Margrethe Naalsund 
email: margrethe.naalsund@nmbu.no
  
Marte Bråtalien 
  
Joakim Skogholt 
  
How can we contemplate "productivity" in students' mathematical interthinking?

Keywords: Mathematical interthinking, productivity, argumentation, collaborative learning

Interthinking comprises in this study the interconnection of collaborative actions and argumentative features when students reason and solve mathematical problems together. These social elements are emphasized as important for in-depth learning of mathematics. Productivity is a central element of interthinking, however, previous research is oftentimes vague regarding what productivity entails in this setting. This paper discusses what productivity in students' mathematical interthinking may entail, studying a group of professional development students' shared process of inquiring on ideas involved in numerical integration. We suggest that all forms of interthinking processes play an important role regarding productivity for developing a shared understanding and advocate the importance of studying the process from initial idea to the final product.

Introduction

Social interactions are well known for fostering in-depth learning [START_REF] Hansen | Students' agency, creative reasoning, and collaboration in mathematical problem solving[END_REF][START_REF] Mercer | Sociocultural discourse analysis: Analysing classroom talk as a social mode of thinking[END_REF]. [START_REF] Mercer | Sociocultural discourse analysis: Analysing classroom talk as a social mode of thinking[END_REF] emphasizes that "when working together, we do not only interact, we 'interthink'" (p. 139), a concept further described by [START_REF] Littleton | Interthinking. Putting talk to work[END_REF] as the process of using spoken language to think creatively and productively together. We have previously conceptualized interthinking as the interplay of students' collaborative actions and the argumentative functions of their spoken mathematical reasoning in group efforts to solve problems, and discussed the value of this interplay for mathematical learning [START_REF] Naalsund | On the value of interthinking for mathematical learning[END_REF]. Defining collaboration as "… a coordinated, synchronous activity that is the result of a continued attempt to construct and maintain a shared conception of a problem" (Roschelle & Teasley, 1995, p. 70), we studied collaborative actions building on Mueller et al.'s (2012) framework on co-construction of ideas, emphasizing building on each other's thoughts and correcting divergences and conflicting ideas. [START_REF] Toulmin | The uses of argument[END_REF] was used to study argumentative functions, grounded in [START_REF] Lithner | A research framework for creative and imitative reasoning[END_REF] framework on creative mathematically founded reasoning (CMR), a form of reasoning closely linked to argumentation and the development of a deeper mathematical understanding. Further, productivity is an important part of the description of interthinking, but what does it in fact mean to "think productively together"? In [START_REF] Naalsund | On the value of interthinking for mathematical learning[END_REF], we argue the need for further research on what the productive-part of interthinking may entail.

Many studies address productivity in connection to mathematical discussions (e.g., [START_REF] Borko | Video as a tool for fostering productive discussions in mathematics professional development[END_REF][START_REF] Webb | Teacher practices that promote productive dialogue and learning in mathematics classrooms[END_REF]. However, productivity is often not clearly defined. Some researchers seem to use the notion as a synonym to effectivity in task solving (e.g., [START_REF] Wells | Using self-monitoring of performance with selfgraphing to increase academic productivity in math[END_REF], others connect it, although indirectly, to various aspects of in-depth learning such as inquiry, student participation and collaborative learning (e.g., [START_REF] Borko | Video as a tool for fostering productive discussions in mathematics professional development[END_REF][START_REF] Webb | Teacher practices that promote productive dialogue and learning in mathematics classrooms[END_REF]. Some researchers categorize productivity based on snapshots of a teaching situation [START_REF] Bungum | Quantum talk: How small-group discussions may enhance students' understanding in quantum physics[END_REF]. Collaborative learning is often tied to problem-solving, a process that is cognitively demanding and far from linear, which influences, in our opinion, how we can view productivity. This paper aims to critically discuss this issue through exploring the research question: How can we contemplate "productivity" in students' mathematical interthinking?

As in [START_REF] Naalsund | On the value of interthinking for mathematical learning[END_REF] and [START_REF] Bråtalien | Designing problems introducing the concept of numerical integration in an inquiry-based setting[END_REF], we relate our study to professional development students' group-discussions when working with numerical integration problems as part of their calculus course. More specifically, the research question is discussed based on an analysis of a group of students' collaborative actions and argumentative features as they, together, grapple with the given problems. These aspects and their evolvement throughout a problem-solving session are essential for how we interpret productivity in light of interthinking, connected to in-depth learning [START_REF] Borko | Video as a tool for fostering productive discussions in mathematics professional development[END_REF][START_REF] Webb | Teacher practices that promote productive dialogue and learning in mathematics classrooms[END_REF].

