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SMALL SUMSETS IN R : FULL CONTINUOUS 3k —4 THEOREM,
CRITICAL SETS.

ANNE DE ROTON

ABSTRACT. We prove a full continuous Freiman’s 3k — 4 theorem for small sumsets in
R by using some ideas from Ruzsa’s work on measure of sumsets in R as well as some
graphic representation of density functions of sets. We thereby get some structural
properties of A, B and A+ B when A(A+ B) < A(A) +2A(B) and either A\(A) > A(B)
or A has larger diameter than B. We also give some structural information for sets
of large density according to the size of their sumset, a result so far unknown in the
discrete and the continuous setting. Finally, we characterize the critical sets for which
equality holds in the lower bounds for \(A + B).

1. INTRODUCTION

Inverse problems for small sumsets study the structural properties of sets A and B
when their sumset A+ B = {a+0b, a € A, b € B} is small (see [TV06] or [Nat96] for an
overview on this subject). In 1959, Freiman [Fre59] proved that a set A of integers such
that |A + A| < 3]|A| — 4, where |A| denotes the number of elements in A, is contained
in an arithmetic progression of length |A + A| — |A| 4+ 1. This result is usually referred
to as Freiman’s (3k — 4) theorem. It has been refined in many ways and generalised to
finite sets in other groups or semi-groups. The most complete version of this theorem for
integers can be found in [Gry13], chapter 7. We shall call this theorem the full Freiman’s
(3k — 4) theorem.

In this paper, we consider the addition of two bounded sets A and B of real numbers.
We establish a continuous analogue of the full Freiman’s (3k — 4) theorem and study
the structures of the critical sets for which the lower bounds are attained. We also
prove some results on sets of real numbers so far unknown for sets of integers. Our
first main result can be read as follows (A is the inner Lebesgue measure on R and

diam(A) = sup(A) — inf(A) is the diameter of A).
Theorem 1. Let A and B be bounded subsets of R such that \(A),\(B) # 0. If
i) either N(A+ B) < AM(A) + A\(B) + min(A(A), \(B));
it) or diam(B) < diam(A) and \(A+ B) < AM(A) + 2A(B);
then
(1) diam(A) < A\(A+ B) — A(B),
(2) diam(B) < AM(A+ B) — A\(A4),
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2 ANNE DE ROTON

(3) there exists an interval I of length at least A\(A) + A(B) included in A+ B.

Remark 1. As a consequence of our proof, for A and B subsets of R such that 0 =
inf A = inf B and Dy = diam(A), Dp = diam(B) bounded, we can derive, as in the
discrete case, that the interval I included in A + B we found has lower bound b :=
sup{z € [0, D4],x & A+ B} and upper bound ¢ := inf{x € [Dy, Da+ D,z ¢ A+ B}.
Furthermore we get that A(AN[0,z]) + A(BN[0,z]) > x for x > b and A(AN [0,z +
Dy —Dgl)+ NBN[0,z]) <x+ AA)+ AN(B) — Dg forxz <c—Da.

Beyond the result themselves, what is noticeable is that the proof in the continuous
setting is much easier to understand than in the discrete setting. The first two statements
under hypothesis (i) are a straightforward application of Ruzsa’s results in [Ruz91]. This
nice paper of Ruzsa seems to have been overlooked whereas his ideas may lead to further
results in the continuous setting that may even yield some improvements in the discrete
one. This part of the theorem has already partially been proved by M. Christ in [Chr11]
(for A= B).

A much stronger and very nice result in the continuous setting was proved by Bilu in
[Bil98]. Bilu’s o + 28 theorem in T" = (R/Z)" gives a desciption of subsets A and B
of T” such that u(A+ B) < u(A) + pu(B) + min(u(A), u(B)) where p is the inner Haar
measure on T". More precisely, Bilu conjectured that if A, B are subsets of T” such
that pu(A) > u(B) and u(A + B) < min(1, u(A) + 2u(B)), then there exist a non zero
character y : T" — T and closed intervals I,J C T such that x(A) C I, x(B) C J, I
and J have length at most u(A+ B) — u(B) and pu(A+ B) — u(A) correspondingly. He
proved this conjecture when p(A) is small and close to u(B). Working in the torus is
actually much more demanding than working in R and Bilu had to use some rectification
arguments and to restrict himself to small sets.

As notified to us by Bilu, The part (i) = (1) and (2) of Theorem 1 could be deduced
from his result. Nevertheless, we believe that the most interesting statement, and the
hardest to prove, in Theorem 1 is the third consequence. We also think that the main
interest of this theorem is the simplicity of our proof which does not make use of any
result from the discrete setting whereas Bilu’s proof consisted in transfering the problem
from the torus to the integers and to use Freiman’s theorem for integers.

Note also that Eberhard, Green and Manners obtained in [EGM14] a structural property
for subsets of R of doubling less than 4. They proved that these sets must have density
strictly larger than 1/2 on some not too small interval.

In [Ruz91], Ruzsa improved on the well-known lower bound
AMA+B) > MA) + \(B)
and proved that, if A(A) < A(B), this can be strengthened :
AMA+ B) > MA) + min(diam(B), A(A) + A(B)).

