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What can an algebra bridge between number sense and equal sign in early childhood look like?
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In this paper, we have looked at how pupils (age 5-7 years) use and understand the equal sign as a part of number sense and algebraic thinking in early childhood. Through an intervention we have found that the pupils show number sense when they can use manipulatives such as bead string or blocks, and they then show a relational understanding of the equal sign. When they get introduced to the written equal sign, the concept of equality is difficult to understand. Through the foundational number sense (FONS) framework, we have analyzed what pupils say and write when they meet different tasks for that purpose to find out how algebra can be a bridge between numbers sense and the equal sign. Our research question is: How can we create a connection between pupils' number sense and equal sign in early childhood?

Introduction

The background for this study is to understand pupils' number sense and how number sense can create a foundation for understanding the equal sign. We want to investigate how pupils in early childhood understand the equal sign and which types of representations the pupils use in their work with the various tasks.

The teaching and learning of algebra in early childhood has undergone a critical transformation over the last several decades, from thinking that you must start with learning arithmetic and then later algebra [START_REF] Blanton | The development of children's algebraic thinking: The impact of a comprehensive early algebra intervention in third grade[END_REF], towards a change that algebraic thinking is also important for the youngest pupils. Initially, we intended to look at how pupils used the equal sign and see if they had a relational understanding of it. We discovered in our first meeting that some of the pupils had a lack of understanding of the equal sign and were not used to the symbol. We decided to investigate how number sense could support the development of a relational understanding of the equal sign.

Developing a relational understanding of the equal sign is important for a good understanding of algebra, but many pupils at all levels in school perceive the equal sign as a directive to find the answer [START_REF] Knuth | The importance of equal sign understanding in the middle grades[END_REF][START_REF] Lee | What Does Algebra Look Like in Early Childhood?[END_REF]. It is an important predictor for young children for later mathematical achievement to develop foundational number sense and the ability to operate flexibly with number and quantity to succeed later in algebra [START_REF] Andrews | Identifying opportunities for grade one children to acquire foundational number sense: Developing a framework for cross cultural classroom analyses[END_REF].

Our research question is: How can we create a connection between pupils' number sense and the equal sign in early childhood?

Research background and theoretical underpinnings

Number sense includes counting, number knowledge and arithmetic operations. The development of number sense begins with representation of numbers through different manipulatives. When pupils learn verbal counting and understand cardinal values for numbers, they develop number sense of small numbers that they can transfer to larger numbers later [START_REF] Jordan | The importance of number sense to mathematics achievement in first and third grades[END_REF]. By recognizing, working with, and making connections between different representations of numbers with the help of different manipulatives, pupils will improve their number sense and become arithmetically competent [START_REF] Andrews | Identifying opportunities for grade one children to acquire foundational number sense: Developing a framework for cross cultural classroom analyses[END_REF]. Understanding the equal sign emerges from work with arithmetic and research has shown that number sense is a powerful predictor of later achievement in mathematics [START_REF] Andrews | Identifying opportunities for grade one children to acquire foundational number sense: Developing a framework for cross cultural classroom analyses[END_REF]Sayers, 2015, Jordan et.al., 2010).

To give pupils experience with algebraic thinking in early childhood, education may also have a positive impact on pupils' mathematical achievement. Algebraic thinking encompasses more than what algebra does. It is a way of thinking about looking for patterns, looking at the relationship between two sizes and modelling. Algebraic thinking occurs in three strands: algebra as a study of structures and relations that emerge from work with arithmetic, functional thinking, and algebra as a modelling activity [START_REF] Kaput | What is algebra? What is algebraic reasoning[END_REF].

Equivalence and understanding the equals sign is based on a good understanding of the structures in arithmetic. Children aged 5 or 6 are introduced to the equal sign, but the concept of equality is difficult to understand. It is important to have a thorough understanding of the concept. Lacking a thorough understanding of equality can cause difficulties later, as it is one of the key concepts in algebra [START_REF] Lee | What Does Algebra Look Like in Early Childhood?[END_REF]. Pupils do have the capacity to understand the equal sign and equality, but the challenges seem to be more related to the experiences the pupils have gained with the use of the equal sign in early schooling. It is therefore important to find and identify a mechanism that can help pupils' development of mathematical cognition of the equal sign [START_REF] Mcneil | Benefits of practicing 4= 2+ 2: Nontraditional problem formats facilitate children's understanding of mathematical equivalence[END_REF].

