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In the paper we present the results of an experiment with two eight-year-old students, who attended grade 2 in Poland. Seven tasks were provided to the students, most of which were taken by a textbook which is aimed to promote interest in mathematics; we focus on a task related to combinatorics. Our theoretical framework was based on studies on mathematical reasoning and combinatorial reasoning. Our research questions referred to the types of reasoning used by the students and to the solution strategies that emerged. Our analysis led us to several mathematical reasoning actions, such as developing, justifying, and verifying conjectures. We also noticed that the students gradually changed their solution strategy from randomly selecting items to a trial-and-error-procedure, and then to a more systematic strategy. The results of our study show that these students have been able to reason mathematically and engage in meaningful discussions on a combinatorics task.

Introduction

Students at a young age are able to engage in important mathematical activities, provided that they work within meaningful contexts [START_REF] Clements | Learning and Teaching Early Math[END_REF]. [START_REF] Perry | Young children's access to powerful mathematical ideas[END_REF] claim that young children can have access to powerful mathematical ideas, such as mathematization, connections, argumentation, number sense and mental computation, algebraic reasoning, spatial and geometric thinking, data and probability sense. The last set of ideas is the focus of the present study, in particular combinatorics, which can be viewed as a part of probability, but contains elements from all the other ideas. According to [START_REF] Hart | Games in Extensive and Strategic Forms[END_REF], as mentioned in Batanero et al., 1997, p. 239) combinatorics is the mathematics of counting, while the importance of combinatorics in school mathematics at all levels was justified decades ago by Kapur (1970, p. 114):

(a) Since it does not depend on calculus, its problems can be taken up at an early stage in the school curriculum. In fact it has problems suitable for all grades.

(b) It can be used to train students in the concepts of enumeration (counting with counting through counting without counting), making conjectures, generalizations, optimization, existence, systematic thinking etc.

Bearing these in mind we designed an experiment involving two young students, aiming to investigate their reasoning in different mathematical areas, including combinatorics.

Theoretical framework: Mathematical reasoning and combinatorial reasoning

Mathematical reasoning is used in many studies and can be viewed and categorised in a multitude of ways as we will show. For the purpose of our study, we focus on combinatorial reasoning which was deployed in order to analyse the students' actions while solving a relevant task.

Mathematical reasoning

Mathematical reasoning is a generaland, sometimes, vagueterm that covers a range of activities that can be observed or assumed during mathematical work, usually based on the observation of students' actions. While in some cases, the term is used "without any clarification or elaboration" (Yackel & Hanna, 2003, p. 228), many researchers have attempted to define it. This has been done sometimes by referring to the underlying processes related to mathematical reasoning, such as justifying, conjecturing [START_REF] Mason | Thinking mathematically[END_REF] and generalizing (Ellis, 2007a). Another way to categorise reasoning, which is rather implied in the literature, is according to the respective mathematical field.

We often see references on algebraic reasoning [START_REF] Kaput | What is algebra? What is algebraic reasoning[END_REF], spatial and numerical reasoning [START_REF] Battista | How spatial reasoning and numerical reasoning are related in geometric measurement[END_REF], additive and multiplicative reasoning [START_REF] Simon | Justification in the mathematics classroom: A study of prospective elementary teachers[END_REF] and even combinatorial reasoning [START_REF] Batanero | Combinatorial Reasoning and its Assessment[END_REF], which is at the focus of this paper.

Following the relevant literature, we acknowledge that mathematical reasoning may have a structural and a process aspect [START_REF] Jeannotte | A conceptual model of mathematical reasoning for school mathematics[END_REF]: the structural aspect is static and usually refers to elements such as deduction, induction, abduction, data, claim warrant, qualifier and backing [START_REF] Toulmin | The uses of argument[END_REF], while the process aspect, which is of our interest, refers to "processes related to the search for similarities and differences, or the processes related to validating (Jeannotte & Kieran, 2017, p. 9). Particularly, the following processes can be related to the search for similarities and differences: generalizing, conjecturing, identifying a pattern, comparing and classifying. The processes related to validating are validating, justifying, proving and formal proving. For the purpose of our study, we also put ourselves in line with those who adopt an 'activity perspective' to reasoning, therefore we "are inclined to consider students' ways of doing, thinking, and talking about mathematics as fundamental" (Kaput,p. 9). In particular, we focus on a view of reasoning according to which "discourse is fundamental and that not only reflects the didactical discourse of the discipline but also serves as a conceptual tool for teachers (and researchers) to analyze students' discursive activity" (Jeannotte & Kieran, 2017, p. 3).

Combinatorial reasoning

Combinatorial reasoning is seen as an important aspect of mathematics teaching in all educational levels (NCTM, 2000). Research has shown that children even during preschool and the first years of primary school [START_REF] English | Young children's combinatorics strategies[END_REF][START_REF] Fesakis | Kindergarten children capabilities in combinatorial problems using computer microworlds and manipulatives[END_REF] are able to articulate and work with combinatorial concepts, thus engage into combinatorial reasoning [START_REF] Batanero | Combinatorial Reasoning and its Assessment[END_REF].

