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Despite advancements in designing activities to nurture young children's (ages two-five) playful learning of mathematics, certain aspects of their introduction to mathematics require further examination. Specifically, while the activity is designed with an intended purpose, the child's interpretation of what she is requested to enact, her task, can differ greatly. The learning of mathematics is intertwined with nurturing an alignment between the child's and the mathematically endorsed task. To elucidate aspects of this gradual alignment process, we utilize the commognitive approach to inform and analyse an illustrative case study of a child's engagement in repeated playful activities, designed to elicit and nurture his current and changing task.

Introduction -the role of the child's task

Young children's initial engagement with playful mathematical activities, can differ greatly from the intended engagement. One main reason can be the different interpretation a child might have for the intended purpose of the activity. To examine aspects of young children's (ages 2-5) initial and changing interpretations of a mathematical activity, we have adopted the Commognitive approach, as it explicitly accounts for this aspect. Based on this approach, thinking (the communication of a person with himself) and communication are inseparable. Mathematical thinking is considered a specific form of communication, a discourse. One central aspect of the mathematical discourse is its routines: characteristic recurring patterns of action [START_REF] Sfard | Why cannot children see as the same what grown-ups cannot see as different? Early numerical thinking revisited[END_REF][START_REF] Sfard | Thinking as communicating: Human development, the growth of discourses and mathematizing[END_REF]Lavie & Sfard, 2019), and learning is seen as the process of routinization, meaning the process of creating new routines. These are generated by associating each new situation with one that was previously experienced and repeating the actions that were then taken. These are performed as a response to some perceived need or request. The instigating situation is what we refer to as task situation. Within a task situation, to select a course of action one must revisit past situations she considers similar to the current situation, and that can be considered as precedents for the current task situation. The set of all precedents one considers relevant to a current task situation is what we refer to as precedent space. The precedent space related to one's interpretation of a given task is unique, and two people may be presented with the same task but interpret it (and therefore address it) differently. The task creator and the task performer can also hold different perceptions regarding the nature of the task. This understanding is particularly important when examining how a young child fulfils a task given to her by an adultas her perceiving it differently than what the adult had intended, can result in the performance of a different task altogether. For this reason, the Commognitive approach defines the term "a person's task" as that person's task interpretation [START_REF] Lavie | How children individualize numerical routines -Elements of a discursive theory in making (in Hebrew)[END_REF]Lavie et al., 2019). A routine one performs therefore is characterized by two different aspects: the procedures one implements when enacting it, and the task that guides her choice of procedures. The routinization process includes the development of both endorsed procedures and an endorsed task, as well as an endorsed precedent space of their past implementations.

Learning is described as a de-ritualization process of transitioning from performing ritualistic routines, performed solely for the purpose of pleasing another, with no independent decision-making and without the consideration of additional procedures as possible substitutes, to more exploratory performances. More exploratory performances are characterized by higher levels of flexibility, applicability, and performer's agency. One more indicator of a more exploratory routine is a higher level of bondednessthe amount and complexity of bonds that can be observed between and across the procedures performed. These include internal bonds, connections between different stages, or sub-procedures, one employs to fulfil the given task. Internal bonds are reflected by utilizing the outcome or output of a prior sub-procedure as an input that informs the following sub-procedure. More exploratory routines also include external bonds, connections across different (internally bonded) alternative procedures, meaning perceiving these alternatives as equally valid options for fulfilling the same task (Lavie & Sfard, 2019). The latter necessitates the consolidation of two or more partial task interpretations (e.g., compare by counting and compare by length comparison) into one, cohesive broader task (e.g., compare by any endorsed means) more aligned with the task of the expert (Wertsch, 1984). In earlier stages, these partial task interpretations can be considered as separate tasks thus result in the enactment of two separate, often ritualistic, routines. What can facilitate the gradual de-ritualization process, is repeated exposure to more precedents (particularly of performances that are acceptable to experts in the discourse portraying multiple equivalent procedures), and gaining more first-hand (potentially scaffolded) experiences [START_REF] Lavie | How children individualize numerical routines -Elements of a discursive theory in making (in Hebrew)[END_REF][START_REF] Sfard | Thinking as communicating: Human development, the growth of discourses and mathematizing[END_REF]. These can extend the novices' procedural precedent space but also support the coalescence of partial tasks. The focus of this paper is to explore what the latter process entails, and how it can be nurtured through playful mathematical activities that young children (ages 2-5) engage with. Specifically, we chose a germinal routine to inspire a series of playful activities that include teaching segments, and explored: how can young children's task develop as they engage in playful activities that are inspired by germinal mathematical routines?

