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Useful knowledge: Euclid or Descartes?
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In the early 17th century Euclid's Elements were seen as the solid foundation of geometry and of mathematical applications, such as surveying, navigation, architecture etc. In the Dutch Republic knowledge of mathematical theory was increasingly considered a requirement for mathematical practitioners. Several Dutch translations of (part of) the Elements were published by professors, practitioners and teachers. The Geometry of Descartes was for the first time published, in the Dutch Republic, in 1637. Descartes' ideas on the use of algebra to find solutions for geometric problems and his efficient notation were dispersed by Frans van Schooten Jr and others. By the end of the 17th century it was recognized that the use of algebra could replace some of Euclid. By the end of the 18th century knowledge of the Elements was considered insufficient for the study of all branches of mathematics.

Introduction

In the Northern Netherlands, during a large part of the 17th century, the learned world of theoretical mathematicians and the diverse world of practitioners using mathematics were sometimes linked through intermediaries acting in both these worlds, such as Simon Stevin, Willebrord Snellius and Frans van Schooten Jr [START_REF] Krüger | Concurrence of two mathematics worlds in the Netherlands, 1600 and beyond[END_REF]. More often there existed a substantial gap between the two worlds. In the learned world pure and mixed mathematics were usually studied, developed and taught as purely theoretical subjects, part of the propaedeutic course. The mathematics learned by (future) practitioners was to be used in practical situations outside the universities. [START_REF] Morel | The usefulness and practicability of mathematics: German Mining Academies in the 18th Century[END_REF] points out that in both worlds the learning of mathematics was considered useful, albeit with a different meaning. At the university mathematics was seen as useful to sharpen the mind, to develop the logic reasoning skills of a well-educated man; outside university mathematics might be considered useful for similar reasons, but it was primarily useful for and usable in practices, in areas such as engineering, surveying, navigation and fortification.

Though initially practitioners learned the required mathematical skills at their workplace, without a theoretical structure, by the end of the 16th century a more solid foundation in mathematics was seen as necessary to improve the quality and effectiveness of practical work. One outcome of this process was the establishment of the Duytsche Mathematique, the engineering school at Leiden University [START_REF] Krüger | Lessons from the early seventeenth century for mathematics curriculum design[END_REF]. We also find this idea in written sources from that period, such as in the preface or dedication of textbooks on geometry, often a translation of (part of) the Elements by Euclid.

Textbooks in Dutch language form one of the few sources of information about the mathematics that was considered useful for some groups of practitioners, as well as for other students of mathematics outside a university. During the 17th and 18th century several textbooks on geometry, as well as on other mathematical subjects, such as algebra, surveying, geography, fortification or navigation, were published, sometimes with several editions over time. Geometrical knowledge was a basic requirement for most mathematical practices, but in the course of the 17th century algebra became an increasingly important topic. The more so after Descartes' Geometry [La Géométrie] was published in Leiden in 1637, with its new approach to solving geometrical problems, using a simple and efficient notation. La Géométrie was translated into Latin by Frans van Schooten Jr, professor at the Duytsche Mathematique at Leiden University [START_REF] Dopper | A life of learning in Leiden[END_REF].

Descartes' philosophy was suspect, partly because he encouraged the use of each individuals' own reasoning to distinguish truths from falsehood, which was considered by some to undermine the authority of the Reformed Church and its ministers. Teaching Descartes was sometimes forbidden, for example at the University of Utrecht. Fierce battles between students about his ideas became a nuisance in Leiden and Utrecht.

The questions to which I try to find answers in this paper are

What mathematics was considered useful by the authors of Dutch mathematical textbooks of the 17th and 18th century? From what time does Cartesian algebra appear in textbooks?

The method used is analyzing and comparing eleven textbooks on geometry, from 1606 until the end of the 18th century, taking into consideration questions about viewpoints on Euclid in instruction, on usefulness and usability.

Textbooks on geometry

Table 1 provides a list of Dutch textbooks from the 17th and 18th century, with the name of the author(s), their occupations(s), the year of publication (in case of analysis of a later edition year of first edition between brackets) and the title. With regards to content these textbooks may be divided into three groups. The first group consists of translations of the Elements by Euclid, either the first six books, or Euclid I-VI, XI and XII, or all books considered at the time to belong to the Elements. Often the author added explanations, demonstrations or comments. In Table 1 the numbers 1, 2, 6, 7, 8 and 11 are in this category, the first two with published before 1637.

