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This study investigates preservice mathematics teachers' engagement in proving-related activities in a university course setting. Data was generated through pre-and post-lesson group interviews in relation to a professional development task where groups of preservice teachers took turns facilitating lessons involving proving-related activities with their peers. The results show that preservice teachers discourse on their practice of teaching proving is characterized by focusing mostly on pedagogical aspects related to teaching proving, but that they also become more sensitized for the relevance of subject matter knowledge, when reflecting on their conducted lesson. Findings in this study highlight the importance for preservice teachers to gain first-hand experiences with teaching proving, in their process of learning to teach proving.

Introduction

The core elements in the revised Norwegian curriculum calls for activities like exploration, generalizing, and, proving to be integrated into mathematics teaching across the grades (Kunnskapsdepartementet, 2020;[START_REF] Valenta | Bevisrelaterte kompetanser i laereplanen LK20 for matematikk i grunnskolen [Evidence-related competences in the LK20 curriculum for mathematics in primary school[END_REF]. Pupils in Norway are expected to learn to give valid reasons for why their own reasoning, approaches, solutions always work and to prove (demonstrate) why they work (Kunnskapsdepartementet, 2020). In many ways, the approach to mathematics described through the core elements address what [START_REF] Reid | Understanding proof and transforming teaching[END_REF] refers to as proof-based teaching, where the goal is that pupils develop mathematical understanding through conjecturing and proving [START_REF] Reid | Evidence and argument in a proof based teaching theory[END_REF].

Engaging pupils in proving-related activities is known to be a difficult and demanding task, even for experienced teachers [START_REF] Ponte | Preservice mathematics teachers' knowledge and development[END_REF][START_REF] Stylianides | Proving in the elementary mathematics classroom[END_REF][START_REF] Stylianides | Research-based interventions in the area of proof: The past, the present, and the future[END_REF]. Typical challenges related to engaging students in such high-level tasks are understanding students' mathematical thinking, following up on what students say or do, and orchestrating productive wholeclass discussions after group work [START_REF] Crespo | Seeing more than right and wrong answers: Prospective teachers' interpretations of students' mathematical work[END_REF][START_REF] Stein | Orchestrating productive mathematical discussions: Five practices for helping teachers move beyond show and tell[END_REF][START_REF] Stylianides | Prospective teachers' challenges in teaching-and-proving[END_REF]. Teacher education thus has an important responsibility in providing opportunities for preservice teachers to develop the knowledge and the dispositions needed to be able to successfully teach proving (Stylianides, 2007;[START_REF] Stylianides | Proving in the elementary mathematics classroom[END_REF].

Researchers have identified knowledge relevant for teaching proving [START_REF] Lesseig | Investigating mathematical knowledge for teaching proof in professional development[END_REF][START_REF] Stylianides | Proving in the elementary mathematics classroom[END_REF][START_REF] Stylianides | Research-based interventions in the area of proof: The past, the present, and the future[END_REF], but there is still a need for more research on the practical work of teaching proving, and more specifically: how to prepare teachers for this [START_REF] Ball | Uncovering the special mathematical work of teaching[END_REF]. The aim of this study is to develop more insight into preservice teachers' learning processes, in the practice of teaching proving. This research therefore investigates a practice-based approach to teacher preparation [START_REF] Charalambous | Mathematics teaching practices and practice-based pedagogies: A critical review of the literature since 2000[END_REF], where preservice teachers are provided opportunities to learn to teach proving through engagement in teaching proving. Specifically, this study looks at preservice teachers taking the roles as teachers, engaging their peer-students in proving-related activities, in a university course setting. The research questions addressed in this paper are the following: What characterizes preservice teachers' discourse related to teaching proving when reflecting on a planned lesson that includes proving-related activities? What changes can be identified in the discourse when reflecting on the conducted lesson?

