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The focus of this paper is on how teachers make it possible for toddlers (1-3-year-olds) to learn about numbers when playing a designed lottery game. Based on theoretical principles from the variation theory of learning, the aim of the game is to make the toddlers discern cardinality as one aspect of numbers. We elaborate on the strategies the teachers use when helping the children to play the game and on how actions by the teachers make it possible (or do not) for the children to discern cardinality. 195 video recordings of teachers and children playing the game were analysed. The results show that small differences in the provided strategies encourage the children to discern either the number or the pattern of the dots in the game. Even if the game is designed to make it possible for toddlers to discern cardinality, the teacher's actions make it more or less likely that this discernment will happen.

Introduction

The context of this paper is a longitudinal combined research-development project conducted in Swedish preschools. In Sweden, preschool is offered to children aged one to five years and is part of the formal education system, with its own curriculum (Education Act 2010:800). In this curriculum it is clearly stated that teaching founded in exploration, curiosity and children's desire to play is to be conducted in preschool (National Agency for Education, 2018). Furthermore, the preschool should provide each child with the conditions to develop an understanding of mathematical content such as numbers, quantities, and order. Even though there is a large body of research within the domain of early numerical development, few studies involve a solid scientific basis for how each child's understanding can be facilitated or investigate the conditions that might enable such development. This might be one reason behind the evaluation by the Swedish Schools Inspectorate (2017), which showed that many preschool teachers are uncertain as to how to teach, causing situations that might support children's learning to often be missed or left unexploited. Thus, both in research and among teachers there is limited knowledge of how to teach mathematics in preschool.

The current study has investigated how preschool activities may become the starting point for mathematics teaching in which toddlers are given the opportunity to discern necessary aspects of numbers. The focus of this paper is on one such activity, a lottery game that was designed with the aim to make it possible for toddlers to discern the cardinality of numbers. Cardinality is the aspect of numbers that means that "two" is an exact quantity of two items and "three" means one more than two, and that every counting word refers to an exact quantity. In the paper, we elaborate on how different actions by the teachers when playing the game make such a discernment possible. More specifically, we ask the question of what in the teachers' actions is critical for making it possible for the children to discern numbers' cardinality.

Background

The number concept is novel to the children in the current study. They have most likely encountered counting words in different situations, and they do live in a world that can be regarded as quantifiable, which they also have the cognitive ability to perceive. Being one of the most important strands in mathematics curricula worldwide, number teaching and learning, including the development of children's knowledge of cardinality, have attracted a great deal of attention among mathematics education researchers [START_REF] Pitta-Pantazi | Number teaching and learning[END_REF]. The development of children's knowledge of cardinality, for example, is observed in many studies and all over the world [START_REF] Sarnecka | How counting represents number: What children must learn and when they learn it[END_REF]. Cardinality is often observed in counting acts in which the last uttered number word includes all the counted items [START_REF] Gelman | The child's understanding of number[END_REF]. This knowledge of numbers' meaning has been shown among most four-year-olds, and is a fundamental insight if one is to be able to make use of counting words and handle numbers in problem solving involving quantities. Knowing that counting words represent a coherent set of items is a prerequisite for children to be able to compare sets, add, subtract and in different ways operate with numbers to solve numerical problems [START_REF] Baroody | Early number and operations: Whole numbers[END_REF].

In educational contexts, such as preschool, numbers appear in routine situations, play and planned teaching activities; but how to facilitate children's learning of the meaning of numbers in terms of cardinality is an educational challenge because of the abstract nature of numbersthey need to be represented if they are to be perceived and made possible to use. In other words, numbers need to be regarded as objects, which makes it possible to mentally manipulate and perceive their meaning [START_REF] Radford | Gestures, speech, and the sprouting of signs: A semiotic-cultural approach to students' types of generalization[END_REF]. Accordingly, numbers are made accessible through representations like spoken language (counting words), graphical expressions (digits) or images [START_REF] Duval | A cognitive analysis of problems of comprehension in a learning of mathematics[END_REF], representations that are common in many preschool activities. A study by [START_REF] Gibson | Number gestures predict learning of number words[END_REF] has shown that children who use several representations, whether or not they are used in correct correspondence with a number of objects, more easily learn the cardinal meaning of numbers.

