uiy

Set M1 = M+ c¢,M; = M+ ¢+ 1, it comes that

[ l] < (T Mapieq )| [+ Mot
Then by Lemma 1 we obtain
[uf' ] < (uol + Ma(T + B(T)))exp-Mi (T + B(T)) := &1
and

[ufiq — i || < (Miey + Ma)ipsq i= catfily-

Forall t € [t!,t ;] we deduce that

i+1
"t
on ()] < [ugy |l 4 2{ ||| +2/tn f(T,ui)dt

<3C1—|—2M(1—|—C1)(fz+1 ) <31 +2M(A+¢)T=:1
with
on (1) = on () = [lufiy — uf'l] < comilyy.
Set K = max(l4, c2) we obtain

kn—1

sup |[on|| < K, supoar(vy) =sup ) |[ufy; —uf|| < K(T + B(T)).
neN neN neN ;=0
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Estimate of 0,,. For all t €]t},t]", ;[ we have
u ul
o0l < P 2001+ )
i+1 7

Setforallt € I, y(t) = ca(1+ B(t)) so that

tzn+1 1 t;‘ﬂ 1
i =l < [ v <ty =R (il

Whence

] T ] 5 kn—1 o ] »
lonlliy = [ 1ou(0IPar =Y [ llon(r)|Par
i=0 %

kn—1 t n
<o & ([ =l i e yar
i=0 7t i+1 b
bl gy — |
=2 Y ([ "+ M+ e)]*) (#y — 1)
i=0 i+1 i
kn—1 i

<2 ¥ (/tn"“y(T)de 2M(1+c1)]?) (4 — 1))
0 i

2
<2717 +2T2M(1 + ¢1)]” = c3.

As consequence
t
[lon(t) —va(s)|| < / |0y (T)dT < c3(t — s)|%, V(t,s € [0, T].
S

Since vy, (05 (t)) = un(0n(t)) and Usepo,r) D(A(t)) is ball compact, {v,(0,(t)} is relatively
compact and so is {v,(t) }. By Ascoli theorem, {v, } converges uniformly to an absolutely
continuous mapping v and we may assure that {0, } weakly converge in L% ([0, T), dt) to 0.
With our notations, recall that

doy,

— 2 () = f(t,0n(@n(t)) € A(On(t), 0n(0n(t)).

Now, we use the Mazur’s trick and (H4!) to finish the proof being ensured that v(t) €
D(A(t)) using the fact that v, (0, (t)) € D(A(6,(t)), 0x(t) | t and v, (0, (t)) — v(t). Let

En(t) == f(t,on(@a(t)) and £(t) := f(t,0(t)). As va(n(t)) — 0(t), Cu(t) = C(F), s
Tn — ¢ weakly in L2([0, T}, dt). d”“( ) + Cn(.) weakly converges in L% ([0, T}, dt) to

d”( ) + z(.). For convenient notation let

wa(t) = =200 (0) (1)

w(t) = 2210 (1),

Then {w, } weakly converges in L2 ([0, T], dt) to w. We will show that

w(t) = —%(t) _2(t) € At o(t)), dt ac.

By applying Mazur’ s lemma, there exists a sequence {@y(.) } which converges strongly in

L2([0,T],dt) to w = —92(.) — z(.) with

Wy, (t) € co{wy(t) 1 k > n}.
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Extracting a subsequence, we may ensure that @, (t) — w(t) = _%(t) —z(t) A ae.

Consequently, for t ¢ N where N is a A-negligible set , we have
w(t) = - (t) —z(t) € O@{wk(t) k> n).

It follows that for t ¢ N and for any x* € E*,

(x*,w) < i%f sup(x*, wy).
k>n

So, by the above fact we obtain

(x*,w(t)) <limsup d*(x*, A(6,(t),va(0n(t)) < 6" (x*, A(t,v(t)),

because 0, (t) | t, v, (0, (t) € D(A(0,(t)) and v, (0,(t) — v(t) with v(t) € D(A(t)). As
consequence by ([13], Prop. I11.35) we obtain

w(t) = —%’(.) —2() € AlLo(t).

It remains to check that z(t) € F(t,u(t)), A a.e. However, this fact is clearly true thanks to
the property of F. Indeed from z,(t) € F(t,v,(¢x(t)) we have for any x* € E¥,

(x%, zn (1)) < 0% (x7%, F(t, 0n(@n(t))-

Then by integrating on any A-measurable set Q C [0, T] and by noting that z,, t —
0 (x*, F(t,vn(pn(t))) and t — 6*(x*, F(t,v(t))) are Borel, we obtain

/Q (", za (D))t < /Q 5* (x*, F(t, 0 (1)) dt.

Passing to the limit yields

/Q (", 2(1))dt < lim sup '/Q 5 (x*, E(t, vn(u(t)))dt

< /Q lim sup 8 (x*, F(t, on( (1))t < /Q 5 (x*, F(t,u(t)))dt

so that

(x*,z(t)) < 6" (x*,F(t,u(t))) A ae.
Since E is separable, and t — F(t,v(t)) is measurable, by ([13], Proposition III-35), we
conclude that z(t) € F(t,u(t)), dt a.e. [

4. Applications

Our first application uses the results of Theorem 1 on the existence of BVRC solutions
in the framework of time-dependent m-accretive operators in a separable Hilbert space.

4.1. Second-Order Evolution Inclusion Driven by a Time-Dependent m-Accretive Operator. The
BVRC Case

Theorem 4. Assume that E is a separable Hilbert space. Let t — A(t) : D(A(t)) — cc(E) bea
time-dependent m-accretive operator satisfying (H{), (HAY), (H4'), (HZ'). Let £ : [0, T] x E x
E — E be a continuous mapping satisfying

@ |lf(txy)|| < M1 +||x||), Vt,x,y € [0,T] x E x E.

(i) ||If(t,x,z) — f(t,y,2)|| < M||x—yl||, Vt,x,y,z € [0,T] x E X E X E.
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Let v = dr 4 A and let i—f/‘ the density of A with respect to the measure dv. Assume further that there
is B €]0,1[ such that ¥Vt € 1,0 < 2Md/\( Hdv({t}) < B < 1. Then for uy € D(A(0)),xo € E,
there are a BVRC mapping u : [0, T] — E with density 5 i yelatively to dv, and an AC mapping
w : [0, T] — E satisfying

+ [y u(s)ds, t€0,T]
D(A

S
A(t)),Vt € [0,T]

]
A(t,u(t)) + f(tu(t), w(t)) G (), v ae.