Method

Because our purpose was to provide an in-depth account of a phenomenon that has not yet been fully depicted, we chose a qualitative approach and offer an illustrative case study. The latter was part of a larger study of 16 young children (ages 2-5). We focus on one of those participants: Milo, a young boy who began participating in the research when he was 2 years and 8 months old. Sessions with him were conducted periodically over the period of 18 months (for a more detailed account of these design choices please see Lavie & Sfard, 2019). Initial sessions with Milo were conducted prior to his entering a formal schooling setting (a public preschool he began attending at age 3 years and 6 months). Milo was highly cooperative from a very early age and consistently attended the research sessions. This afforded us multiple opportunities to observe Milo's performances and gain detailed insight regarding his actions within each session as well as tracking his development across many sessions. Much of the information Milo has provided us with, however, is consistent with what we have observed in our other participants' performances (although in their cases we were provided with less detailed or more fragmented accounts). In each session, Milo was accompanied by a parent, and the same researcher (the first author) conducted all of the sessions and interviews in the study.

Selecting a germinal (meta-level) routine

To design task situations that are appropriate for the examination of young children's initiation to the mathematical discourse, we considered the historical development of the numerical discourse [START_REF] Lavie | How children individualize numerical routines -Elements of a discursive theory in making (in Hebrew)[END_REF]Lavie & Sfard, 2019). In doing so, we identified a specific task, choosing between two sets that served as a precursor to the task of comparing two sets. Historically, the latter instigated the need for quantitative comparison and led to the development of numerical comparisons from which numerical discourse emerged (Lavie & Sfard, 2019). Therefore, despite the common focus in previous literature on counting tasks, we presented our participants with a playful quantitative (not necessarily numerical) comparison task of choosing between two sets, allowing them to experience counting through a practical implementation for which it can be utilized. Initial teaching segments included the interviewer performing various non-numerical routine performances, and only later included counting (e.g., [START_REF] Fuson | Matching, counting, and conservation of numerical equivalence[END_REF][START_REF] Siegler | How does change occur: A microgenetic study of number conservation[END_REF]. While the latter activities elucidated consequential aspects relating to the children's procedures, it did not reveal sufficient information to meaningfully explore the process their tasks undergo. We therefor supplemented the quantitative comparison activities with additional tasksrequesting the child to substantiate his choice of quantity. Substantiation is a meta-discursive routine that focuses on discursive actions rather than on mathematical objects. Substantiating a claim is a chain of articulations meant to convince that the claim made is worth endorsing [START_REF] Sfard | Thinking as communicating: Human development, the growth of discourses and mathematizing[END_REF]. For a performance to be considered an endorsed substantiation, it is not enough to mimic a routine one has observed another perform, rather one must also articulate (verbally or otherwise) its relevance to the task situation and possibly offer alternative procedures. Therefore, the child's reaction to repeated substation requests is likely to elicit her current and changing interpretation of the given task.

The sessions

The research included five sessions that were conducted periodically (every 3-4 months) over a period of one year and nine months. Each session was conducted at a lab at the university and lasted 30-60 minutes. Each session included multiple iterations of a similar playful task of quantitative comparisons, followed by a request for substantiation. The goal was to provide the child with multiple opportunities to experience a similar task situationboth as an active participant as well as an observer of someone else performing the task. Each comparison task was initially presented without any prior teaching. This allowed us to examine Milo's emergent reactions to the task situation. Two piles of items (such as building blocks), occasionally within separate bowls, with quantities within the range of 0-9 in each pile, were presented to the child, and he was asked to reply to a question such as: "where are there more?" If his response was not aligned with what an expert in the discourse would consider as a correct and full response, Milo was invited to view how the interviewer performs the given task. The interviewer's performances were intended to gradually introduce Milo to various endorsed, age-appropriate, procedures (such as counting and then choosing, or creating two rows to compare their lengths and then choosing). At times, the interviewer attempted to incorporate Milo in the performance, allowing him to perform a sub-stage of the full routine (such as counting), and at times these were preceded by leading questions. After the completion of the demonstration, Milo was presented again with the same task, and given the opportunity to lead its performance, scaffolded by the interviewer if necessary. After completing the task and providing an answer, the interviewer asked Milo to substantiate his response by asking question such as "how did you know?" or "why?" After Milo replied he was either again requested to substantiate his choice, or was presented with the next task. Throughout this process, if necessary, the interviewer asked clarification questions such as "what does this mean?"

