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Play-responsive teaching (PRT) is a new theoretical and practical theory for preschool education. This study focuses on what characterises the activities when teachers implement PRT focused on early number sense with a focus of cardinality. Based on an analysis of 73 video documentations of such activities, three diverse sequences were identified: sequences of play, teaching mathematics, and play-responsive mathematic teaching. These three sections in PRT can be viewed as a way to describe children's experiences as a way to develop knowledge and understanding around cardinality. The variation and combination of how these three sequences vary during the activity can be important for play-responsive activities in the early number sense with cardinality in preschool.

Introduction

Studies have established that children's early understanding of mathematics positively affects their later school performance [START_REF] Ginsburg | Mathematics Education for Young Children: What It Is and How to Promote It[END_REF]. However, there is no consensus on how early mathematics teaching should be designed, and a bridge between learning and teaching is required (Björklund & Palmér, 2019). Based on the Swedish preschool curriculum, teaching should stimulate and challenge children to develop and learn, among other things, mathematics, where play should form the basis (National Agency for Education, 2018). However, as in many other countries, Sweden has an ongoing discussion on the relationship between play and teaching. Some researchers advocate that children's right to play is undisturbed by adults [START_REF] Sundsdal | Til forsvar for barns spontane lek [In defence of children's spontaneous play[END_REF], while others emphasise the importance of not opposing play and teaching [START_REF] Pramling | Play-Responsive Teaching in Early Childhood Education[END_REF]. Play-Responsive Teaching (PRT) is a new theory on how to design teaching through play without removing the essential characteristics of play. According to [START_REF] Pramling | Play-Responsive Teaching in Early Childhood Education[END_REF], the focus of this theory is that the children, together with the teacher, can develop new understandings through play without losing the child's power of action (agency) or the play's narrative.

The focus of this paper is a study on the implementation of PRT in Swedish preschools, and focuses on early numeracy and cardinality. In early numeracy, it is essential that children develop a foundational understanding of cardinality, as cardinality can act as a bridge between patterns and relationships regarding counting, numbers, and arithmetic [START_REF] Paliwal | Cardinality principle understanding: the role of focusing on the subitizing ability[END_REF]. The specific research question explored in this study is: What characterises the activities when teachers intend to implement play-responsive teaching focused on cardinality?

Research on mathematics teaching and play

In the Swedish preschool curriculum, play is the basis for teaching. It means preserving playfulness while directing the children's attention to a specific knowledge content. There are many different opinions about the concepts of children's play and teaching in both research and preschool activities [START_REF] Ginsburg | Mathematics Education for Young Children: What It Is and How to Promote It[END_REF][START_REF] Pramling | Play-Responsive Teaching in Early Childhood Education[END_REF][START_REF] Vygotsky | Imagination and creativity in childhood[END_REF]. If possible, mathematics teaching to young children should be based on the children's own lived experiences (for example, play) meaning that these experiences can be expanded through mathematical investigation [START_REF] Björklund | Teachers' involvement in children's mathematizingbeyond dichotomization between play and teaching[END_REF], thus pointing out the mathematical point and place in the world of play. This perspective holds that teaching mathematics play-responsively is not merely about promoting counting, adding, naming, or using measurements; instead, it is about expanding the play and helping children to understand the outside world through mathematics (Björklund & Palmér, 2019). The teacher can ask questions that encourage the children to discern a problem that appears in the play activity, which develops their mathematical thinking and solves the problem through mathematical operations or representations. Children often instinctively use mathematical thinking embedded in play activities, which provides a good foundation for cognitive thinking [START_REF] Ginsburg | Mathematics Education for Young Children: What It Is and How to Promote It[END_REF]. According to [START_REF] Ginsburg | Mathematics Education for Young Children: What It Is and How to Promote It[END_REF], cognitive research shows that through play and teaching, young children can develop deeper everyday mathematics than was previously thought. Play is a creative process in which children can recreate their experiences based on their previous experiences [START_REF] Vygotsky | Imagination and creativity in childhood[END_REF]; it can be a way to develop a process of learning in preschool.

Play-Responsive Teaching (PRT)

PRT is a theoretical and didactic framework in which play, teaching, and learning are the focus (Pramling et al., 2017). Accordingly, teaching can take place in a way that does not exclude play, but instead responds to children's thoughts and reflections in play [START_REF] Pramling | Play-Responsive Teaching in Early Childhood Education[END_REF]. There is an essential difference between play-based and play-responsive teachings. Play-based teaching is always based on play, and PRT may also be based on planned activities or everyday situations.