Theoretical foundation

In alignment with [START_REF] Schön | The reflective practitioner: How professionals think in action[END_REF][START_REF] Schön | Educating the reflective practitioner[END_REF] conceptualization of professional knowledge, this study assumes that teachers may learn how to teach proving through teaching proving, and through reflection upon one's practice. Schön suggests an epistemology of practice where action and thought are unified, and thinking and doing are seen as complementary to each other. He introduces the term knowing-in-action to refer to the practical and tacit form of knowledge, and the concept reflectionon-action to refer to practitioner's process of looking back on their practice, and reviewing encountered situations. For teachers, the knowing-in-action could be said to be the 'know-how' of teaching. The knowledge base for reflective thinking may involve theoretical knowledge, experiences, ideas, or theories about mathematics, teaching, and learning [START_REF] Mewborn | Reflective thinking among preservice elementary mathematics teachers[END_REF][START_REF] Schön | The reflective practitioner: How professionals think in action[END_REF][START_REF] Stylianides | Prospective teachers' challenges in teaching-and-proving[END_REF]. Though Schön's theory provides this study with a useful conceptualization of teacher knowledge, it merely describes the nature of such knowledge. For the purpose of investigating preservice teachers' discourse on their practice of teaching proving, it seemed necessary to combine Schön's theory with a framework describing more specific aspects of teacher knowledge in relation to teaching proving. Here, [START_REF] Lesseig | Investigating mathematical knowledge for teaching proof in professional development[END_REF] description of Mathematical Knowledge for Teaching Proof (MKT-P) seemed useful. [START_REF] Lesseig | Investigating mathematical knowledge for teaching proof in professional development[END_REF] explored and further developed Ball's and her colleagues' (2008) framework of Mathematical Knowledge for Teaching, and outlined two domains of knowledge essential for teaching proving: Subject Matter Knowledge and Pedagogical Content Knowledge. The subject matter domain has two categories: Common Content Knowledge (CCK) and Specialized Content Knowledge (SCK). CCK captures the ability to construct a valid proof, to understand essential proof concepts, and the knowledge of the role of proofs in mathematics. SCK refers to knowledge unique to teaching proof, such as knowledge about definitions, language usage, and different argument types. Pedagogical Content Knowledge includes Knowledge of Content and Students (KCS) and Knowledge of Content and Teaching (KCT). KCS involves understanding typical developmental sequences and students' misconceptions of proof, while KCT focuses on strategies for scaffolding and responding to students' reasoning and promoting a correct understanding of proof. How preservice teachers reflect on aspects of these categories when reflecting on their practice of teaching proving, is of interest in my research project. The main difference between these types of pedagogical content knowledge is that KCS focuses on the learners themselves, while KCT focuses on the teaching and the facilitation of learning processes.

Methodology

This study was conducted in a university course setting, in the context of a didactics course of algebra and number theory for fourth-year preservice mathematics teachers (grade 5-10)1 . This course included a professional development activity where groups of preservice teachers took the roles as teachers-of-the-week. This PD activity is a form of approximation of practice, where the preservice teachers get opportunities to "rehearse and co-enact discrete components of complex practice in settings of reduced complexity." (Grossman et al., 2009, p. 283). In the teacher-of-the-week-project, the preservice teachers took turn facilitating lessons, engaging their peers in a 90-minute-long lesson involving proving-related activities using algebra tiles as concretes2 .

Informed consent was gained from two teacher-of-the-week groups (group A and B) who volunteered to participate in the study. Group A consisted of four preservice teachers who gave a lesson on adding and subtracting negative numbers using the algebra tiles. In Group B there were two preservice teachers, and their lesson was focused on solving equations using algebra tiles. Both groups' teacherof-the-week-lessons included tasks with emphasis on explaining and understanding why mathematical theorems work, using algebra tiles as representation in their argumentation process.

Data were generated through pre-and post-lesson group interviews with the two volunteer groups of preservice mathematics teachers. In the interviews the preservice teachers were asked to reflect together on their planned and conducted lesson, as the goal was to gain insight into the rationale of their actions. The format of the group interviews may thus be described as collective reflection-onaction sessions [START_REF] Schön | The reflective practitioner: How professionals think in action[END_REF]. The pre-lesson interviews were held the day before they conducted the lesson, and the post-lesson interviews were held right after their teacher-of-the-week lesson. In the pre-lesson interviews, the teachers were asked to describe what they had planned, and their expectations for the lesson. In the post-lesson interviews, the preservice teachers were asked to reflect on their experiences through stimulated recall.

