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How does the concept of geometrical space develop? As the perception of representative space has been a very important cognitive ability throughout the history of humankind, philosophical and epistemological understanding of geometry knowledge, which would provide an answer to this question, does not come as a surprise. The paper focuses on two understandings of the formation of geometrical space: Poincaré's, which highlights the important role of experiments, complemented by Piaget's activities for children that help the development of the representative space. Relying on these two understandings, as well as on the 2 × 2 typology of spatial abilities by Newcomb et al. (2018), we designed models of mathematics tasks to examine the children's spatial abilities. The models are presented in this paper.

Introduction

From the perspective of mathematics education research, the influence of H. Poincaré is best reflected in the fact that his work influenced one of the fundamental epistemologies of mathematics education [START_REF] Sriraman | Surveying Theories and Philosophies of Mathematics Education[END_REF]. The considerations of H. Poincaré (1854Poincaré ( -1912)), related to human experience and the foundation of geometry, have crucial implications for our research, especially because we find similar incentives in the connections between the real, physical space and abstract geometrical objects [START_REF] Poincaré | The Walter Scott PublishingCo[END_REF]. J. Piaget (1896Piaget ( -1980) ) also made a great contribution to geometry teaching and learning. Piaget dealt with the formation of spatial and geometry concepts in children of preschool and early primary school age.

Geometrical space and representative space according to Poincaré

Poincaré posed a number of important questions about space and geometry that are also the subject of our paper: "Is space revealed to us by our senses? Is geometry derived from experience?" (Poincaré, 1905, p. xx). Poincaré claims that the space revealed to us by our senses is different from the space of geometry.

It is often said that we 'project' our external perceptions into geometrical space. In this way, we 'localize' them. Does it have any meaning, and if so, what is it? Does this mean that we represent external bodies in geometrical space? Poincaré claims that our perceptions are only the reproductions of our knowledge gained through our senses and, therefore, they cannot be arranged within the same framework -in the space created by our senses. Just as it is impossible for a painter to paint threedimensional objects on a flat surface, it is equally impossible to represent external bodies in geometrical space. The space formed by our senses is only an image of the geometrical space, the image subjected to some kind of perspective while representing bodies in it is possible by adhering to the rules of the perspective. It follows that we do not represent to ourselves external bodies in geometrical space, but we reason about these bodies as if they were situated in geometrical space. On the other hand, we may wonder what it means when we say that such bodies are localized in the points of space. "It simply means that we represent to ourselves the movements that must take place to reach that object", Poincaré points out (1905, p. 67). When we say that movements are represented, we refer exclusively to the representation of muscular sensations associated with them.

Poincaré claims that "none of our sensations, if isolated, could have brought us to the concept of space; we are brought to it solely by studying the laws by which those sensations succeed one another" (1905, p. 67). Poincaré poses the crucial question of the relationship between experiments and geometry. He concludes that experiments play a significant role in the foundation of geometry, but it is wrong to conclude that geometry, not even a single segment of it, is an experimental science. If it were an experimental science, it would be approximate and conditional. In that case, geometry would be reduced only to the study of the movement of solid bodies. However, in reality, as Poincaré points out, we do not consider natural bodies -objects in geometrical space are specific ideal bodies, absolutely invariant, very simplified, and they represent the images of natural bodies. The concept of these natural bodies is an abstract one. It is formed in our consciousness as a mental object, an image. An experiment is an opportunity to reach this idea. Poincaré concludes that experiments only teach us the relations of bodies to one another. No matter how many experiments we conduct, they refer only to the relations of bodies to one another and do not tell us anything about the interrelations among different parts of space. Experiments do not refer to space but to bodies and their relations with neighbouring bodies.

Consequently, we can conclude that geometrical space is, in terms of its properties, completely different from the space created by our senses. Its objects are not natural bodies, but their images. Geometrical space was created to enable the human mind to reach the ideas and form the concept of (physical) space. The ideas can be reached by means of experiments -using solid bodies and studying their relations to one another. Indeed, Poincaré (1905, p. 71) points out the following: "If, then, there were no solid bodies in nature, there would be no geometry".