Pictures, verbal and written symbols, manipulatives and real-world situations are representations that are often elaborated on in early mathematics (see [START_REF] Lesh | Applied mathematical problem solving[END_REF]. These representations may be perceptually similar but mathematically different (such as number patterns of two and three dots), or perceptually different but mathematically similar (such as a number pattern of three dots and three fingers). In many situations there are at least two representations explicitly or implicitly used, depending on the mathematical activity [START_REF] Duval | A cognitive analysis of problems of comprehension in a learning of mathematics[END_REF]. According to Lesh, the learning (of numbers) is reflected in the ability to make connections between and within the modes of representation that are used. However, the meaning of numbers' cardinality represented by dots or fingers does not appear on its own. According to Van Oers (2010), this is learnt through communication with others whereby representations assigned to children's actions mediate mathematical meaning. Using several modes of representation in communication is not enough either; the representations must be pointed out and demonstrated to the child, as neither representations themselves nor connections between and within them are automatically realized by children [START_REF] Björklund | Preschoolers' reasoning about numbers in picture books[END_REF]. Thus, the interaction direc-ted at certain content with which the child is engaged plays an important role in what becomes possible for him/her to discern. A recent study on toddlers reveals that variation within one mode of representation is more likely to bring to the fore a certain meaning of numbers to the child than is variation between different modes of representation alone [START_REF] Björklund | Teaching toddlers the meaning of numbers -Connecting modes of mathematical representations in book reading[END_REF]; see also [START_REF] Lesh | Applied mathematical problem solving[END_REF].

Theoretical foundation of the lottery game

The theoretical foundation of the lottery game is the variation theory of learning (VT) [START_REF] Marton | Necessary conditions of learning[END_REF]. VT directs attention to the ways in which a person experiences a phenomenon. In every situation several aspects of a phenomenon can be discerned, and those that are discerned are decisive for how the phenomenon at hand is experienced. Thus, in a situation in which numbers are included, the aspects of numbers that are discerned by a child are decisive for how the child understands and handles the numbers in the situation. Based on this conjecture, VT offers strategies for how to design tasks to direct children's attention to the aspects they are to discern. This direction is made possible if undiscerned aspects are made explicit against an invariant background. The cardinality of numbers is more likely to be discerned when collections that contain similar items but are different in number are made possible to compare. If too many features vary within and between the collections, it is assumed to be more difficult to discern irrelevant from relevant features; colours and shapes may attract attention rather than the intended cardinality aspect. Through using patterns of variation and invariance to bring to the fore contrasts and generalization, as described above, when designing teaching acts, one can increase children's opportunities to discern critical aspects of numbers.

An educational challenge is to implement theoretical principles such as those described above, in activities in which the mathematical content is meaningful to the toddlers in the sense of the progression of the activity in question. In this study, this challenge was met in the design of a lottery game. Previous studies [START_REF] Breive | Designing playful inquiry-based mathematical learning activities for kindergarten[END_REF] have shown limitations when implementing education developed solely by researchers, emphasizing the risk of a weak and fragmented connection between researchers as producers and teachers as implementers. To avoid this, the researchers in this study first conducted observations of ongoing activities at preschools. The observations provided information on activities the children engaged in spontaneously and activities planned by teachers. These observations revealed lottery games to be one activity that the toddlers happily engaged in. Here, a lottery game involves finding pairs of similar images from a pool of cards with identical backsides. The lottery game consisted of a game plan and playing cards. At the beginning of the game, the numerical range was 1-3. The game plan consisted of three squares, with one dot in the first square, two dots in the second, and three dots in the third. In line with VT, the dots were the same in terms of colour and shape (Figure 1). Initially, three playing cards were used, with the dots positioned identically in regard to the game plan (Figure 1, left). This meant that the children did not need to distinguish cardinality in order to match the playing cards but instead could recognize the spatial patterns. This version was played to introduce the children to the rule that one playing card would be matched to one square on the game plan. When the children understood the rules, the playing cards were changed to cards whose dots were no longer in the same pattern as on the game plan. Now the children needed to distinguish the number of dots in order to match the playing cards, thus introducing cardinality as an aspect of the game (Figure 1, right).

Methods

The longitudinal combined research-development project was conducted over the course of three semesters. Two researchers and three preschool teachers from three different preschools in two Swedish municipalities collaborated in the study. A total of 27 toddlers at these three preschools participated in the study (approved by the Swedish Ethical Review Authority Dnr: 2019-01037). At the start of the study, these children were between 12 and 27 months old.