The unit of analysis of this study is the preservice teachers discourse in relation to teaching proving, as it emerges in the pre-and post-lesson group interviews. The goal of the analysis was to identify characteristics of and changes in the discourse, through investigating their reflections on their planned and conducted lesson. When analyzing the transcribed data, the constructs of knowing-in-action and reflection-on-action were used as sensitizing concepts [START_REF] Bryman | Social research methods[END_REF], to "uncover the variety of ways in which something can exist and be seen, rather than imposing rigid measurements" (p.16). The MKT-P framework was used both in a deductive and sensitizing way when analyzing the transcribed data. The categories of teacher knowledge in the MKT-P framework were used as codes to identify when the preservice teachers' discourse focused on different aspects related to teaching proving, and then to address how the preservice teachers reflected on these categories.

Results

This part of the paper aims to provide insight into the characteristics of the preservice teachers' discourse on teaching proving, as it emerged through their collective reflection on their teaching. The section includes example statements that illustrate the range of reflections in the discourse of both groups3 . To preserve anonymity, all preservice teachers have been given pseudonyms that will be used to refer to the individual members of groups A and B. The preservice teachers in group A will be referred to as Anne, Aria, Agnes & Aurora. The two preservice teachers from group B will be referred to as Berit and Bente.

Pre-lesson reflections

Through the analysis, it became evident that the preservice teachers' discourse tended to focus on Pedagogical Content Knowledge for Teaching Proof [START_REF] Lesseig | Investigating mathematical knowledge for teaching proof in professional development[END_REF]. More specifically, they reflected particularly on their lesson in relation to Knowledge of Content and Teaching [START_REF] Lesseig | Investigating mathematical knowledge for teaching proof in professional development[END_REF]. One example of this is the following transcript, where Anne expresses her concerns in relation to scaffolding group work: Anne:

I'm thinking -they will be given a task, and then work on it in groups. So, I just thought like -OK -walking around helping them, asking questions, or simply being with them in the process -what will that be like?

Agnes reflects on challenges related to scaffolding group work. She is concerned more specifically with the challenge of formulating the right questions for their peers, to help and guide the group work in the right direction:

Agnes: I think it might be challenging to formulate questions so that they understand what they are going to do. Because that is at least something that I think has been a bit challenging when we have worked with the tiles in the past. Like, oh, what should I do now, what is it that I am supposed to find out? Where should I begin? But I suppose that's also part of the process.

The preservice teachers were also worried if they were going to be able to make sense of their peers' explanations, and whether they would be able to assess whether the solutions their peers present are correct. Anne reflects this in the following way:

Anne: And also, when they are going to show it [their solutions] to each other, are we going to be able to see, or like, extract from what they are displaying? Or ask the right questions? I don't know, but I guess those things will be the most challenging.

Concerns related to eliciting and making sense of peers' explanations also becomes evident in Bente's reflections on the same matter:

Bente: I'm also curious to see when we get them up there. Like, will it make sense to us, what they are explaining using the tiles, in relation to what we envision?

All these excerpts illustrate that these preservice teachers wonder, if their Knowledge of Content and Teaching (KCT) will be satisfactory and sufficient to support their peer-students, both during group work and orchestration of whole class discussions.

Post-lesson reflections

Also in the post-lesson interviews, the preservice teachers reflect mostly on their Pedagogical Content Knowledge for Teaching Proof, focusing on Knowledge of Content and Teaching (KCT). Some remarks appear now also indicating their reflection on the relevance of Subject Matter Knowledge [START_REF] Lesseig | Investigating mathematical knowledge for teaching proof in professional development[END_REF]. One example of this is when the preservice teachers reflect on the experienced difficulties when helping their peers during group work in the lesson. Anne puts it this way:

Anne: Like, you really have to be confident in the stuff yourself. And almost like, know it, yourself, like, why it is the way it is. And, of course, we had sort of gone through it yesterday, but it is something else in the classroom.

She expresses how she thought she was prepared for the mathematics involved beforehand, when going through the task the day before as a part of their preparations. When reflecting on the conducted lesson, it becomes obvious for her that it was still difficult to help peers during the group work. Her reflection indicates an awareness for the relevance of Common Content Knowledge (CCK) related to proof [START_REF] Lesseig | Investigating mathematical knowledge for teaching proof in professional development[END_REF], but also that more knowledge is needed. Another example, when Aurora refers to a specific moment where she felt at loss in trying to understand how her peers reasoned during group work, illustrates how she becomes aware that both CCK and Knowledge of Content and Teaching (KCT) are at play: Aurora: I saw something that was quite interesting, at the very back -these boys. They had made -it was like -these pieces. Then there was a positive and a negative, and then they had one that was unspecified. So, they made a general formula with sort of the one that was unspecified. And it was those smart guys in our class, so they were completely certain that what they did was right. And I was like -it might be correct, but I just can't seem to see it at this point. And I was just like 'what is this?'. It was probably correct, but … Also Bente reflects on this interplay of CCK and KCT, when she reasons how they tried asking questions to help their peers during group work:

