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This paper presents a part of a professional development program that aims to support pre-service teachers' professional noticing skills in the context of perimeter measurement. Thirty-two pre-service mathematics teachers participated in a video-based module situated in pedagogies of practice framework. The module involved video clips of task-based interviews with students as representations of practice and analysis of video clips through a professional noticing framework as decompositions of practice. As approximations of practice, pre-service teachers conducted task-based interviews and reflected on and analysed their own practices. One of the responses of the pre-service teachers was provided to illustrate the development in the professional noticing skills of the pre-service teachers. The findings indicated that the module has the potential to support pre-service teachers' professional noticing skills.

Introduction

Prioritising teachers' attention to the students' thinking is essential for the improvement of classroom instruction (Gonzalez & Skultety, 2018). Supporting teachers to understand the mathematical thinking processes of the students is the only way to improve mathematics instruction and hence, students' learning [START_REF] Fennema | A longitudinal study of learning to use children's thinking in mathematics instruction[END_REF]. Professional noticing offered by [START_REF] Jacobs | Professional noticing of children's mathematical thinking[END_REF] directs the teacher's attention to the student's thinking, and then the teacher interprets the student's understanding and devises a response. Even though it is challenging for pre-service teachers to notice students' mathematical thinking, it is a skill that can be learned [START_REF] Jacobs | Professional noticing of children's mathematical thinking[END_REF]. Pre-service teachers can develop their noticing skills if opportunities are provided in teacher education programs. Practice-based teacher education provides "repeated opportunities for novices to practice carrying out the interactive work of teaching" (Ball & Bass, 2000, p. 503). Pedagogies of practice proposed by [START_REF] Grossman | Teaching practice: A cross-professional perspective[END_REF] enable pre-service teachers to practice reflective and interactive aspects of teaching. [START_REF] Fisher | Noticing numeracy now! Examining changes in preservice teachers' noticing, knowledge, and attitudes[END_REF] claimed that pedagogies of practice can be a basis for the implementation of professional noticing in teacher education programs for the development of pre-service teachers. In this way, improving pre-service teachers' noticing skills can support them to deliver better instruction at the beginning of their profession.

In this paper, we report one aspect of a professional development program which aims to support preservice teachers' professional noticing of students' mathematical thinking through a video-based module situated in pedagogies of practice framework. The professional development program was on geometric measurement, but in this paper, we particularly focus on perimeter measurement. Thus, the aim was to examine how a pre-service teacher's participation in the video-based module situated in pedagogies of practice framework supports her professional noticing skills. For this purpose, we sought an answer to the following research question: How do a pre-service teacher's professional noticing skills in the context of perimeter measurement develop through a video-based module situated in the pedagogies of practice framework?

Theoretical framework

For the teaching of practice in the university context, [START_REF] Grossman | Teaching practice: A cross-professional perspective[END_REF] developed a framework including three key concepts: representations, decompositions and approximations of practice. The researchers argued that these concepts are helpful while teaching complex practices to novices, and there should be more opportunities for pre-service teachers in these areas to enable them to provide effective teaching in the future. Through pedagogies of practice, pre-service teachers can interact with representations of practice, use particular decomposition of practice and engage in approximations of practice. Representation is making practice visible to novices, such as videos or written cases of students' work. In the present study, video clips of one-to-one task-based interviews with middle school students were used as representations of practice. Decomposition is disintegrating represented practice into components for teaching and learning purposes. In this study, pre-service teachers first individually analysed the video clips in the sessions. Moreover, considering the importance of allowing teachers to engage in individual reflection as well as collaborative discussions on videos [START_REF] Zhang | Understanding affordances and challenges of three types of video for teacher professional development[END_REF], after individual analysis of video clips using the professional noticing framework, pre-service teachers participated in group discussions followed by whole-class discussions. Thus, in the present study, discussions around video clips about attending, interpreting, and responding, in addition to individual analysis, acted as decompositions of practice. Approximation of practice is simulating the practice that is "related, but not identical, to the work of practicing professionals" [START_REF] Grossman | Framework for teaching practice: a brief history of an idea[END_REF](Grossman, , p. 2840)). Representations show practice, while approximations engage novices in these practices. In the present study, pre-service teachers practised task-based interviews with students as an approximation of practice.