Data collection and analysis

All sessions were video recorded with one video-camera and a tape recorder, capturing the child's actions and articulations, and were later fully transcribed. This resulted in a large data corpus which was then organized according to session number, line in the transcript, stage (learning or teaching), task description, the type of phrase used in the substantiation request and the wording of the question and Milo's (verbal or nonverbal) response. The data was then thoroughly analysed to examine Milo's routine enactments and track changes in its performances, examining the two key aspects: procedure and task. For the purpose of examining Milo's developing task, we then focused on Milo's responses to the substantiation requests during sessions two-five (as Milo made no verbal responses to these requests during session one). However, as Milo's tasks were mostly reflected through the procedures he chose to enact, both procedures and tasks were included in the following stage of analysis to explore the overall development of Milo's substantiation routine. Specifically, all of Milo's substantiation procedures were classified as two-staged, the first being "choose" implemented to complete the object-level comparison task and the second being count, choose, align, map (enacted by the interviewer in her teaching segments), or any additional procedures Milo employed. We also examined whether there was evidence that Milo might have considered more than one procedure for the same task. The latter would indicate development in Milo's substantiation routine (the external consolidation of two previously separated procedures) and a coalesce of two (or more) partial tasks. Furthermore, as all of the substantiation routines were two-staged, we examined whether the stages were internally bonded, meaning whether the output of the first step in the procedure (choose) served as an input for the second (for example: align). To interpret Milo's task, we considered not only the child's responses but also the overall context in which they were performed. Lastly, the entirety of the data was again reviewed to thematically classify all of Milo's responses to the substantiation requests. The latter facilitated the identification of an overall pattern reflecting Milo's task development, introduced in our Findings.

Findings

In examining Milo's task development, we identified five types of responses to the substantiation requests, that differed in the characteristics of the procedures Milo implemented, and in the implied task that guided Milo's enactment of these procedures. Table 1 summarizes the five types along with an illustrative example for each. The types are organized chronologically according to their initial emergence and also reflect the overall process of Milo's substantiation routine and task. However, these do not reflect a linear process and often, although having enacted more progressive types, Milo reverted to earlier types of responses. These occurred particularly when the researchers' reactions to an initial routine he performed could have been interpreted by Milo as negative feedback (e.g., when the interviewer asked the same question again after Milo had just responded). T1 type of response was the first reaction Milo articulated to substantiation requests, appearing during the second session and occasionally in later sessions, particularly when the interviewer repeated the request several times. The procedure Milo implemented in T1s was referring to aspects he associated with the task situation. It is not clear exactly what his task was in these cases, only that he did not seem to associate the request with providing a reason (for the object-level task or at all). One explanation can be linguistic, relating to his naïve interpretation of the phrase "how do you know". We note that when asked several times to yet again offer a substantiation, Milo referred to factors that were not explicitly related to the immediate setting (e.g., "Do you know that when I was a baby I was bathed in a tub?") but seemed to be related to the task situation in Milo's view (the latter example was expressed right after Milo had responded by "Daddy never comes here").

In the following session, Milo began performing an additional type of routine, T2, enacted by the procedure of stating "because" before referring to aspects he associated with the task situation. These were initially performed only when the substantiation requested was phrased using the word "why" but later also in response to additional phrasings. It seems that Milo's task at this stage was merely responding by beginning with the word "because". The latter is implied by the fact that Milo's responses did not include what an expert in the discourse would consider as a reason after his stating "because". The enactments of T2s were ritualistic in nature, repeating the same procedure, which was possibly adopted in other settings in which Milo encountered the same linguistic cues (e.g., "why").

As in the case of T1s, T2 similarly reflected a naïve interpretation of the verbal phrasing of the substantiation requestone that does not associate the task with providing reasons. Only during session four, Milo began to express a more endorsed linguistic interpretation for these requests, performing T3 types of routines, characterized by the procedure of stating "because" and then referring to aspects that contributed to the creation of the task situation (typically referring to the actions of others). These can be considered as providing reasons, however not reasons for how Milo "knows" the response (as an endorsed response would require) rather explaining how the situation came to be (e.g., why did Milo choose a pile? Because the interviewer created it).

During session four major shifts were observed. In this session, Milo began to enact T4 types of responses that, as opposed to earlier types, are in-line with endorsed enactments of the (mathematical) substantiation routine. The characteristic procedure of T4s was referring to the procedure Milo had enacted when performing the object-level routine of choosing a larger pile. The task associated with these was to substantiate his choice by his prior procedure, a partial task in relation to the task an expert in the discourse would have associated with the substantiation request. This is not to say that Milo's choice of pile was always an endorsed one, but the enactment of T4s reflected that (a) Milo was performing an endorsed substantiation procedure; and (b) the second sub-procedure was beginning to be internally bonded with the prior sub-procedure of "choose" which informed the substantiation routines' next stage. These aspects suggest the initiation of a de-ritualization process, as Milo transitioned from ritualistic performance of the "because" ritual, to partial enactments of an endorsed substantiation routine, reflected in a gradual alignment between Milo's task and more endorsed tasks.