The main idea of his proof is to transfer the sum in R in a sum in T = R/Z. Ruzsa
considers the sets A and B of real numbers as sets of numbers modulo Dpg, the diameter
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of B. In this setting, he can use a rescaled version of Raikov’s theorem [Rai39] as well
as the fact that if 2 € [min(B), max(B)| belongs to A and if B is a closed set then
r,v+ Dp e A+ B.

Ruzsa’s result directly yields the first two statements of our theorem under condition
(). To get these statements from condition (ii), we need to use Ruzsa’s arguments in a
slightly different way. This part is the continuous analogue of Freiman’s 3k — 4 theorem
in [Freb9] as generalised to the sum of two distinct sets by Freiman [Fre62], Lev and
Smeliansky [LS95] and Stanchescu [Sta96].

As far as we know, the third consequence (the existence of an interval I of length at
least A(A) + A(B) included in A 4+ B) was not known in the continuous setting. The
discrete analogue of our third statement was proved by Freiman in [Fre09] in the special
case A = B. It has been generalised to the case A # B by Bardaji and Grynkiewicz
in [BG10]. An exposition of these results can be found in [Gryl3], chapter 7. We
could adapt their proof but a simpler proof follows from some density arguments in the
continuous setting. Actually, we think that the ideas are more natural in the continuous
setting where a graphic illustration leads to the result. We hope that this sheds some
new light on inverse results for integers too.

This third statement is a consequence of the simple remark that if the sum of the
densities of A and B on [0, z] is strictly larger than z, then = can be written as a sum
of an element in A and an element in B. This allows us to partition [0, D4| into three
sets : a subset Z; of A+ B, a subset Z3 of A+ B — D, and their complementary set
Zy included in both A+ B and A+ B — D 4. To go from Z; to Z3 and reciprocally, one
need to cross Zs. The proof relies on the fact that there is only one such crossing under
the hypothesis and on a lower bound for the measure of Z,.

The graphic interpretation also leads to a relaxed inverse Freiman theorem for sets of
large density with small sumset. Namely, we prove the following result.

Theorem 2. Let A and B be measurable bounded subsets of R such that Dp :=
diam(B) < Dj := diam(A) and A := AN(A) + A\(B) — D4 > 0. Let m be a non negative
integer. If

MA+B)<Ds+AXB)+(m+1)(Ds— D+ A)

then the sum A+ B contains a union of at most 2m~+1 disjoint intervals K1, Ko, - -+ Ko, 11
(n < 'm), each of length at least 2A + D4 — Dpg, such that the measure of this union of
intervals is at least Dy + (2n + 1)A 4+ n(D4y — Dp).

With the weak hypothesis in Theorem 2, a description of the sets A and B can be
given. This is nevertheless a rather vague description. On the contrary, we get a precise
description of critical sets A and B for which the lower bound for the measure of A+ B
is attained.

Theorem 3. Let A and B be some bounded closed sets of real numbers such that Dg <
Dy and N(A+ B) = D + MA) < AM(A) + 2X\(B). Then there exist two positive real
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numbers b and ¢ such that b,c < Dpg, the interval I = (b,D4 — ¢) has size at least
MA)+AN(B)—Dp = A+Ds— Dpg and the sets A, B and A+ B may each be partitioned
into three parts as follows

A=min(A)+ (AL UAU(Dy— Ay)), B=min(B)+ (B1UBU(Dg— By)),

A+B=min(A+B)+ (S1U[b,Ds+ Dp —c]U(Ds+ Dp — 52))
with Ay, By, S; C [0,b], As, By, S2 C [0, ¢| and
i) Ay CS1; As C Sy Ar C [b,Da — ¢f;

ii) A(B1 \ A1) = A(B2\ Ay) =0, By C [b,Dg — cl;
Here we used the notation C C D for C C D and A\(D\ C) =0 (thus C = D up to a
set of measure 0).

Remark 2. The hypothesis N(A+ B) = Dp + AM(A) < A(A) +2X(B) can be replaced by
MA+B) =D+ ANB) < AMA) +2X(B) and we get the same conclusions with the roles
of A and B interchanged.

This result is a consequence of our previous observations on function graphs.
Theorems 1, 2 and 3 describe the structure of sets A, B and A + B such that A\(A4) +
A(B) > diam(B). If this last inequality does not hold, Ruzsa proved a lower bound (in
[Ruz91]) for the sum A + B in terms of the ratio A(A)/A(B). Precisely, Ruzsa proved
the following theorem [Ruz91]

Theorem 4 (Ruzsa). Let A and B be bounded subsets of R such that \(B) # 0. Write
Dp = diam(B) and define K € N* and 6 € R such that
AMA)  K(K —

1)
= K < 1.
\B) 5 + Ko, 0<d<

Then we have

AA + B) > MA) + min(diam(B), (K + 5)MB)).

A simple remark yields an improvement of this lower bound when diam(A)/diam(B) <
K and a partial result on sets B such that A\(A+B) < A(A)+ (K +6)A(B). The extremal
sets in this context can also be described, in a very precise way.