In PRT, teaching is seen as a joint and responsive activity in which teachers and children are engaged and contribute to the content and design of the activity [START_REF] Pramling | Play-Responsive Teaching in Early Childhood Education[END_REF]. Responsiveness means that there is an educational goal for the teaching activity, and that the teacher responds to the learners' responses. In PRT, double responsiveness is essential, in which the teacher is responsive to the children's responses and adopts suitable actions. Based on PRT, teaching cannot only be attributed to adults because it is seen as a joint activity where all participants contribute responsive actions. Teaching denotes creating conditions for learning, which does not need to be preceded by teaching. Learning occurs through various formal and informal experiences with and without a teacher [START_REF] Pramling | Play-Responsive Teaching in Early Childhood Education[END_REF]. [START_REF] Pramling Samuelsson | Orchestrating and studying children's and teachers' learning: Reflections on developmental research approaches[END_REF] pointed out that teaching based on this theoretical perspective is about helping the child make the invisible visible.

Within PRT, it is important to organise play and theme-based activities without turning play into nonplay [START_REF] Pramling | Play-Responsive Teaching in Early Childhood Education[END_REF]. Play is characterised as a shift between, as if and, as is. Through as if (fantasy) and as is (reality), the children can move between reality and fantasy and, in this way, develop understanding in real life and in play. Further, play is open; you do not know where it will end. This openness can appear differently in diverse activities, and the play can be more or less open. In the play, the participants often use play voices or gestures that invite or challenge the players or invite them to play. Based on PRT, the teacher can support the children in an activity that integrates play and teaching, which implies challenges for both the as if dimension and the as is dimension of play [START_REF] Pramling | Play-Responsive Teaching in Early Childhood Education[END_REF].

For teaching in PRT to occur, intersubjectivity must be established, which means that participants coordinate their perspectives and create a common activity. This coordination is constantly negotiated. Intersubjectivity is fleeting and partial; the agreement does not have to be really similar to the same among the participants. However, a sufficiently shared perspective must be developed for the play to develop further and continue [START_REF] Pramling | Play-Responsive Teaching in Early Childhood Education[END_REF].

Alterity is a new direction within an activity that refers to a difference between participants' understanding of a joint activity; someone initiates a "new path" for the activity. Alterity can direct teaching to other new experiences, but it can also challenge the consensus (intersubjectivity) of what the activity is about and is always in negotiation [START_REF] Pramling | Play-Responsive Teaching in Early Childhood Education[END_REF].

Cardinality

Cardinality is about a set; the last number of words used in the counting process indicates the total number of items in a collection (Gelman & Gallistel, 1986). It is necessary to grasp that cardinality is not a matter of enumeration but of ascribing a specific number (the total) to a set. Children between the ages of three and five begin to develop cardinal understanding based on their ability to subitize [START_REF] Paliwal | Cardinality principle understanding: the role of focusing on the subitizing ability[END_REF]. Those who can subitize the numbers three or four cope better with cardinal understanding tasks. The concept of cardinality begins with several words. They develop into concepts and create an understanding of the sets (e.g. the number word "five" develops into a cardinal concept of five, such as five bricks or four and one more bricks, the five on a die or a whole hand of five fingers). Only a few studies have shown how cardinal numbers can be supported in preschools [START_REF] Orrantia | Supporting the understanding of cardinal number knowledge in preschoolers: Evidence from instructional practices based on finger patterns[END_REF]. Teaching methods that first count the number, and then the cardinal number, count-first strategy (one two three balls, that is, three balls) is a successful teaching method. It is also essential to start with the children's ability to subitize because they can then more easily understand the value of the cardinal number (Paliwal & Baroody, 2018). Children can learn more about numbers when they use their bodies and fingers to count, which can support the learning of cardinal numbers (Gibson et al., 2019). Finger patterns may be learnt early by children, which then become representations of numerical numbers. Children who had not yet learnt the cardinal principle were more than twice as accurate when labelling sets of two and three objects with gestures and fingers than with words, particularly if the values were above their knowledge level [START_REF] Gunderson | Gesture as a window onto children's number knowledge[END_REF]. Children use gestures and finger patterns when they are not yet able to communicate in an early number sense and increase the possibility of representing numbers, which plays a major role in the children's development of speech concepts [START_REF] Gunderson | Gesture as a window onto children's number knowledge[END_REF].