Proof. For any continuous mapping / : [0, T| — E, the mapping f;,(t, x) := f(t,x,h(t)) is
measurable on [0, T] for any x € E and satisfies || f; (¢, x)|| < M(1+ ||x||), Vt,x € [0,T] X E
and ||fu(t, x) — fu(t,y))|| < M||x —y||, Vt,x,y € [0,T] x E X E, so by Theorem 1 and
Corollary 2 there is a unique BVRC solution vy, to the inclusion

v;,(0) = up € D(A(0))
ou(t) € D(A(1)),Vt € [0, T]

_%(t) € A(t,op(t)) Jrf(ffvh(t),h(t))Z—f/L dv-a.e

with % € KBg, where K is a positive generic constant so that ||v,(t)|| < Kv([0,T]) :=
L, t € [0, T]. Let us consider the closed convex subset X in the Banach space Cg([0, T])
defined by

X o= {ug: [0,T] > E: uf()_uo+/f s, f € Sly, te(0,T]),

where SiEE denotes the set of all dt-integrable selections of the convex weakly compact-

valued constant multifunction LBg. Now for each i € X let us consider the mapping
t
() (1) = up + /O on(s)ds, t € [0, T].

Then it is clear that ®(h) € X. Further we have ||v,(t)|| < L for all t € [0, T] so that
the set T'(t) := {x € D(A(t)) : ||x|| < L} is compact by (H3') and nonempty because
vy(t) € D(A(t)), as consequence ®(h)(t) € ug + fo co[I'(s)]ds. Since s — co[I'(s)] is a
convex compact-valued and integrably bounded multifunction, the second member is
convex compact-valued [22]. Hence ®(X) is equicontinuous and relatively compact in the
Banach space Cg ([0, T]). Now we check that @ is continuous. It is sufficient to show that if
(hu) converges uniformly to & in X, then the BVRC solution vj, associated with 1,

o (0) = g € D(A(0))
o (£) € D(A(H)), ¥t € [0, T]

_d;zjn (t) € A(t, oy, (1) + (1, Uhn(t),hn(t))i%(t) v-ae.

pointwise converges to the BVRC solution v;, associated with h

on(0) = up € D(A(0))
on(t) € D(A(H)), vt € [0, T

~ S (1) € Al (D) + F(t24(0),h(0) P (1) dv-ae.
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As (vp, (t)) is relatively compact, for each t € [0, T| and (vy, ) is uniformly bounded and
bounded in variation since ||vy, (t) — vy, (7)|| < K(v(]7,t]), T <t € [0,T], by the Helly

principle [14] we may assume that (v}, ) pointwise converges to a BV mapping u. As

o, = Vo + f]o,t] d;’;" dv, t € [0,T] and %(s) € KBy, s € [0, T], we may assume that (%)

converges weakly in L2 ([0, T], dv) to w € L%([0, T],dv) with w(t) € KB, t € [0, T] so that

t
weak-lim o, = u0+/ w(s)dv(s) := z(t), t € [0, T].
0

By identifying the limits, we obtain

u(t) = 2(t) = o + /Otw(s)dv(s)

with % = w so that lim, f(t, vy, (£),hu(t)) = f(t,u(t),h(t)), t € [0,T]. As consequence

d .

(Sl 4+ £ (., on, (), ha(.)) 92 (.)) weakly converges to 9 — £(., u(.),h(.)) 92 (.) in LZ([0, T], E, dv).
From the inclusion

_d;sn (1) —f(t,vhn(t),hn(t))%(t)) € A(toy, (B) vae

we show, using the m-accretive extension A in LZ([0, T],dv) defined by Lemma 4, the
inclusion —‘;—z(t) - f(t,u(t),h(t))‘;—ﬁ(t) € A(t,u(t)) vae.Indeed, as —v, — z, € A(vy,)
where —1i, —z,, € L%(O, T],dv) with —1, — z, weakly converging in L%(O, T],dt)to—11—z
and vy, strongly convergent L2 (0, T], dv) to u, and the the graph of A is strongly weakly
sequentially closed, we deduce the required inclusion

du dA
—%(t) —f(t,u(t),h(t))d—v(t) € A(t,u(t)) vae

with u(0) = up € D(A(0)) and u(t) € D(A(t)) so that by uniqueness u = v;,. Now let us
check that ® : X — X is continuous. Let h,, — h. We have

t

@) ()~ D) (1) = [ o0, (5)ds — [ on()ds = [ [on,(5) — ou(s)ls

As ||vp, (.) — vi(.)|| = 0 pointwisely and is uniformly bounded : ||vy, (.) — v, (.)|| < 2L,
we conclude that

t
sup [|®(hy)(t) — P(h)(H)[| < sup [ [|op, () —vp()[|ds — 0
te[0,T] telo,7] /0

so that ®(h,) — ®(h) — 0in Cy([0,T]). Since ® : X — X is continuous and ®(X) is
relatively compact in Cg ([0, T]), by Schauder theorem has a fixed point, say h = ®(h) € X,
which means

h(t) = ®(h)(t) = ug +/0t vp(s)ds, t €[0,T]

{ vp(0) = ug € D(A(0))

‘%“) € Atop(t)) + f(t,o4(t), (1)) v-ae

O

4.2. Second-Order Evolution Inclusion Driven by m-Accretive Operator. The AC Case

In the same spirit we present a new second-order evolution involving an integro-
differential Volterra equation with an m-accretive operator in a reflexive separable uniformly
convex space.
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Theorem 5. Assume that E is a separable reflexive uniformly convex space along with the dual E*.
Let A : D(A) — 2F, is an m-accretive operator satisfying (Hy) and (Hp).

Let f : [0,T] x [0, T] X E x E — E be a Caratheodory mapping satisfying
@) |f(ts,xy)|| < M +||x||), V(t,s,x,y) €[0,T x[0,T]] x E x E.
(i) ||If(t,s,x,2) — f(t,s,y,2)|| < M||x—yl|, V(t,s,x,y,z) € [0,T] x[0,T] x Ex E X E.
Then for ug € D(A),xg € E, there is an AC mapping u: [0,T] — E, and an AC mapping w:
[0, T] — H satisfying

w(t) = xo + [y u(s)ds, t€0,T]

t
@ (1) e LE([0, T]rdf)

—du () € Au(t) + [} f(t,5,u(s),w(s))ds, dt a..

