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This paper reports on a proposal that allows to conjecture a route of development of mathematical knowledge in complex analysis. To study how mathematical knowledge developed in this branch of mathematics we first analysed the mathematical activity underlying the proof of the Cauchy-Goursat theorem in two original works, one by Cauchy and one by Goursat, which allowed us to unveil that the way the authors engage with mathematics in complex analysis rests on two different conceptualizations of complex quantities. Following the analysis of the original works, we describe a development of mathematical knowledge that takes as a starting point one of the conceptualizations and leads to the other one through the notion of confrontation, a notion that depicts the production of mathematical knowledge through the idea of building knowledge against previous knowledge.

Introduction

From their experience as lecturers of undergraduate courses in complex analysis, [START_REF] Garcia | Approaching Cauchy's Theorem[END_REF] emphasize that the teaching of the subject is characterized by a debate about the appropriate level of detail and rigor needed to present the material framed in this branch of mathematics. On one hand, the authors argue that attention to detail and rigor may not be appreciated by students whose primary field of study is not mathematics. On the other hand, they state that "technical details are what makes mathematics so beautiful, concise and complete" (p. 758), so for future mathematicians the notion of rigor is as primordial in complex analysis as in any other area of mathematics. As the authors report, the two-front scenario underlying the debate can be found in the way complex analysis is presented in university textbooks; some authors regard their readers as future mathematicians, while others envision that students with different backgrounds will read their books.

Although we recognize that [START_REF] Garcia | Approaching Cauchy's Theorem[END_REF] intend that students have the opportunity to learn, a field of research that has been studying the teaching and learning of mathematics for several decades is mathematics education. In particular, the socioepistemological framework [START_REF] Cantoral | Socioepistemology in mathematics education[END_REF] recognizes that before designing situations that contribute to students' understanding, it is necessary to understand how mathematical knowledge emerged in its context of origin.

According to [START_REF] Cantoral | Epistemología del concepto de función logarítmica [Epistemology of the concept of logarithmic function[END_REF], the origins of complex analysis can be found in the exchange of correspondences between Leibniz, Jean Bernoulli, Euler and D'Alembert reported by [START_REF] Cajori | History of the exponential and logarithmic concepts[END_REF]. In their study, the authors consider that the mathematical activity shown in the correspondences was the result of a fully human and social action. This theoretical standpoint allowed them to configure a set of tasks based on the arguments, the justifications, the beliefs, and the validity criteria displayed by the historical subjects. A subsequent implementation of these tasks made it possible to identify hegemonic arguments that restrict the way in which pre-service teachers confront new mathematical ideas [START_REF] Cantoral | La sensibilité à la contradiction: Logarithmes de nombres négatifs et origine de la variable complexe [Sensitivity to contradiction: Logarithms of negative numbers and origin of the complex variable[END_REF].

A particularity of the exchange of correspondences reported by [START_REF] Cajori | History of the exponential and logarithmic concepts[END_REF] is that it predates the 19 th century, a period of great development for complex analysis [START_REF] Manning | The emergence of the Weierstrassian approach to complex analysis[END_REF]. Guided by the socioepistemological framework, we conceive that the current school discourse is the result of a didactic transposition that may not recognize the ways in which mathematics originally arose. Therefore, our goal is to uncover intrinsic forms of mathematical knowledge production in the development of complex analysis that may have been overlooked in the contemporary mathematical school discourse. To do so, we analyse the development of a central result known as the Cauchy-Goursat theorem, which states that the integral of a single-valued and differentiable function 𝑓 around and inside a closed contour 𝐶 is zero. As a result of the study, one way in which complex analysis developed in the 19 th century is conjectured. As future work, one of our goals is that our conjecture will allow us to distance ourselves from the epistemological representations [START_REF] Artigue | Epistemología y didáctica [Epistemology and didactics[END_REF] attributed to complex analysis in the configuration of a school discourse, and in turn serve as a reference to characterize the mathematical thinking of a community of undergraduate mathematics students who engage with concepts framed in this branch of mathematics.

In general terms, our study proceeds as follows. After presenting the theoretical constructs that structure the study, we show the results of Piña-Aguirre & Farfán (2022) on the mathematical activity underlying the proof of the theorem in Cauchy's memoir Sur les Intégrales Définies (1814). We then analysed the mathematical activity that allowed Goursat to prove the theorem in his paper Démostration du Théorème de Cauchy (1884). Finally, we attend to the development of the mathematical activity underlying the two proofs of the theorem through a refinement of the notion of confrontation presented in [START_REF] Piña-Aguirre | What enabled the production of mathematical knowledge in complex analysis?[END_REF].