Methods

This study is part of a professional development program based on a video-based module situated in the pedagogies of practice framework. For in-depth exploration, we focus on Betty, who was selected among the participants, 32 senior pre-service teachers enrolled in an elementary mathematics education program in one of the state universities in Turkey. At the beginning of the study, to determine the pre-service teachers' noticing skills prior to the intervention, an initial noticing questionnaire on geometric measurement, which was developed by the researchers, was implemented to the participants, and they were asked to answer three prompts adapted from [START_REF] Jacobs | Professional noticing of children's mathematical thinking[END_REF] individually: (i) Please describe what each student did in response to this problem/how (s)he solved the problem. Do you think the student's solution is correct? Why? (ii) Please explain in detail what you learned about the student's understanding based on his/her response. (iii) Pretend that you are the teacher of this student. If the student's solution is correct, what problem(s) might you pose next to help the student progress in his/her mathematical thinking/understanding? Why? If the student has a misconception, what do you do to eliminate his/her misconception? Please explain in detail. Preservice teachers' responses to these prompts constituted the pre-test of the study. In the first problem in the questionnaire, which was adapted from [START_REF] Kellogg | Preservice elementary teachers' pedagogical content knowledge related to area and perimeter: A teacher development experiment investigating anchored instruction with web-based microworlds[END_REF], three different students' responses that reflect different reasoning are provided under the problem to examine pre-service teachers' professional noticing skills in perimeter measurement (Figure 1). While Ada's and Tuna's responses are incorrect, Sare's response is correct. Following this, participants took part in seven intervention sessions on geometric measurement. In each session, participants viewed video clips of different students solving a task as a representation of practice by taking notes. Video clips were produced by the researchers through conducting taskbased interviews with middle school students. The tasks were similar to the problems in the questionnaire in terms of their contents. The first session was related to perimeter measurement. In this session, three students' solutions to the task reflecting different reasoning were presented in video clips. The task was based on the misconception about the relationship between perimeter and area rooted in intuitive rules [START_REF] Tirosh | Intuitive rules: A way to explain and predict students' reasoning[END_REF], which was adapted from [START_REF] Lo | Middle grades' students' conceptions of area and perimeter[END_REF]. In this task, the students were asked how the perimeter of a rectangular paper changes if a piece of it is cut. They were also asked to show this by cutting the paper and to justify their reasoning. Then, they were asked whether it was possible to get a different result and, if so, to show this again by cutting the paper and to justify their reasoning. Two of the students' responses in the video clips are provided below.

Student 1 (S1) responded that the perimeter is halved by splitting the paper in half. She justified her reasoning by saying, "Because we split the paper, the paper is split in two, so the perimeter is halved". In the second part of the interview, she responded that the perimeter always decreases.

Student 3 (S3) stated that the perimeter decreases by cutting off a triangle at a corner. Then, he cut two strips from the right sides of the triangle, added them end to end and compared that segment with the hypothenuse and said, "Since the lengths of segments are longer, the perimeter decreases". In the second part, he responded that it is possible to keep the perimeter constant, and he cut a square piece from the corner by saying, "Opposite sides of a square are congruent". Afterwards, he declared that the perimeter could be increased by cutting off a square from the side and explained, "Only one side was counted as length. Now, these sides (pointing to the three sides) are counted".

As a decomposition of practice, after viewing, participants individually analysed the video clips and wrote reflection paper 1 by responding to the prompts related to attending, interpreting and responding skills. Then, respectively, group discussion and whole class discussion regarding their attention features in the video, interpretations of students' understanding and decisions about the next diagnostic or instructional steps on the basis of students' understanding were held. At the end of each session, participants were asked to write reflection paper 2 by typing changes in and additions to their reflections after participating in discussions, if any. The same procedure was followed for each of the seven sessions, and participants viewed, analysed, and discussed video clips for 2 hours in each week. As an approximation of practice, participants designed a geometric measurement task and conducted a task-based interview with a student. The aim of the interview was to elicit and obtain information about the student's mathematical thinking. The participants recorded a video of the interview, analysed it using the professional noticing framework and wrote reflection paper 3 based on their analysis. After the approximation of practice was completed, a final noticing questionnaire, identical to the initial questionnaire, was implemented to the participants as a post-test. After the implementation of the post-test, semi-structured interviews were conducted with the selected six participants as a follow-up for clarification of their written responses in the questionnaire. In brief, Betty's written responses about three students' solutions to the problem in the questionnaire, reflection papers, discussions and semi-structured interviews conducted with Betty constituted the data for the present study. The professional noticing of children's mathematical thinking framework developed by [START_REF] Jacobs | Professional noticing of children's mathematical thinking[END_REF] was modified by considering the data collected, and participants' responses to the prompts in the questionnaires and reflection papers were analysed through this modified version. Attending originally consisted of two categories: evidence and lack of evidence, and interpreting and responding included three categories: robust, limited and lack of evidence [START_REF] Jacobs | Professional noticing of children's mathematical thinking[END_REF]. In order to represent all responses, two more categories, which are limited and substantial, were added to attending, one more category, which is substantial, was added to interpreting, and two more categories, which are medium and substantial, were added to responding components considering the common characteristics of responses. In this way, participants' attending and interpreting skills were examined at four levels: lack, limited, substantial and robust, while responding skills were examined at five levels: lack, limited, medium, substantial and robust. Data were individually analysed by the first author and another researcher working on professional noticing. They compared the codes with the involvement of the second author, who has a critical stand on differences in coding, and disagreements were resolved through the discussions.

