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An insight into prospective elementary teachers' mathematical knowledge for teaching: An example of fraction division Introduction

Teacher education is a critical time for prospective teachers to gain the mathematical knowledge needed for effective elementary school mathematics teaching. To effectively teach elementary mathematics, both content knowledge (CK) and pedagogical content knowledge (PCK) of the subject are needed [START_REF] Depaepe | Teachers' content and pedagogical content knowledge on rational numbers: A comparison of prospective elementary and lower secondary school teachers[END_REF]. For teacher education, it is a challenge to respond to prospective mathematics teachers' (PTs') varying educational needs when developing their CK and PCK, for example, in the field of fractions. Several international studies have shown that teaching of fractions is among the most challenging fields in elementary school mathematics (e.g., [START_REF] Ma | Knowing and teaching elementary mathematics: Teachers' understanding of fundamental mathematics in China and the United States[END_REF], but efforts to increase PTs' understanding of fractions seem to have low effect (e.g., [START_REF] Newton | An extensive analysis of preservice elementary teachers' knowledge of fractions[END_REF][START_REF] Van Steenbrugge | Preservice elementary school teachers' knowledge of fractions: a mirror of students' knowledge?[END_REF].

This study analyses the narratives of four PTs with different backgrounds, experiences, attitudes, and views of mathematics and its teaching. The study focuses on the PTs' mathematical identity and their mathematical knowledge for teaching fractions when reflecting upon their relation to mathematics and analysing different solutions for a fraction division task. The aim is to find out how prepared for teaching fractions the PTs are at the end of their studies. Our research question is:

RQ: How is prospective teachers' mathematical identity and knowledge for teaching fractions at the time of their graduation?

Theoretical framework [START_REF] Kaiser | Professional competencies of (prospective) mathematics teachers-cognitive versus situated approaches[END_REF] point out that both cognitive abilities (i.e., teachers' professional knowledge) and affective-motivational characteristics need to be investigated when describing teachers' mathematical knowledge. The affective-motivational part refers to teachers' beliefs about mathematics and its teaching, their professional motivation, and self-regulation. According to [START_REF] Kaasila | Using narrative inquiry for investigating the becoming of a mathematics teacher[END_REF], PTs' "view of mathematics is an important part of their mathematical identity, consisting of knowledge, beliefs, conceptions, attitudes and emotions" (p. 206). Further, [START_REF] Kaasila | Using narrative inquiry for investigating the becoming of a mathematics teacher[END_REF] considers that mathematical identity is a part of a person's narrative identity: "One's mathematical identity is manifested when telling stories about one's relationship to mathematics, its learning and teaching" (p. 206).

Teachers' professional knowledge include [START_REF] Shulman | Those who understand: Knowledge growth in teaching[END_REF] domains of CK and PCK [START_REF] Kaiser | Professional competencies of (prospective) mathematics teachers-cognitive versus situated approaches[END_REF]. Of these, CK can be regarded as a prerequisite for teachers' PCK (e.g., [START_REF] Depaepe | Teachers' content and pedagogical content knowledge on rational numbers: A comparison of prospective elementary and lower secondary school teachers[END_REF]. These two domains are also a basis for the mathematical knowledge for teaching framework [START_REF] Ball | Content knowledge for teaching: What makes it special[END_REF]. Hill et al. define the mathematical knowledge for teaching as "the mathematical knowledge used to carry out the work of teaching mathematics" (2005, p. 373). This work of mathematics teachers includes, for example, interpreting students' solutions, choosing appropriate representations, using them correctly and linking them to other representations, and recognizing what is involved in a particular representation, as well as giving and evaluating mathematical explanations and students' claims [START_REF] Ball | Content knowledge for teaching: What makes it special[END_REF][START_REF] Hill | Effects of teachers' mathematical knowledge for teaching on student achievement[END_REF].

