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Between the 12 th and 16 th centuries, many arithmetical texts were written in Hebrew. These texts include a variety of topics: arithmetic operations with integers, simple fractions, and fractions in sexagesimal system, extracting roots, ratios, and word problems. However, no in-depth study has been conducted so far about simple fractions in these texts. In this paper, we present both the mathematical content (definitions, theorems, proofs), and the didactic content (how to present the concept of fraction, the choice of algorithms, the types of explanations, and reasonings), as they appear in Hebrew texts.

Introduction

The development of the concept of the simple fraction, and the methods of performing various calculation operations with them was a process that continued over a long period of time.

The ancient Egyptians had already used fractions with numerator 1unit fractions, and the Babylonians used fractions in the sexagesimal system. These traditions, to which were added Hindu traditions, influenced Arab mathematicians starting from the ninth century. Al-Khwarizmi's book of arithmetic was probably the first to deal with fractions. Other Arab mathematicians like al-Uqlidisi, al Nasawi, and Arab mathematicians from the Maghreb and Andalusia regions such as al-Hassar (12 th century) continued to develop the subject (Djebbar, 1992).

One of the first books written in Europe that presents the Hindu-Arabic numeral system and algorithms for performing arithmetic operations with them is Fibonacci's book Liber Abaci, published in 1202. A large part of this book deals with fractions. This research will deal with Hebrew manuscripts with arithmetical content from the 12 th to the 16 th centuries. This was facilitated by the fact that translations and annotated transcripts of almost all surviving Hebrew medieval manuscripts on arithmetic have recently been uploaded on Mispar website1 . However, there are still few studies that have investigated these manuscripts in depth.

A considerable number of these manuscripts were textbooks on arithmetic whose purpose was mainly practical: the study of basic arithmetic operations together with their algorithms [START_REF] Aradi | The arithmetic of the Jews in the Middle Ages: Introduction and selected samples[END_REF]. Out of 29 Hebrew arithmetical texts (in manuscripts) in Mispar, 18 have a special chapter dedicated to operations with simple fractions.

Methods

The research focused on the following two issues: a. The development of mathematical concepts related to fractions in the 12 th -16 th centuries by Jewish mathematicians, such as different meanings of the concept of the fraction, notations, and different types of fractions. b. Didactic aspects such as what algorithms were used in arithmetic operations and how they were explained, if at all.

Of the 18 texts with chapters on fractions' calculations, I chose to focus on the following ones which include, in addition to algorithms, comments, or discussions related to the research topics. A note about the quotations from Hebrew texts:

• When there is a scientific edition, the citation is taken from there.

• When the quotations are from manuscripts, I used the Mispar website. In these cases, there is a reference to the pages of the manuscripts according to what is written on the website. • Quotations from Eliyahu Mizrahi's "The Book of Numbers" are from the printed edition from 1534 1 .

Definitions of fractions; different meanings of fractions

Ratio and fraction

Some of the Jewish mathematicians during the 12 th -16 th century distinguish between division and ratio: in the operation of division, a large number is divided by a number smaller than it, while in a ratio, a small number is divided by a number larger than it. Therefore, sometimes fractions appear for the first time in these texts in the chapter on dividing integers.

Bar Hiyya (1952, p. 24) talks about the relationship between the fraction and the ratio: "It is known that the calculation of the integer number in parts is a matter of ratio of number to number." Al Hassar says at the beginning of the chapter on division: "The ratio of a small number to a large number is a part or parts of it". (f.17r)

The fraction as part of the whole

The definition presented by many of those authors for the concept of the simple fraction is a part of the whole or a part of the unit.

Sometimes there is a reference to fractions of the type 𝑎𝑎 𝑎𝑎 or 𝑎𝑎 𝑏𝑏 , 𝑎𝑎 > 𝑏𝑏, which are considered "improper fractions" (Mizrahi, 1534, p. 59). In the first case, it is not a fraction but an integer. In the second case, it is an integer and a fraction.