Proof. For any continuous h: [0, T| — E, the mapping f(t,s,x): = f(t,s,x,h(t)) is mea-
surable on [0, T| x [0, T], Yx € E, continuous on E, V(t,s) € [0,T] x [0, T] and satisfies
[ fn(t,s, )| < M1+ [|x[]), ¥(£s,x) € [0,T] x [0, T] x E and [|f(t,5,x) — fult,s,y))|| <
M||x —yl|, Y(t,s,x,y) € [0,T] x [0,T] x E X E, so by Theorem 2 or ([20], Theorem 4.6)
there is a unique AC solution vy, to the inclusion

v,(0) = ug € D(A)
v, (t) € D(A), vt € [0, T]
dvh( t) € Avy(t +/ f(t,s,01(s),h(s))ds dt-a.e

dt

with v;, uniformly bounded and equi-absolutely continuous: %" € KBg, where K is a
positive generic constant so that ||v,(t)|| < L, t € [0, T]. Let consider the closed convex
subset X in the Banach space Cg([0, T]) defined by

X = {us:[0,T] = E: uf()—uo+/ s)ds, gESLB, €[0,T]},

where SiEE denotes the set of all dt-integrable selections of the convex weakly compact-

valued constant multifunction LBg. Now for each i € X let us consider the mapping
t
() (1) = up + /O on(s)ds, t € [0, T].

Then it is clear that ®(h) € X. We have ||v,(t)|| < L for all t € [0, T] so that the set I':
={x € D(A) : ||x|| < L} is compact by (H;) and nonempty because vj,(t) € I'. As conse-
quence for any h € X and for any ¢ € [0, T| the inclusion holds ®(h)(t) € ug + fo co[I']ds
and since co[I'] is a convex compact-valued and integrably bounded multifunction, the sec-
ond member is convex compact-valued [22]. Hence ®(X') is equicontinuous and relatively
compact in the Banach space Cg([0, T]). Now we check that @ is continuous. It is sufficient
to show that if (11,) converges uniformly to /1 in X, then the AC solution vy, associated
with hy,
Op,, (0) =up < D(A)
vy, (t) € D(A),Vt € [0, T]

d t
_ ;’ﬁn (t) € Aoy, (1) —l—/o f(t,s,04,(3), ha(s)ds dt-a.e.
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pointwise converges to the AC solution vj, associated with h

v,(0) = up € D(A)
op(t) € D(A),Vt € [0, T]
t
_%(t) € Avy(t) +/ F(t,5,04(5), h(s))ds dt-a.e.
0
As (v, (t)) is relatively compact and vy, is equi-absolutely continuous, we may assume that

(vp, ) converge uniformly to a continuous mapping u. As v, = v + f %dt te[0,T]

and h”( s) € KBg, s € [0, T], we may assume that( i) converges weakly in L2([0, T], dt)
tow € L2([0, T],dt) with w(t) € KBg, t € [0,T] so that

weak—hmvh = u0+/ s)dv(s) :=z(t), t € [0, T)].

By identifying the limits, we obtain

w(t) = z(£) = uo + /Otw(s)d(s)

with 2% = so that limn [y f(t,5,04,(5), n(s))ds = fof t,s,u(s), h( ))ds, t € [0,T]. As
consequence z (t fo f(t,s,0p,(5), hn(s))ds — z( fO f(t,s,u(s),h(s))ds weakly in
L2([0, T], dt). From the inclusion

_ dZJh”

dt (t) - Zn(t> € Avhn (t) dt ae,

we show, using the m-accretive A in L% ([0, T], dt) defined by Lemma 4 (or [12], Lemma 1.4.2)),
the inclusion

_ /Otf(t, s,u(s),h(s))ds € Au(t) dt a.e

with #(0) = uy € D(A) and u(t) € D(A) so that by uniqueness u = v;,. Now let us check
that ®: X — X is continuous. Let i,, — h. We have

@) ()~ @) (1) = [ o1, ()v(s) — [ ou(s)ds = [ [on, (5) ~ (o)l

As ||y, () — vp(.)|| = 0 pointwise and is uniformly bounded: ||vy, (.) — v (.)|| < 2L, we
conclude that

T
sup [[®() (1) = () (1)1 < [ llon, ()~ o4()|lds = 0.
te[0,T] 0

So that ®(h,) — ®(h) — 0in Cy([0,T]). Since ®: X — X is continuous and ®(X) is
relatively compact in Cg([0, T]), by Schauder theorem & has a fixed point, say h = ®(h) €
X, which means

h(t) =®(h)(t) = ug +/(: vy(s)ds, t € [0, T]

{ Z}h(O) =1up € D(A)

d;th( t) € Avy(t +/ f(t,s,05(s),h(s))ds dt-a.e.
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4.3. Optimal Control Problem Governed by an Integro-Differential Volterra Accretive Operator

Let E be a separable reflexive uniformly convex space along with the dual E*. Let
us consider a convex weakly compact-valued mapping C : I = Bg with bounded right
continuous retraction in the sense, there is a bounded and right continuous function
p: I — R such that dy(C(t),C(7)) < p(7) — p(t),Vt < T € I and such that its graph is
Borel, i.e., Graph(C) € B(I) ® B(E). We consider the control sets given by

SBVRC.— {u: 1 — E,uis BVRC, u(t) € C(t), Vt € I},

S¢ :={u € L*(LE,dA), u(t) e C(t), Vtel}.

By J.J. Moreau ([23], Prop.5 d, p. 198) and Valadier [24] these sets are nonempty and
cISBVRC — &, where cl denotes the closure with respect to the o (L%, L}S*)—topology.
Shortly SBVRC is dense in S& with respect to this topology. Then we have the following
relaxation results in a control problem governed by an integro-differential Volterra m-
accretive operator given above.

Theorem 6. Assume that E and E* are reflexive separable and uniformly convex spaces. Let
I1=1[0,T]and A : D(A) — 2F, is an m-accretive operator satisfying (Hy) and (Hp).
Leta : I x I x E — R be a Caratheodory mapping
(i) la(ts,x)| < M,V(t,s,x eI xIXE,
(i) la(t,s,x) —a(ts,y)| < M||x —y||,Vt,s € [ x I,Vx,y € E X E.