It is important for pupils to understand that equality is a relationship that expresses the idea that two mathematical expressions have the same value. Pupils who understand this, will have several ways of representing arithmetic and will be able to communicate and further reflect on the connection between the right and left sides of the equal sign, for examples in number sentences. A misconception or a lack of understanding of equality, is also one of the reasons why pupils find the transition from arithmetic to algebra difficult. Pupils need to understand that equality is a relationship rather than a signal to do something [START_REF] Falkner | Children`s understanding of equality: A Foundation for Algebra[END_REF][START_REF] Kieran | Concepts associated with the equality symbol[END_REF], McNeil et.al., 2011).

Method

Our project is built on design experiments. We carried out an intervention to broaden our pedagogical competence through pedagogical design research [START_REF] Andersson-Bakken | Metoder i klasseromsforskning[END_REF]. Our goal was to investigate pupils' understanding of numbers linked to the meaning of the equal sign in algebraic thinking in early childhood. We used foundational number sense (FONS) as an analysis tool when we analyzed the transcriptions and the written documentation from the observation. The data that we have chosen to present here gives a picture of what the pupils answered and did under the various categories in FONS (see Table 1). The data is drawn from one Norwegian classroom, where we followed 12 pupils (age 5-7 years) in the first grade in three sessions from autumn 2022 to winter 2023. During the research period, we observed the pupils in interaction with the teacher and with each other. After a period of observation, we tried out various activities and tasks where we were both teachers and researchers. Based on the theory of early algebraic thinking, we made a teaching plan focusing on the meaning of the equal sign. The pupils worked on written assignments, and we introduced them to activities that facilitated communication. During the activities we talked and asked questions to the pupils. We also let them use bead strings and blocks. The reasons for this are that manipulative resources are important to perform a visualization that allows us to know and materialize both numbers and operations [START_REF] Adamuz-Povedano | Developing number sense: An approach to initiate algebraic thinking in primary education[END_REF]. We tested the teaching plan in a lesson and collected data. Then we observed during the first lesson that the pupils had a lack of understanding of numbers and that questions and activities around the meaning of the equal sign were too difficult for the target group. Afterwards we used the information from this lesson to adjust the plan for the next lesson. We used a framework (Table 1) from [START_REF] Andrews | Identifying opportunities for grade one children to acquire foundational number sense: Developing a framework for cross cultural classroom analyses[END_REF] and tried to identify foundational number sense (FONS) from our data. The data consists of pupils' written responses, field notes and audio recordings. We recorded audio in conversations and collaboration on activities and tasks. The recordings were transcribed, and we used the framework to identify pupils' understanding of numbers linked to the meaning of the equal sign.

Identify foundational number sense linked to an understanding of the equal sign

In the first part of the analysis, we provide some examples and try to make a description of the findings related to the FONS framework. Furthermore, we look at how we can link these findings to pupils' understanding of the equal sign and their perception of equivalence.

Different representations

In the start of the lesson, we had a conversation about different representations that could be used for the number 4. We encouraged the pupils to write and draw at the whiteboard, as shown in figure 1. After the conversation, the pupils were given corresponding tasks with the numbers 5 and 10 and empty circles where they could fill in the numbers themselves. Many of the pupils used different representations in the introduction with the numbers 5 and 10, as shown in figure 2. When they could choose numbers themselves, they did calculations rather than using representations. In figure 3 the pupils have made their own addition operations; they use the plus sign and show the answer to the task but do not use the equal sign. We observed that even though the focus in this class has been numbers up to 20, they were familiar with much larger numbers when they were making their own calculations, as shown in figure 3. From the work with those tasks, we could see several FONS categories. Firstly, we can link it to the category "Different representations." Secondly the pupils linked the number to the quantity when drawing quantities that represented the number in the circle, which can then be said to be an example of the category "Relating number to quantity." Both figures 2 and 3 gives us examples of this. Thirdly, the pupils had to recognize the number symbol to carry out these which can be linked to the category "Number recognition." The last category that appeared in many of the examples is "Simple arithmetic" when the pupils made written calculations that were equivalent to the number they were working with, of which we saw many examples in figure 3. We think it is particularly interesting that few of the pupils made calculations where the equal sign was used, but in figure 2 we see one of few examples from our material where the pupil has written 5 + 5 = .