Fractions are a core content of school mathematics and a basis for the development of other mathematical content areas. Fraction CK concerns, for example, performing fraction calculations correctly, carrying out different procedures with fractions, and using correct terms and notations [START_REF] Ball | Content knowledge for teaching: What makes it special[END_REF]. PCK related to fractions entails representing and explaining fractions in comprehensible ways to others as well as understanding what makes the learning of fractions easy or difficult to different learners [START_REF] Shulman | Those who understand: Knowledge growth in teaching[END_REF]. Teaching fractions effectively requires that teachers have a robust fraction number sense that includes judging whether answers are reasonable and whether their students' strategies are appropriate or based on wrong reasoning [START_REF] Lamon | Teaching fractions and ratios for understanding: Essential content knowledge and instructional strategies for teachers[END_REF]. Thus, if PTs have limited CK and PCK in the fraction domain, they also have difficulties analysing their students' misconceptions and using different instructional strategies and representations [START_REF] Depaepe | Teachers' content and pedagogical content knowledge on rational numbers: A comparison of prospective elementary and lower secondary school teachers[END_REF]. However, many PTs have weak conceptual and procedural fraction knowledge and difficulties especially in fraction division, and their fraction misconceptions seem to mirror elementary school children's misconceptions (e.g., [START_REF] Tirosh | Enhancing prospective teachers' knowledge of children's conceptions: The case of division of fractions[END_REF][START_REF] Tossavainen | Student teachers' common content knowledge for solving routine fraction tasks[END_REF][START_REF] Van Steenbrugge | Preservice elementary school teachers' knowledge of fractions: a mirror of students' knowledge?[END_REF][START_REF] Young | Fraction operations: An examination of prospective teachers' errors, confidence, and bias[END_REF]. Further, concerning the affective domain, teachers who are not anxious about mathematics are usually not anxious about teaching the subject [START_REF] Hadley | The relationship among elementary teachers' mathematics anxiety, mathematical instructional practices, and student mathematics achievement[END_REF].

When investigating PTs' mathematical knowledge for teaching fractions, this study follows both [START_REF] Kaiser | Professional competencies of (prospective) mathematics teachers-cognitive versus situated approaches[END_REF] and [START_REF] Kaasila | Using narrative inquiry for investigating the becoming of a mathematics teacher[END_REF] and addresses the topics of CK, PCK, and the participating PTs' mathematical identity that includes their experiences of mathematics, its learning and teaching, and the impact of teacher education.

Method Participants

Four PTs studying Swedish university programs to become teachers for children between the ages of 6 and 12 were chosen for this study from a group of 59 PTs, which in the previous academic year had completed a paper-and-pencil questionnaire concerning fractions in elementary school mathematics teaching (see [START_REF] Tossavainen | Student teachers' common content knowledge for solving routine fraction tasks[END_REF]. At the time of this study, the selected PTs were finishing their final bachelor theses in the last term of their four-year teacher education programs. The PTs had different backgrounds (e.g., age, studies prior to teacher education), and they represented different types of PT respondents identified in the questionnaire: Anna and Julia (pseudonyms) demonstrated positive, and Matilda and Sabina (pseudonyms) negative attitudes towards teaching elementary school mathematics. Further, Julia and Sabina had showed a robust procedural fraction knowledge while Anna and Matilda had made several mistakes when solving routine fraction tasks. Moreover, all the four PTs had provided a different solution procedure for the fraction division task that we use as an example in this study when focusing on their knowledge for teaching fractions.

Data collection and analysis

In addition to the PTs' background information in the questionnaire, the main data of the study were collected through four semi-structured interviews that were conducted late in the spring term in the PTs' final year of teacher education. The individual interviews that the participants volunteered to lasted 23-26 minutes, and the recorded interviews were then transcribed in the original language.

The interviews started with reflections concerning the PTs' prior mathematical identity, changes in their experiences and knowledge about mathematics, and their expectations about themselves as mathematics teachers. Then, they were asked to analyse six different solutions for the fraction division task 3 4 /3, to which they had already given their own solutions in the questionnaire. The PTs were asked to compare and evaluate the solutions, to improve them, and to explain the methods and procedures. In addition to the interviewed PTs' own solutions, two solutions from questionnaire respondents 22 and 52 were added to the selection (see Figure 1). Together these solutions represented typical solutions provided in the questionnaire by the larger original group of PTs. The interviews were closed with discussions about the impact of teacher education on the PTs' development as mathematics teachers. Solutions for the task 3 4 /3 were chosen from the questionnaire as a basis for the interviews since fraction division and especially fraction tasks that include whole numbers are challenging for many PTs (e.g., [START_REF] Newton | An extensive analysis of preservice elementary teachers' knowledge of fractions[END_REF][START_REF] Tirosh | Enhancing prospective teachers' knowledge of children's conceptions: The case of division of fractions[END_REF]. Further, the PTs were asked to analyse different solutions for the same task since they were expected to be able to solve the task themselves, to explain mathematical ideas and procedures behind the solutions, to analyse others' errors and misconceptions, and to modify the task, i.e., to demonstrate both their CK and PCK that are included in the mathematical knowledge for teaching framework [START_REF] Ball | Content knowledge for teaching: What makes it special[END_REF][START_REF] Shulman | Those who understand: Knowledge growth in teaching[END_REF] and pointed out by [START_REF] Kaiser | Professional competencies of (prospective) mathematics teachers-cognitive versus situated approaches[END_REF] as well. We focused on these aspects when analysing the PTs' knowledge for teaching fractions.