Theorem 5. Let A and B be bounded closed subsets of R such that A(A), \(B) # 0.
Let K € N and 6 € [0,1) be such that
AMA)  K(K-1)
\B) 2
where Dp = diam(B). Then A and B are subsets of full measure in translates of sets

A" and B’ of the form

+ K6 and MNA+ B)=XAA)+ (K+0)AB) <AA)+ Dg

B =[0,b,)u[Dp—b_,Dg]; A" = |J[(k—1)(Dp —b_),(k—1)Dp + (K — k)bs + 6b]
b= /\(_B

with by, b >0 and by +b_ = ).
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In section 2, we recall and discuss Ruzsa’s results that we use in this paper. In section
3, we present the method of switches that leads to the third statement in Theorem 1
and to Theorem 2. We prove Theorem 1 in section 4 and Theorem 2 in section 5.
We describe in section 6 the large critical sets for which the lower bound in Ruzsa’s
inequality is attained. Finally, the last section is devoted to the characterisation of the
small critical sets for which the lower bound in Ruzsa’s inequality is attained.

We write A for the inner Lebesgue measure on R and g for the inner Haar measure
on T = R/Z. Given a bounded set S of real numbers, we define its diameter Dg =
diam(S) = sup(S) — inf(S).

2. RuzsA’S LOWER BOUND FOR SUMSETS IN R

All along this paper, we shall use some results and some arguments from Ruzsa’s
paper [Ruz91]. In order to keep this paper self contained, we collect them here.
In [Ruz91], Ruzsa obtains lower bounds for the inner Lebesgue measure of the sum
A + B of two subsets A and B of real numbers in terms of A(A), A(B) and diam(B).
We state here one of his intermediate results and give its proof.

Lemma 1 (Ruzsa [Ruz91]). Let A and B be non empty bounded subsets of R. Write
Dp = diam(B). Then we have either

(1) AMA+ B) > \(A) + diam(B)
(2) AMA+ B) > %)\(A) + %)\(B)

with k the positive integer defined by
k=max{k' e N : 3z €[0,Dp) : #{neN : z+nDp € A} > k'}.

Proof. Dg = 0 yields (2), so we assume Dp > 0. We can translate and rescale A and
B so that 0 = inf A = inf B and Dg = 1. Working with the inner Lebesgue measure,
we can assume that A and B are closed sets. The case of general sets can be obtained
by applying the result to some sequences of closed sets A, C A and B, C B such that
lim,, oo A(Ay) = AM(A), lim,, 0o A(B,,) = A(B) and lim,,_,, diam(B,,) = Dg.

For any positive integer k and any subset E of R*, we define
Ey={zec0,1): #{neN:z+ncE} >k}

and Kg = max{k € N : E, # (}. Note that Ek+1~C E,. )
We write S = A+ B. Since 0,1 € B, we have Ap_; C Sy for k > 2 thus

(3) (k) = p(Armr) (k2 2)

and
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By Raikov’s theorem [Rai39], either /j(gl) =1and A\(A+ B) > AMA)+1=\A) + Dg,
or for all k£ > 1, we have p(Sk) < u(S1) <1 and

(4) u(Sk) = u(Ay) + p(B) (k< Ka).
If 4(S;) < 1, combining (3) and (4) leads to
~ k—1  « Ka+1—-k,  «
p(5e) 2 e p(Ap) + = (u(Ap) + u(B)) (1< k< Ka+1)
A A
and
Ka+1 Ka+1
5) MA+B) 2 S0 (4) + =2 A(B),
K4 2
which is Ruzsa’s lower bound. 0J

As a corollary, Ruzsa derives Theorem 4 stated in the introduction. In the following
theorem, we improve this result for small sets A and B such that D4/Dp is small. This
gives a partial answer to one of the questions asked by Ruzsa in [Ruz91]. Namely Ruzsa

asked for a lower bound depending on the measures and the diameters of the two sets
A and B.

Theorem 6. Let A and B be bounded subsets of R such that \(B) > 0. Write D =
diam(B), Dy = diam(A) and define K € N* and § € R by

- MA)  K(K —1)

AB) 2
Then we have either

+ Ko, 0<o<1.

AMA+ B) > M A) + diam(B)

or
(7) AMA+ B) > MA) + (K + 5)A\B).
Furthermore, if Da/Dp < K, then then (7) can be replaced by the better estimate
[Da/Dp| +1 [Da/Dp| +1
MA+B) > ————F——\NA) + —————)\(B).
(44 B) > ST L) 1 B)

Remark 3. This theorem is mostly due to Ruzsa in [Ruz91]. Our only contribution
consists in noticing that the lower bound can be improved in case Da/Dp < K. If
Dy < Dpg then this remark yields the lower bound

8) MA + B) > A(A) + min(diam(B), A\(A) + \(B)).