The implementation of the activities was planned in close collaboration between the teachers and the researchers regarding the settings for playing the game, how to conduct the teaching/playing and possible strategies to facilitate the cardinality aspect to be discerned, all in accordance with VT principles. Being the ones who know the children, the teachers implemented the activities at their preschools. The implementation was documented on video by the teachers. These documentations were viewed every two weeks in project meetings to evaluate and further develop the teaching activities. The analysis for this paper is based on 195 video recordings (9 hours and 40 minutes, average length 3 minutes) of playing the lottery game, covering a period of one year. From these recordings, episodes of teaching were documented. Teaching was defined as the teacher imparting a new strategy to figure out similarities and differences between the dots on the cards and the game plan, or a new representation (e.g., finger pattern) to which the child/ren responded during, or shortly after, the impartation (see also [START_REF] Björklund | Teaching toddlers the meaning of numbers -Connecting modes of mathematical representations in book reading[END_REF].

Of the 195 video recordings, 46 were categorized as teaching for cardinality discernment (different patterns of dots on cards and game plan). Some of the recordings contained several instances of teaching, while several contain none. This is linked to whether the children have the skills required to successfully play the lottery game. When children know the strategies and representations required to play this game, no teaching is needed. This does not mean that the teachers were passive in playing the lottery game; quite the oppositethere was a great deal of interaction between the children and teachers. The recordings contain several examples of interaction in which the teachers confirm children's initiatives and actions. There are also examples of teachers asking questions about the number of dots in situations in which the number of dots does not need to be distinguished (e.g., when the child has already paired the right card with the right square). Such issues are not considered unimportant, but are not the focus of this paper. There are also several examples in which the teacher adds a new strategy or representation, but the children do not respond. These instances are also not analysed. The 46 instances of teaching for cardinality discernment were analysed with a focus on how different actions by the teachers made it possible for the children to discern cardinality as one aspect of numbers. This analysis was driven by the intended VT principles of contrast and generalization.

Results

The lottery game is designed based on theoretical principles, in order to offer toddlers the best opportunities to discern cardinality. Based on the observations of teachers' enactment when playing the game, two different opportunities for learning appear: visual and numerical comparison.

Visual comparison

Visual comparison involves the teacher placing one playing card next to a square on the game plan, enabling a direct visual comparison. This comparison is often emphasized with the question of whether there are "equally many" dots:

Assra (3y, 5m): Having trouble finding the place for three dots in a triangle pattern.

Teacher: Places the card with three dots in a triangle pattern next to the spot with two dots on the game plan. One, two and one, two, three, while pointing at each dot on the card and the game plan.

The teacher is trying to draw attention to the difference between the numbers of the collections by making the dots on the playing card and the game plan visually comparable, here also supported through counting words. However, if a child does not already direct his or her attention to the numbers or already discern their cardinality, the focus of this visual comparison will instead be directed at the patterns of the dots. The challenge for the child, to whom the task is still a non-numerical one, is that the visual pattern draws attention to the spatial relation (the ordering of the dots) and does not allow for the numerical aspects to come forward. Thus, a question like "are there equally many" does not have a numerical meaning to the child, and as the patterns of the dots differ, according to the child the cards do not make a pair.

Numerical comparison

In order to direct attention specifically to the numerical aspect, the teachers act to bridge the gap between the spatial attributes of the dot collections and their numerical attributes. This is done by first determining the quantities on the cards and squares, and then determining whether they are equal or unequal in number. The observations show three distinct ways to make these numerical comparisons, with different learning opportunities offered.

Counting words used in labelling the collections

One way to compare numbers on the cards and the game plan is observed when the teacher labels the cards with a counting word and then turns to the squares on the game plan and also uses a counting word to label the collection of dots to which the child is attending. This is usually connected by a question or statement about equal or unequal numbers:

Teacher: Now there aren't equally many dots; shall we count? Assra (3y, 5m): Takes a card with two dots from the spot with three dots on the game plan, points at the card while counting One, two, and then gives it to the teacher. Teacher:

Takes the card, counts and shows a finger pattern for two, saying One, two, two dots, gives the card back to Assra. Assra (3y, 5m): Moves the card across the game board, puts the card on the spot with two dots. Teacher:

Two dots and two dots, moves the card from the game plan and back again.

In most cases, this way of comparing the dot collections does not seem to support the child in discerning the number as what should be attended to in the game, because a comparison can be made between the spoken words; for instance, "three and two, are they the same" and "two and two", as in the example above, are the same. What comes to the foreground of the child's awareness here may be the linguistic sameness or difference, and not necessarily the numerical sameness or difference. In other words, if a child does not already know the cardinal meaning of counting words, using number words does not support him or her in discerning this.