In general, we used a narrative inquiry method in our analysis. Following [START_REF] Kaasila | Using narrative inquiry for investigating the becoming of a mathematics teacher[END_REF], we focused both on the content and the form of the PTs' narratives. That is, we analysed how the PTs demonstrated their fraction knowledge (CK and PCK, as described above and in our theoretical framework) and different themes related to their mathematical identity (e.g., factors facilitating changes or turning points, views of mathematics, their experiences during their own school years and during teacher education, and their future expectations about mathematics teaching). Further, when focusing on the form, we analysed how they were telling their narratives, i.e., we analysed linguistic features and affective and emotional elements in their narratives. In other words, our analysis was focused both on the PTs' knowledge for teaching fractions and their mathematical identity as such and on the ways in which they talked about these. However, in narrative inquiry, it is not always reasonable to separate the form and content but rather to integrate them into a whole [START_REF] Kaasila | Using narrative inquiry for investigating the becoming of a mathematics teacher[END_REF]. Thus, in the results section, we present a synthesis of the different aspects and themes found in the PTs' narratives.

Results

Next, as an answer to the research question, a description of the PTs' narratives will be presented as two pairs involving a similar narrative theme, i.e., attitude towards mathematics teaching. We begin with Matilda and Sabina who at the end of their studies still narrated their responses mainly with negative attitudes while the reflections of Anna and Julia were positive. The examples of the interview quotations are translated into English.

Matilda and Sabina

Both Matilda and Sabina hesitated and used several minutes to think each of the different division solutions during their interviews. They seemed to try to memorize separate solution steps instead of focusing on whole solution procedures. Still, both expressed difficulties analysing the solutions and considered that it was easier to solve and understand fraction tasks using decimals. However, neither Sabina nor Matilda was able to give examples of situations where it was not possible to use decimals for fraction tasks, and Sabina concluded that she would also solve a task like 2 3 /3 using decimals. Thus, their CK seemed unrobust, and Sabina commented her own solution with decimals (see Figure 1): "I don't think I really knew how to do it with fractions, so I took it [the solution] into decimal form instead."

When trying to analyse the solution with the pictorial representation (see Figure 1), Sabina stated: "I don't really understand this [method]." Matilda as well, became confused with the solution, and wondered which part of the circle represented the whole that should be divided by three. Neither of them was able to go further with Matilda's unfinished solution procedure, and Matilda concluded: "I have no idea how I would proceed here." As these examples show, Matilda and Sabina were not able to analyse the solutions and to describe alternative methods, which made their PCK to seem low.

In the questionnaire, Matilda and Sabina reported that they had experienced mathematics as a difficult subject at school, and that teaching of mathematics would be a challenge for them. Throughout their interviews as well, Matilda and Sabina narrated their responses with their own mathematical difficulties. Matilda expressed that the level of mathematics studies in teacher education had been too advanced for her. Sabina had demonstrated a robust procedural knowledge with fraction tasks in the questionnaire. In her interview, Sabina considered that she had rehearsed and enhanced her basic knowledge in mathematics during teacher education. However, she stated: "Actually, math is my weak point. I admit that." Thus, not a substantial positive turn was shown in their fraction knowledge.

Matilda and Sabina also brought up that they would have needed more instructional knowledge for their development as mathematics teachers indicating that not either a positive turn had begun in their views of themselves as mathematics teachers. Obviously, neither Matilda's experiences as a substitute teacher nor her teacher training courses had changed her attitude towards mathematics teaching: "I somehow paint a picture that tells me that I won't be able to teach mathematics." Matilda assumed that her knowledge about teaching would increase over the time when started working as a mathematics teacher. Still, she stated: "I don't feel that I have enough knowledge to be able to explain in such different ways that different pupils would be able to understand."