Findings

At the beginning of the study, in the initial noticing questionnaire, Betty described the solutions of Ada and Tuna without mathematical properties, and hence she provided a limited level of evidence for attending. She could describe Sare's correct solution with mathematical properties but without providing much detail, i.e., her explanation showed a substantial level of attending. Moreover, she could not provide any interpretations regarding the student's understanding. For responding, Betty provided the same suggestions for Ada and Tuna as the next steps. Although both students' solutions were incorrect, their reasoning behind the solutions was different. The suggestion was based on orienting the students to the correct answer with questions, which indicated medium evidence as follows: This instructional action may help Tuna realise his incorrect answer, but it is not appropriate to the student's misconception, which is a direct relationship between perimeter and area. For Sare, Betty was not able to provide any suggestions to extend the student's understanding in the initial noticing questionnaire.

Representation and decomposition of practice

When Betty individually analysed S1's solution in the video clip, she provided limited evidence of attending as follows:

Betty: S1 assumed that the paper could only be cut evenly in the middle. To her, cutting always meant reducing. (Reflection paper 1)

Here, Betty only attended to S1's way of cutting without mentioning mathematical details in the student's solution. As a result of this, she also provided limited evidence in interpreting S1's mathematical understanding because her comment on the student's understanding did not involve any mathematical properties. Since she focused on S1's way of cutting before the discussions, her suggestion was to show different ways of cutting to the student. This teacher-centred response was deemed limited, as in the following:

Betty: I would show her different cutting techniques. I would show her the cases where the perimeter not only decreases but also increases and remains constant depending on the way of cutting. (Reflection paper 1)

During both group and whole-class discussions, participants discussed the mathematical details in the student's solution. Analysis of video clips as a group and whole class influenced Betty's noticing of mathematical details in S1's solution that were not noticed in the individual analysis. Accordingly, after the discussions she could provide a substantial level of evidence as in the following:

Betty: I didn't think about the perimeter-area relationship in S1's answer. I realised that when the student cut the paper, the answer of the student that the perimeter decreased was due to the decrease in area. (Reflection paper 2)

Moreover, she was able to provide a direct relationship between the perimeter and area as the reasoning behind the student's solution in detail and provide a robust level of evidence for interpreting. This improvement in her attending and interpreting responses led to a robust level of evidence for responding because she could provide a suggestion based on S1's understanding to eliminate the student's misconception, which can be seen in her comment:

Betty: S1 thinks that there is a direct relationship between perimeter and area. To eliminate this misconception, some members stated that we could use grid paper. On grid paper, I draw a 4x3 rectangle and remove 4 squares from the corners. Then, I remove a square from the side of the 4x3 rectangle. For both cases, I ask S1 to compare the area and perimeter of the first shape and the area and perimeter of the newly formed shapes. In this way, she will realise that although the area decreases, the perimeter does not change in the first case and increases in the second case. In this way, I can help S1 eliminate her misconception regarding the direct relationship between area and perimeter. (Reflection paper 2)

When Betty individually analysed the video clips, she could not provide any suggestions for S3. Suggestions made during the whole class discussions regarding extending S3's understanding influenced Betty's responding skills because she could decide on proper instructional action to extend the student's understanding after the discussions by providing a robust level of evidence.