Theory

Mercer ( 2004) described children's talk through three types: Disputational talk (disagreement and individualized decision making, with few attempts to joint decision making and constructive criticism to each other); cumulative talk (building on each other's suggestions, however uncritically, through repetitions, confirmations and elaborations); exploratory talk (engaging critically and constructively with each other, statements and suggestions are often challenged, counter-challenged and justified, and decisions are jointly made). Much research on social interactions in learning settings has built further from this categorisation over the last two decades. Cumulative, and in particular, explorative talk, have in previous research been called productive, whereas disputational talk is considered unproductive [START_REF] Bungum | Quantum talk: How small-group discussions may enhance students' understanding in quantum physics[END_REF]. This relates to a view of productive discussions as "discussions where students engage actively with ideas together and build on each other's utterances in joint knowledge building" (Bungum et al., 2018, p. 857). Exploration and the willingness to engage in indepth analysis of mathematical ideas, as well as challenging and correcting each other's ideas, are commonly shared views on important aspects of productive conversations (e.g., [START_REF] Borko | Video as a tool for fostering productive discussions in mathematics professional development[END_REF][START_REF] Mueller | A framework for analyzing the collaborative construction of arguments and its interplay with agency[END_REF]. Further, through this form of co-construction, the students can create new ideas and solutions that no member of the group had from the start, i.e., they build a shared understanding of the content (e.g., [START_REF] Hansen | Students' agency, creative reasoning, and collaboration in mathematical problem solving[END_REF][START_REF] Roschelle | The construction of shared knowledge in collaborative problem solving[END_REF][START_REF] Webb | Teacher practices that promote productive dialogue and learning in mathematics classrooms[END_REF]. Therefore, collaborative reasoning that directly supports the building of a shared understanding, may be considered productive.

Several researchers advocate the value of productive struggle for deep mathematical learning (e.g., [START_REF] Hiebert | The effects of classroom mathematics teaching on students' learning[END_REF][START_REF] Warshauer | Productive struggle in middle school mathematics classrooms[END_REF], i.e., a student's "effort to make sense of mathematics, to figure something out that is not immediately apparent" (Hiebert & Grouws, 2007, p. 287). [START_REF] Hiebert | The effects of classroom mathematics teaching on students' learning[END_REF] emphasize that the process of struggle begins with some perplexity, confusion, or doubt. "It continues as students try to fit things together to make sense of them, to work out methods to resolving the dilemma" (Hiebert & Grouws, 2007, p. 288). Herein lies opportunities for interthinking as students together grapple with problems and try to make sense of mathematical ideas. Problems require students to analyze, explore ideas, connect them to other concepts, and make explanations [START_REF] Warshauer | Productive struggle in middle school mathematics classrooms[END_REF], which means that they have a high potential for struggle. Addressing productivity within this frame, it seems important to assess productivity over time, for example throughout a problem-solving session, allowing for moments of perplexity, confusion, and doubt.