Combinatorial reasoning can be also seen as a component of probabilistic thinking, which adds to its importance in school mathematics at all levels. Based on these considerations, research in mathematics education has focused on various aspects of combinatorial thinking and reasoning, including the strategies deployed by students [START_REF] English | Young children's combinatorics strategies[END_REF] and how combinatorial problems are classified and can be used to assess students' thinking [START_REF] Batanero | Combinatorial Reasoning and its Assessment[END_REF]. For example, [START_REF] Maher | The development of the idea of mathematical proof: a 5-year study[END_REF] describe the 5-year progression in a student's justification from a trial-and-error approach to a more proof-oriented written justification. [START_REF] English | Young children's combinatorics strategies[END_REF] has identified six solution strategies in her study with 4 to 9-year-old children, which "ranged from random item selection through to a systematic odometer pattern designed to generate all possible combinations" (p. 471).

She also noticed that although the younger children did not manage to move beyond trial-and-error procedures, "the 7 to 9 year-olds discovered systematic combinatorial procedures" (p. 471).

In line with these, we designed an experiment to investigate two eight-year-old students' reasoning while solving some mathematical tasks, including a combinatorics one. Our research questions are:

a) What aspects of mathematical reasoning can be observed during solving a combinatorial task?

b)

In what ways has the particular activity contributed to the participants' understanding of properties of combinatorics?

Methods

Our experiment involved two eight-year-old female students, Ania and Magda (pseudonyms), who were classmates in grade-2 of a public primary school in Poland. The students were known to the researchers (the authors of the paper) and the parents' consent has been obtained. We provided seven tasks to them (Maj-Tatsis & Tatsis, 2019), bearing in mind that they need to be accessible, solvable, illustrate important mathematical ideas, serve as first steps towards mathematical explorations and, whenever applicable, provide a concrete external representation of the desired goal, rather than an abstract internal representation [START_REF] English | Young children's combinatorics strategies[END_REF][START_REF] Schoenfeld | Reflections on doing and teaching mathematics[END_REF]. The combinatorial task [START_REF] Lankiewicz | Matematyka[END_REF], which is at the focus of the paper (Figure 1) reads as follows: "How many fish can you colour by three colours so that every fish is different? You have three colours: green, orange and blue." There was no time limit for the students to solve the task, and it took them approximately 10 minutes to complete their work. Both authors of the paper were present during the session: the first author was handling the recording means (video camera and camera), while the second author of the paper was monitoring the students' actions and, if needed, was asking questions. The data, consisting of the transcribed verbal exchanges, accompanied with the students' work in the worksheets, were analysed by following a content analysis approach. Based on our research questions, we looked for aspects of mathematical reasoning and solution strategies related to combinatorics that emerged in the discussions. The aspects of mathematical reasoning were adapted from Ellis's (2007b) 

Analysis

The Fish Task was the second in the row. The excerpts that follow are accompanied by our analysis. The mathematical activities of interest for our study are written in italics; the same is the case with the solution strategies. Our notes are in brackets. The researcher is signified by R, while the two students, are signified by A and M. As soon as the students read the task, Magda started painting the body of first fish (Figure 2), while Ania was observing her. Then Magda continued by painting the fins. The body of the fish was painted by two different colours, therefore the researcher (the second author of the paper) asked the students to read once again the text of the task. Magda developed a conjecture by drawing the fish shown in Figure 2. Following the researcher's prompt, the students noticed the relation between the colours of the fish and Ania developed a new conjecture (34) related to the colours that could be used. Initially the students performed a random selection of items with no rejection of inappropriate items, while later, they moved to a trial-anderror procedure with random item selection and rejection of inappropriate items (28).

Then Magda coloured Fish 3 in Figure 3. In Fish 3 drawn by Magda the colours are in inverse order, compared to those at Ania's (Fish 2). So, Magda developed a conjecture. We need to note that the two students were all the time looking at each other's drawings. In Fish 4 Magda kept the green top and switched the two other colours below; therefore, she developed another conjecture. We can observe here two emerging patterns in colour selection, namely a) inversing the order of the three colours and b) keeping one colour stable on the top and inversing the other two. In Fish 5 (the second fish coloured by Ania) a new colour on the top was used: blue. The application of an already developed conjecture signifies an emerging pattern in colour selection.

Excerpt 2

39. R: Ania, and how do you know that here you need to paint blue on the top? 40. A: Well because here Magda has already made such a fish that it is blue at the bottom, and orange is also in the middle.

In the above exchange, Ania, by responding to the researcher's prompt, justified her colouring, based on an already-understood idea. Then Magda started colouring her third fish (Fish 6); she initially took the green crayon, but after thinking for a while she changed into the blue one. We may assume that she noticed that there was no possibility to make a third fish with a green top. So, she developed the conjecture that the maximum number of different fish having the same colour on the top is two. Additionally, she followed an emerging pattern in colour selection and rejected an inappropriate colour selection. As we mentioned, Fish 6 had a blue top, while the other two colours were in inverse order compared to those of Fish 5.