Fractions in Mizrahi's book

If in most of the authors reviewed above the definition of the simple fraction is presented briefly, if at all, in Eliyahu Mizrahi's "The Number Book" there is extensive reference to a variety of issues on this topic:

1. The definition of the fraction is modern: the ratio between two numbers, regardless of their relative size. Mizrahi (1534, p. 8) writes: "However the second part is the fractions, and I mean by fractions when we look at the ratio between one number and another number..." His first examples are 2 3 and 3 2 . 2. In addition, Mizrahi understands fractions as part of a whole: "And the half is one part of two parts of the whole, and the third one of its three parts." (Mizrahi, 1534, p. 8) 3. Mizrahi argues with his contemporaries who think that integer numbers are greater than 1 and fractions are less than 1. He already showed examples of fractions like 3 2 which is larger than one. 4. Mizrahi discusses the possibility of talking about parts of the number "one"the foundation of all numbers and the indivisible. He emphasizes that it is not this "one" but some other number that will be called "the whole" and we calculate parts of this whole.

Finally, it is worth noting the distinction made by some mathematicians during this period between the nature of the numerator and the denominator of a simple fraction. Al Ahdab, Ben Moses Eli, Comtino, and Mizrahi consider the numerator discrete while the denominator is continuous. The denominator is the quantity that is divided and therefore must be continuous, while the numerator describes the number of parts to be taken and is therefore discrete.

Notations for fractions

The accepted way of writing fractions has changed a lot over time. Bar Hiyya, in the 11-12 th century, writes fractions without mathematical notation but uses words, while the numbers are written in the alphabetical Hebrew system1 . After only a few decades, at the beginning of the 12 th century, Ibn Ezra in his "The Book of Number" already writes numbers in the positional decimal system (before Fibonacci), but instead of the Hindu-Arabic numerals, he uses the first nine letters of the Hebrew alphabet and zero. He writes simple fractions verbatim as does Gersonides (14 th century).

Simultaneously, the fraction line probably appeared for the first time in al-Hassar's text (Djebbar, 1992), so it is unsurprising that in its Hebrew translation by Moses Ibn Tibbon (13th century), simple fractions are already written with a fraction line. Al Ahdab also uses it in "The Epistle of the Number" (13 th -14 th century). When there is a mixed number such as 2 3 4 , the integer number is written on the right side like this:

3 4 2 1 .
In the 15 th -16 th centuries, writing fractions with the fraction line is very common in Hebrew mathematical texts. The writing of numbers is always in the positional decimal system, but both Hindu Arabic numerals and Hebrew letters are used.

Different types of fractions

Some authors describe different types of simple fractions. We can see different classification methods when some authors present more than one method.

Authors, like Ibn Ezra (1895) or Mizrahi (1534) distinguish between fractions whose denominator is less than 10 and the other fractions. The reason for this distinction appears to be linguistic (as in some Arab texts): the former one has proper names in Hebrew such as half, third, etc., whereas the others do not, and they are called "part/parts of the parts of the whole". Sometimes, when the denominator is greater than ten and not a prime number, the fraction is presented as a product of fractions of the first type, like 1 12 which is expressed as a third of a quarter [START_REF] Hiyya | La obra enciclopedica Yesode ha-Tebuna u-Migdal ha-Emuna de R. edición critica con traducción, prólogo y notas por Jose M. Millás Vallicrosa [The encyclopaedic work Yesode ha-Tebuna u-Migdal ha-Emuna de R. critical edition with translation[END_REF]. In al Ahdab (Wartenberg, 2007), and in the translation of al Hassar3 we can see various types of fractions that were common in Arabic texts (Djebbar, 1992).

Mizrahi (1534) mentions Ibn Ezra's classification but adds an additional one which leads to 12 types of fractions: one part of …, parts of …, fraction of one, fraction of integers, fraction of fraction, fraction of fraction of fraction, and so on.

Algorithms for calculation operations with fractions

In the chapter on fractions, algorithms are presented for the four basic arithmetic operations: addition, subtraction, multiplication, and division, not always in this order. Sometimes more arithmetic operations are added, as well as methods for checking them. Most of the algorithms for the various arithmetic operations are presented without explanations or proofs. However, one can find several cases where there is an attempt to explain algorithms and even prove them.