Method

This paper reports from a research project following teachers engaged in professional development at a Norwegian university throughout their calculus course in 2019. The project encompassed problem-solving sessions, video-observing groups of students' interthinking. Here, we report from one of these sessions, focusing on the interthinking process of one group as they solved a sequence of three problems designed for an informal introduction to ideas behind numerical integration. Integration had not been formally covered yet in the calculus course at the time of data collection. Prior to this session the students have had some instruction on how to work with mathematics in groups, as well as a more informal session to practice working in groups. The group consisted of four women: Students A, B, C, and D, who had frequent turn-taking actions. Similar patterns of productivity as reported for this group were also seen for other groups. The recordings of the group were transcribed, then coded according to the project's conceptualization of interthinking: 1) Argumentative function of the utterance: Claim (present an argument); Data (evidence used to support the claim); Warrant (explanation of why one can deduce the claim from the data); Backing (further justification of the warrant), 2) Collaborative actions: Initial idea (starting point of a collaborative reasoning process); Expanding (explain and build further on other's thoughts and ideas); Confirming (gather around joint ideas, shared understanding); Correcting (divergences and conflicting ideas leading to reformulation, repairing, and further explanation); Insecurity (gap in the students' understanding, a need for clarification) (elaborated in [START_REF] Naalsund | On the value of interthinking for mathematical learning[END_REF]). Rich descriptions of the interplay between argumentative features and collaborative processes were written and analysed in light of productivity as outlined in the theory section. To capture mathematical developments in the students' interthinking, these descriptions were assigned to the stages for the process of learning numerical integration outlined in [START_REF] Bråtalien | Designing problems introducing the concept of numerical integration in an inquiry-based setting[END_REF]: Represent (use and combine different representations of the problem); Refocus (from the graph itself to the geometric shape bounded by it); Area (addressing the central role of the area of the geometrical shape); Accumulate (dividing the area into smaller parts and accumulating them); Approximate (developing techniques for approximating the area); Refine (improving approximations). While the three former stages refer to the essential idea of numerical integration as calculation of an area, the three latter stages concern processes of how to determine or estimate the area. These stages should not be seen as a set of requirements to learn numerical integration, but as a natural trajectory formed by central elements that numerical integration builds on and that students might address when grappling with numerical integration problems.

Results

In the following sections, we outline key characteristics of the group's interthinking while working together on problem 1 (for 10 minutes), problem 2 (for 30 minutes) and problem 3 (for 20 minutes).

Problem 1: Representing and misrepresenting the problem through superficial interthinking B:

It's like, since we know the velocity that [the distance] increases with, it will be the same as the slope. C:

Mhm. A:

Mhm. So we'll just plot it like this…? B:

Yeah, or we could just-A:

We can plot it like this, then-B:

We know that when you drive at fifty kilometres per hour… When the time is zero before you start, then you haven't started yet, so you've driven zero kilometres.

And after one hour you've driven-C:

Fifty. A:

Yeah. Should I try that first, then? C:

And then it increases with fifty for each [hour].

(A draws a graph that shows distance as a function of time, with 50 (the velocity) as the slope)

Throughout problem 1, the students frequently shared ideas with each other, seemingly trying to connect the problem to their existing knowledge and build a shared understanding of it. However, as illustrated in the excerpt, their interthinking was characterized by insecurity, shallow confirmations, and few expanding actions and corrections. These collaborative actions were linked to limited justifications (warrants and backing). Unelaborated claims were often uncritically confirmed by the group. In-depth analyses and critical evaluation of both process and product (the graph) was scarce.

The interthinking was mainly superficial and uncritical in nature, thus, misinterpretations were easily accepted. A major consequence was, as the excerpt reveals, that the group agreed to a graph showing distance as a function of time rather than velocity as a function of time (which was what the problem text requested). Because of their misrepresentation, the potential to refocus and discover the connection between their algebraic calculations and the area of the section bounded by the graph was lost. What they did was simply to read off some y-values from their graph to determine the distances.

Problem 2: Discovering the area-idea through advancing the interthinking in joint attempts to refocus

In problem 2, the group started with an unjustified and unchallenged agreement that the graph represented how much water was in the bottle at given times. In other words: Like in problem 1, they tried to read the answer off the y-values. This led to a dilemma when they realized that they would end up with a negative volume of water. After some struggle, C suggested that the "flat" area where y = 1 could mean that 1 dl was added per second for 2 seconds, challenging their previous agreement that the volume of water in the bottle here was 1 dl. Following this, C provided a new claim that shifted the group's interthinking towards a refocus from the graph to the area underneath it:

C: I'm wondering, if you imagine that there are triangles here and here (points at the graph). And we add them. Wouldn't that equal the two decilitres here? (points at rectangle area under the graph). Do you understand my thinking? D and B:

Yeah! A:

No, not really… C:

Well, that this increase and this decrease (points at triangle areas under the graph), that's just as much water in total, as this (points at rectangle area under the graph).