Theoretical framework

According to [START_REF] Montiel | Un esquema metodológico para la investigación socioepistemológica: Ejemplos e ilustraciones [A methodological framework for socioepistemological research: examples and illustrations[END_REF], the socioepistemological framework studies the construction of situated mathematical knowledge by recognizing that the actions of individuals respond to their belonging to specific scenarios. Under the construct known as the problematization of mathematical knowledge, this framework recognizes that mathematical knowledge is susceptible to being studied with the aim of identifying meanings that characterize it as a functional knowledge in specific scenarios, but which are disrupted when configuring a school discourse. Since in this study the development of complex analysis is problematized through the analysis of original mathematical works, it is important to clarify one way in which this framework conceives them.

For [START_REF] Grattan-Guinness | History or heritage? An important distinction in mathematics and for mathematics education[END_REF], history can be used to study a modern mathematical notion (a theorem, a definition, a theory, etc.) via a history or a heritage approach. According to the author, a heritage interpretation of a modern mathematical notion is characterized by inserting it into the study of its own historical development, which means that the modern notion guides its development. In contrast, a history interpretation is characterized by analysing the development of the mathematical notion based on the context of its time without being influenced by its modern context.

Since we are interested in recognizing the mathematical activity that allowed Goursat to prove the Cauchy-Goursat theorem, the characterization of Grattan-Guinness ( 2004) allows us to conceive the problematization of mathematical knowledge, via the analysis of original works, by means of a history interpretation of them. In particular, this study presents Goursat's mathematical activity through the identification of the types of expressions (iconic, symbolic, narrative, tabular, etc.) that allowed the author to communicate his mathematical work, while at the same time highlighting what these types of expressions allowed him to do.

To address the development of the mathematical activity underlying the two proofs of the Cauchy-Goursat theorem, we propose a refinement of the notion of confrontation presented by [START_REF] Piña-Aguirre | What enabled the production of mathematical knowledge in complex analysis?[END_REF]. According to the authors, this notion is based on [START_REF] Bachelard | La formation de l'esprit scientifique: Contribution a une psychanalyse de la connaissance objective [The formation of the scientific mind: Contribution to a psychoanalysis of objective knowledge[END_REF] epistemological obstacles, as it is based on the idea that the production of mathematical knowledge is the result of "building by relying on… and going against the same thing on which it was built" (Farfán, 2012, p. 30); an idea that attends to the production of scientific knowledge based on prior knowledge that simultaneously acts as a support and as an obstacle. However, the notion of confrontation that we present in this paper allows us to consider the notion of epistemological obstacle without relying on the notion of error, as it is commonly understood in [START_REF] Brousseau | Theory of didactical situations in mathematics: Didactique des mathématiques[END_REF] sense. Theoretically, the notion of confrontation allows to conceive that historical subjects had to confront their dominant ways of doing mathematics in order to develop complex analysis; specifically, we now propose that historical subjects produced mathematical knowledge based on a certain knowledge that ultimately prevented (not necessarily on the notion of error) the production of new knowledge.

Recognizing the processes of mathematical knowledge production used by Cauchy and Goursat, and conceiving that the development of Cauchy's mathematical activity led to Goursat's forms of mathematical knowledge production through the notion of confrontation, allows this work to be framed in what [START_REF] Chorlay | History of mathematics in mathematics education: Recent developments in the field[END_REF] describe as the use of history of mathematics as a form of mathematical knowledge that can be studied to support research in mathematics education. In this sense, by studying the emergence and development of the Cauchy-Goursat theorem, we structure a conjecture that depicts how historical subjects did mathematics in complex analysis. As our research develops, we envision that this conjecture will serve as a reference system for formulating and addressing didactic problems related to the teaching and learning of complex analysis.

Methodological framework

Under the heading Cauchy's mathematical activity, we present the results of Piña-Aguirre & Farfán (2022) on the mathematical activity that allowed Cauchy to prove the theorem in his memoir Sur les Intégrales Définies. These results were configured by means of a methodological tool of the socioepistemological framework, for further details we recommend its reading.

A summary of the mathematical production of Goursat's work is presented under the heading Summary of Goursat's intellectual production, for a detailed description we recommend consulting his original work. Following the summary, and under the heading The mathematical activity of Goursat, we stablished a dialog with his work by answering the following questions. To present some of the reasons that led the author to address the theorem we provide an answer to the question "What was Goursat's purpose in writing and publishing his work?" To value the ways in which he engaged with mathematics we answered the question "What kind of expressions allowed Goursat to prove the theorem?" Finally, since each type of expression carries an intentionality of communicating the mathematical work of the author, an answer is provided to the question "What are these expressions used by Goursat conveying?" It is worth noting that the various answers to the last question are highlighted in italics.