As noticed by Ruzsa in [Ruz9l|, when A(A) < X(B), (7) also yields (8). Indeed, if
AA) < AX(B), then in (6), we have either K = 1, in which case we have A\(A) = d\(B)
and (7) yields \(A+B) > M(A)+(1+0)A\(B) = 2)\(A)+)\(B), or (K,d) = (2,0), in which
case we have A\(A) = A\(B) and (7) yields N(A+ B) > A(A) 4+ 2A\(B) = 2A\(A) + \(B).
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Proof. Let us assume that A\(A+ B) < A(A) +diam(B). Then by Lemma 1, A\(A+ B) >
f(K4) holds with f(k) = 5A(A) + HLN\(B) and
Ky=max{k'eN: 3z €[0,Dp) : #{n e N : z +nDp € A} > k'}.
As noticed by Ruzsa, the sequence (f(k))g>1 is non increasing for k¥ < K and increasing
for k > K with K the integer defined by (6). Therefore f(k) is minimal for £ = K and
we get the lower bound
MA+ B) > f(Ka) = f(K) = MA) + (K + 6)A(B).

On the other hand, it is clear that K4 < [D4/Dg]. Therefore, if Ds/Dp < K then we
have the better estimate A(A+ B) > f([Da/Dg]). O

3. METHOD OF SWITCHES

In the next lemma, we prove that large density of A and B on [0, z] forces « to belong
to A+ B. For integer sets, a discrete analogue of this lemma was used by Grynkiewicz
in [Gryl3].

Lemma 2. Let A and B be two non empty subsets of R such that inf(A) = inf(B) = 0.
Let x be a real number.

o I[fr g A+ B and x > 0 then
A([0,z] MA) + A([0,z] N B) < z.
o [fr A+ B and x < Dy + Dpg then
M|z — Dp,Ds)NA)+ N[z — Da,Dp|NB) < Ds+ Dp — x.
Proof. o If z ¢ A+ B, then for all b € [0, z], we have either b Borz —b ¢ A
thus [0, 2] C ([0,2] \ B) U ([0,z] \ (z — A)). This yields
<z —A[0,2z] N B) 4+ 2 — A([0,2] N A) and the first inequality.
e Wewrite A =Dy—A, BB=Dg—Bandax' =D+ Dg—uz. Ifx & A+ B, then

2’ & A’ + B’ and an application of the first inequality yields the second one.
O

We now present a method to get some structure for sets of large density.
Let A and B be two non empty sets of real numbers satisfying inf(A) = inf(B) = 0.
Recall that D4 = diam(A) and D = diam(B) and assume that D4 > Dp. For any
non negative real number xz, we define

ga(z) = MAN0,2]),  gs(z)=ABNI0,]),

g(x) = ga(x) + gp(z) and h(z) = ga(x + Ds — Dp) + gp(z).
By contraposition, Lemma 2 can be rephrased as follows :

9) (9(x) >z, >0)=zx€ A+ B,

(10)  (h(y) <y+MA)+NB)— D, 0<y<Dp)=y+DscA+B,
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The statement (9) is straightforward. Let us explain (10). By Lemma 2, if x < Do+ Dp
and A([xt— Dp, DA|NA)+A([xr—Da, Dp|NB) > Ds+ Dp—z, then x € A+ B. Writing
x =1y + Dy, this leads to

M[y+Da—Dp,DalNA)+ Ny, Dg]NB) > Dp—y, 0<y<Dp)=y+Dyec A+B.

Since

My + Da — Dp, Da] N A) + A([y, Dp] N B) = A(A) — \([0,y + D4 — D] N A) + M\(B) — M([0,y] N B)
= AMA) +A(B) — h(y),

the statement (10) holds.

We notice that g and h are non decreasing continuous positive functions. They are
also 2-Lipschitz functions and satisfy the inequalities

(11) 0 < g(2) < h(z) < g(a) + Da— D (2 > 0).

From now on, we assume that A(A) + A(B) > D4 and define A = A(A) + A\(B) — D4.

The region [0, Dg] x [0, A\(A) + A(B)] of the plane can be partitioned into three regions
delimited by the lines L; and Ly respectively defined by the equations y = z and
y=x+ Ds— D+ A. Tt leads to a partition of [0, Dp] into three regions:

o 71 ={x €[0,Dp] : g(z) < z} is the closed set of real numbers in [0, Dg] for
which the function g is under the line L,

o Zs={x€[0,Dp] : h(z) > a2+ Ds— D+ A} is the closed set of real numbers
in [0, Dp| for which the function h is above Lo,

e 7o ={x €[0,Dp] : x < g(x) < h(z) < x+ Dy — Dp + A} is the remaining
open set.

Lemma 3. Let A and B be two non empty sets of real numbers satisfying inf(A) =
inf(B) =0. If Dg < Dy and A = \N(A) + \(B) — Da > 0, the family {Z, Zs, Z3} form
a partition of [0, Dg|. Furthermore, Ds+71 C A+B, Z3 C A+B and [Dp, D4, Z2, D s+
Jy C A+ B.

Remark 4. In particular, we have [0, D 4] C (A4+B)U(A+B—D,) under the hypothesis
of the lemma.

Proof. By (11), (9(z) <x = h(z) <x+ Dy — Dp <x+ Dy — Dp + A) thus

(h(z) >ax+Ds— D+ A= g(z) >z) and Z; and Z3 are disjoint subsets, which im-
plies that Z;, Z; and Z3 are disjoint subsets. Now 0 € Z;, Dg € Z3, so by continuity of
g and h, the family {Z,, Z», Z3} form a partition of [0, Dp|.