Matching with fingers one-to-one

Another way of comparing numbers is seen when the teachers use their fingers to match one finger to each dot, creating a collection or unit composed of the fingers that is the same in number as the dots on the card. The fingers are then used as a reference point that makes it possible to compare the collections of dots on the cards and the game plan either when the fingers match the dots perfectly or when some fingers or some dots are left without a match:

Egil (2y, 1m): Places the card with three dots in a triangle pattern on the spot with one dot on the game plan. Teacher:

One dot. Points at the dot, then places one finger on one of the triangle pattern's dots. Now there are two left over there. I need one, two, three fingers, matching three fingers to the triangle pattern on the card. You have two fingers left over there, places one finger on the one dot on the game plan and wags the two "extra" fingers. Then looks at the game plan, still holding her three fingers and matching them to the three dots on the game plan. Three dots there and three dots there. Egil:

Puts his middle three fingers close together on the three dots on the game plan.

The teacher enables a comparison between different numbers (which, according to VT, should make it possible to discern cardinality) by transferring the number 3 from the playing card via her finger pattern to the square on the game plan. Wagging her extra fingers highlights the difference in number, and even more so when they find the same number of dots on the plan. This action seems to have the intended impact on the child's discernment of the number cardinality, as he mirrors the finger pattern and solves the next task without the teacher's support. As the fingers reduce the influence of any spatial attributes, they work as a bridging tool between differently organized patterns of dots.

Connecting counting words to collections

Similar to matching with their fingers, the teachers are also observed using counting words as a bridging tool between the collection of dots on a playing card and the dots on the game plan. The difference, however, is that counting words are abstract verbal symbols, which means that there has to be a translation from the original collection of dots on the card, in the sense of cardinal number, for it to bear the same meaning of cardinality when expressed verbally. Otherwise, the counting words cannot work as a bridging tool for comparing and determining whether a collection of dots on the game plan matches the spoken counting word. Thus, the child already needs to have some idea of the cardinality of numbers to utilize this strategy:

Gustav (2y, 1m): Holds a card with an irregular pattern of three dots.

Teacher:

Points at each square. Are there three there? Gustav:

Recognizes when the dot pattern on the game plan is three or some other number.

The teacher and the child have already determined the number of dots on the playing card and the card is left in the background when the teacher and child are turning to the game plan. To find the corresponding number of dots on the game plan, the teacher uses counting words as a reference point, supporting the child in discerning the cardinality of the collections.

Discussion

This paper is a critical investigation of what it takes in terms of enacted teaching to offer toddlers sound opportunities to discern numbers' cardinality. Based on a large number of empirical observations, the study shows that visual comparison often draws attention to the spatial attributes in the game; that is, the pattern in which the dots are organized rather than their number. The conclusion, then, is that this way of making comparisons will not help the child experience numbers as being irrelevant to the dots' spacing (see [START_REF] Piaget | The child's conception of number[END_REF], regarding conservation of numbers). Discerning numerical attributes, which is the purpose of the game, is not made easy if the child does not already experience numbers' cardinality. To play the game with the intention to help children discern cardinality, the study indicates a need for bridging tools as counting words and fingers. Due to the abstract feature of counting words, they work as a tool to move the spatial attributes to the background, making it possible to explore the numbers' meaning in regard to "which collection relates to which counting word" in a cardinal sense. However, even this requires the child to already have some sense of cardinality. The most beneficial bridging tool appears to be finger patterns, used to "objectify" [START_REF] Radford | Gestures, speech, and the sprouting of signs: A semiotic-cultural approach to students' types of generalization[END_REF] the number on the playing card. This semi-abstract representation works by reducing the spatial attributes that easily draw attention away from any numerical attributes.

These results contribute to both theory and practice: This study shows the challenge involved in drawing attention to an abstract aspect such as cardinality in a game designed in accordance with VT principles [START_REF] Marton | Necessary conditions of learning[END_REF] that is, making the previously undiscerned critical aspect appear in the game for a toddler for whom cardinality has not previously been included as an aspect of their understanding of numbers. The bridging tools found to facilitate such discernment stand in contrast to an earlier study [START_REF] Björklund | Teaching toddlers the meaning of numbers -Connecting modes of mathematical representations in book reading[END_REF], in which experiences of numbers within the same mode of representation seemed more powerful than exploration across several modes of representation. Thus, how representations are used for facilitating learning among the youngest preschool children needs to be further studied and theorized. For practice, the study offers insights into how to teach novel concepts to toddlers in common preschool activities. This adds a solution to the concern, addressed by [START_REF] Björklund | Teachers' pedagogical mathematical awareness in diverse child-age-groups[END_REF], that children are rarely challenged in their concept knowledge but are rather merely supported in what they already know.
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 1 Figure 1: On the left the dots are positioned identically in regard to the game plan (Condition 1), on the right the dots are not in the same pattern as on the game plan (Condition 2)
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