The second group consists of geometry texts based on Euclid, with a strong Cartesian influence and possibly also some Ramist influence, the numbers 4, 5 and 10.

The third group consists of two publications which do not fit in either of the other two: the numbers 3 and 9.

The translations of Euclid

The Towards the end of the 17th century the surveyor and mathematics teacher Vooght published a translation of sixteen books of Euclid, with concise explanations, a very long introduction on the numerous merits of mathematics and no mention of applications. He considered geometry (the Art of Measuring) as the foundation of all knowledge of the physical world and Euclid as the foundation of geometry. A few years later the learned assistant professor Coets restricted himself to Euclid I-VI, in order to disperse the foundation of mathematics in the vernacular, similar to earlier publications in French, English and Italian.

In 1704 a Dutch edition of Euclid by the lover of mathematics and schoolmaster Warius appeared. Warius also considered Euclid as the foundation of geometry, and geometry he saw as the foundation of many branches of mathematics, such as navigation, surveying, fortification, etc. Furthermore he stated that the study of Euclid sharpens the mind and teaches to distinguish between truth and falsehood, reminiscent of Dou. The book was meant for those students who had mastered arithmetic and started to learn geometry. Warius gave a list of symbols he used, some definitions and explanations of less common words, followed by a rather concise representation of Euclid I-VI, XI, XII. He added material on geometrical figures and on translations of geometrical figures, part of the training of surveyors. There were several editions of this book, it was used in the Foundations of Renswoude, which provided high quality technical education to orphan boys in the 18th century [START_REF] Krüger | The power of mathematics education in the 18 th century[END_REF].

In 1784 the surveyor and examiner De Puyt published a translation of the same eight books of Euclid.

In his introduction he stated that mathematics is the science of quantities and thus relevant for all physical aspects of the world. He saw no need to explain the usefulness, that was sufficiently treated by other authors. De Puyt opposed the shortening of Euclid's texts, in order to lighten the study for the students. He praised the English for their perseverance in the full treatment of Euclid in their education system. His book also contains a list of symbols, and extensive explanations and discussion, but nothing about usability or applications.

Two publications outside the mainstream

To the third category belongs a translation of a book on geometry by Ramus. Though it is based on Euclid it gives a selection of material, a mixture of Euclid and Aristotle. The mathematics professor at Leiden University, Willebrord Snellius was a follower of Ramus, and supervised and expanded Houtman's translation of Ramus' book. Houtman, a minister, emphasized the power of mathematics in finding truths and so its usefulness to keep its students on the right path to God. He also listed numerous examples of the usefulness of mathematics for sciences, arts and crafts; the art of counting and of measuring form the foundation of mathematics. There is praise for Ramus for his clear, wellordered and concise treatment of geometry. The text also provides lengthy explanations, clear illustrations and applications in calculations and surveying. Theory and theoretical applications are combined.

In 1737 the surveyor and engineer Lambertus Fockens published a selection, useful for surveyors, of Euclid, which he wished to prove algebraically. He took propositions from Euclid I-IV, VI and XI-XV. It is not clear why he wished to do this, other than that it had not been done before. He used symbols, as Warius did before him and made use of letters as symbols to translate axioms into algebraic expressions, which he then used to demonstrate the validity of propositions.

Geometry with algebra

Gerard Kinckhuysen, of whom we know very little, was an early follower of Descartes. In 1660 he published The principles of geometry, on conic curves and using Cartesian algebra, in 1661 he published Algebra, to help students who didn't know much about Cartesian algebra and in 1663 he published Geometria or Measuring Art, also aimed at students in general. In his preface Kinckhuysen made clear that he considered doing mathematics as the ideal way to sharpen the mind, and he emphasized to accept as truth only what one can understand with that mind, thus following Descartes.

In 1663 he prudently distinguished between physical and religious questions, between research and belief, referring to Descartes and to Frans van Schooten Jr. In Geometria Kinckhuysen stated that if one wants to study geometry, algebra should be learned first; he assigned letters to line segments, in order to perform algebraic operations. Kinckhuysen did not mention applications and presumed that students already knew their Euclid. His Algebra has been extensively studied by Newton4 .