Method

This study was an educational design research [START_REF] Bakker | Design Research in Education, A Practical Guide for Early Career Researchers[END_REF] conducted in close collaboration of one researcher and three teachers. The teachers were selected based on their earlier participation in a research project focusing on number sense. Within the study, they attended lectures given by the author and two workshops, and read an article about PRT.

The empirical data for this study are video recordings of four jointly planned activities to be carried out in line with the PRT. The teacher started the camera before the activity and turned it off when the activity ended. Four activities were documented in three different preschools. Each activity was developed through several cycles, in which the teachers added, removed, or changed parts of the activities (according to the children's knowledge and interests). A total of 73 films were recorded, each with a duration between 5 and 30 min. The researcher was not present during the filming to avoid disturbing the children during the activity. The Swedish Ethics Review Authority reviewed the research project for ethical considerations (dnr 2021-04432).

In this study, an activity called "Pizzeria" is used as an empirical example. Content analysis [START_REF] Hsieh | Three Approaches to Qualitative Content Analysis[END_REF] was used to analyse the activities. The concepts as if and as is, responsiveness, alterity, and intersubjectivity from the PRT theory were used as codes in the analysis. Furthermore, the codes of numerical identification, quantity, ordinality, subitising, numeral words, finger patterns, one-to-one correspondence, and body language were used to code the activities' mathematical content. Based on these codes, three categories emerged: play, mathematical teaching, and playresponsive mathematics teaching. Codes used: Play: as if and as is, intersubjectivity. Mathematical teaching: responsiveness, intersubjectivity, alterity, instructions, explicit mathematical content. Playresponsive mathematics teaching: as if and as is, intersubjectivity, responsiveness, and mathematical content.

Results

A boy and a girl aged four play pizzeria with their teacher. The room had a table full of pizza ingredients and a locked oven to bake the delicious play pizzas. All the ingredients cost one crown each. The teacher starts acting as a pizza baker and the children act as customers. Before the play started, the children got a box with five crowns. This particular form of play is new to children.

Excerpt 1. Adult-child interaction categorised as play (codes: as if and as is, intersubjectivity).

1. Teacher: Do you want tomato sauce? (Lifts the tomato sauce bottle and looks at Clara, looking down at the ingredients for the pizza.) 2. Clara:

No, no! (Shakes head, looks at the teacher, and smiles). 3. Teacher: No. Let us see…What do you want for your pizza? (Puts down the tomato sauce and looks at Clara.) 4. Clara:

Sick then…Pineapple. (Pretends that she is sick from tomato sauce. Points to the pineapple.) 5. Teacher: "Sick, then!" Oh, oh, we do not want that! Three pineapples? (Hold up three fingers.

Then, starts picking pineapples out of the can.) 6. Clara:

No, two! (Responds, looking at the cans.) 7. Teacher: One, two, I had… (Puts the pineapple on the pizza, while pointing with her fingers.) 8. Clara:

(Does not respond.) In this excerpt, the teacher and children enter a fantasy world (pizzeria) as if pretending that they are baking and buying pizzas. The teacher and children use play voice and gestures that a baker and an adult customer might have in authentic pizzeria. Clara wants pineapple in her pizza. (Turn 4). The teacher responds to Clara's question and holds three fingers (Turn 5). Clara responded that she wanted two pineapples (Turn 6). The teacher then lifts one pineapple at a time using number words, as she places them on the pizza (turn 7). However, Clara focuses on the different cans of ingredients for the pizzas, not on the actions of the teacher, and she does not respond (turn 8). Preschool teachers and children do not coordinate their perspectives through different communicative actions to achieve a common focus (inter-subjectivity) in the activity. Thus, there is no intersubjectivity between the teacher and Clara about understanding numbers. Clara is interested in the different cans of ingredients, and the teacher wants to make the number two visible through representations using fingers, gestures, and language. Teaching is a joint activity in which the participants are not coordinated and intersubjectivity has not been established. The child's alterity turns her focus elsewhere, the double responsivity disappears, and the teaching about numbers fails.

Excerpt 2. Adult-child interaction categorised as mathematical teaching (codes: responsiveness, intersubjectivity, alterity, instructions, explicit mathematical content).

Clara takes her coins out of the box and piles them on a table. She then takes the coins.one by one and places them one after the other (turns 8-9).

