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One important idea of the international reform movement New Math was a reform of geometry teaching. The traditional Euclidean geometry should be replaced by a more algebraic geometry. While New Math has been a popular subject of research, there is still much that is unknown about the actual implementations in different countries. In Norway, the curricula for compulsory school were highly influenced by New Math for a few years in the early 1970s, but the influence on exams have not been researched. This paper is based on an analysis of geometry tasks in selected Norwegian national exams in grade 9 (age 16) in the period 1962-1979. Our analyses reveal that Norwegian exams were surprisingly stable throughout this period, with a few exceptions. As exams have an important role in signaling to teachers what is considered important, our results suggest that a change in geometry teaching was never a priority in the reform efforts in Norway.

Introduction

New Math was an international movement aiming to reform mathematics education. In Norway, the introduction of New Math started in the 1960s, but New Math was never fully introduced in Norway [START_REF] Smestad | Trajectories of New Math in the Nordic Countries[END_REF]. Despite this, traces of mathematics associated with New Math can be seen both in curricula, textbooks series for primary school and on exams in lower secondary school of the time. In this paper, we will focus on the last one. The research question is: What changes did New Math bring about in the topic of geometry on exams in mathematics in lower secondary school in Norway?

At the Royaumont seminar in 1959, "Dieudonné presented a geometry program based entirely on vectors and vector space in two dimensions. This eliminates Euclid's geometry as we know it" (Piene, 1960, p. 68: our translation). Piene, one of the Norwegian participants at Royaumont, claims that among the participants at Royaumont the opinion was that Dieudonné went too far, but a pruning and modification of Euclid's geometry was possible. The essential point in the whole discussion was to unite algebra and geometry (Piene, 1960, s. 69). "... that the traditional treatment of Euclidean geometry must be greatly modified and gradually the high school geometry must be reformed into one that is more algebraic, especially leading to vector treatment" (Schubring, 2014, p. 96).

Changes in geometry education

The discussion on how to reform geometry was not easy. NCTM's yearbook for 1973 is about geometry in the curriculum. Here, various aspects of the content of geometry are discussed and how to teach geometry based on different perspectives is presented [START_REF] Nctm | Geometry in the mathematics curriculum[END_REF]. The content of the geometry subject was changed due to New Math in many countries. Here we will present some of the changes that took place.

In US, the School Mathematics Study Group (SMSG) raised questions about the teaching of geometry based on Euclid. "The first policy decision of the SMSG geometry group was that Euclid's postulates should be replaced by metric postulates, describing the connection between geometry and algebra" (Moise, 1962, p. 96). [START_REF] Robitaille | Models for the mathematics curriculum[END_REF] have compared how curricula in mathematics in France, England and the US are designed, using New Math as an example. In France, the proposal from Dieudonné at Royaumont became a hallmark of what many in the US have seen as the French curriculum in mathematics. "He encouraged the adoption of more precise terminology and language, and the replacement of traditional Euclidean geometry by the study of linear algebra, and particularly, of vector spaces" (p. 13). In France, there was a focus on pure mathematics in contrast to England, where the focus has been on applied mathematics, and where teachers had been involved in curriculum development. In the US, mathematicians involved in the introduction of New Math wanted to focus more on pure mathematics, as in France. However, the wave passed, and now applied mathematics have been prioritized again.

In Belgium, both primary and secondary school in the 1970s were influenced by Bourbaki in France in introducing New Math [START_REF] De Bock | Searching for alternatives for New Math in Belgian primary school -Influence of the Dutch model of realistic mathematics education[END_REF]. "Probably the most radical change took place in the teaching of geometry. The plane, represented by the symbol π, became an 'infinite set of points' and lines and geometrical figures became 'subset of π'" (p. 46). The area of a circle was 0 because now the circle was just the boundary of the plane figure. The area inside was called a disk. The start of the decline of the New Math in Belgium was a powerful attack in the form of an article in a teacher's journal written by Feys in 1982. The decline continued with, for example, the influence of Hans Freudenthal, who was against New Math from the beginning. He even renamed it "New Nonsense" and characterized it as "unteachable, unlearnable, unmathematical" (Freudenthal, 1979, p. 321). New Math was not introduced in the Netherlands for primary school [START_REF] De Bock | Searching for alternatives for New Math in Belgian primary school -Influence of the Dutch model of realistic mathematics education[END_REF]. The teaching of geometry in the Netherlands went through major changes in this period, mainly inspired by individuals such as Klein, Fröbel, Montessori and Ehrenfest [START_REF] Doorman | The emergence of meaningful geometry[END_REF].