About 30 years later, in 1694, the mathematics teacher, school owner, examiner of navigators and prolific author of mathematics books, Abraham de Graaf, published All of mathematics or 'wiskonst', restored to its natural form. It has 13 chapters, one on each subject, in the following order: proportionality, arithmetic, geometry, trigonometry, astronomy, surveying, navigation, fortification, gnomonica (sun dials), perspective, optics and related topics, mechanics and algebra. De Graaf strove to present concisely the principles of each subject, both the purely mathematical and the applications; the first four chapters he considered as the foundations of mathematics. In the chapter on geometry, De Graaf treated line segments similar to numbers in arithmetic, just as Kinckhuysen did. In his long preface he stated that mathematics is useful and very usable in numerous practices, such as navigation, commerce, optics, etc., however the theory, especially the geometry and the algebra, was also very useful to learn to observe properly, to reason logically and to take clear decisions. In Geometry De Graaf used a selection of Euclid I-VI, in his own order. The theory is followed by exercises (constructions and calculations). The algebra is Cartesian.

Another 50 years later Pibo Steenstra, assistant professor in mathematics, navigation and astronomy, published Principles of the Measuring Art, structured in 11 books or chapters. In his preface he stated that Euclid I-VI with XI and XII form the foundation of geometry, the other books of the Elements he thought superfluous through the introduction of (Cartesian) algebra. Steenstra used pedagogical arguments and his experiences while teaching at Leiden University to simplify and shorten these eight books. In his opinion Euclid had become insufficient as a foundation for all of mathematics; algebra, differential and integral calculus were also necessary. He considered pure mathematics as the basis for applications, useful for society. His layout differs from that used by De Graaf. The first four chapters cover a selection of propositions from the Elements. Chapter V is on algebra, including polynomial equations in one unknown and applied to geometrical exercises, a return to Euclid and geometry, continuing in chapter VI. Arithmetic and geometric series are also covered. In chapter VII the construction of sine tables is treated, in chapter VIII trigonometry. Chapter IX and X are about solid geometry and in the last chapter logarithms and their use in trigonometry are treated. This book is thus mainly about theoretical mathematics and less about practices, algebra should be studied relatively early. In this he differed from De Graaf.

Some of the authors in Table 1 had more success than others. The works of Dou, Coets, De Graaf, Warius and Steenstra had several reprints. Of the translations of Euclid we know that Warius was used in the Foundations of Renswoude in Utrecht and in Delft, but Dou also was on the list of books in Delft. The geometry books by Abraham de Graaf and of Pibo Steenstra were also in both Foundations, in Utrecht with several copies. In the journal for teachers of mathematics, Mathematical Pastimes (1754-1769) readers named Ramus, Vooght, Kinckhuysen and De Graaf as sources for mathematical problems or for solutions [START_REF] Krüger | Relevance of mathematics journals for Dutch teachers in the 18th and 19th century[END_REF].

Discussion

The authors

Among the authors are four professors or assistant professors in mathematics, four surveyors and three teachers of mathematics, of which one also is a surveyor (and one minister). The translations of Euclid are written by people in all three types of occupation, the same is true for the three works in which geometry is combined with Cartesian algebra.

The viewpoints on the role of Euclid's Elements. Guarantee of truthfulness Some authors wrote that Euclid provides the foundation for geometry (Vooght, Warius, Steenstra, all after 1660) or for all mathematics (Dou, Van Schooten, Puyt). All authors referred to (a part of) Euclid's propositions, or at least presumed knowledge of Euclid in their readers. In the early 17th century, Frans van Schooten Sr wrote that the study of Euclid was indispensable for the proper use of all parts of mathematics, not only arithmetic and geometry, also astronomy, geography, navigation, fortification, optics, mechanics, hydrodynamics and algebra. More than hundred years later Pibo Steenstra had a similar list, phrased slightly differently and with the addition of physics, with as a major difference that he considered Euclid insufficient as a foundation for all of mathematics. Cartesian algebra had replaced part of Euclid. Steenstra strongly advised not to start with the study of Euclid, but first to teach the use of decimal fractions, some geometry and trigonometry, a didactic approach. That is in fact what happened in Van Schooten's lectures around 1620 [START_REF] Krüger | Lessons from the early seventeenth century for mathematics curriculum design[END_REF], so it may have been a didactic advice more than anything else. Mostly the authors restricted themselves to Euclid I-VI, some added Euclid XI and XII. Vooght was the last one to translate all books (1695), most authors agreed that the use of algebra made at least Euclid VII-X superfluous. One question, which perhaps played a role under the surface, was 'does algebra give the same solid certainty of truthfulness of results as Euclid?'. How reliable were results obtained through algebra? Did one trust one's own reasoning or did one prefer the authority of the ancient authors? Truthfulness was an important matter, mathematics was about certainties. Dou told that he posed himself the question of truthfulness of his results and for that reason studied Euclid, Houtman stressed the value of mathematics in finding truths, Warius wrote that the study of Euclid teaches to distinguish between falsehood and truth. Even if one experienced the power of Cartesian algebra in solving geometrical problems, it may have felt slightly insecure for some, Euclid may have felt more safe.