Clara:

One… oh two. OH!! (puts the coins in a slanted row. Then, puts the other coins back into the coin pile on the table.) 9. Clara: One… two.. three.. four… oh five! (Pulls the coins individually into a straight line in front of her. Does this occur in a focused manner? Counts the coins out loudly by hand, emphasising number five.) 10. Teacher: Do you have five? Do you have as many friends as possible? (The teacher points to and nods at Calle.) 11. Children: (Calle smiles and Clare nods.) 12. Teacher: (Nods) In this excerpt, the teacher and the children enter the real world, as is when the children compare sets of coins; they look at their own coins and compare them with each other. Clara put her coin in a slanted row and counted it out loud (turn 8). She was not satisfied with the placement of the first set of coins, so she pulled the coins into a straight row with her fingers. She counted the coins out loud and used her fingers simultaneously. When she got to number five, she emphasised this number word (turn 9). The teacher asked the children to compare their coins; they had the same ranking (turn 10). The children looked back and forth and seemed to consider whether they had the same number of coins, Calle smiled, and Clara nodded. This action is interpreted as the realisation that there is the same amount in both piles.

The teacher nods, thereby indicating confirmation of their gestures. Here, Clara works with her cardinal skill. She uses finger patterns and says the number words out loudly while counting. The teacher supports the children by comparing their rows if they have the same amount. She uses fingers, facial expressions, and body positioning to support the children. Intersubjectivity is established between the children and teacher in the sequence; they coordinate their actions so that they can create a joint activity. Responsiveness was visible in this situation. In this interaction, the participants do not act as if but as is, and the play is in the background. In this sequence, the participants were in, as is. There is a break-in, as if in this sequence, the participants do not use play voices or gestures or postures that symbolise play. Clara's alterity turned the activity into a short teaching sequence; even the preschool teacher was responsive to her teaching. The participants become more structured and instruction-based. After a little while, they return to the play (as if) to bake and order the pizza. Excerpt 3. Adult-child interaction categorised as play-responsive mathematic teaching (codes: as if and as is, intersubjectivity, responsiveness, and mathematical content).

In this excerpt, Clara is to pay for her pizza.

Clara:

Yes... (Shows with her voice that one piece of cheese was enough. Nods happily and moves towards the coin that is at the far end of the table). 12. Teacher: Well, shall we count how many things you have here, perhaps? (The teacher responds to Clara's actions and pulls the pizza towards the edge of the table, where Clara's coin is. Clara follows.) 13. Clara:

Yes… (Clara looks at her row of coins and then looks at the pizza). 14. Teacher: Then we would see how much the pizza costs (bends towards Clara and brings the pizza forward). 15. Clara: Yes... going to lay... You count... (She takes out a coin and puts an ingredient onto the pizza). 16. Teacher: One, two, three, four, and five (The teacher points with her finger and counts out loud each time Clara puts a coin on an ingredient.) (Clara sees that it will be an ingredient that won't get a coin.) 17. Clara: Oh. Oops... We will remove it. (She quickly bends forward and removes ingredients that have no associated currency.) 18. Teacher: So bright!! Then you have five! (Points to the coins lying on the pizza ingredients.)

In this excerpt, the teacher and the children enter a fantasy world (pizzeria) as if pretending that they are baking and buying pizzas, and here, they integrate play responsiveness with mathematics. The child and teacher are still in play (as if), but the teacher is still teaching mathematics (one-to-one, cardinality) correspondence through the play. Clara shows with body language that one cheese is sufficient and turns her interest to the coins lying on a line (turn 11). The teacher responds to Clara's intention when she walks towards the coins and pushes the pizza closer to Clara (turn 12). Clara leans forward and puts the coins on each ingredient (one by one) in the pizza (turn 15). The teacher shows with her fingers the number of ingredients added (finger pattern), counts the coins, and says the number word out loud during the placement of coins at the ingredients on the pizza (turn 16). The teacher demonstrated and supported Clara's thoughts by visually and verbally representing the number of words. She gives Clara time to think and reflect by offering opportunities to experience number words by counting the different ingredients out loud and making them visible on the pizza one by one, in combination with the fingers (representation). Clara reacts quickly and strongly when she realises that she has one more ingredient than the coins (turn 16) and quickly removes this ingredient. This sequence is an example of play-responsive mathematics teaching, which, as is and as if, is visible in mathematics teaching about cardinal numbers. Intersubjectivity is established throughout the sequence and the teachers and children coordinate their perspectives through various communicative actions to achieve a common focus. The teacher and Clara responded to each other (dual response) throughout the sequence, and (double response) throughout the play.