In the following, we will focus on the operation of multiplying fractions and examine the various types of explanations or proofs that are given for it. I chose to discuss this arithmetic operation because it is one of the more difficult topics to explain in teaching fractions. Even today, students do not necessarily receive a satisfactory explanation why the algorithm for multiplying fractions is correct.

Explanations or preliminary statements before multiplication

Differences between multiplication of integers versus multiplication of fractions

Ibn Ezra (1895) states one difference at the beginning of the chapter on multiplying fractions: the product of two integers is greater than any of its multiplicands, while the product of two fractions (less than one) is smaller. Mizrahi (1534) also indicates this property of the multiplication of fractions. He adds another difference: multiplication of integers means repeated addition, but not so with fractions.

Comtino explains the difference between the rules of integers versus fractions in the different properties of these types of numbers, integers being discrete while fractions are continuous.

2. Rule: Calculating a fraction of a number (integer or fraction) is equivalent to calculating the product of the fraction multiplied by the number.

Most authors noticed that to calculate for example half of a number, one must multiply the half by the number, and they generalized this result. Bar Hiyya (1952, p. 24) writes: "Because saying multiply 17 by a third or multiply a third by 17 is like saying how much is a third of 17".

Reduction (Simplifying) of fractions

Many mathematicians did not use to reduce fractions. However, al Ahdab (f. 18r) writes: "If you say four fourth, this is not a fraction but the denominator itself and it is a whole one".

Mizrahi, (1534, p. 59) emphasizes at the beginning of the chapter on fractions that "The arithmeticians are using reduced fractions" and it is not customary to write, for example (𝑏𝑏𝑑𝑑) 2 . The common denominator was in most cases the product of the denominators and not the least common denominator (LCD). Usually, the above methods are not explained. The absence of explanations and proofs of algorithms in the arithmetical texts does not necessarily indicate that there were no such explanations in the oral teaching. An analysis of the texts in which there are explanations or proofs allows us to speculate what the methods of teaching were that were used at that time.

The second algorithm raises the question of why they taught and used such a cumbersome method (in our eyes) even when they knew the first method, which is much simpler.

Below are some examples from texts that present explanations or proofs for the algorithms for multiplication of fractions.

Ibn Ezra, "Book of the Number"

Ibn Ezra (1895) starts with simple examples like

1 2 × 1 2 or 1 3 × 1 3
. He explains them using rule 2 above: "Multiply one-half by one-half it is as if it is said: take one-half of one-half; the result is one-quarter." Then he generalizes. This rule in algebraic notation is:

𝑎𝑎 𝑏𝑏 × 𝑐𝑐 𝑏𝑏 = 𝑎𝑎×𝑐𝑐 𝑏𝑏 2 .
The next step is multiplying fractions with different denominators. He uses algorithm II mentioned above. For example, to multiply Ibn Ezra (1985) immediately points out that the same answer can be reached in an easier way.

It cannot be said that Ibn Ezra proves the calculation methods for multiplying fractions, but there are intuitive explanations and a clear didactic strategy. It is possible that his choice of the second "clumsy" algorithm for multiplying fractions with different denominators is to use in the general case the same rule he formulated for fractions with equal denominators. In addition, he also knows and teaches the first algorithm, which is a simpler way to multiply fractions.

Gersonides, "Work of Calculation"

Gersonides' approach is different. First, his view is that the mathematical theorems must be proved. Second, he knows Euclid's "Elements" and uses them when proving his theorems.

Gersonides (1985) begins the chapter on fractions with five propositions. These propositions deal with the connection between fractions and ratios and are formulated in a general way. In algebraic writing used today, it would look like this:

1.

1 𝑎𝑎 ∶ 1 = 1: 𝑎𝑎 2. � 1 𝑎𝑎 × 1� ∶ (1 × 1) = 1 ∶ 𝑎𝑎 3. 𝑎𝑎 𝑏𝑏 × 𝑐𝑐 = 𝑎𝑎×𝑐𝑐 𝑏𝑏 4. � 1 𝑎𝑎 × 1 𝑏𝑏 � ∶ 1 = 1 ∶ (𝑎𝑎𝑏𝑏) 5. 𝑎𝑎 𝑏𝑏 × 𝑐𝑐 𝑑𝑑 = 𝑎𝑎×𝑐𝑐 𝑏𝑏×𝑑𝑑
Each proposition is justified using a numerical example, but the explanations are also valid in the general case.