In the same session Milo also began enacting T5 types of responses, characterized by referring to an endorsed procedure that Milo had not enacted when performing the object-level routine of choosing a larger pile. The specific task implied by these was to substantiate his choice by the specific additional procedure Milo referred to, yet again a partial task in relation to the task of an expert in the discourse. The enactment of T5s reflected additional transformations in Milo's de-ritualization process: (a) at least two procedures of the object-level task were considered equivalent thus horizontally bonded, making the object-level routine more exploratory in nature; and (b) when T5s about different object-level procedures were enactment in the same session, or at least on T5 was performed alongside T4, at least two meta-level procedures seemed to become horizontally bonded, reflecting that the meta-level routine was also more exploratory in nature. The latter also indicated an additional significant transition: the two (or more) partial tasks were becoming consolidated, thus more aligned with the task of an expert.

Discussion

The purpose of this study was to illustrate the process of young children's task development in the context of their developing substantiation routine. The five types of routines we introduced indicate two consequential sub-processes young children's task can undergo. The first, reflected by T1-T3, is purely linguistic, relating to the child's verbal interpretation of the substantiation request(s) he was presented with. Other accounts of the development of object-level routines provide limited accounts for this sub-process (e.g., Lavie & Sfard, 2019;[START_REF] Stylianides | The notion of proof in the context of elementary school mathematics[END_REF]. This indicates that, to some extent, the linguistic development might have more limited roles elsewhere, particularly when describing older learners' routine development and focusing on routines who mainly focus on (mathematical) objects [START_REF] Levenson | Exploring one student's explanations at different ages: The case of Sharon[END_REF]. Our choice to focus on a meta-level routine was, in part, motivated by the more central role that (verbal) discourse plays in the endorsed enactment of meta-level routines. The extended role of the verbal discourse allowed us to elucidate this underemphasized consequential sub-process in young children's task development. The second sub-process illustrated by our findings (T3-T5) is aligned with other accounts of the de-ritualization process that characterises routine development (Lavie et al., 2019). Milo too began with enacting ritualistic (fragmented), performances of the routine, and gradually expressed additional internal and then external bonds reflecting more exploratory renditions. Our focus on a meta-level routine, however, allowed us to attend to the underemphasized aspect of the de-ritualization process relating to the child's task: the process of partial task coalescences. While this has been implied earlier (Lavie & Sfard, 2019) our findings more explicitly illustrate that the external bonds in the meta-level substantiation routine, are associated with the bonding, or more accurately the consolidation, of two initially separate tasks (substantiate by referring to a specific procedure), each initially a mere projection of the expert task (of substantiate by referring to various endorsed procedures). Identifying the latter was facilitated by the repetition of the same, relatively rudimentary, task situation. A single appearance of a T5 performance was not indicative of the latter process, nor of the process of the creation of external bonds in the meta-level routine (although indeed indicative of these for the object level routine). It was the repeated request that elicited multiple renditions of T4s and T5s that indicated the coalescence of partial task projections, into a more (multi-dimensional) endorsed task.

An additional note-worthy aspect is the everchanging precedent space (Lavie et al., 2019). First, the latter can explain the emergence of new interpretations for the task situation, as either the narrowing or refinement of what past situations Milo considered relevant, each time he was presented with the task situation of a substantiation request (considered as the same task by the researcher, but not by Milo). The T1s reflected Milo's precedents focused on aspects of the setting, while the T2s reflected more linguistically-based precedents. T3s reflected a narrower precedent spaceone that relayed both to the linguistic cues but also to the setting. The T4s precedent space similarly relayed to the linguistic cues but more narrowly focused on the task Milo had performed (rather than on any aspect of the setting), or similar occasions he had performed it or observed the researchers' performance.

The performance of a single T5 reflected a similarly narrow precedent space as T4s. However, the repeated enactment of T4s alongside T5s reflected a more extended precedent space that included the first or second-hand enactments of equivalent procedures. Second, shifts in Milo's precedent space can also account for the non-linear manner of his routine and task progression. When countered with what he perceived as a negative feedback, Milo often seemed to enact renditions of the routine that were informed by a wider precedent space (e.g., enacting a T1 after enacting a T4 but then being asked again to provide a substantiation). This implies that the precedent space similarly undergoes a transition in the de-ritualization process, and needs likewise to become more aligned with that of an expert, to facilitate the child's enactment of an endorsed, exploratory substantiation (or other) routine.

  will build it [the smaller pile] we will see it isn't tall [places the blocks from the smaller pile on top of the other]" (3(9))

Table 1 : Five types of responses to a substantiation request

 1 

	Type	Procedure characteristics	Task	Illustrative examples
	T1: Setting-oriented	A statement that refers to	React referencing past	"Hmmm… Daddy never
		the location, person(s)	precedents associated	comes here" (2(8))
		and additional elements	with the setting	
		that are considered		
		relevant (without using		
		terms that imply		
		providing a reason)		
	T2: The "because" ritual	A statement that begins	Respond by stating	"Because it is pretty"
		with "because" followed	"because"	
		by elements considered		
		to be relevant (but do not		
		refer to the preceding		
		object-level routine) or		
		nothing at all