Excerpt 3

43. R: Magda, and why did you paint the fish like that? 44. M: Because Ania has already coloured here (she points at Fish 5) so that here is blue (both have blue on the top, and colours in inverse order in the other parts)

In the above exchange Magda, by responding to the researcher's prompt, justified her colouring, based on an already-understood idea. After that, the researcher asked about the first fish which was coloured (Figure 2). The two students almost immediately said that they "need to repaint it", so Magda took an eraser and erased the drawn colours. Then they systematically examined all the coloured fish for some minutes and then Ania proposed to colour this fish according to Magda's conjecture (keep one colour stable and inverse the other two colours); the result is Fish 1 in Figure 3. A: Because it is, for example, taking orangethere are two fish that have an orange bottom (she points at her belly), two fish that have an orange top (she points at her shoulders on the back) and two fish that have orange in the middle (she points at her side).

The above exchange contains a couple of clear manifestations of generalising to identify commonalities (89, 103) and verifying that a common property holds for each member of the group (103). We may also claim that it contains actions related to generalising properties, i.e., the "colour scheme" and the use of one of the given colours (orange) to exemplify a systematic colouring process. Additionally, we can identify once again a consistent and complete pattern in colour selection, which led to developing the conjecture that the maximum number of different fish is six.

Discussion and conclusions

In the paper we presented a study aimed to investigate two young students' reasoning during their work in a combinatorial task. Our first research question specifically concerned the aspects of students' manifested reasoning actions. The analysis of the students' works and the discussions that took place, have led us to the conclusion that the students' reasoning evolved in a series of activities during their engagement with the Fish Task and their interactions between themselves and the researcher: they initially noticed the relations between the different colourings; this led them to develop conjectures, some of which had to be reformulated. This process led them to generalising to identify commonalities and to generalising properties of the fish colour scheme. Then they verified their conjectures by referring to the process of reaching all the possible colour combinations. Following [START_REF] Vale | Mapping Variation in Children's Mathematical Reasoning: The Case of 'What Else Belongs?[END_REF] reasoning actions and levels, we may claim that our participants manifested all the levels of reasoning actions, from comparing and contrasting to generalising and to justifying. This is a significant finding, since it concerns students at a rather young age, who have not experienced abstract mathematical concepts and definitions.

Our second research question concerned the students' manifestations of combinatorial reasoning; following [START_REF] English | Young children's combinatorics strategies[END_REF] categorisation, we located the evolution of the students' solution strategies from random selection of colours to a trial-and-error-procedure, then to an emerging pattern in colouring, with rejection of inappropriate items, followed by the more systematic strategy containing a consistent and complete pattern in colour selection.

It is worth mentioning that the above were strongly related to the researcher's interventions, mostly in the form of questions. As we already mentioned, the researcher deliberately an active role in the interactions, by posing questions, summarising the students' actions and, generally, promoting the students' reasoning processes. This is a role that should be undertaken by any teacher, who wishes to support her students' reasoning actions at such ages. Summing up, we believe that the Fish Task has proved useful for stimulating our students' reasoning, with a focus on combinatorial reasoning, bearing in mind the important role of the researcher.
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   generalising to identify commonalities;  generalising properties;  justifying based on already-understood ideas;  verifying that a common property holds for each member of the group.The solution strategies we identified were based on those suggested by[START_REF] English | Young children's combinatorics strategies[END_REF]:A. random selection of items with no rejection of inappropriate items; B. trial-and-error procedure with random item selection and rejection of inappropriate items; C. emerging pattern in item selection, with rejection of inappropriate items; D. consistent and complete cyclical pattern in item selection, with rejection of inappropriate items; E. emergence of an "odometer" pattern in item selection, with possible item rejection; F. complete odometer pattern in item selection, with no rejection of items.

and Lannin et al.'s (2011) 

essential understandings related to mathematical reasoning and from Vale et al.'s (2017) reasoning actions:  noticing similarities or relations;  developing conjectures, including reformulating existing conjectures;

  The application of an already developed conjecture signifies a consistent and complete pattern in colour selection, with rejection of inappropriate items. And why difficult? Well, look at how quickly you did it. 94. A: But only half. (She refers to the total number of fish contained in the worksheet) 95. M: And more cannot be done. 96. R: And what is in the instructions? 97. A (reading): How many fish can you co... (loud) colour! Yes! (Counting quickly): one, two, ..., six.

	Excerpt 4
	82. R: Are all these fish different from each other?
	83. A: Weeeell, yes. (…)
	88. R: Why are they different?
	89. A: Because they have a different colour scheme (she shows by her hands, firstly by putting
	her left hand over her right hand and then by turning them she puts them the
	other way around) (…)
	91. R: Difficult task…?
	92. A and M: Uhm.
	93. R: 98. A and M: (loud and satisfied): Six!
	99. R: Are you sure that's all?
	100. M: Yes.
	101. A (looking again at the drawings): Hmmm... yes
	102. R: And why?
	103.