The Norwegian context

Two important events regarding mathematics education took place in Norway in 1960. Firstly, an experimental plan with nine-year compulsory school for all students, was published. Previously, compulsory school had lasted seven years. In the experimental plan, the subject changed its name from "calculation" (regning) to "mathematics". However, the mathematics curriculum was rather traditional, with mostly arithmetic and some geometry. Secondly, following the 1959 Royaumont seminar, a committee was set up by the Nordic Council to prepare a common curriculum for the Nordic countries in mathematics, based on New Math. The Nordic Committee's report was published in 1967 (NKMM, 1967).

From 1969, the nine-year school, Grunnskolen, was compulsory for all. In 1967, preparations for a new mathematics curriculum for Grunnskolen started, with a Norwegian committee committed to the ideas from New Math and the Nordic Committee. However, the final curriculum was not published until 1976, by which time most enthusiasm for New Math had waned, both in Norway and abroad. There were several reasons for this delay. The first two draft curricula from the committee, published in 1970, faced opposition. The result was a temporary curriculum published in 1971, with two alternatives: Alternative 1 was traditional, while Alternative 2 was based on New Math. Political discussions on whether mathematics in grade 9 should be obligatory or an elective subject went on for years, postponing the introduction of a final mathematics curriculum until 1976. By this time, many ideas from New Math had been removed -although some new topics, such as statistics, approximation and estimation survived for years to come. For more on the development of New Math in Norway, see [START_REF] Opsal | Concepts introduced in Norwegian textbooks before, during and after the New Math period[END_REF] and [START_REF] Smestad | Trajectories of New Math in the Nordic Countries[END_REF].

While exams had been a local responsibility in the seven-year school, the nine-year school had national exams from 1962. Until 1976, exams were given for three levels; Plan 1 (the easiest one), 2 and 3. The exams for the temporary curriculum included one version for each of the two alternatives. In addition, there have been some other variants for different experiments.

Method

To understand which changes New Math brought in the topic of geometry in mathematics exams in lower secondary school in Norway, we decided to look at the period 1962-1979. The national exams began in 1962 and were first connected to the 1960 experimental plan, which has been considered traditional. These exams can, for our purposes, be regarded as showing the situation before New Math. We decided to end with the 1979 exam, which was connected to the 1976 curriculum, when New Math was on the wane. We decided to analyse the exams from two years for each of four periods: the beginning of the national exams , the period right before New Math entered curricula , the period when Alternative 2, based on New Math, was being taught , as well as the start of the 1976 curriculum . For all years, except 1978-79, mathematics was taught and assessed on three levels: Plan 1, Plan 2, and Plan 3. Therefore, in total, we have analysed 26 full sets of exams.1 As the analyses were time-consuming, we could not analyze all the exams from 1962-1979 for this article. The analysis was inductive: both authors solved and analysed all the exam tasks regarding geometry, noting everything students needed to do to complete the tasks. The process was non-linear, as we met several times to discuss solutions and develop categories. We ended up with four categories: Construction, Calculation, Argumentation, and "Other", with subcategories. Some tasks belonged to only one category, others belonged to several categories and subcategories. We will give one example to exemplify the analysis done -the task is from the 1968 exam (plan 1, task 11): 11. Construct a quadrilateral ABCD where AB = 9 cm, ∠𝐵𝐵 = 90° , and BC = 6 cm. The side CD is parallel with the side AB, and the diagonal BD = 8 cm. What kind of quadrilateral is the quadrilateral ABCD? Calculate the length of the diagonal AC.

Calculate the area of the triangle ABC. (Lexau, 1971, pp. 14, our translation) This task included the construction of three lines (9 cm, 6 cm, 8 cm) and two right angles. Moreover, it included calculating a length using Pythagoras' theorem, and an area using the formula for area of a triangle. It also included arguing that ABCD is a trapezium. Our analysis gives three constructions of lengths and two constructions of angels in Table 1, one computation of length by Pythagoras' theorem and one computation of area by formula in Table 2, and one argumentation for type of quadrilateral in Table 3.

In most cases, authors agreed that one way of solving the task was the simplest and most obvious one. In some cases, though, we agreed that a task could be solved for instance by either using the Pythagorean theorem or using similar triangles. In such cases, we noted both solutions.

