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The thinking of one 5-year-old child reported here is part of a larger investigation of students' responses to task-based interview questions concerning division contexts. Our research has found that some young children seem to have developed intuitive ideas of division by the time they are fourfive years old. While the results we have described here are at best indicative, the results warrant consideration, as according to our searches of the literature, they are unique. We have found ideas expressed by the young child described here have shown emerging ideas of division. Cleo had facility with both partitive (sharing) and quotitive (equal grouping) problems. In addition, she carefully considered situations where problems involved remainders i.e., divisibility situations where a whole number quotient was not possible.

Introduction

Like [START_REF] Rinaldi | dialogue with Reggio Emilia: Listening, researching and learning[END_REF] we "believe that children possess their own theories, interpretations and questions, and that they are co-protagonists in the knowledge building process" (p. 98). We take a Vygotskian theoretical view that "mathematical thinking is an emergent property of human communication in sociocultural contexts" (van Oers, 1997, p. 76). Therefore, we believe that it is most important to listen to what children say and to understand what they think if we are to support their knowledge building. We are interested in how young children mathematize their experiences in the world and develop informal mathematical knowledge [START_REF] Van Oers | The roots of mathematising in young children's play[END_REF] and intuitive thinking [START_REF] Fischbein | Intuition in science and mathematics[END_REF].

To this end we are investigating young children's intuitive multiplicative reasoning. The focus of this paper is young children's emerging ideas of division and the research question we sought to answer was: What can we learn from 4 to 5-year-old children about their early division thinking?

Background: Early division

The literature we report concerns finding of research dealing with 4 to 6-year-old children. Many authors have indicated that young children's emergent ideas of division develop through fair sharing (partitive division) and allocating portions (quotitive division), as part of their everyday experiences [START_REF] Carpenter | Models of problem solving: A study of kindergarten children's problem-solving processes[END_REF][START_REF] Pme | Children's informal understanding of division through sharing: Contributions of reasoning demands and problem situations[END_REF][START_REF] Ching | Young children's knowledge of fair sharing as an informal basis for understanding division: A latent profile analysis[END_REF][START_REF] Fitzpatrick | Early understanding of fractions via early proportion and division[END_REF][START_REF] Squire | From sharing to dividing: Young children's understanding of division[END_REF]. Further, that young children (5 to 6-year-olds) could recognise and reason about multiplicative relationships in partitive and quotitive problems and that explicit instruction is not a prerequisite for understanding division [START_REF] Pme | Children's informal understanding of division through sharing: Contributions of reasoning demands and problem situations[END_REF][START_REF] Ching | Young children's knowledge of fair sharing as an informal basis for understanding division: A latent profile analysis[END_REF]. From their study, [START_REF] Squire | From sharing to dividing: Young children's understanding of division[END_REF] concluded that both partitive and quotitive experiences are important in young children's conceptual development of division.

Studies that examined children's thinking found that using a one for you, one for me action is the basis of their initial idea of division (e.g., [START_REF] Desforges | Number-based strategies of sharing in young children[END_REF][START_REF] Squire | From sharing to dividing: Young children's understanding of division[END_REF].

Further, that children competent in counting are better at sharing, as the one-to-one matching involves counting [START_REF] Pme | Children's informal understanding of division through sharing: Contributions of reasoning demands and problem situations[END_REF]. Four-year-old children in [START_REF] Desforges | Number-based strategies of sharing in young children[END_REF] study frequently gave one group per person, reflecting a one-to-many action and grouping by the divisor [START_REF] Squire | From sharing to dividing: Young children's understanding of division[END_REF]. An earlier study by Becker (1983) found that while children could maintain a connection between the many-to-one correspondence and the count, they were unable to integrate the count across the groups into a total quantity. Doing so requires the ability to construct a composite unit and iterate it the required number of times. In contrast more recent studies by [START_REF] Vanluydt | Early stages of proportional reasoning: A cross-sectional study with 5-to 9-year-olds[END_REF] found that children as young as five years old could solve discrete problems involving oneto-many correspondence in a fair sharing context, prior to formal instruction.