Because the volume here and here (points) are the same. Inside-A:

Oh, yes, now I get it. C:

Well, I'm not sure if it's correct (laughs). But one can think like that? B:

Yes, and then it maybe makes more sense, because if this is one decilitre in total, first half a decilitre here for one second and then another half there for one second-(B is interrupted in her justification)

Throughout the problem, the group's interthinking became deeper and more critical. They seemed more concerned with what they were doing or supposed to be doing, and why, visible through multiple instances of correcting, questioning, and deeper justifications. An example of this is C's warrants to the (accumulating) area-idea in the excerpt above when A is not "on board" with the idea. This advancement in argumentation was linked to their collaborative actions: They became more critical to ideas, negotiated different ideas and engaged in collaborative actions of deeper confirming, expanding, and rephrasing. These efforts contributed to their building of a shared understanding. In the following excerpt, we see how all four group members contribute to negotiate a shared interpretation of the graphical representation:

B: She turns on the water tap, lets the water flow, and it kind of increases with half a decilitre per second. And then, she has opened the tap so much that one decilitre is added per second. On that flat part. And then she starts to turn the tap off again… A:

Yes, so here (points at the graph where t = 4 s) it only decreases from-B If I understood it right as you explained it-C:

That's at least how I think of it. B:

So nothing more is added [when y = 0]. It just increases… D:

But what happens when we get down here? (points at the graph where t = 8 s) C:

Then you pour some out.

B:

That's an extra decilitre. A:

Because it says minus here [on y-value]. C:

Yes, so she pours some of it out again. So, she has filled one decilitre after two seconds, and then she fills two more… And then another one here, and then she pours one [decilitre] out again here.

The advancement in the group's interthinking also meant that their shared process shifted from the linear trajectory we saw in problem 1. Several claims were dismissed by the group if not accepted by all members, and revisited when the other group members were ready to think in this particular way (e.g., the area-idea was not fully accepted as a "mathematical" solution before it had been revisited multiple times). This advancement in forms of disagreements and critical thinking, permeating both collaborative actions and argumentative features, is important for building a shared understanding.

Problem 3: Refining through justified agreements

The group decided to approximate the velocity by calculating the area of a triangle with base 4 (from t = 4 s) and height 17 (from y(4) = 17) and subtract the part of that triangle that was "outside" the graph by counting squares (approximate). Later, they reflected on their estimate: D:

But we know that it would be the area of everything under [the graph], and we've estimated it and seen the area here. B:

'Cause, you drew a triangle, like that, didn't you? And then we kind of took away-A:

Yes, that little… Those small squares there. And that's the same as if we'd taken all those squares [inside the triangle].

Continuing their collaborative efforts, the students included each other (e.g., rephrasing each other's claims and warrants, and continuously checking "do you agree?") and built on each other's suggestions to build a shared understanding. Further, they discussed other ways to approximate the velocity, such as piecing up the area into smaller bits and accumulate them, which is relatively close to formal methods such as Riemann sums. They agreed that the more slices made, the more accurate -but also time-consuming -the approximation (refining). More than seen in the first two problems, accumulation, approximation, and refining, were central steps in the students' interthinking.