Usefulness in different forms is indicated by many authors. Either within mathematics itself (Euclid), or directed towards society (mathematics) or the individual (Euclid, algebra, mathematics). Mathematics was seen as very usable in numerous applications and so was algebra later on. Other opinions phrased by the authors were that mathematics is useful as it enables knowledge of the physical world, it brings with it certainty and it allows one to sharpen the mind. This last argument, in different forms is found in Kinckhuysen, De Graaf and Warius. It was typical for the period of the Enlightenment, and was revived in Dutch mathematics education in the late 19th century.

Algebra in geometry

As far as we know, Kinckhuysen was the first author to write textbooks in which he used Cartesian algebra fully, starting in 1660. That was early and not without risks. The Reformed Church had a lot of influence and Descartes was seen by some as disrespectful to God. So authors who used Cartesian algebra took pains to emphasize that mathematics enabled proper thinking and thus encouraged the correct belief; it was useful to help find truth.

Abraham de Graaf, a dedicated teacher, used Cartesian algebra and so did Pibo Steenstra, a teacher at university. Both wrote that it made mathematics easier to learn for the students and made solving problems less time-consuming. It is possible that the relevance of the many mathematical practices for the Dutch society was a factor in the use of algebra in geometry.

Abraham de Graaf probably did most for the dispersal of using algebra to solve geometrical problems, as he wrote many mathematics books meant for instruction which were also suitable for selfinstruction. However, Kinckhuysen, though a less prolific author, was also important for the dispersal of algebraic solutions to geometrical problems, as his book was still in use a century after the first publication. Euclid formally remained the foundation of geometry, but not for all of mathematics. There was a gradual shift to a more algebraic approach.

A related, as yet unanswered, question is at what time the use of algebraic solutions to problems appeared in textbooks for practitioners, such as surveyors and navigators.

Table 1 : overview of authors, their occupation, year of publication (year of the first edition), title 12

 1 

	1	Jan Pietersz Dou	surveyor and wine gauger of	(1606)	The first six books of Euclid, the
			Leiden	1626	principles and foundations of Geometry
	2	Frans van Schooten Sr	professor Duytsche	1617	The Propositions of the XV books of
			Mathematique at Leiden		Euclid's Elements
			University		
	3	Dirck Hendricksz	Houtman: minister of the	1622	Petri Rami Measuring Art contained in
		Houtman, Willebrord	protestant church, Snellius:		XXVII books
		Snellius	professor of mathematics at		
			Leiden University		
	4	Gerard Kinckhuysen	occupation unknown	1663	Geometry or Measuring Art, at the
					service of those who are studying this
					art
	5	Abraham de Graaf	mathematics teacher, school	1694	All of mathematics or 'wiskonst',
			owner, examiner of		restored to its natural form
			navigators, bookkeeper		
	1 The Dutch word 'Meetkunst' or 'Meetkonst' is translated by Measuring Art. 'Geometrie' is translated by Geometry.
	2 All translations are by the author of this paper.		

J.P. Hogendijk mentions a few more Dutch translations of Euclid 3 .

  Dou relates that he knew something of geometry and arithmetic, but started to question whether what he used was true. Simon van Merwen, professor Duytsche Mathematique, then taught him to study Euclid, as a solid foundation for mathematics. Dou, together with his colleague Johan Sems, also published the first textbook on surveying in Dutch language Practice of Surveying (Pracktijck des lantmetens) in 1600. The surveyor, engineer and professor Duytsche Mathematique Van Schooten published a translation from a Latin text in 1617, on request of his students. He, too, wrote that the study of Euclid was indispensable for the proper use of mathematics in practices.

surveyor Dou published in 1606 a translation of Euclid I-VI (based on a German and a French text), with explanations and demonstrations, but without applications. The book had several reprints.

https://www.jphogendijk.nl/list/17eucl.html .
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