In some cases, we needed to consult the curriculum documents from the time to understand what certain terms meant. Some exams mentioned "complete solution" ("fullstendig føring"). In the temporary curriculum of 1971, it is explained that this consists of 1) auxiliary figure ("hjelpefigur"), 2) analysis with explanation ("analyse med forklaring"), and 3) construction ("konstruksjon") (M71, p. 136). We will come back to this below.

Results

We will give the results of the analyses in three parts: Constructions (Table 1), Computations (Table 2), and Argumentations and Others (Table 3). For brevity, we combine all six exams from 1963-64 in the first column and so on. 1978-79 includes just two exams. For this article, all subcategories with five or fewer occurrences, are collapsed into one row, except the category "Others".

Constructions (using straightedge and compass) are key ingredients of all the exams we have looked at. Constructions of a given length are of course mostly starting points for more challenging constructions. On average, each exam demands a little more than two constructions of given angles.

In addition, there is a variety of other constructions to be done, but we find no pattern suggesting a change in focus through the period in question. Another key component is computations (Table 2). Pythagoras' theorem is often used to compute lengths, on average more than once for each exam, but slightly less popular for the Alternative 2 exams. Using formulas to compute areas is included about twice in each exam, again slightly less for the Alternative 2 exams. There are a whole lot of other computations tested in the exams, but again it is difficult to see a particular trend. The first part of Table 3 consists of properties that students are asked to argue for. Strikingly, in Alternative 2, students are often asked to argue that a triangle or quadrilateral is of a certain typeon average, this is asked once per exam. In the second part of the table are all the remaining categories.

Most striking are explanation of construction, auxiliary figure, and analysis, which is much more prominent in the Alternative 2 exams than before and after. Included in the category "explanation of construction" is the "complete solution" which had a particular meaning in Alternative 2, as mentioned in the Methods section. All four exams for Plan 2 and Plan 3 in Alternative 2, asked for "complete solution" once. Figure 1 shows one example of a "complete solution", given in the temporary curriculum. A complete solution should consist of an auxiliary figure, an analysis, and a construction. The analysis is where New Math ideas are most clearly seen in the exams, as that is where students are asked to translate the task in terms of sets. For instance, the statement ∠𝐴𝐴 = 45° is translated to the set {𝑃𝑃|(𝐴𝐴𝑃𝑃, 𝑙𝑙) = 45°∧ 𝐴𝐴 ∈ 𝑙𝑙}.

Although the example task is utterly conventional, the demand of an analysis in the language of sets, sets (sic!) it apart from earlier and later periods.

Discussion and conclusion

The main conclusion is that the national exams in Norway were surprisingly stable in the period 1963-79 in terms of geometry content, when we consider that the period included major revisions of curricula, including a temporary curriculum alternative that were based on New Math and the Nordic Committee.

There is no sign of a closer relation to algebra, which was an important idea behind New Math.

The main exception is the "analysis" part of the constructions, for students following Alternative 2 of the 1971 temporary curriculum. Here we see the connection between geometry and set theory, as seen in Belgium [START_REF] De Bock | Searching for alternatives for New Math in Belgian primary school -Influence of the Dutch model of realistic mathematics education[END_REF]. We have no theory of why this was chosen as the main novel component of the geometry parts of exams, except that it is an obvious way to connect geometry to set theory. However, it seems obvious why it did not seem to survive after the 1976 curriculum -we imagine that students and teachers did not see the analysis part of the geometry problems as useful and helpful, and therefore that it was easily discarded when New Math was no longer in vogue, unlike some other newcomers, such as statistics.

As stressed earlier, our analysis have tried to capture the different tasks students are faced with, not their difficulty. It is easy to design two construction tasks, one simple and one hard, demanding the exact same constructions, for instance by letting one be a step-by-step instruction while the other demanding a careful analysis of what needs to be done. Moreover, what qualifies as a simple task depends on what opportunities students have had to learn the subject, which makes it a demanding research object for historical research. Moreover, we have not analysed how big a part of the exams geometry made up at different times.

From the vantage point of 2023, we notice that geometrical tasks such as the ones discussed in this article, no longer has a place in the national exams. At most, students are asked to construct something using Geogebra. The stability exhibited in the 1960s and 1970s must therefore have broken down at some point. An extension of the current project might include following geometry to our day, to pinpoint the changes that has taken place. The main contribution of this paper, however, is to supplement research that has mostly been focused on the political and scholarly discussions about curricula, by looking at sources that are more likely to give an idea of what happened in classrooms.
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