Approximation of practice

Betty conducted a task-based interview with a middle school student who had already learned perimeter measurement. During the interview, Betty constructed a rectangle and a square with four tangram pieces (1 large, 1 medium and 2 small triangles) and asked the student to compare their perimeter. The interviewed student stated that the rectangle and square had the same perimeter because they consisted of the same pieces. Betty removed a small triangle from the square and asked how the perimeter of the shape changed. The student asserted that the perimeter decreased because one side was missing now (pointing to the missing side in Figure 2a). Then, Betty added the small triangle, which she had removed shortly before, next to the shape and asked how the perimeter of the shape changed compared to that of the shape in Figure 2a. This time, the student responded that the perimeter increased because the sides, which were not included in the perimeter calculation before, were now included by pointing to the hypotenuse and the side of the triangle (Figure 2b). When Betty analysed the student's solution in the interview, she was able to provide specific evidence for all mathematical details that could be identified of the student's mathematical thinking with detail and interpret the student's mathematical understanding by considering the student's strategies in reflection paper 3. Moreover, she could offer specific suggestions based on the recognised misconceptions to make the student understand by providing rationale and detail. Thus, at the end of the intervention, Betty could provide a robust level of evidence for attending, interpreting and responding components.

After the approximation of practice was completed, a final noticing questionnaire was implemented to the participants as a post-test. In the final noticing questionnaire, unlike the initial noticing questionnaire, Betty was able to recognise Tuna's ideas and misconceptions and describe Sare's solution in detail with mathematical properties, and hence, her response showed a robust level of evidence for attending. Furthermore, there was an improvement in her interpreting skills because her final response indicated substantial evidence in interpreting the mathematical understanding of Ada and robust evidence in interpreting the understanding of Tuna and Sare by providing a detailed explanation about possible reasoning behind students' solutions. The following interpretation of Betty regarding the understanding of Tuna illustrates this situation:

Betty: Tuna associates the perimeter with the area. He believes that the perimeter is reduced because the paper is cut. Yet, here area decreases, and the perimeter doesn't change. He thinks that the perimeter decreases as the area decreases and thinks that there is a constant relationship between perimeter and area. However, the perimeter may not change even if the area changes or the perimeter can increase even if the area decreases. (Semi-structured interview conducted with Betty)

There was also an improvement in Betty's responding skills because she provided a robust level of evidence for all students. She could offer different suggestions for Ada and Tuna based on the students' misconceptions to eliminate these misconceptions and provide a suggestion for Sare to extend this student's understanding as follows:

Betty: Sare knows that since a rectangular paper is cut in such a way that the length of the boundary of the shape does not change, the perimeter does not change. Therefore, I would ask her how the perimeter of the shape would change if it had not been cut properly from the corners. For example, if it had been cut like this: (Final noticing questionnaire)

Discussion and conclusion

The case of Betty revealed that situating professional noticing in pedagogies of practice framework can provide a basis for improvement in the professional noting of pre-service teachers as they enter upon their career. At the beginning of the study, the pre-service teacher experienced difficulties in each interrelated skill of professional noticing. The development observed in each of these skills indicates that the video-based module situated in pedagogies of practice framework positively affected the professional noticing skills of the pre-service teacher in the context of perimeter measurement. The representations of practice of video clips enabled the pre-service teacher to see students physically working on the problem (Gonzalez & Skultety, 2018) and to focus, reflect and analyse student thinking [START_REF] Friel | Using video-based pedagogy in an elementary mathematics methods course[END_REF]. The decomposition of professional noticing into three interrelated skills and discussions around the video clips about these skills created an environment in which the pre-service teacher had a chance to break down the practice into smaller parts and give her attention more fully to student thinking. This environment helped the pre-service teacher identify mathematical details in students' solutions, elaborate interpretations of students' understanding and suggest possible next instructional steps, which in turn might have promoted her noticing skills. Moreover, through decomposition of practice, the pre-service teacher understood the noticing components, learned to analyse student thinking and how to make student thinking visible. Approximation of practice might have allowed the pre-service teacher to direct her attention to student thinking and use what she learned through decomposition of practice when enacting the practice. The findings suggest that at the end of the intervention, there was an improvement in the pre-service teacher's professional noticing skills. However, the present study did not reveal at which point the improvement exactly occurred. Therefore, further research can examine how development takes place at the stages of decomposition of represented practice and approximation of practice. Furthermore, for future research, we recommend following the pre-service teacher and further examining how development in professional noticing skills reflects on her making in-the-moment decisions and responding to students in a real classroom environment as she begins her teaching profession.
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 1 Figure 1: The problem on the perimeter in the noticing questionnaire

  Betty: I would try to direct Ada to the correct answer by asking questions. I would ask her, "Can you transform Figure B into Figure A?" I ask her to do this, and I would like her to realise that sides do not change. I can use the method that I use for Ada to eliminate Tuna's misconception. (Initial noticing questionnaire)
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 2 Figure 2: The solution of the student interviewed by Betty