Then the following hold:
(a)  the AC solution set 3vg° to the inclusion

—‘%‘( eAu —l—fo a(t,s,u(s))h(s)ds, A ae. t € [0,T]|,h € VZ

is nonempty and compact in Cg(I).
(b)  The AC solution set Sy, to the inclusion

—d—”t‘( eAu +f0 a(t,s,u(s))h(s)ds, A a.e. t € I,h € V¢

is nonempty and is dense in the compact set Sye.

Proof. We first note that for each Borel measurable selection h of C, the function f,(t,s, x) :=
a(t,s,x)h(s) satisfies to the conditions: ||f,(t,s,x)|| < M, ||fn(t,s,x) — fu(t,s,y)|| <
M(||x —y||,V(t,s € I x LVx,y € EXE, and (t,s) — f;(ts,x) is Lebesgue measur-
able on I x I, in particular if /1 is a BVRC selection of C and if v : I — E is AC,
then (t,s) — a(t,s,v(s))h(s) is Lebesgue measurable and bounded. By Theorem 2 or
(Theorem 4.6, [20]) for each Borel measurable selection / of C, there is a unique AC solution
vy, to the inclusion

Uh(O) = Ug € D(A)

vp(t) € D(A),Vte I

Bh(t) € LP(L,A)

_d” L(t) € Avy(t —i—fo a(t,s,vp(s))h(s)ds, A ae.
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So, the set of solutions are given by: Sy = {v), : h € V&'} and Sy = {v), : h € Vc}. Let
{h, € V®} o(LP(1,A), LE (1, 1)) converging to h € V. As shown in the proof of Theorem
4.6 in [20], the sequence of AC solution (vy, ) is equi-absolutely continuous with {v, ()}
relatively compact. Namely

() € X = {0: 1> Exo(t) =uo+ [ Go(s)ds,t € LI S2)]| <K,

where K is a positive generic constant which depends only on 1, A and M. Since {v}, (t)}
relatively compact, we may assume that v, converges uniformly to an AC mapping

v: I — E with d%” — ddf weakly in L2(I,A). Further it is Clear that a(t,s, vy, (s)) —
a(t,s,v(s)) pointwise. Let z,(t) := fo a(t,s, vhn 8))hu(s)ds,z(t) = fo a(t,s,v(s))h(s)ds.

We assert the main fact: z, — z weakly in L2 #(I,A). Itis clear that zn and z are Lebesgue
measurable by Fubini-Lebesgue integral and the separability of the space E. A crucial
factisa(t,., vy, (.)) — (a(t,., vy(.)) converge to 0, it converges to 0 uniformly on uniformly
integrable sets, alias Mackey converges to 0. As consequence, the assertion follows. Indeed,
let ¢ € L%(I). Then we have by integration

lim / ), 2 (£))dt = lim / /O a(t,5,0n, (5))ha(s)ds)et

—hm/ / a(t,s, vy, (s)), (g(t), hu(s))ds]dt
1 ates,009), G5(0), n()sl

T
= | (st z()ar

= [t [ a(t 5,94, 9, (g6 (st = |

From dvh” +2zy — dt + z weakly LZ(I, 1) and the inclusion
dvh t
0 —/ a(t,s,05(s))h(s)ds € Avy, () A ae,
0
we deduce

—%(f) - /Ot”(tfsr op(s))h(s)ds € Av(t) A ae,

by repeating the convergence limit involving the accretive argument given in the proof of
([20], Theorem 4.6) via Lemma 4 (or [12], Lemma 1.4.2). By uniqueness we have v = v;,. We
conclude that the mapping ¢ : h — v, from the compact metrizable set V¥ C LF (I, A) to
Ce(I) is continuous. Hence {vy, : h € Vc} is compact in Cg(I), since V¢ is dense in V&, the
latter {v), : h € Vc} is dense in the first {v;, : h € VZ}. O

Theorem 7. Assume that E and E* are reflexive separable and uniformly convex spaces. Let
A : D(A) — 2F, is an m-accretive operator satisfying (Hy) and (Hy).
Let BE be the closed unit ball in E and let Ext(Bg) the set of extreme points of Bg and
Mg, ={u e LE([0,T]A), u(t) € Bg, Vte[0,T]},
Mg,y = {u € LE([0, T, A), u(t) € Ext(Bg), Vte€[0,T]}.
Then the following hold:
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(a)  the AC solution set Sy, to the inclusion
E

u(0) = 0 € D(A)
u(t) € D(A), vt € [0, T]
e L°°([0 T] A)

—du(t) € Au(t —i—fo a(t,s,u(s))h(s)ds, A , A ae. t €[0,T],h € Mg,

is nonempty and compact in C (I E).
(b)  The AC solution set Sy, to the inclusion

u(0) = g € D(4)

(t) e D(A),Vt € [0,T]

i () € L=([0, T, E/\)

d‘t( ) € Au(t —|—f0 a(t,s,u(s))h(s)ds, A ae. t €[0,T|,h € MExt(EE)

=

‘“\

is nonempty and is dense in the compact set Sy .
E

Proof. We use the same tool as in the proof of Theorem 5 by noting that M Ext(Bg) 18 dense in
Mg, with respect to the o(LF ([0, T, A), LL.([0,T],A)) by virtue of Ljapunov theorem. [

Theorems 5-7 are new applications of the above results and tools. There is a sharp
similarity with the inclusion driven with an m-accretive operator A of the form m(t) €
1u(t) + Au(t) where m € WV1([0,T],E) and E is a reflexive Banach space, see Barbu
([10], Theorem 2.2, p. 131) and the inclusion f(t) € 1u(t) + Au(t) where f is function of
bounded variation, see [25], Corollary 1 of Proposition 6). Taking account of these facts, we
develop in this spirit some related results dealing with mild solution. It is well-known that
given an m-accretive operator A : D(A) = E, foreach xg € D(A) and f € LL[0, T], A) there
exists a unique mild solution to the inclusion _E( ) € Au(t) + f(t),u(0) = xop € D(A).
That is a celebrated result due to Benilan-Crandall-Evans—Kobayashi ([12], Theorem 1.7.4).
Further let 17, ug be two mild solutions with u¢(0) = ug(0) = xo € D(A) corresponding to
f.g€ L}S [0, T], A), then we have the estimation ([12], Theorem 1.7.5)

(1) = g (0011 < 2 [ g (5) = g 51, £(5) = () 85 = 2 [ (g (5) = mg5)), £(5) — ()

where j : E — E* is the single-valued duality mapping, taking account of the dual space E*
is uniformly convex and reflexive. Let H be a weakly compact subset in L}S [O, T], A). We are
concerned with the solution set {uy : f € H} and the property f — uy from H to Cg ([0, T]
related to the above inclusion. For this purpose, we produce a fairly useful lemma.