By the previous implications and (10), if x € Z; U Z,, then x+ D4 € A+ B and by (9),
if x € ZyU Zs, then x € A+ B. For x € [Dg, D4,

g(x) > ANB)+AMA) — (Dg—x) =2+ A >z,
thus by (9) again, [Dg, D4] C A+ B. O
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Now, to switch from Z; to Z3 or reciprocally, one has to cross Z;. We shall call
the crossings from Z; to Z3 the "up crossings” and the crossings from Z3 to Z; the
”down crossings” (although the functions g and h remain nondecreasing functions). By
continuity, since 0 is in Z;, Dp in Z3, there is at least one up crossing and if there are m
down crossings, then there are m + 1 up crossings and up crossings and down crossings
alternate. Therefore, if m is the number of down crossings, we can partition [0, D] as
a union of 4m + 3 consecutive intervals and the interval (Dg, D] as follows:

(12) 0, D] = 1P vIP v u | (Jk v uI® f,f’)) U (Dg, D4l
k=1

with IV, I closed intervals such that Z; ¢ U I\Y € 21U Zy, Zs € Ul I C
73U Zy and Il£2), Ji, open intervals such that (J;-, [,52) UUi~, Jx C Z,. The intervals
1 ,iz) correspond to up crossings whereas the intervals .J, correspond down crossings.

We illustrate this by the following picture. For simplicity, we chose D4 = Dpg so that

g = h and only one down crossing (m = 1).

m=1
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According to Lemma 3, the set A+ B contains the folowing union of 2m + 1 intervals

(13) U (12 0 v ) U (12 UL U (Ds, DalU (Da + 1) U (D + 1))
k=1

U (pa+ (o’ ur)).

k=1
Here each set in brackets is a single interval as a union of consecutive intervals.

One of the key points in the proof of the continuous 3k —4 theorem consists in proving
that while we switch from Z; to Z3 or from Z3 to Z, there is a not too small interval
included in Z5 in the meanwhile. We make this precise in the following lemma.

Lemma 4. Let A and B be two non empty sets of real numbers satisfying inf(A) =
inf(B) = 0, Da > Dp and A := N(A) + A\(B) — Dy > 0. Let x and y be two real
numbers in [0, Dg| such that x € Z; and y € Zs.

o [f x < y then the interval (x,y) contains an open subinterval I which is in Zy
and has length at least A.

e If x >y then the interval (y,x) contains an open subinterval J which is in Zy
and satisfies A(J N B¢) > A+ Dy — Dp.

Remark 5. This implies that the intervals (Iﬁ)l U ],@1 U Jk>, (Jk U Ilil) U I}gz)) and

<Lg) uI®y (D, DAl U (D4 + ]él)) U(Da+ I((]Q))) in (13) each have length at least
2A 4+ Dy — Dgp.

Proof. e Assume z < y. Define by = sup(Z; N [x,y)) and by = inf(Z3 N (by,y]). We
have z < by < by <y and I = (by,by) C Zy since z € (b1, by) implies z € Z; and
z Q Zg.

By continuity of g and h, h(bs) = by + A+ Dy — Dp and g(b;) = b;. Since
g(by) > h(by) — (D4 — Dp) and since g is a 2-Lipschitz function, we get

2(bg = b1) > g(ba) — g(b1) > h(by) — (Da — Dp) — g(b1) = ba + A — by,

thus AM([) = by — by > A.

e Assume y < z. Define by = sup Z3 N [y,x) and by = inf Z; N (by,y]. As in the
previous case, we have J = (by, be) C Zy, g(by) = by and h(by) = byj+A+Ds—Dp.
By definition of A and g, this yields

gA(bl -+ DA — DB) — gA(bg) -+ gB(bl) — gB(bg) = bl — bQ -+ (DA — DB) + A.

In case by < by + D4 — Dpg, since by > by, gp is a non decreasing function and
A > 0, this would lead to

)\([bg, b1 + DA — DB] N A) > )\([bg,bl + DA — DB]),

a contradiction. Thus we must have by > by + Dy — Dg.
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(b1,b1 + A+ D — Dp)

Since by > by + Dy — Dpg, we have

g8(b2) — gp(b1) < ga(bs) — ga(by + Da — D) + g(ba) — g(b1)
<by—by— (Da—Dy)— A

which y1€1dS )\(Jﬂ BC) = (bg — bl) — (93(52) — gB(b1>> > A + DA — DB'

4. PROOF OF THE CONTINUOUS FREIMAN 3k — 4 THEOREM

We can now prove Theorem 1. As before, we can assume that A and B are closed
bounded subsets of R such that min(A) = min(B) = 0.

We first prove that each hypothesis yields the first two points. This is a consequence of
Ruzsa’s lower bound and our remark 3. The proof of the third item is more demanding
and will require the use of the switches method introduced in the previous section.

e Let us assume that we have hypothesis (i) and that A(A) < A(B), say. Then by
Remark 3, A(A + B) < 2A\(A) + A(B) implies diam(B) < A(A + B) — A\(A).
On the other hand
AB)  K'(K'—1)
AA) 2
with K’ > 2and 0 < 0’ < 1 thus A(A+B) < 2A(A)+A(B) < A(B)+(K'+8)A(A)
and Theorem 6 with (B, A) instead of (A, B) yields diam(A) < A(A+ B) —A(B).