The primacy of topology in the child's geometry according to Piaget

Piaget's claims [START_REF] Piaget | The Child's Conception of Space[END_REF] were based on experimental research and showed that the development of pre-operational intuitions, including spatial operations, in children is closer to theoretical construction than to the historically observed sequence of appearance. In Piaget's view [START_REF] Piaget | The Child's Conception of Space[END_REF], spatial relations are not a priori understood by children because the structure of human consciousness is determined by the thoughts that it can grasp. Images are not passively imprinted in children's consciousness. The formation of spatial concepts occurs through the child's activities and lasts over a longer period of time. Children form representations through their perceptual activity. In this respect, Piaget draws upon his predecessors, Kant and Poincaré (Piaget & Inhelder, 1956, p. 3). Perceptual activity consists of visual and tactile exploration. In the early phase of children's development, their explorations are disorganized because of children's inexperience in terms of representing the objects that they observe or touch. According to Piaget, these are the only topological relations that a child can grasp. The child must go through a phase when he/she can represent a thought and must be able to imagine a connected system of spatial relations.

These are actions undertaken on objects (bodies) in space or figures on a plane. Operations are of key importance in forming a coherent system of thoughts. In Piaget's opinion, understanding space is a result of actions that are not internalized. Arranging objects in our mind does not imply only imagining these objects or imagining the action of arranging them, but also an operational arrangement of sequences. It is achieved by the use of concepts, which is now feasible because the child's actions become internalized and reversible. The primacy of topology is evident in the children of preschool and early primary school age [START_REF] Beth | General psychological problems of logico-mathematical thought[END_REF]).

Poincaré's and Piaget's views on physical and geometrical space point to the reliance on intuition directly reflected on sensation and imagination, and later on the process of induction. It represents "an awareness of space, at a level not yet formalized" (Piaget & Inhelder, 1956, p. 448). All this precedes geometrical reasoning. [START_REF] Jahnke | Three past mathematicians' views on history in mathematics teaching and learning: Poincaré, Klein, and Freudenthal[END_REF]Jahnke et al. ( , p.1424) state that "Poincaré was of the opinion that students should somehow follow the 'trail of the explorer' to cultivate the faculty of intuition". Our conclusion is that studying the concept of geometrical space is very important for teaching and learning geometry. Although three-dimensional objects are a part of everyday life, in geometry teaching they are most often represented by using two-dimensional images. Our understanding of the three-dimensional geometry is closely related to understanding the two-dimensional geometry. Therefore, the mismatch between the knowledge of geometrical space and intuitive representative space can be the root of a deep misunderstanding of space (Đokić, 2014). This idea leads us to several studies on pupils' spatial abilities. Our research question stems from the research paper of [START_REF] Chorlay | History of mathematics in mathematics education: Recent developments in the field[END_REF] who pose a key question: Can research and practice in mathematics education inspire, support, and broaden research in the history of mathematics, and if so, how this can be achieved?

The conceptual change approach from topological primacy to projective geometry

Based on the review of the recent research within CERME11, POEM4 and ICME13, we follow the directions of [START_REF] Björklund | Research on early childhood mathematics teaching and learning[END_REF] for the research on early mathematics teaching and learning and getting a deeper insight into what mathematics means to young children, and also how the foundations can be laid for the domains of spatial and geometric thinking (reasoning).

There is extensive literature pointing to the link between the achievement in mathematics and specific spatial skills [START_REF] Cui | Supporting mathematics learning: a review of spatial abilities from research to practice[END_REF]. However, spatial skills such as mental rotation, spatial visualization, and others are widely elaborated on in the literature. There is little evidence for other specific spatial skills, such as perspective-taking, map reading, etc. The paper with which we started our research on the spatial abilities of preschool children in Serbia is the paper that looks at the skills of preschool children in perspective-taking [START_REF] Vorkapić | Young Pupils' Ability to Solve Perspective-Taking Problems[END_REF]. With this paper, we continue this practice, taking the steps in terms of a continuous monitoring and critical assessment of the practice of the new preschool curriculum in Serbia.