To count on a bead string

Example 1 is taken from a conversation in small groups about how to count using bead strings. The pupils suggested different ways of counting, such as two at a time, three at a time, and five at a time.

Counting from zero or from a number on the bead strings did not seem to pose any problems for the pupils.

Example 1:

Solfrid: Everyone starts with five. Can you try counting by twos at a time from five? Pupil:

Seven, nine, eleven, thirteen…

In this short episode from the conversation about counting on the bead strings, we can see several aspects from FONS. Firstly, we recognize the category "Systematic counting" from the FONS. Secondly, when pupils say out loud the numbers they are counting, this can be linked to "Number patterns." There is also a potential in this activity with bead strings to perform simple addition, the category "Simple arithmetic" in FONS, when the pupil in example 2 figures out that 10 and 10 become 20.

Example 2:

Solfrid: How can we figure out how many pearls there are on a bead string? Pupil:

I thought that we can first count those ones and then the ones here. Ten and ten. Solfrid:

How much is ten and ten together then? Pupil:

Twenty.

How to make equally tall towers with blocks?

We used blocks with the pupils to challenge them to make two towers with the same height to show two equal quantities without using the equal sign. In example 3, there is a conversation between the researcher and some of the pupils about the strategies they used to make two equally tall towers.

Example 3: Solfrid:

If it was possible that these two towers could be the same height, what did you do to make them equal? Pupil 1: I had to take two more. I saw that this one was all the way up here (points to the towers). Then I saw that it had two more. Pupil 2:

I just took the two off. Solfrid:

How did you do it? Another pupil (pupil 3) collects the blocks and builds a tall tower. Pupil 4:

Then she (pupil 3) broke it in half, so they were both the same height. Pupil 3: I split them in half.

The conversation gives us examples of different strategies such as adding extra blocks to one of the towers, removing blocks from the tallest tower and adding all the blocks together to get a tall tower that can be split into two equal towers. During the conversation between the pupils and the teacher, it became clear that this could be linked to the FONS category "Quantity discrimination." The pupils used terms such as "bigger than," "smaller than" and "more than" when they compared the size of the given towers.

Written tasks

An example to FONS "Number patterns" is taken from a written task about finding missing numbers in different number patterns. We found that the pupils could figure out which number was missing from patterns with consecutive numbers, e.g., 0, 1, 2, 3, __, 5 6, 7. Finding the missing number when jumping two or five at a time or in patterns with negative numbers, seemed to be more challenging. Few pupils figured out the right answers on these tasks. They either left the answer blank or had wrong answers.

These tasks could also be linked to the FONS category "Systematic counting" which was previously mentioned related to counting on bead strings. The pupils had different tasks and activities on systematic counting. They counted forwards, backwards, they jumped several times and from arbitrary points. What we saw was that when this was done on a string of beads or with manipulatives, they could do it. When they had to use writing with number symbols, it became more difficult. This may indicate that the pupils can use different types of representations but have difficulties making connections between the different representations. This was particularly clear in the form of seeing a connection between oral representations and the use of written symbols.

The use and understanding of the equal sign

When we tested the teaching plan the first time, we gave the pupils challenges where the equal sign was used in a non-traditional task in written assignments, as in figures 4 and 5. The reason for this was our wish to understand more about how pupils in early childhood understand the equal sign. We clearly saw that the pupils were unfamiliar with the mathematical signs for addition, subtraction, and the equal sign. They were able to show the understanding of equivalence with the help of manipulatives, but only a few of them managed to solve written tasks solely by writing number symbols. Several pupils seemed to prefer counting bars instead of writing the numbers with symbols. Figure 4 give two examples of this, one of them is a mixture of number symbols and counting bars.