+ K/(S/
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o If diam(B) < diam(A), then by (8) with (B, A) in place of (A, B), hypothesis
(ii) gives diam(A) < AM(A+ B) — A\(B).
If A\(A) < A(B) then diam(B) < diam(A) < AMA+B)—\(B) < AM(A+B)—\(A4)
and we are done.
If A(A) > A(B) then we have A(A+ B) < A(A) + A(B) + min(A(A), A(B)) and
the first part of this proof gives the result.

We now turn to the end of the proof and prove that under one of the two hypotheses of
Theorem 1 there exists an interval I of length at least A(A) + A(B) included in A + B.
We assume without loss of generality that Dy > Dp.

Hypothesis (i) yields A(A + B) < A(A) + A(B) + min(A(A), A\(B)) < AM(A) + 2A(B) and
hypothesis (ii) yields A(A + B) < A(A) + 2X(B), so in any case we assume A\(A + B) <
A(A) + 2X\(B). The part of the theorem already proven imply that Dy < A(A+ B) —
A(B) < AM(A) + A(B). We write A = \(A) + A(B) — D4. By hypothesis A > 0.
Reasoning modulo D4 as Ruzsa does in [Ruz91], we write

MA+B)=pua(A+B)+ps({x €[0,Dp] : z,x+ Ds € A+ B}),

where 14 denotes the inner Haar mesure modulo Dy. Since 0, D4 € A, we have

Bc{x€l0,Dp] : z,o+ Dy € A+ B}.

Therefore

(14) M(A+ B) > pa(A+B)+pua({x € [0,Dg)NB° : z,x+ Dy € A+ B}) + pa(B).

As in the previous section, we define the functions g4, gg, g and h and partition [0, D 4]
into three regions Z;, Z and Z3. In the following picture, we draw two functions g
and gg, the corresponding functions g and h and the corresponding regions Z;, Z, and
Z3. The main part of the proof will consist in showing that with our hypothesis this
drawing covers the possible configurations of the curves. More precisely, we shall prove
that there is no down crossing, thus only one up crossing.
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Dy

Dy Da+ Dy

Since [0,Dg|] = Z3 U Zy U Zs, (Dp,Ds] C A+ B and Z; C A+ Bmod Dy for
i = 1,2,3 (which we proved in Lemma 3), we have us(A + B) = D4 and Zy C
{r€]0,Dp| : z,0+ Dy € A+ B}.
With (14) this yields

(15)  A(A+ B) > Dy +A(B) + A(ZyN B%) = MA) + 2\(B) + A(Zy N BY) — A.

If there exist x,y € [0, Dp| such that y < x, z € Z;, y € Z3, by Lemma 4 and (15), we
get A(A+ B) > AM(A) + 2X(B) + D4 — D which contradicts the hypothesis. Therefore
there is no down crossing (i.e. for z,y € [0, Dg], € Z; and y € Z3 imply = < y).

Since 0 € Z; and D € Z3, there is a unique up crossing. We apply the first part of
Lemma 4 and get an interval Iy = (b1, by) C Zs of length at least A such that g(b;) = by,
h(bg) = bg + A + DA — DB. We write ]1 = [O,bl] and I3 = [bg,DA].

Then I = (by, Da+by) is a subinterval of A+ B of size at least Da+A = A(A)+A(B).
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5. SOME OBSERVATION ON SETS WITH LARGE DENSITY

Our graphic interpretation for large sets of real numbers with small sumset gives rise
to further comments, especially Theorem 2.

For this section, let A and B be some bounded closed subsets of real numbers such
that min A = min B = 0, Dp < D4 and A := A(A) + A\(B) — D4 > 0. We define the
functions g and h as in section 3.

Proof of Theorem 2. As explained in section 3, we can partition [0, D] x [0, A(A)+\(B)]
into three regions 7y, Z, and Z3. Let m be the number of down crossings from Z3 to
Zy. In Lemma 4, we proved that for each down crossing, we gain a subset of B¢ N Z, of
measure at least A + Dy — Dp. By use of (15), it yields

MA+B) > ANB)+Da+ANB°NZy) > NB)+ Ds+m(A+ Dy — Dp).

Furthermore, [0, D 4] can be writen as a union of 4m + 4 consecutive intervals as in (12)
and by (13) the set A+ B contains a union of 2m + 1 intervals, each of length at least
2A+ D4 — D by Remark 5. Furthermore the sum of the length of these intervals is at
least

Da+Y ML) +HD T AJ) = Dat+(n+1)A+n(A+D4—Dp) > Da+(2n+1)A+n(Da—Dp).
k=0 k=1

Here we used that [0, D4] mod D4 is covered by these intervals and that each I ,ig) and
Ji appear twice in the sum A 4+ B modulo D,4. This yields the result. 0

Note that even in the case m = 0, this theorem gives a new information. In case
Dp < Dy, Theorem 1 needed A(A + B) < A(A) + 2A(B) to conclude that A + B
contained an interval of size at least A(A) + A(B) whereas Theorem 2 only needs
MA+B) < AMA)+2X\(B)+Da—Dp and A(A)+A(B) > D4 to get the same conclusion.