Anna and Julia

Anna and Julia were willing to reflect upon the fraction solutions presented to them. They analysed the solutions with mathematical symbol representations, made suggestions for how to make some solutions easier to understand and how to proceed with the unfinished solution (see Figure 1). They also quickly noticed the possible pitfalls of using decimals with fraction tasks. Anna stated that it might be difficult in cases such as thirds or sevenths, and Julia commented: "It's okey [to use decimals] but you somehow have to make students aware of that it doesn't always work."

Both Anna and Julia seemed confident about their CK, and they considered themselves good at mathematics. They were interested in teaching elementary school mathematics, but they also expressed some limitations in their PCK, which might affect their mathematics teaching. Anna described the limitation that she had reported in the questionnaire as well: "One difficulty for me, as a teacher, will be to understand how to get down on their [elementary students'] level when they don't understand." Julia, in her interview stated: "I will certainly not be very good at finding all the ways for [teaching] all children, but I will do my best anyway."

Anna had made several mistakes with routine fraction tasks in the questionnaire, and a clear difference was also found in the narratives of Anna and Julia: When analysing the solutions for the division task, Anna's confidence in her own CK and thinking models seemed to cause her trouble in understanding and accepting solution procedures other than her own and difficulties in recognizing the mistakes in her own solution (see Figure 1). She seemed to prefer the invert-and-multiple procedure as the correct solution method for fraction division tasks, and in general, Anna highlighted mathematical symbol representations more than, for example, pictorial solutions. When analysing the solution with the pictorial representation (see Figure 1), Anna stated: "I don't think this is a correct way to use a picture, you should rather learn the theory of [the procedure] how to calculate division with fractions." These examples indicate that Anna's CK and PCK had not developed further. Julia in turn, still demonstrated a robust procedural fraction CK and a strong PCK as well. In her narrative, Julia had a strong student-focused approach pointing out the importance of explaining the solutions to others who did not know the methods and finding out children's reasoning as they worked through fraction tasks. She highlighted the need to use varying solution methods as well as concrete learning materials and illustrative pictures to enhance all elementary school students' learning.

In the questionnaire, Anna and Julia had reported positive attitudes towards mathematics. They had experienced mathematics as an easy subject during their own school years, and in teacher education, they had even chosen to write their final bachelor theses on the field of mathematics education. However, they expressed that their mathematical knowledge for teaching did not develop much during their studies in teacher education. At the end of her education, Anna still felt that she did not have the knowledge of how to explain mathematical ideas in different ways. Like Anna, Julia called for more knowledge in methods and didactics of mathematics: "The focus was very much on our own math skills and perhaps not so much on how we should teach them [elementary school students]."

Discussion

The PTs in this study were expected to have received the mathematical knowledge for teaching that was needed to analyse the different solutions for the fraction division task 3 4 /3. It was also expected that they would have developed a positive mathematics teacher identity during the time in teacher education. However, the results show limitations and substantial differences between the PTs in their CK, PCK, and in their mathematical identity just before their graduation. Moreover, the participating PTs expressed that teacher education did not respond to all their needs when developing them to become mathematics teachers.

Even though the multiple challenges concerning PTs' fraction knowledge are widely documented over years in several studies (e.g., [START_REF] Young | Fraction operations: An examination of prospective teachers' errors, confidence, and bias[END_REF], an interesting finding in this study is that these difficulties still exist despite of teacher educators' efforts to increase PTs' understanding of fractions. After having completed their mathematics courses and all teaching preparation courses, Matilda, Sabina, and Anna demonstrated limitations in their CK and PCK when analysing the fraction division solutions in this study. It seemed that at the time of their graduation they were still missing such fraction CK that had enabled developing a robust PCK as well. Moreover, they did not seem to trust their own skills. For example, Sabina, who had showed a robust CK with fraction tasks in the questionnaire, was not able to show similar PCK when analysing the different solutions. As [START_REF] Depaepe | Teachers' content and pedagogical content knowledge on rational numbers: A comparison of prospective elementary and lower secondary school teachers[END_REF] state: "prospective teachers should have sufficient CK in order for them to be able to develop their PCK, and … a CK training is not sufficient to develop PCK" (p. 91). An interesting finding was also seen in the case of Anna who appeared to be limited in her mathematical thinking even though she was interested in mathematics teaching and considered mathematics easy.