Discussion

In problem 1, the students showed much insecurity, and there were few expanding and correcting actions (collaborative actions), combined with superficial argumentation (argumentative features). Thus, their interthinking may appear as quite un-productive [START_REF] Bungum | Quantum talk: How small-group discussions may enhance students' understanding in quantum physics[END_REF][START_REF] Borko | Video as a tool for fostering productive discussions in mathematics professional development[END_REF][START_REF] Webb | Teacher practices that promote productive dialogue and learning in mathematics classrooms[END_REF]. Moreover, it may be seen as in-effective [START_REF] Wells | Using self-monitoring of performance with selfgraphing to increase academic productivity in math[END_REF], as the students seemed insecure, made errors, and did not get into key ideas of numerical integration such as accumulation of areas (cf. [START_REF] Bråtalien | Designing problems introducing the concept of numerical integration in an inquiry-based setting[END_REF]. However, productive struggle is highlighted as important for deep learning, and [START_REF] Hiebert | The effects of classroom mathematics teaching on students' learning[END_REF] emphasize that the process of struggle begins with some perplexity, confusion, or doubt. Thus, their interthinking in problem 1 may be valuable for the further problem-solving process. In problem 2, the students met confusion, and a dilemma, that they had to resolve. Hence, they continued to "try to fit things together to make sense of them, to work out methods to resolving the dilemma" (Hiebert & Grouws, 2007, p. 288), resulting in a new, mutual, interpretation of what the graph represented. This representation process brought them further into the joint discovery of area and accumulation [START_REF] Bråtalien | Designing problems introducing the concept of numerical integration in an inquiry-based setting[END_REF]. The willingness to engage and explore, as well as challenging each other's ideas as seen in problem 2, are important aspects of productive conversations [START_REF] Borko | Video as a tool for fostering productive discussions in mathematics professional development[END_REF]. The group's process solving problem 2 can therefore be viewed as highly productive, not least regarding the joint focus of the group [START_REF] Hansen | Students' agency, creative reasoning, and collaboration in mathematical problem solving[END_REF][START_REF] Roschelle | The construction of shared knowledge in collaborative problem solving[END_REF][START_REF] Webb | Teacher practices that promote productive dialogue and learning in mathematics classrooms[END_REF]. To a much larger extent than seen in problem 1, the group members seemed engaged in building a shared understanding as ideas were dismissed if not accepted by all. This struggle sometimes meant going in circles. In a delimited view of productivity, one could perhaps claim that such passages of their process were un-productive. In a larger view, however, this non-linear process seemed important for the deepening of their interthinking through productive struggle with arguments and collaborative actions supporting the building of a shared understanding. Further, it can seem as if the periods of "un-productive" interthinking in fact are productive in that the students gradually move through the steps highlighted as important for the ideas behind numerical integration. In problem 1, they struggled with representing the problem (stage 1), in problem 2, their interthinking gradually grew deeper and they, after some struggle, refocused (stage 2) and gathered around a joint idea of how the area of the geometrical shape could help them solve the problem (stage 3) [START_REF] Bråtalien | Designing problems introducing the concept of numerical integration in an inquiry-based setting[END_REF]. In problem 3, we observed interthinking addressing accumulation, approximation, and refining (stage 4, 5, 6) [START_REF] Bråtalien | Designing problems introducing the concept of numerical integration in an inquiry-based setting[END_REF], based on the idea of calculating areas. In a delimited view of productivity, the students' interthinking in problem 2 may be viewed as more productive than in problem 3, since it contained more expanding, correcting and challenging actions [START_REF] Bungum | Quantum talk: How small-group discussions may enhance students' understanding in quantum physics[END_REF][START_REF] Mercer | Sociocultural discourse analysis: Analysing classroom talk as a social mode of thinking[END_REF][START_REF] Mueller | A framework for analyzing the collaborative construction of arguments and its interplay with agency[END_REF]. In problem 3, they agreed more, but important here is the "depth" of their agreement. Perhaps the corrections and challenging seen in problem 2, as well as the back and forth, "waiting" for the other students to "see" the area-idea, contributed to the deeper, more "informed" agreement observed in problem 3.

The study is subject to some limitations, including the small sample size, the particular group of students included in the study, the improvement of the group dynamics throughout the three problems as well as the students being observed over a short period of time. However, we believe the study has provided valuable insights into what productivity may entail in problem-based interthinking. We highlight, supported by previous research, the value of collaborative learning processes [START_REF] Borko | Video as a tool for fostering productive discussions in mathematics professional development[END_REF][START_REF] Webb | Teacher practices that promote productive dialogue and learning in mathematics classrooms[END_REF] embracing non-acceptances and disagreements in a joint pursuit of building a shared understanding of the problem [START_REF] Hansen | Students' agency, creative reasoning, and collaboration in mathematical problem solving[END_REF][START_REF] Roschelle | The construction of shared knowledge in collaborative problem solving[END_REF][START_REF] Webb | Teacher practices that promote productive dialogue and learning in mathematics classrooms[END_REF]. However, we view interthinking as an evolving process, and argue that all forms of collaborative actions described in this study may very well be productive on a path of struggle [START_REF] Hiebert | The effects of classroom mathematics teaching on students' learning[END_REF][START_REF] Warshauer | Productive struggle in middle school mathematics classrooms[END_REF] to gradually more sophistication in both collaboration and argumentation. We do not find the idea of productivity linked to effectivity in task-solving (e.g., [START_REF] Wells | Using self-monitoring of performance with selfgraphing to increase academic productivity in math[END_REF] useful in this context. To understand more of the evolvement of interthinking, it is important to study the process from initial idea to the final product, in close relations with the mathematical problems and concepts at play. We encourage further research on this topic in different contexts, and for teachers to embrace this larger view of productivity in similar settings.
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 1 Figure 1: The sequence of three problems, also published in Bråtalien et al. (2022)