Some more elements on the structure of the sets A and B could be derived from the
graphic interpretation we gave. For simplicity A = B and A(A) > $D4. In this
case, we write A(A) = $D4 + . The hypothesis of Theorem 2 becomes A(A + A) <
D+ MA) +2(m +1)0. Since NM(A + A) < 2D, this hypothesis is fulfilled as soon as
55 12

The set [0, D4] may be partitioned into the union of some disjoint intervals as follows

0,04 = 1" U U 1P U | (Jk uIMUI® U J,S’)) ,
k=1
On endpoints of I ,ﬁ”, thus on right endpoints of J, and left endpoints of 1 ,§2>, we have
g(x) = x whereas on endpoints of [ ,E?’), thus on left endpoints of J, and right endpoints
of I,£2), we have h(x) = g(x) = © + A. Therefore A has density 1/2 of each interval ],gl)
and I,S”, AAN I,gz)) = %)\(I,?)) + 0 and M(ANJ) = IX\(Ji) — 0. Furthermore, there is
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a connection in the structures of A and A + A. This connection is easier to explicate in
the special case of extremal sets. This shall be the purpose of the next section.

6. SMALL SUMSET AND LARGE DENSITIES: STRUCTURE OF THE EXTREMAL SETS

In [Fre09], Freiman exhibits a strong connection in the description of A and A + A
and reveals the structures of these sets of integers in case the size of A + A is as small
as it can be. In Theorem 3 we give a similar result in the continuous setting. Our result
also applies to sets A and B with A # B. As far as we know, no discrete analogue of
this result can be found in the literature.

Proof of Theorem 3. We use the same notation as in the proof of Theorem 1 and we
assume that A and B are closed bounded subsets of R such that 0 = min A = min B,
Dp < Dy and M(A + B) = D+ AA) < A(A) + 2X\(B). We proved already that
there exists I, = (b, Dg — ¢) with g(b) = b, h(Dp — ¢) = Da — ¢+ A, where A :=
AMA)+ANB) =Dy >0and (byDs+ Dp—c¢) C (A+ B).

Write A1 = AN[0,b], B = BN[0,b], S1 = (A+B)N[0,b] and Ay = (D4—A)N[0, ] (i.e
Djy—A, = AQ[DA—C, DA]), B; = (DB—B>Q[0,C], Sy = ((DA + DB) - (A + B))Q[O,C]
Then A; C S; (since 0 € B) and Ay C S, (since Dp € B). Furthermore we have on the
one side

A+B251U(b,DA+DB—C)U(DA+DB—SQ)
and on the other side
MA+B)=Dp+ANA) =D+ AA) +AX(AN(b,D4g—c)) + A(As).

Therefore we get Ay C Sy, Ay C Sy and Ay =AN(b,Dy—c¢) C (b,Da —c).
Since 0, D4 € A, this in particular implies, up to a set of measure 0, that By C A; and
By C As.

O

7. SMALL SETS WITH SMALL SUMSET: THE EXTREMAL CASE.

We now characterise the sets A and B such that equality holds in (7), thus A\(A+B) =
AA) + (K + 6)A(B) with K and 0 defined in (6). In [Ruz91], Ruzsa gives an example
of such sets A and B. Theorem 5 states that his example is essentially the only kind of
sets for which this equality holds. Extremal sets will have the following shape (In this
example, K =3 and Dp = 1).

Set B

1

Set A
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Proof of Theorem 5. We assume without loss of generality that A and B are closed
sets of RT such that 0 = minA = minB, Dg = 1, A(B) # 0 and AM(A + B) =
AMA) + (K +0)A(B) < 1+ A(A) where K and ¢ are defined by (6).
Given two subsets C' and D of T or R, we introduce the notation C' C D when C' C D
and p(C) = pu(D) in case C, D C T, A(C') = A(D) in case C, D C R.
We need to prove that

K—1

BC0,b,JUl=b_,1] and AC | J[(£— b, 0+ 0b+ (K —1—0)b,],

=0
with b=0by +b_.
We use the notation introduced in the proof of Lemma 1. The proof will be divided into
three steps. We first prove that B, Ay and S) are unions of at most m intervals in T,
then we prove that m = 1. Finaly, we determine the precise shape of A and B.

The first step consists in determining the shape of B, Ay, and S, for positive integers
k. To this aim, we shall follow Ruzsa’s arguments in [Ruz91] and use Kneser’s theorem
on critical sets in T [Kne56].