Lemma 5. Let E be a reflexive separable space such that its dual is uniformly convex. Let (uy),
(vn) be two sequences in Cg([0, T]) and (fu), (§n) two sequences in LL([0, T], dt). If lim, u, =

u,limy, v, = v strongly in Cg([0, T)) and lim, f, = f,lim, g, = g weakly in LL([0, T],dt),
then

T T
tim [ (ua(s) = 00(6), fu(s) = gu(&))+ds = [ {u(s) = 0(s), £(5) = 8(6)) 4

Proof. We have
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<[ iGun(5) = 0n(5)), ) — galds — [ j(u(s) = 0(5)), fols) — a(s))es

10 =050, )~ galhds — [ ju(s) o), £5) ~ g(5))sl.
Asj( ( ) (. )) € L®.([0,T),dt),and f, — gn — 0 weakly in L1 ([0, T}, dt), it is obvious that
Jo i 0(5)), fa(s) = gu(s))ds — fo j(u(s) = 0(s)), f(s) — g(s))ds — 0. As j(un(.) -

Un (. ) - ] ( ( ) v(.)) is umformly bounded and pointwise converges in measure to 0, it
converges to 0 uniformly on uniformly integrable sets of LL([0, T}, dt), In other terms
its converges to 0 with respect to the Mackey topology T(L%. ([0, T],dt), LL([0, T], dt)) (If
E = R?, one may invoke a classical fact that on bounded subsets of L*([0, T, E; dt) the
topology of convergence in measure coincides with the topology of uniform convergence
on uniformly integrable sets, i.e., on relatively weakly compact subsets, alias the Mackey
topology. This is a lemma due to Grothendieck [26] [Ch.5 §4 no 1 Prop. 1 and exercise]),
therefore

lim /OT<J'(un(S) —on(s)) = j(u(s) —0(s)), fu(s))ds = 0
and so is .

li,gn/o (j(un(s) —vn(s)) — j(u(s) —v(s)),gn(s))ds = 0
because{f,} and {g,} is uniformly integrable in LL([0, T],dt). O

The preceding lemma with its tool occurs in several applications when dealing with
mild solutions for m-accretive operators. See e.g., Crandall and Nohel [25,27], Bothe [17,18],
Tolstonogov [19] and Wrabie [12]. However, we do not go to this direction that is out of the
scope of the work.

4.4. An Application to Fractional Equation Coupled with a Volterra Integro-Differential Evolution

We are interested in the following fractional-order boundary problem involving an
evolution governed by an m-accretive operator A: D(A) — E with perturbation.

D*h(t) + AD* h(t) = u(t), t € [0,1], (18)
_s\B-1
Igeh(#)]=o := lim A L F(S,B)) h(s)ds = 0, (19)
1 s 1
n(1) = 17, h(1) _/Ur(y); h(s)ds, (20)
0

E;tl( t) € Au(t) + f(t,h(t),u(t)) ae. t €1,

where « €]1,2], 8 € [0,2—a],A > 0,7 > 0 are given constants, D* is the standard
Riemann-Liouville fractional derivative, I' is the gamma functionand f : [0,1] X EXE — E
is a single-valued mapping.

Definition 1 (Fractional Bochner integral). Let f : [0,1] — H. The fractional Bochner integral
of order a > 0 of the function f is defined by

—3 a—1
IT f(t) = /ut (tr([g)f(s)ds, t>a.

We refer to [28-30], for the general theory of Fractional Calculus and Fractional
Differential Equations.
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We denote by Wi'([0,1]) the space of all continuous functions in Cg([0,1]) such
that their Riemann-Liouville fractional derivative of order a — 1 are continuous and their
Riemann-Liouville fractional derivative of order a are Bochner integrable.

For the proof of our theorems, we will need some elementary lemmas and theorems
taken from reference [31].

Green function and its properties. Let « €]1,2], 8 € [0,2—«a],A > 0,7 > 0 and
G :[0,1] x [0,1] — R be a function defined by

exp(/\s)lgfl(exp(—/\t)), 0<s<t<],

0, 0<t<s<,

G(t,5) = (s) 15+ (exp(—At)) + {

where

(9 = ZBE (17 exp(-10)) (1) ~ (15 exp(-A1) ) (1)

with

Ho = (I3 (exp(=AD) ) (1) = (1577 (exp(~A1) ) (1).

Lemma 6. Let G be the function defined above.
(i)  G(-,-) satisfies the following estimate

1 14+T(y+1)
Gl < 1y (uolf(a)F(“rH)

(ii) Ifue Wg‘,’é([o,l]) satisfies boundary conditions equations(18), (19), (20), then

1

/G u(s) +AD* tu(s ))ds for every t € [0,1].
0

(iii) Let f € LL([0,1]) and let us 1 [0,1] — H be the function defined by

1
ug(t) == /G(t,s)f(s)ds for te[0,1].
0
Then
Ig+uf(t)|t:g =0 and wug(l)= (Ig+uf> (1).
Moreover, uys € wg;}g([o, 1]) and we have
D) (8) +A(D¥ Yu ) (t) = F(t) forall te]0,1].
f f
The following theorem characterizes the topological structure of the solutions set.

Theorem 8. Let I = [0,1] and X : I = E be a convex compact-valued measurable set-valued
map such that X(t) C By for all t € 1, where vy is a positive constant and Sk be the set of all

measurable selections of X. Then the Wg:lls (I)-solutions set of problem

{D“u(t)—i-)tD“l u(t)=f(t),f €Sk, ae tel (21)

Bou(®)li—o =0, u(1) = 17u(1)

is a convex compact subset in Cg(I).
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The following extends Theorem 5 in [32] into the m-accretive setting.