Discussion

It is a crucial milestone to acquire the cardinal representation in order to develop early numerical and advanced mathematical skills. However, few studies have investigated how the understanding of the cardinal principles can be supported [START_REF] Orrantia | Supporting the understanding of cardinal number knowledge in preschoolers: Evidence from instructional practices based on finger patterns[END_REF]. Based on this, the research question in this paper is: What characterises the activity when teachers intend to implement PRT focused on cardinality? The results reveal that the characteristic features of the activities when teachers intend to implement PRT, focused on cardinality, can be divided into three categories: activities characterised as play, as mathematics teaching, or as play-responsive mathematics teaching. Generally, the sequences of each category can be of different lengths, and the various categories may appear in a different order and extent; for example, play is dominant in one activity, while mathematics teaching is dominant in another. The play category can be described as open, it can take unpredictable paths, and the goal of the play can change and develop (Björklund & Palmér, 2019). Content for learning is not supplied from outside but is constituted based on the skills and knowledge needs necessary for the play's development and maintenance [START_REF] Pramling | Play-Responsive Teaching in Early Childhood Education[END_REF].

The category of mathematics teaching is categorised by the fact that the teacher's teaching is based on and meets children's knowledge, experiences and interests. This may mean that their mathematical experiences can be expanded as they encounter numbers in new ways [START_REF] Björklund | Teachers' involvement in children's mathematizingbeyond dichotomization between play and teaching[END_REF]. The teacher starts from the children's experiences and teaches from a mathematical point of view placed in the world of the play, but without being inside the play in progress (Björklund & Palmér, 2019). The teacher asks questions encouraging children to use mathematics to solve problems through mathematical operations and representations. Responsiveness and intersubjectivity between the participants are characteristics of the category. The teacher's role is to expand the children's encounter with mathematics and to organise a rich environment that provides the opportunity to discover and further develop mathematics [START_REF] Björklund | I mötet mellan lekens frihet och undervisningens målorientering i förskolan [At the intersection of the openness of play and the goal-orientation of teaching in preschool[END_REF]. However, this requires the teacher to start from the children's initiative and perspective on numbers and cardinal numbers to develop the children's experiences.

In play-responsive mathematics teaching is math content embedded in play, which according to [START_REF] Ginsburg | Mathematics Education for Young Children: What It Is and How to Promote It[END_REF], provides a good basis for cognitive development. According to [START_REF] Ginsburg | Mathematics Education for Young Children: What It Is and How to Promote It[END_REF] and [START_REF] Vygotsky | Imagination and creativity in childhood[END_REF], children learn best through play and physical activities where children are stimulated cognitively, motorically and socially, which is a part of play-responsive mathematics teaching. Through play, the children's interest in mathematics and learning can be established through commitment, sensitivity and intersubjectivity between the participants. The children's body language and intention in play initiate an interest in mathematics, which the teacher can be responsive to in play-responsive teaching. According to [START_REF] Vygotsky | Imagination and creativity in childhood[END_REF], play is a creative process where children can recreate their experiences based on their previous experiences, an essential part of play-responsive mathematics teaching. In line with this reasoning, it is possible to give children different experiences to develop knowledge and understanding of cardinality by playing in different ways. Responsiveness can build up play and is an ongoing process that constitutes an essential qualitative aspect as it can support the children's learning [START_REF] Pramling | Play-Responsive Teaching in Early Childhood Education[END_REF]. The participants in the activity create the opportunity to coordinate their actions, so they can create a joint activity so that each does not create their own separate activity, which is an integral part of playresponsive mathematics teaching. However, the teacher's knowledge of both PRT and cardinal numbers is essential for play-responsive mathematics teaching.

In interaction based on children's interests and exploration, children's cardinality can be developed when they explore their surroundings with adults who challenge their thinking and make mathematical aspects visible [START_REF] Baroody | The development and assessment of counting-based cardinal number concepts[END_REF]. Children with a good understanding of cardinality (through more experience with numbers and relationships between them) also have better numeracy and numeracy skills at the start of school, which persist through school age [START_REF] Ginsburg | Mathematics Education for Young Children: What It Is and How to Promote It[END_REF][START_REF] Orrantia | Supporting the understanding of cardinal number knowledge in preschoolers: Evidence from instructional practices based on finger patterns[END_REF]. Play-responsive mathematics teaching could be one way to explore how this could be conducted in preschool. The next step of the study presented here is to explore whether it makes a difference to children's opportunities for learning if a sequence of education has the character of mathematics teaching or play-responsive mathematics teaching.
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