Following the argumentation of the proof of Lemma 1, the equality

MA+ B) = MA) + (K + A(B) = %)\(A) + %A(B) <A +1
implies (S1) <1, K4 = K, and
p(Sk) = p(Ar) 2<k<K+1)
(16) (k) = W(Ax) + w(B) (1 <k <K)
p(Sk) =0 (k> K+2)

For 1 < k < K, we have Ay + B C S}, thus the second line in (16) implies that we have
equality in Raikov’s inequality, meaning (A, + B) = ,u(flk) + u(B) and by Kneser’s
theorem on critical sets in T [Kneb56| there exists my, € N, there exist two closed intervals
I, and J;, of T such that myAg C I, mpB C Ji and p(I;) = u(Az), p(Ji) = u(B).
Now mgB C Jy, with u(Jy) = p(B) and m,B C J, with p(Je) = p(B) implies my = my
and J, = J,. Let us write J = J, and m = my. We thus have for some m € N,

Wkik E;[k, 7nl3§;<L

A S8 (2<k<K+1),

Ay+BCS, (1<k<K),

0 C S (k> K +2).

This implies Iy = Iy + J for 2 < k < K thus [, = Ix + (K — k)J for 1 < k < K.
Since

(17)

K

MA) =" p(Ay) = u(l),

k=1 k=1
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we get, using u(J) = u(B) and the definition of K and 4, that
1 K-—-1
plI) = 2A(A) ~ EINB) = A(B).

Now, we write b = A\(B). We proved that we have
mAy C I, = I + (K — k)J, with pu(Ix) =6b and u(J) = b.

As a second step, we prove that m = 1.
Write J = J, U J_ with J_ a closed interval in (—1,0] and J; a closed interval in [0, 1)
and by = \(Jy), b_ = A(J-).
Assume for contradiction that m > 2. Then, since 0 € B,

T e icr<mo 1,

" J J_
B=|JB, with By=>" B,=1+", and B,=
/=0 m m

In particular A(By) = £ for 1 </ <m —1and Y ;" A(B;) = b. Similarly,

L
A:UAg with A[:Aﬂ€+ll and L = max{f : A, # 0}
and
L+m
I
A+B= )8 with ng(AJrB)mH—lJ“].
=0 m

We write £ = {¢ >0 : Ay, # 0}. We have on the one hand, for i € £, A; + B; C Sij,
thus

AA) + (K +68)b = \NA+ B) = Lf A(Sy)
£=0
= \(So) + ;)\(Spd) + ;n; A(SL10)
> MAo) + A(Bo) + > _(A(Ag) + \(By) +i AMAL) + A(By))
lel (=2
(*) > M(A) + A(Ag) + (m — DMAL) +b— % - E#{e L Ag £ 0}

> /\(A)+b—£+£#/:,
m  m
therefore #L < (K +0—1)m+1 < Km+ 1.
On the other hand #£ = S/ #{k : Apypm # 0}. Since mAg C Ik, for each
0€{0,--- ,m—1}, #{k : Apipm # 0} > K. This yields #£ = Km. Since mAg C I,
this implies that for any ¢ € £, up to a set of measure 0, we have L (¢+ Ix) C A, which
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yields A(Ag) > LA(Ik). Since 0, L € L, this gives A(Ag) + (m — 1)A(AL) > A(Ik) = 6b.
With (x), we obtain

b b b
(K+68)b>0b+b— —+ —#L=05b+b— — + Kb.
m m m

Therefore we must have m =1 and B = J, U (1+ J_).

We now prove that Ay = AN (¢ + 1) satisfies Ay C [{ —b_, 0+ b+ (K —1—()by].
We have for 0 < /(< L, Ay+ By C Spand for 1 </ < L—+1, Ay_1 + B; C S, thus for
any ¢ € {0,--- , L+ 1},

L+1—¢ ¢
> _— .
A(Sp) > I+ 1 (A(Ag) +b4) + L+1(>\(Ae—1)+b—)
Therefore
L+1
AMA+B) =S MS))
=0
L+1
L+1—¢ ¢
> Jr- " -
_Jﬂ< L+1(MMH49+L+1QMLQ+m0
Lo/L+1—¢ |
> ZT TR NA S ONA) + b
23 (M e +60 ) + 3 (e +o)
L
L+2 L+2
>NT 224 =2
> ; (A
L+2 L+2
z M b

Writing f(k) = ZELA(A) + 2226 as in the proof of Theorem 6 we get f(K) > f(L +1).
As noticed before, f is increasing for £ > K thus, L being at least K — 1, we must have
L = K — 1 and the above inequalities are indeed equalities. In particular we must have
AMAp) +byp = A(Sp) for 0 <l < K —1, and A(As—1) +b_ = A(Sy) for 1 < ¢ < L+ 1.
Since we had for 0 </ < L, Ay+ By C S;and for 1 </ < L+1, Ay_1 + By C Sy, this
implies that for any ¢, A, has full measure in an interval. Furthermore A1+ By C Sp4q
and Ay + By C Spyq, thus Appy + Jo =1+ A0+ J_.

Writing Ag C [0, al, we get A, C [¢ — Cb_, ¢+ a — (b, ].

To compute a, we write A(A) in two different forms. On the one side A(A) = f:?)l AMAy) =
Ka+ 3(K — 1)K (b— — by) and on the other side A(A) = (K — 1)Kb + Kb, thus

2

a = (K —1)by + db. This concludes the third step and the theorem. O
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