Following the work of [START_REF] Cid | Obstáculos epistemológicos en la enseñanza de los números negativos[END_REF], we methodologically address the development of mathematical activity through the notion of confrontation via the following two aspects. On one hand, by identifying the changes in the techniques used by the historical subjects through the sudden introduction of different forms of mathematical activity that allowed them to explain their mathematical work. Since these new ways of doing mathematics still lacked the status of being recognized by their communities, the historical subjects tried to explain them in some way using the mathematical work of their time. On the other hand, by revealing the fields of problems emerged once the new techniques were in the process of acquiring an accepted status in their communities. These new fields of problems were addressed by the new form of mathematical activity, i.e., they are fields of problems that had not been addressed before. In this way, the notion of confrontation relies on showing evidence of a modification in the mathematical activity that had been dominant up to a certain point in history, and how this change led to new ways of doing mathematics. As we will show, it is not necessary to rely on the notion of error in order to attend to the modifications of the mathematical activity predominantly used by historical subjects up to some point in history.

Analysis of the original works Cauchy's mathematical activity

According to Piña-Aguirre & Farfán (2022), Cauchy's mathematical activity consists in the generalization of results from real analysis by introducing complex quantities conceived as expressions of the form 𝑥 + 𝑖𝑦, where the validation of the results obtained by the generalization process is based on a work by analogy in the field of real numbers. A distinctive feature reported by the authors is that Cauchy does not relate his symbolic mathematical activity to a graphic setting.

Summary of Goursat's intellectual production

Goursat proves the Cauchy-Goursat theorem by means of an argument that requires subdividing the region 𝑅 bounded by the integration curve 𝐶. Subdividing the region 𝑅 yields the computation of the integral of 𝑓 over 𝐶 by integrating 𝑓 over curves 𝐶 𝑖 (Figure 1) that make up the entire curve 𝐶. Goursat shows that the modulus of the integrals over the curves 𝐶 𝑖 can always be made as small as desired; hence, the modulus of the integral of 𝑓 over the curve 𝐶 can be made as small as desired, giving the result of the theorem. Goursat's purpose in presenting his work is to prove the Cauchy-Goursat theorem in a way that is "a little simpler than the usual proofs" (Goursat, 1884, p. 14). According to [START_REF] Bottazzini | Hidden harmony -Geometric fantasies[END_REF], one of the hypotheses of Goursat's proof was criticized by Alfred Pringsheim; nevertheless, our interest is to salvage how Goursat proved the theorem. As will be shown below, his arguments are different from those used by Cauchy.

Goursat's mathematical activity is based on conceiving complex quantities as points on a plane that are addressed by the letter 𝑧. Goursat's arguments are supported by means of symbolic, narrative, and iconic expressions. The narrative expressions make possible the subdivision of the region delimited by the integration curve C. Since narrative expressions describe the construction of curves and points in a plane, they are related to the use of iconic expressions because they allow a conceptualization of complex quantities that distances itself as means of representation of what is stipulated in a symbolic setting. In this sense, the construction of curves in a plane orients the symbolic work insofar as the figures are the basis for posing upper bounds for the modules of the integrals under study.

It is important to emphasize that Goursat's treatment of curves and points in the plane does not depend on their representation in a symbolic setting. The use of figures, whether explicitly presented by the author or constructed from narrative expressions, has its own epistemic value insofar as it allowed Goursat to do mathematics.

A confrontation in complex analysis

This section of the paper reconstructs a possible route of knowledge development that begins with the forms of mathematical work employed by Cauchy and subsequently leads to the mathematical activity of Goursat.

According to Grattan Guinness (2004), Cauchy developed his theory of complex functions from 1810 to 1840 with the peculiarity that, at the beginning of his studies, the author avoided the use of a geometric scenario because he considered it lacking in rigor. This explains why Piña-Aguirre & Farfán (2022) recapitulate Cauchy's mathematical production through purely symbolic manipulations without a geometric setting. However, according to [START_REF] Smithies | Cauchy and the creation of Complex Function Theory[END_REF], Cauchy suddenly introduces a geometric setting to work with complex quantities in section nine of his 1825 memoir entitled Sur les Intégrales Définies, prises entre des limites imaginaires, from which a small excerpt is shown below.

Assuming that 𝑥 and 𝑦 represent rectangular coordinates [emphasis added], equation (65) will represent a curve drawn in the x, y plane between the two points (𝑥 𝑜 , 𝑦 𝑜 ), (𝑋, 𝑌) [emphasis added] Under this hypothesis… the curve (65) will be included in a rectangle formed by four straight lines [emphasis added] parallel to the axes, namely, those having the equations (66) { 𝑥 = 𝑥 0 , 𝑥 = 𝑋, 𝑦 = 𝑦 0 , 𝑦 = 𝑌. (Cauchy, 1825, p. 15) The above excerpt shows that the geometric scenario used by Cauchy is characterized by the introduction of curves and points in the plane which necessarily have a symbolic representation.