Theorem 9. Let I = [0,1]. Assume that E and E* are reflexive separable and uniformly convex.
A: D(A) — 2F, is an m-accretive operator satisfying (H1) and (Hs).
Let f : 1 xIx H x H — H such that
(i) f(.,. x,y) is Lebesgue measurable on I x I forall (x,y) € H x H
(i)  f(t,7,.,.) is continuous on H x H forall (t,T) € I x L.
i) ||f(t, T, x,y)|| < M1+ ||yl|) forall (t,t,x,y) € Ix I x HxH,
(i) ||f(t, T, x,y) — f(t,T,x,2)|| < M|ly—z||, forall (t,7,x,y,z) € I x I X E X E X E for
some positive constant M.
Then there is a Wg:}g(l ) mapping x : I — E and an absolutely continuous mapping v : I — H
satisfying
D*x(t) +AD* 1x(t) = v(t), t € I
B0 =0, x(1) =17, x(1)
v(t) e D(A), tel
—de(t) € Av(t +f0 f(t,7,x(1),0(1))dTt ae tel

Proof. For any continuous h : I — E, the mapping f}(t,s, x) := f(t,s, x, h(t)) is measurable
on I x I, Vx € E, continuous on E, V(t,s) € I x I and satisfies ||f;(t,s, x)|| < M(1+
||x[1), V(t,s,x) € Ix I x Eand ||fu(t,s,x) = fu(t,s,y))[| < Ml|lx —yll, V(t,s,x,y) € I x
I X E x E, so by Theorem 2 or (Theorem 4.6, [20]) there is a unique AC solution v}, to the

inclusion
Z)h(()) = Uy € D(A)
v,(t) € D(A),Vtel
d;”( t) € Avy(t +/ F(t,s,04(s),h(s))ds dt-a.e

with o), uniformly bounded and equi-absolutely continuous: ddith € KB, where K is a
positive generic constant so that ||v,(t)|| < L, t € I. Let us consider the multivalued
mapping defined by

1
X = {up: [0,1) = E:ug(t) :/ G(t,5)f(s)ds, fe sy, tel}
0
We note that X closed convex and equi-Lipschitz ([32], Theorem 4.1). Now for each i € X,

let us consider the unique absolutely continuous solution u;, to

uy(t) e D(A),Vtel

{ —tiy,(t) € Auy(t) + [5 f(£, T, 1(T),u(T))dT ae tel
uh(O) =1uUy € D(A)

For each h € X let us set

1
O(h)(F) = / G(t,s)uy(s)ds, t € I.
0
Then it is clear that ®(h) € X'. We have ||u;(t)|| < Lforallt € I so thatthesetT := {x €

D(A) : ||x|| < L} is compact by (H;) and nonempty because v;,(t) € I'. As consequence
for any h € X and for any t € I, the inclusion holds

O(h) €Y :={us: 1 = E:u(t) = /01 G(t,s)f(t)ds, f € S}T)m, teI}.

By ([32], Theorem 4.1) ) convex compact and equi-Lipschitz. Hence ®(X') is equicontin-
uous and relatively compact in the Banach space Cg ([0, T]) because ®(X') C V. Now we



Mathematics 2022, 10, 317

26 of 32

check that @ is continuous. It is sufficient to show that if (,) converges uniformly to  in
&, then the absolutely continuous solution 1, associated with h;,

Uy, (0) = Ug € D(A)
wy, (1) € D(A), Yt € I

t
iy (1) € Auy, (1) + /0 F(bT, (), (T))dT ae.tel
uniformly converges to the absolutely solution u, associated with h

uh(O) =1Up € D(A)
uy(t) € D(A),Vtel

—up(t) € Auy(t) + /Otf(t, T,h(T), up(7))dt ae.tel.

This needs a careful look. We note that uy, is equicontinuous with ||1y, (£)|| < K for almost
allt € I and for all # € N and relatively compact. So, by extracting subsequence, we
may assume that u, (t) = v(t) = v(0) + fot 9(s)ds uniformly with 1, weakly converging
in L2,(I) to o with [|9(t)|| < K for a.e t € I. Please note that f(t, T, hu(T),up, (7)) —
f(t, T, hu(T), up, (7)) forall t, 7 € I x I. For simplicity, note

t
zy(t) = /0 ft, T, hn(T), up, (1)), ¥t €1,

t
2(1) :/O F(t, T, h(T), 4 (1)), Vt € 1.

We mention at first that these mappings are Lebesgue measurable by the Fubini-Bochner
property and the separability of the space E. Second, by the growth condition and the
boundedness of uj,, and uy,, z, and z are uniformly bounded, say ||z, (t)|| < « ||z(t)|| <
x,Vn € N,Vt € I. As consequence z;, is uniformly bounded measurable and pointwise
converge to the measurable mapping z. Hence 1y, (t) 4 z,(t) — ©(t) + z(t) weakly in
L2(I). Applying the accretive extension of A (cf Lemma 4) gives — % (t) € Av(t) 4 z(t) a.e.
with v(t) € D(A) for all t € I so that by uniqueness v = uy,. Since h, — h, we have

D) (£) — D(h) () = /01 G(t,s)uy (s)ds — /01 G(t, )iy (s)ds

= /01 G(t,s)[up, (s) — up(s)]ds

1
< [ Mol () = u(s)||ds.

As ||up, (-) — up(-)|| = 0 uniformly we conclude that

1
sup | @) (t) = @()(D)]] < /0 Mg|[up, () — up(-)|lds — 0
te :

so that ®(h,) — ®(h) in Cg(I). Since ® : X — X is continuous with ®(X) relatively
compact in Cg ([0, T]) by Schauder theorem @ has a fixed point, say h = ®(h) € X. This
means that

1
h(t) = d(h)(1) :/O G(t, 8)uy(s)ds,
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with
u,(0) € D(A)

uy(t) € D(A),Vte I
—11y,(t) € Auy(t) + /Otf(t, T,h(t),up(7))dT ae tel

This means that we have just shown that there exists a mapping i € Wg:? (I) satisfying
D*h(t) + ADY h(t) = uy(t),

+h(t)|t:0 =0, ( ) + (1)
up(0) € ( )
up(t) € D(A),Vt eI

—11y,(t) € Auy(t) + /Otf(t, T,h(t),up(7))dT ae. tel

O

Several variants are available by considering time-dependent m-accretive operator e.g.,
Theorems 1-3 and other type of fractional equations, e.g., the Caputo fractional equation
with Caputo fractional derivatives.