Others, such as [START_REF] Davis | Cognitive aspects of sharing[END_REF] argued that 5 year-old children do not have an awareness of equality of shares, and that the correctness of children's sharing procedures depended on their understanding of numbers and counting, or use of comparison. A recent study by van Bommel and Palmér (2022) of 6 year-old children's problem posing and problem solving found that some students interpreted equality of shares (partitive division task) to mean the number of pieces, or the size of the pieces, which supports part of Davis and Pitkethly's argument. A literature search found few recent studies of young children experiencing division contexts involving remainders. When dealing with remainders in a situation of eight biscuits shared between two [START_REF] Hedefalk | Five year olds in between of sharing and division[END_REF] found that one 6 year-old student cut the remaining two biscuits into smaller pieces and distributed them equally among the two soft toys, then counted the whole and partial biscuits collectively and declared the sharing was fair. The student focused on the number of pieces using the cardinality of the number of pieces to determine the solution rather than distinguishing between the sizes of the parts shared. Van Bommel and Palmér (2022) reported a similar finding.

Three earlier studies found that children as young as five years of age could share by groups in both equal and unequal grouping situations [START_REF] Blevins-Knabe | Preschool children's informal division concepts[END_REF][START_REF] Carpenter | Models of problem solving: A study of kindergarten children's problem-solving processes[END_REF][START_REF] Desforges | Number-based strategies of sharing in young children[END_REF]. When dealing with remainders some children (four-years-old) asked for an extra item to make up fair shares, indicating their concern to make the sharing fair, but when given unequal groups to share they used a one-by-one dealing out strategy [START_REF] Desforges | Number-based strategies of sharing in young children[END_REF]. Similar findings were reported by [START_REF] Blevins-Knabe | Preschool children's informal division concepts[END_REF], however the children made adjustments when the plates were unequal. When dividing unequal amounts, the five-year-olds were more likely to stop sharing when each plate had the same amount. This suggests that these children had an understanding of equivalence and the cardinal value of each set [START_REF] Fitzpatrick | Early understanding of fractions via early proportion and division[END_REF].

Findings of these studies suggest that young children are capable of: interpreting and solving partitive and quotitive division problems, using strategies such as dealing out by ones, counting, and one-tomany correspondence. Insights from their studies are relevant to our present study where we examined children's understanding of different division contexts.

Method

We chose to interview young children, as interviewing is an effective tool for children to demonstrate and describe their mathematical thinking (e.g., [START_REF] Gelman | The child's understanding of number[END_REF][START_REF] Maher | Task-based interviews in mathematics education[END_REF]. [START_REF] Cheeseman | Ideas of early division prior to formal instruction[END_REF] developed a task-based interview from the written test used in the Early Division Project [START_REF] Streit-Lehmann | Preconceptions of Grade 1 and Grade 2 students concerning division: Codebook for the analysis of students' solutions[END_REF]. The interview consisted of six tasks (see Table 1). The purpose of the present interview was to have children demonstrate and describe their thinking as they solved worded division problems. Each child was interviewed for approximately 20 minutes by one of the authors who read the script and if necessary repeated the question to clarify but not to explain the problems. The responses of the interviewees were recorded as video data, as evidence of the children's thinking. We concur with [START_REF] Perakyla | Analyzing talk and text[END_REF] who considered video as a source of talk and text for analysis.

Analysis of the data was conducted in two phases: following the interview each interviewer reflected and analysed events in written field notes; and the two researchers (authors) jointly re-viewed the video interviews, wrote summaries, observations and analyses.

Four kindergarten children, aged 4 to 5 years, were interviewed in their homes by the authors. We were offered these children as interviewees through our network of friends, because at the time we were not permitted to conduct research in Kindergartens due to COVID 19. Parental permissions were sought and given according to the Monash University ethics requirements (Project ID18827). One of these children, Cleo, is the focus of this paper. At the time of the interview Cleo was 5 years 1 month old and attending kindergarten. The first author interviewed her at her home using six tasks, which she completed in 19 minutes.

Findings and Discussion

We want to describe and discuss here how marvelous (this word was chosen deliberately here) it is to listen to children's mathematical thinking and to look at ways that they communicated their ideas by physically "doing mathematics". Our initial finding indicate that the use of task-based interviews elicited children's dynamic thinking. Here we will relate our thoughts after watching and listening carefully to what Cleo said and did. We begin by outlining what we learned about Cleo's mathematical reasoning, her knowledge and disposition, and then we will briefly discuss what we learned from Cleo.