We can see in Figure 1 an example of Gersonides' method of proof. In this proof, as well as in other proofs, Gersonides uses the following proposition -identity related to a ratio composed of two ratios (1985, p. 

Elijah Mizrahi

Mizrahi (1534), about two hundred years after Gersonides also proves and meticulously explains every theorem and every algorithm. He is also familiar with Euclid's "Elements" and quotes him often, but his proof of multiplying fractions is different.

The first algorithm he presents is Mizrahi himself writes that the first lemma is proposition 15 from Euclid's Elements, Book V, while the third is based on Nicomachus 1 . He also explains and clarifies all lemmas with numerical examples. After these preparations, he proves the algorithm for multiplying fractions. The proof is not general, it is explained using a numerical example (as Gersonides). On the other hand, the considerations are general, and one can easily convert them to a general proof.

In Figure 2 we can see Mizrahi's steps in the algorithm of multiplying fractions. Each step relies on one of the lemmas presented earlier:

Conclusions

As we have seen, simple fractions in Hebrew texts are presented in a variety of ways. Some of the reasons for this diversity are the authors' different sources, styles of thinking, and pedagogical views. We also have seen the change and development of the concepts, notations, and algorithms over time starting from the 12 th century to the 16 th century. One of the more interesting things in this study is the presence of rigorous proofs in the field of arithmetic. Although this is currently only found in two texts, it would be worth checking the presence of such proofs in arithmetic texts in other languages.

Although a variety of topics have been discussed, there are still issues related to simple fractions that have not been addressed and are worth researching: terminology for fractions, the algorithms for multiplying mixed fractions (integers and fractions) that use the distributive law, the algorithms for the rest of the calculation operations, the checking procedures, and more.

Understanding fractions and performing different algorithms also require knowledge in other areas such as solving equations, calculating the inverse, or converting a given fraction into a fraction with a different denominator. It will be interesting to analyse how these topics precede the algebra techniques that will develop later.

  Most authors present one or both of the following algorithms: I. The formula used today: find the common denominator, then the answer will be the product of the numerators divided by the square of the common dominator.
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  Ibn Ezra works by following steps: 1. Calculate the common denominator, 3 × 4 = 12. 2. Convert the given fractions into fractions with the common denominator: the fractions with the same denominator using the rule formulated before,

  8): (𝑎𝑎 × 𝑏𝑏) ∶ (𝑐𝑐 × 𝑑𝑑) = (𝑎𝑎: 𝑐𝑐) × (𝑏𝑏: 𝑑𝑑). 1 = 1 ∶ (3 × 5) from the two lines before

Figure 1 :

 1 Figure 1: Gersonide's proof

  that this is the shortest way to multiply fractions, but he also brings algorithm II mentioned above in which the fractions are first written with a common denominator.The proof of the multiplication algorithm I of fractions is based on five lemmas:1. Expanding/simplifying fractions: a fraction by another one is the same as taking a fraction of the other. 3. If ab = c, then 𝑏𝑏 = 1 𝑎𝑎 ⋅ 𝑐𝑐 . 4. Calculating a fraction from another is equivalent to:

1

  Nicomachus (of Gerasa). (2nd century C.E.). Introduction to Arithmetic not integer, so we'll expand the fraction by 4

Figure 2 :

 2 Figure 2: Mizrahi's proof for the multiplication algorithm

Table 1 : Analysed Texts

 1 

Mispar website: http://mispar.ethz.ch

The Hebrew numerical system uses the letters of the Hebrew alphabet. In the system, there is no notation for zero. A separate letter is assigned for each unit (1,

2, … 9), each tenth (10, 20, …90), and the first four hundreds (100, …400).The numerical values for letters are added together.

Writing the integer number to the right of the fraction was customary in the Arabic texts, as was in Fibonacci's Liber Abaci.

The multiplication operation will be denoted by × while in writing fraction of a fraction a dot is used.
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