As we see in figure 5, there were also some examples of the pupils trying to create their own connections by, for example, adding some extra characters trying to make the math right. In the next lesson, we let the pupils work on written tasks where the equal sign was presented in different ways. Some of them with the operations at the left side and the answer on the right, e.g., 2 + 3 =, and some of them with operations on both sides of the equal sign, e.g., 4 + 1 = ₋ + 1. The tasks included both simple addition and subtraction. It became clear that the four tasks in figure 6, presented the most challenges for the pupils. During the conversation, they asked many questions about those four tasks. They seemed to believe that there must be something wrong with them or that there could not be any solution to them. We saw some examples where it seemed like the pupils ignored whether it was an addition or subtraction problem. They solely grasped the numbers to try to figure out what number is missing on the empty line. Clearly, these tasks can be linked to "Simple arithmetic" in FONS.

Discussion and conclusion

Before discussing some of our findings, we will return to our research question: How can we create a connection between pupils' number sense and the meaning of the equal sign in early childhood? When it comes to number sense, [START_REF] Andrews | Identifying opportunities for grade one children to acquire foundational number sense: Developing a framework for cross cultural classroom analyses[END_REF] point out that the eight different categories in FONS are related to each other. The examples we have selected also emphasize this. Even though our expectations were to set up activities that each could be linked to at least one of the categories in FONS, through the activities, we could see links to several different categories. Pupils showed difficulties seeing connections between the different representations, but they were able to make calculations that matched a given number like 4, 5 and 10. We therefore believe that we can work with the concept of equivalence in early schooling. One way of doing this could have been to introduce the equal sign when the pupils themselves did calculations as shown in figure 3. This also came out clearly when we challenged the pupils to make two towers of the same height by starting from two towers of different heights. The strategies the pupils used could all be linked to written calculations, which could have helped to create a bridge to the use of mathematical symbols generally and especially the equal sign. The pupils did not necessarily see the connection between different representations when it came to meeting the same number pattern in written tasks and in activities with the bead strings. It seemed that using manipulatives, e.g., bead strings and blocks, helped the pupils both to understand and to solve the tasks. We can see this in the context of previous research which also highlights the fact that in the early childhood, it is necessary to use manipulative resources for the construction of mathematical knowledge in general, this particularly applies to the development of number sense [START_REF] Adamuz-Povedano | Developing number sense: An approach to initiate algebraic thinking in primary education[END_REF].

Equivalence and the understanding of the equal sign does not seem to come easily to many pupils [START_REF] Kieran | Concepts associated with the equality symbol[END_REF]. Our findings suggest that some pupils, despite not having been introduced to the equal sign through teaching, have an operational understanding of the equal sign. Pupils will develop an understanding of equality when they learn about numbers and operations. This understanding will allow them to reflect on algebraic thinking and will lay a solid foundation for later learning of algebra [START_REF] Falkner | Children`s understanding of equality: A Foundation for Algebra[END_REF].

Through our findings, we have seen that there is a potential for working with algebraic thinking in early childhood and we believe that more research is needed to look at how to create a bridge between relational understanding of numbers and the equal sign in early schooling. How do we imagine this bridge can be built? Research shows that it is important to develop number sense in the first years of mathematical practice and the teacher`s facilitation can be a key to relational understanding. The teacher`s use of manipulatives can be a bridge from concrete arithmetic to the symbolic language of algebra in favor of abstract mathematical reasoning [START_REF] Adamuz-Povedano | Developing number sense: An approach to initiate algebraic thinking in primary education[END_REF]. Moreover, as a teacher, we assert that it is important to be observant and seize the opportunity when, for example, pupils make calculations or use manipulatives to show equality or inequality. In this way, the equal sign becomes a natural part of the teaching.
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Table 1 : The operationalised FONS framework (Andrews & Sayers, 2015, p. 262)

 1 

	FONS characteristic	Teachers encourage their children to
	Number recognition	Identify a particular number symbol from a collection of number
		symbols and name a number when shown its symbol
	Systematic counting	Count systematically, both forward and backwards and from arbitrary
		starting points.
	Relating number to quantity	Understand the one-to-one correspondence between a number's name
		and the quantity it represents
	Quantity discrimination	Compare magnitudes and deploy language like "bigger than" and
		"smaller than"
	Different representations	Recognise, work with, and make connections between different
		representations of number
	Estimation	Estimate, whether it be the size of a set or an object
	Simple arithmetic	Perform simple addition and subtraction operations
	Number patterns	Recognise and extend number patterns and identify a missing number