1. Cleo is an accurate counter When a box of 22 wooden peg people was placed in front of Cleo for the task: Children at tables (see Table 1), she carefully arranged four wooden peg people into groups and as she did, counted each object accurately. This skill was demonstrated by approximately 40% of children on entry to school in Australia [START_REF] Clarke | The mathematical knowledge and understanding young children bring to school[END_REF]. When she was interviewed Cleo was still five months away from starting school.

Ching and Kong (2022) noted, children who are competent in counting are better at sharing. Cleo found a solution to 22 ÷ 4 by counting equal groups of four and noticed that a group of two would also be needed to suit the context of the problem. Cleo used her counting knowledge to divide.

Cleo could share equally and form equal groups

Sharing equally

A task designed to evaluate equal sharing is Donuts (see Table1). Cleo had helped to create the seven playdoh donuts before the interview began as an "icebreaker" activity.

Cleo confidently and quickly placed three donuts onto each plate. She took one donut at a time and silently mouthed counting to six as she shared them. This conversation followed: Cleo:

They all get three but who gets this one? (see Figure 1) Jill:

What a good question! (smiling … pausing) Who gets this one? Cleo:

(Thinking for 18 seconds, considering her problem) If two kids wanted three each then the teacher can have this one.

From this solution we could see that Cleo understood sharing equally. While we are not certain, we think that perhaps Cleo was presented for the first time in her life with a situation where she had to deal with a remainder. She resolved it with a perfectly acceptable solutionthat is, to leave the remaining object out of the division and not share it. We noted her persistence with problem solving and her willingness to struggle in a new situation. She mentally made groups of three and said, "Three. … Pause … No! four! Four! Four!" When asked why she changed her mind she said, "Well it is just like the 12 teddies sitting on 4 mats." This justification not only revealed that Cleo could divide 12 into groups of three and quantify the groups, she could also see the relationship between the two problem contexts. Although she did not put it into words, she could see that 12 divided into four shares and 12 divided into groups of three were interrelated.

Cleo could use both partitive and quotitive thinking to divide

Here we will use the two contexts for the most difficult division in the interview 22 ÷ 4 to draw some inferences both about Cleo's thinking and about the nature of division tasks in general. We know that Cleo understood sharing equally from her response to the donut problem. In this task-based interview there were two forms of the same division calculation. Children with cards (see Table 1), was a context for a partitive division with a remainder presented as a worded problem.

The quotitive context for 22 ÷ 4 was Children at tables. From Cleo's responses to these two problems we noted that the partitive modelling, that is sharing the cards, was more difficult for her than the quotitive modelling. We thought carefully about all that Cleo was managing mentally. She was dealing cards one by one to children, she was keeping the shares equal, and she was monitoring whether there were enough cards to distribute another card to each child. She was thinking of three aspects of the problem simultaneously. In finding a solution she stopped and commented "one girl has more". Knowing this was not fair, she adjusted the card shares in an apparently random way until each child had three cards. This is reminiscent of Fitzpatrick and Hallett's findings (2019). Cleo was happy with her second solution. Each child had three cards and there was an additional pile of unallocated cards. In our analysis of this solution we noted that in many card games a fixed number of cards is dealt to each player and a pile of cards is used as a "kitty". We wondered whether the context overshadowed the mathematics in this problem. We also questioned whether partitive division, often simply called "sharing" with young children, is more complex than we assume.

In contrast Cleo's response to Children at tables was straightforward. She used two hands to pick up four peg people and to place them aside as a group. She repeated her actions until she had two peg people left. She put the remaining two aside saying, "They could go outside". When asked, "How many tables do you need?" Cleo immediately pointed and counted to six. Her comments indicated that she was considering the context. Using quotitive thinking all Cleo had to keep in mind was making groups of four and enumerating the groups. Cleo's thinking here reflected our findings from analysis of the pencil and paper version of this problem in which 41% of 6 to 7-year-old children provided a correct solution, compared to only 33% correct for the partitive version of the task -Children with cards [START_REF] Cheeseman | Ideas of early division prior to formal instruction[END_REF].

It was evident from Cleo's responses to the interview tasks that although she had not been formally taught division, she had developed knowledge of some key division concepts. She could interpret both partitive and quotitive problem contexts and use materials to demonstrate solutions accurately.