4.5. Skorohod Problem Driven by Operator

To finish the paper, we provide some new versions of Skorohod problem for an evolution
inclusion driven by time dependent operator A; in the vein of Castaing et al. [33], Falkowski
and Stominski [34], Rascanu [35], and Maticiuc, Rascanu, Slominski and Topolewski [36].

We begin by recalling some notations which are used in next proofs (See [37] Definition 1.5).

Let D(]s, t]) be the set of all dissections D = {s =ty < ) < ... < t, =t} of [s,t] of
[0, T).

Ifz:[0,T] = E, for0 <s <t < T, the 1-variation of z on [s, t] is defined as

|Z|1—vur:[s,t] = sup Z||Z(ti+1) - Z(ti>||
(t)€D([s,t])

If [z]1 _gar[s,y) < +09, z is bounded variation or finite 1-variation on [s, t]. Cl=v([0,T],E) is
the space of continuous maps of bounded variation on [0, T7.

Theorem 10. Let [ = [0,1] and E = R®. Let t — A(t) : D(A(t)) — ccl(E) be a time-dependent
m-accretive operator satisfying
(H{) there exists a nonnegative real number c such that

1A%t x)|| < c(1+ ||x])) for t€ I, x € D(A(1)),
(HA) t — D(A(t)) has closed graph, Gr(D(A)),
(HAY) (t,x) — A(t,x) : Gr(D(A)) — ccl(E) is scalar upper semicontinuous: for t, — t, for
Xy — x with x, € D(A(ty)) and x € D(A(t)),
Vx* € EX, limsup 6™ (x*, A(tn, xn)) < 0" (x*, A(t, x)),
n

(H4)' There exists a nondecreasing and absolutely continuous function B : I — [0, o[ with
B € L2, such that fort <t C I, for A > 0and x € D(A(t))

e = LGl < (B(r) = BE) (1 + 14°( 1)),
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Let z € C'=9" (I, RY) the space of continuous functions of bounded variation defined on I with
values in RY. Let L(RY,R®) the space of linear mappings f from R? to R® endowed with the

operator norm
[fli=" sup  |f(x)[re
YERY,||x[| ga=1

Let us consider a class of continuous integrand operator b : I x R® — L(R?,R®) satisfying

(@) |b(t,x)| <M, V(tx)elxR
(b) |b(t,x) —b(t,y)| < M||x —yl||re, VY(t,x,y) € xR xR
where M is a positive constant and fot b(
x € C(I,R?).

Let g : I x R® — R® be a continuous mapping satisfying:
(i) ||g(t,x)|| < Mforall (t,x) € I x RE,
(i) |lg(t,x) —g(t,y)|| < M(||x —yl||) forall (t,x,y) € I x R® x R for some constant M > 0.

Let a € D(A(0)). Then there exist a BVC function x : I — R® and BVC function h : I — R°®
and AC functions k : I — R®, u : I — RE satisfying

T, x(T))dz is the Riemann-Stieltjes integral defined on

(0)=u(0) =a
(t t) k(t)+u(t), Viel
h(t Ydz, VEE€ T
(t ds, Vt el
(

=
—
%
N
= =

)
)
)
)

t
— G (

te
(t,u(t)) + ( ), ae, tel

Proof. Leta € D(A(0)). Letus set forall t € I

() = a, B (F) = /Otb(’r,a)dzT.

Then by Proposition 2.2 in Friz-Victoir [37], we have

|/ T,a dZT| < |b ’ooI|Z|1 var:[0,t] (22)

Moreover , ,
S
/ b(t,a)dz, — / b(t,a)dzy = / b(t,a)dz,
0 0 s
so that by condition (a)
th(t) —hl(S)H < M‘Z|1fvar:[s,t}/ (23)
forall0 <s <t <1 and in particular

||h1(t)|| < M|Z|1—var:[0,t} < M|Z|1fvar:1

forallt € I. Letussetforallt € I = [0,1],

() = a, KL(t) = /Otg(s, 2(s))ds,

then k! is continuous with ||k!(#)|| < M for all t € I. By an easy computation, using
conditions (i) and (ii) we have the estimate ||[k!(t) — k' (7)|| < M|t — 7|, for all 7, € I. By
Theorem 3 there is a unique AC solution u! : I — E to the problem

u1(0) =a, ul(t) € D(A(t)), Vt€ ;
A1) € Al (5) +R (), ae.
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with )

du
1 —
u (t)—a—f—/]m] s (s)ds, Vte I

and | % |;2 < L, where L is a positive constant depending on the data. Set
E

() = KL (1) + K () + (1) :/Otb('r O dzf+/ 5,20(s))ds + (1),

Then x! is BVC with x!(0) = a. Now we construct x” by induction as follows. Let for all
tel,

W (f) = /O Cb(r, 21 (1) )dze,

K'(t) = /Otg(s,x”_l(s))ds.

Then k" is equi-Lipschitz: ||k"(t) — k" (7)|| < M|t — 7|, for all T,t € [ with |k"(t)|| < M
forall t € I. By Proposition 2.2 in Friz-Victoir [37] we have the estimate

||hn(t) - hn(S)H < M|Z|17var:[s,t]
forall 0 <s <t <1 and in particular,
||hn(t)|| < M|Z|1fvar:[0,t] < M|Z‘17var:b

for all 0 <t < 1. By Theorem 3 there is a unique AC solution u" : I — E to the problem

u"(0) =a, u"(t) € D(A(t)), Vte I,
—d;t (1) € At u"(£) +K'(£), ae.

with
u(t) = a—l—/ du” (s)ds, Vtel
Jo,f] ds
and || % du” | 2 < L where L is a positive constant depending on the data. Set forall ¢ € I,
x”(t):h”(t)+k”(t)+u"(t):/ b(T, dzT—f—/ ))ds + u"(t),
0

so that x" is BVC, and

du”
dt

(t) € A(t,u"(t)) +k"(t), ae. (24)