Given that the geometric scenario used by Goursat is far from having these characteristics (for example, the curves 𝐶 𝑖 in Figure 1 have no symbolic counterpart), we acknowledge that both scenarios favor the production of mathematical knowledge in complex analysis, without alluding to the idea that the geometric scenario was necessary because a purely symbolic apparatus leads to errors. Nevertheless, it is important that we address the following.

Goursat's mathematical activity, in terms of the use of figures, is more related to the way mathematics was done in Analysis Situs (now known as topology). As an example, we present below an excerpt from Jordan (1866), translated into English, in which he describes cuts and deformations of surfaces using narrative expressions that allude to the use of figures.

Let 𝑆 be a surface bounded by 𝑚 contours 𝐴, 𝐴 1 , … , 𝐴 𝑚-1 , and such that we can draw 𝑛 closed contours 𝐶, 𝐶 1 , … , 𝐶 𝑛-1 that do not cross each other, without dividing it into two distinct regions.

We can decompose 𝑆 into elements, as follows: Let us suppose that this surface is cut along the contours 𝐶, 𝐶 1 , … , 𝐶 𝑛-1 , we will thus obtain a new surface 𝑇 still in one piece, but that any closed contour 𝐾 divides into two distinct regions (Jordan, 1866, pp. 106-107) As evidenced by De Toffoli & Giardino (2014), Jordan's use of figures is still a recurring practice in topology. In fact, the authors argue that proving in topology cannot be reduced to formal statements without overshadowing the reasoning expressed by the use of figures, which means that the authors recognize that figures have a value that cannot be attributed to algebraic symbolism.

In conclusion, Cauchy's mathematical activity regarding the Cauchy-Goursat theorem shows that the author's production of knowledge requires working with complex quantities from purely symbolic aspects in a symbolic scenario. The sudden change in Cauchy's mathematical activity in his memoir of 1825 is a sign of a change in the technique employed by the author to further develop complex analysis, which requires the introduction of a geometric scenario in which curves and points in the plane necessarily have a symbolic representation. However, a geometric scenario that did not require symbolic representations was needed for the alternative proof given by Goursat as well as for the production of knowledge in topology. This latter branch of mathematics is an example of a field of problems that were addressed by accepting that not only the symbolic apparatus allows the production of mathematical knowledge.

Results and conclusions

Previous studies [START_REF] Cantoral | Epistemología del concepto de función logarítmica [Epistemology of the concept of logarithmic function[END_REF][START_REF] Cantoral | La sensibilité à la contradiction: Logarithmes de nombres négatifs et origine de la variable complexe [Sensitivity to contradiction: Logarithms of negative numbers and origin of the complex variable[END_REF][START_REF] Piña-Aguirre | Sobre los procesos de demostración y el contexto de producción de la memoria Sur les Intégrales Définies de Augustin-Louis Cauchy[END_REF], which have analysed original works to discover how historical subjects engaged with mathematics in complex analysis, have shown that the origins of this field of mathematics are tied to a symbolicalgebraic setting; however, we have shown that in order to further develop complex analysis, historical subjects had to incorporate a graphic scenario that allowed the conceptualization of complex quantities as points in a plane and the use of figures, both with and without their counterpart in a symbolic setting. This means that the theory of complex functions arose by relying on symbolic manipulations, but its further development required to go against such purely symbolic manipulations. In other words, we conjecture that the use of a purely symbolic apparatus represents a confrontation in the production of mathematical knowledge in complex analysis.

The claim that the use of a purely symbolic apparatus represents a confrontation does not mean that the symbolic conceptualization 𝑥 + 𝑖𝑦 must be eradicated for the production of mathematical knowledge in complex analysis, since this conceptualization allows to generalize results from real analysis and is the one that enables intrinsic forms of validation, which entails that the confrontation previously established is not based on the notion of error. Rather, we recognize that to further develop complex analysis, a purely symbolic setting had to be complemented by a geometric setting that recognizes the use of figures with and without their homologous representation in a symbolic setting.

It is important to point out that what has been reported here is based on an ongoing PhD research project framed in the socioepistemological framework [START_REF] Cantoral | Socioepistemology in mathematics education[END_REF]. So far, this framework has allowed us to recognize that, before designing situations that contribute to students' learning, the study of original works, permeated by the recognition of how historical subjects did mathematics without judging them from our contemporary scenario, helps to reveal forms of mathematical knowledge production that may have been overlooked in the configuration of a school discourse.

Finally, we would like to emphasise that the main objective of this paper was to present an example of how the notion of confrontation can be conceived as a resource in mathematics education for studying the development of mathematical knowledge that recognises how historical subjects engaged with mathematics without alluding to the notion of error.

Figure 1 :

 1 Figure 1: Types of curves 𝑪 𝒊 used by Goursat