During her interview Cleo showed her problem-solving skills and her positive disposition to challenge. She displayed behaviours often associated with productive struggle. For example, [START_REF] Hiebert | The effects of classroom mathematics teaching on students' learning[END_REF] characterized students engaged in productive struggle as those:

 using existing understandings to engage with problems that do not have immediately apparent solutions;  persevering in making sense of mathematics; and  grappling with key mathematical ideas that are within reach. These behaviours were apparent in Cleo's responses to the interview tasks and, we would argue, are wonderful characteristics of any mathematical thinker.

Reflections

In answer to our research question we learned: that young children develop emergent concepts of division; they can interpret remainders; that partitive division is more complex than is commonly thought; and that an awareness of equality underpin division. We will elaborate each of these in turn.

Young children have emerging concepts of division

The emergent ideas of division that were demonstrated by Cleo were also evident in each of the other three kindergarten children (average age 4 years 10 months) we interviewed. We do not suggest that these few children represent kindergarten children in general. However, young children are not often expected to think about division concepts in any ways other than as simple sharing situations [START_REF] Ching | Young children's knowledge of fair sharing as an informal basis for understanding division: A latent profile analysis[END_REF]. We learned that these children shared larger collections ( 22) in small groups of 2 or 3 and adjust their strategy to find a final solution by sharing one by one [START_REF] Blevins-Knabe | Preschool children's informal division concepts[END_REF].

Remainders can be interpreted

We also found that young children who have previously not considered the problem of division operations with remainders can quite readily see the problem even if they do not know what to do with the "left over" objects.

Partitive division is more complex than is commonly thought

In contrast to the stereotypical teachers' view that children learn to divide by dealing out shares of ones, we found that 4 to 5-year-olds can divide collections into equal small groups i.e., think quotitively [START_REF] Pme | Children's informal understanding of division through sharing: Contributions of reasoning demands and problem situations[END_REF]. Partitive division is more than simple sharing [START_REF] Davis | Cognitive aspects of sharing[END_REF], as three elements need to receive attention -the number of shares, the number in each share, and the objects yet to be shared.

Decisions about equality underpin division

As is noted in the research literature, the formation of equal groups underpins multiplicative reasoning (e.g., [START_REF] Clark | Identification of multiplicative thinking in children in Grades 1-5[END_REF][START_REF] Killion | Children's multiplication[END_REF]. What we realized from listening to young children is that in quotitive contexts children need to attend to forming equal groups according to the divisor, and in partitive context children need to attend to the equality of the shares formed by the quotient. By being aware of equality children judge the fairness of division.

In conclusion

As stated earlier it was marvelous to have the opportunity to listen to young children's reasoning as they engaged with the mathematics. In addition, interviewing the children enabled us to observe the gestures, the strategies they use to find a solution and how they use the materials that would otherwise not been possible. Our research has found that some young children seem to have developed practical intuitive ideas of division by the time they are five years old. Some children can reasoning about partitive and quotitive division contexts and consider numbers that do not divide equally much younger than previously reported in the research literature.

Figure 1 .

 1 Figure 1. Cleo considering what to do with the seventh donut

Table 1 : Multiplicative problems used in the interviews

 1 

	Quotitive Division	Partitive Division
	Apples in the bags: Here are twelve apples. Three	Candies in the jars: Here are twelve candies. Share all of
	apples fit in a bag. How many bags do you need to carry	them out equally between the three jars. How many
	all apples home?	candies go in each jar?
	Socks in drawers: There are seven socks in the drawer.	Donuts: Here are seven donuts. Share all of them out
	How many pairs can you put together?	equally between the two children. How many will each
		child get?

Children at tables: Here you see 22 children. Four sit at a table. All the children want to sit down. How many tables do you need? Children with cards: Four children want to play cards. 22 playing cards are on the table. Share them out equally between the four children. How many cards will each child get?

We acknowledge that the results we have described here are at best indicative, as we have described a single child's responses from a limited number of children we interviewed. However, the results warrant consideration, as according to our searches of the literature, they are unique. A detailed analysis of the data from the larger project is still to be undertaken although some interesting indications suggest similar findings to those raised here. We recommend further investigations of children's initial conceptualization of division, as we have found ideas expressed by the young children we asked to solve problems contextualizing both partitive and quotitive division revealing. Children have shown emerging ideas of division, facility with both partitive (sharing) and quotitive (equal grouping) problems, and could consider numbers that do not divide equally.