As (u") is equi-absolutely continuous and for all t € I u"(t) € D(A(t)), we may assume
that (u") converges uniformly to an AC mapping u : [ — H with u(t) € D(A(t)),Vt € I,
using the estimate ||44 (t)| 2 < L, we may also assume that (24%) weakly converges in

L2,(1,dt) to ‘é’t‘, and by Ascoli theorem we may assume that k" converges uniformly to a
continuous mapping k : I — H. Now, recall that

|17 (8) = h* ()] < Mzl1_oar.[s,

forall 0 <s <t < T using Proposition 2.2 in Friz-Victoir [37], and our assumption (a) on
the mapping b. So I"* is bounded and equicontinuous. By Ascoli theorem, we may assume
that h" converge uniformly to a continuous mapping /. Similarly, k" is bounded and equi-
Lipschitz. By Ascoli theorem, we may assume that k" converge uniformly to a continuous
mapping k. Hence x"(t) = h"(t) + k" (t) + u"(t) converge uniformly to x(t) := h(t) +
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k(t) +u(t), and b(.,x"~1(.)) converges uniformly to b(., x(.)) using the Lipschitz condition
(b). Then by Friz-Victoir [37] (Proposition 2.7) fot b(t,x"~1(7))dz; converges uniformly to

fo dzT By hypothes1s (i), g(s,x"~1(s)) pointwise converge to g(s, x(s)). Hence
fo ))ds — fo x(s))ds for each t € I by Lebesgue theorem. So, by identifying
the hmlt

t t
lim x"(t) = lim [ b(T,x" Y(1))dze + lim [ g(s,x""1(s))ds + lim u"(t)

n—oo n—oo Jo n—oo Jo n—oo

:/Otb('r,x(r))dzT+/Otg(s,x(s))ds+u(t) — x(b).

Now, by (H4!) it is easily seen that ], is continuous on I x E. From equation (24), applying
the m-accretive (equivalent maximal monotone) extension (cf Lemma 4) we obtain

du

— () € At u(t)) +k(t), aetel

The proof is therefore complete. [

In Theorems 5-9 we have provided existence results of solution for a class of integral
equation of Volterra type coupled with a m-accretive operator. Our tools allow the statement
of several variants of Theorem 10 according to the nature of the control z, the perturbation
and the operator, e.g., A is an m-accretive operator satisfying (#1) and (H,) with Volterra
integral perturbation (Cf Theorem 2). It is a challenge to obtain the uniqueness. In this
setting, our result is quite new by comparison with the sole classical integral equation

= Jog(ts,x(s))ds + [3 b(T,x(T))dzs.

In this vein we provide below some application in the problem of Optimal Control.
In the following E = R® and dx; = V(x;)dz, t € [0,T],x9 = ¢ € R® denotes rough
differential equation ([37], Theorem 3.4) with V : R® — £(R?, R¢) bounded continuous.

Proposition 1. Let A be an m-accretive operator A : D(A) C R® = R satisfying (H1)
|| A% || < c(1+ ||x||) for all x € D(A) where c is a positive constant. Let f : [0, T] x [0, T] x
R® x R® — R satisfying to the conditions

(H3) (t,s) — f(t,s,x,y) is Lebesgue measurable on [0, T] x [0, T], V(x,y) € R® x R,

(Ha) (x,y) — f(t,s,x,y) is continuous, ¥(t,s) € [0, T] x [0, T],

(Hs) | f(t5,2,%) — F(ts,2 )]l < Ml[x — yll, ¥t,s € 0,T], V%92, € R,
(H)llf (1,5, %,9)]| < ML+ [[x]]), ¥t,5,2,y € [0,T] % [0,T] x R x R,

where M is positive constant.

Let L: [0, T] x R x R® x R® — [0, co| be a lower semicontinuous integrand such that L(t,x,y, .)
is convex on R for every (t,x,y) € [0, T] x R® x RC. Then the problem of minimizing the cost

function fOT L(t, x(t),y(t),y(t))dt subject to

(4 1. 1) Xo=19y € RS, dx; = (xt)dzt, t e [0 T]
(4.1.2) : y(0) = yo € D(A), —3(t) € Ay(t) + [, f(t,5,x(s),y(s))ds, a.e.t€ [0,T].

has an optimal solution.

Proof. Let us consider a minimizing sequence (x,,y,) that is

lim [ L(t (), yn (), G ()t = inf [ L(t,u(t), 0(E), 0(t))dt

n—oo Jo (u,0)eX Jo

where X is the solutions set (1, v) to the above dynamical system. First by ([37], Theorem 3.4)
we assert that the C1 =247 ([0, T], R®)-solution set to (4.1.1) is compact in C([0, T], R¢) and so
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References

is the W1 ([0, T], R®)-solution set to (4.1.2) (cf Theorem 2) or ([20], Theorem 4.6). We may
ensure that

(i) xy, — x € C=o([0, T],R®) with xy = ¢ + fot V(xs)dzs.
(i) yn» —y € WL([0,T],R®) and y, — y weakly in Lk. ([0, T]).
Applying the lower semicontinuity of the integral functional ([38] , Theorem 8.1.6) gives

T T
urr}linffo L(t,xn(t),yn(t),yn(t))dtZ/O Lt x(£), y(1), y(1))dt.

From the inclusion

(1) € Aya()+ [ 5,51 (5), v ()i

and (i) and (ii), we conclude by repeating the limit argument via the m-accretive extension
Aof A that

—y(t) € Ay(t) + /Otf(t,s,x(s),y(s))ds a.e.
O

5. Conclusions

In this paper, we present several existences of BV and AC (absolutely continuous)
solutions to some class of evolution inclusion with various perturbations governed by
m-accretive operators. Several applications such as the Skorohod problem, fractional
differential equation, optimal control problem, and relaxation are provided. Our results
contain novelties. However, there remain several issues that need development.

C.1 Our techniques have some importance in further applications such as the periodic
solution (in the line of Theorem 3).

C.2 We can deal with optimal control theory involving the dynamics under considera-
tion in the same vein as [38]. In such a new setting, we will study evolution inclusions with
time- and state-dependent maximal monotone/m-accretive operators and Young measure
control

—a(t) € At x(1))u(t) + /Z F(t, % (), u(t), 2)A(dz)
C.3 In this spirit, the asymptotic behavior of solutions in these dynamics is an open problem.
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