Geometry content is often limited to sorting and naming 2D shapes while children are motivated and able, and they need an opportunity to apply, analyse, and investigate geometric transformations of 2D and 3D shapes through mental rotation, use of symmetry, etc. Apart from [START_REF] Newcombe | The development of spatial perspective taking[END_REF] extensive research on the limitations of the primacy of Piaget's topological concepts in younger children, the critiques of the theory can also be found nowadays [START_REF] Thom | Perspective taking: Spatial reasoning and projective geometry in the early years[END_REF]. This opens the necessary path in terms of the research of the ways in which Piaget's theory and other theories emphasizing the intuitive and complex nature of knowledge can inform children's spatial reasoning by means of projective concepts formed almost simultaneously with the topological ones. According to [START_REF] Thom | Perspective taking: Spatial reasoning and projective geometry in the early years[END_REF], there is a huge research potential for expanding the understanding of spatial reasoning in projective geometry, in terms of critical spatial skills, processes and tools that children 'know', as well as how they demonstrate them and develop perceptively, logically, informally and formally, psychologically, and physically. Objects from a 'real environment' should be presented exactly as they are, i.e. the way they appear on the retina of our eyes, on a sheet of paper, or a computer or TV screen, just as [START_REF] Poincaré | The Walter Scott PublishingCo[END_REF] wrote. Dealing with the concept of space (visual, tactile, and motoric entities), Poincaré ponders upon forming the image of an object from a 'real environment'.

In such a context, it is unnatural for geometry teaching and learning to be reduced to the mere metric aspect, but it should include the affine properties of a plane, as well as a parallel space projection.

The results of our research on children's success in perspective-taking tasks [START_REF] Vorkapić | Young Pupils' Ability to Solve Perspective-Taking Problems[END_REF] show that, as children grow older, their ability to take a perspective in a two-dimensional environment improves (preschool and second-grade children). Some future research may address this issue, which is one of the reasons for conducting further research on children's spatial abilities. The next step in our research on the spatial abilities of preschool and early primary school children draws upon Newcombe's classification of spatial skills (Newcombe, 2018) (see Table 1) and includes the list of 8 tasks that will be used in the future study. By crossing the two dimensions, we get a typology matrix 2 × 2 with four types of spatial skills. In this way, we try to search for a model of mathematics tasks that would provide curricular guidelines for the development of children's spatial abilities.

How did we come about our research question on the research and practice in mathematics education, which inspire, support, and broaden the research on the history of mathematics, and how this can be achieved? Let us have a look at Task 8 (see Table 1). The children will be shown a picture in two parts. In the first part of the picture, there are 4 objects and a figurine of a man placed in a certain position who is taking photos of these 4 objects. The second part of the image consists of 4 potential views of the photo taken by the photographer. The children will be asked to imagine and state which photo is the one taken by the photographer, depending on the position of the 4 different objects. These are the same requests as in Piaget's (Figure 1). Let us also have a look at the adapted task which [START_REF] Frick | Picturing perspectives: Development of perspective-taking abilities in 4-to 8-year-olds[END_REF] gave to children (Figure 2). In Piaget's task, children have to imagine and give an answer to the question of how the bear sees the landscape from its position, going through the entire process of imagining and representing from the 3D space to its 2D representation. The second task involves the requirement that a child should identify/choose which photographer is in a position as presented in the photograph (as the eye sees it, in Poincaré's words). Therefore, the stimulus is a 2D picture representing a group of objects physically located in a 3D space. We first perceive these objects and then connect them to the 2D representation. The same procedure applies to Task 8, with a larger number of objects and the selection of one out of four possible photographs which shows taking the photographer's perspective. In this manner, our research question finds its answer in the history of mathematics, particularly in Poincaré's conceptual definition of space as a geometric one and its representation in physical space, i.e., the idea of the formation of the concept of space by examining the interrelations of objects. In doing this we are helped by physical space and the intuitive knowledge that it offers, representing an image, the representation of the geometric space. Children's spatial skills and the development of these skills are important because they enable them to form geometric space. Only then can Piaget's task involving 3D space and the relations in it be placed in the 2D plane, as well as the image of the relations among the objects in it. Poincaré gives us a broader concept that we trace in the history of mathematics.

Table 1: Examples and descriptions of the tasks plan to be used for the study

  Figures Task

Figure

  Figure 1: Piaget's "Three Mountains Task"