All the PTs in this study expressed in their narratives that their mathematical knowledge for teaching did not develop much during teacher education, which is an important finding as well. Matilda's and Sabina's uncertainty concerning their CK and PCK and their obvious anxiety in mathematics seemed to affect their attitudes towards mathematics teaching, which is in line with the findings of [START_REF] Hadley | The relationship among elementary teachers' mathematics anxiety, mathematical instructional practices, and student mathematics achievement[END_REF]. Matilda and Sabina did not report a positive turn in their mathematical identity during the time in teacher education, and similarly, there was not a great development and change concerning Anna and Julia who had entered teacher education with positive views of mathematics and its teaching.

The PTs in this study were selected with different backgrounds, experiences, and attitudes towards mathematics and its teaching. Still, it was surprising how clearly they expressed different experiences even though taking the same mathematics courses in teacher education. Julia, who had a strong student-focused approach, felt that the courses had focused too much on basic knowledge in mathematics whereas Matilda felt that she never reached the level of CK that was dealt with in their mathematics studies. Thus, an important finding to be addressed in teacher education is that the PTs in this study clearly demonstrated different needs in their development as mathematics teachers, which teacher education did not manage to fully respond. Moreover, all the PTs pointed out the need for more PCK in mathematics teaching. [START_REF] Van Steenbrugge | Preservice elementary school teachers' knowledge of fractions: a mirror of students' knowledge?[END_REF] state that too much time is devoted to repeating the knowledge that PTs should have acquired before attending teacher education, which means that less time is addressed to the pedagogical knowledge domain in mathematics.

As reflected in the PTs' narratives in this study, there still seems to be a lot to do in teacher education to increase PTs' mathematical knowledge for teaching fractions and to improve their mathematical identity. For example, as [START_REF] Hadley | The relationship among elementary teachers' mathematics anxiety, mathematical instructional practices, and student mathematics achievement[END_REF] suggest, more pedagogical discussions are needed with PTs so that they could be helped to become more comfortable about teaching mathematics. Kaasila (2007, p. 206) puts it as follows: "During teacher education it is important to listen to the voices of pre-service teachers talking about themselves as future mathematics teachers." As also seen in the findings in this study, self-confidence is an essential component of PTs' view of themselves as learners and teachers of mathematics [START_REF] Kaasila | Using narrative inquiry for investigating the becoming of a mathematics teacher[END_REF]. Thus, teacher education could address more the affective-motivational domain (c.f. [START_REF] Kaiser | Professional competencies of (prospective) mathematics teachers-cognitive versus situated approaches[END_REF] when developing the heterogeneous groups of students to become mathematics teachers. Moreover, a suggestion for teacher education is to find out new ways to ensure that all PTs reach the mathematical knowledge that is needed to effectively carry out the work of teaching mathematics [START_REF] Ball | Content knowledge for teaching: What makes it special[END_REF]. Teachers' knowledge of the mathematical content is related to students' mathematical achievement even when teaching very elementary mathematics [START_REF] Hill | Effects of teachers' mathematical knowledge for teaching on student achievement[END_REF], but as [START_REF] Kaiser | Professional competencies of (prospective) mathematics teachers-cognitive versus situated approaches[END_REF] conclude, teachers' mathematical knowledge does not develop much during the first years when started working as mathematics teachers. However, elementary school students cannot wait for that knowledge of their mathematics teachers to grow over the time.

The data presented in this paper provide a portrait of four Swedish PTs. More research is then needed for generalization of the results. However, the selected PTs were representative also for the other PT respondents in our background questionnaire. Further, as Kaasila (2007, p. 205) states: "the potential of case studies can be enhanced by applying the narrative approach to data analysis." While it is likely that a larger selection of participants could lead to a more varied selection of narrative themes, we still think that the presented findings can also be representative of many other PTs at other universities and therefore require attention. Thus, we hope that teacher educators in different countries may benefit of the findings presented here in their own work with prospective mathematics teachers.
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 1 Figure 1: The fraction division solutions used in the interviews