Bente: Yes, they think it was difficult when they had to take 3 times -when we said, "multiply by three". Then it was like -and that x, that number -then they were a bit like, "But we can't..." Then someone said, "We can't have three of those, can we?" "If you had a single tile, and I had said you should multiply it by three, what would you have done then?", "I would've taken three of those", "yes, and if you're going to do the same with that x?", "Ah, yes, I see. Fine, then we can use it."

The preservice teachers experienced the difficulty of formulating and prompting questions to guide their peers on the right path, especially when their peers' way of solving the tasks was different from their own preferred method. Their reflection first focuses on Knowledge of Content and Teaching (KCT):

Berit: I thought it was a bit difficult, like, that, when they in a way -it's terrible to saybut when they were so far astray, that you sort of -I felt like, okay, should I give them this many hints? Do I really want to guide them in my direction? Or if I should just continue what they have done? I find that a bit difficult. How many hints should I give, or, how much should I correct them, and things like that.

Then the preservice teachers specify their reflections and focus on Common Content Knowledge (CCK) as well, knowing tacitly that only this way they can help their peers:

Berit: When they did not use the x -which I would have used -I would use it to for example have three of the yellow ones. And they had just put an x on the side, and their thought was that this x existed times three by putting three yellows on the side. It's like, 'mmm yes' -it's so hard to comment on their work. But I somehow got them on the right track.

Some of the preservice teachers' reflections focuses on how their limited CCK might have become a constraint for their KCT [START_REF] Lesseig | Investigating mathematical knowledge for teaching proof in professional development[END_REF]. For instance, Anne stated that they ended up not asking their peers follow-up questions during the presentation of solutions, due to their concern that they would not be able to understand their peer's reasoning and build upon the things being explained:

Anne:

We probably could have asked more about why it works, why is it like that? I guess we could have asked questions like that (…). But also like, will I be able to say "yes, that makes sense", or "yes, that is logical reasoning"? (…) So, then it just ends up like "OK, yes, good." Agnes backed up these reflections by Anne in the following way: Agnes:

Yes, I noticed that when people were up there -and when they showed other ways of reasoning than mine, I was just like, 'mhm, great, thank you'. I mean, I'm trying to understand how they are thinking, but it is difficult to know whether their solution is always true or not. I'm not sure if I have enough knowledge to be able to do that."

This transcript excerpt illustrates that reflecting on the conducted lesson allowed the preservice teachers to critically reflect on how their insecurity about their knowledge limited their teaching actions and possible support of their peers. Their awareness was mostly focused on Pedagogical Content Knowledge, but also their insecurity about Subject Matter Knowledge became evident.

Discussion

The first research question posed was: What characterizes preservice teachers' discourse related to teaching proving when reflecting on a planned lesson that includes proving-related activities? The results illustrate that the interviewed preservice teachers' reflections on engaging peers in provingrelated activities were prior to their conducted lessons characterized by focusing mostly on aspects related to Pedagogical Content Knowledge for Teaching Proof, and more specifically on their Knowledge of Content and Teaching [START_REF] Lesseig | Investigating mathematical knowledge for teaching proof in professional development[END_REF]. The preservice teachers' discourse prior to their teaching experience is in a way characterized by a concern related to their knowing-in-action [START_REF] Schön | The reflective practitioner: How professionals think in action[END_REF] in relation to Knowledge of Content and Teaching [START_REF] Lesseig | Investigating mathematical knowledge for teaching proof in professional development[END_REF]. Their reflections on the challenges related to teaching proving is not really a surprising result as it is known to be a challenging task even for experienced teachers [START_REF] Stylianides | Proving in the elementary mathematics classroom[END_REF]. Also, the specific challenges mentioned by these preservice teachers in their reflections are not very different from typical challenges reported [START_REF] Crespo | Seeing more than right and wrong answers: Prospective teachers' interpretations of students' mathematical work[END_REF][START_REF] Stein | Orchestrating productive mathematical discussions: Five practices for helping teachers move beyond show and tell[END_REF][START_REF] Stylianides | Prospective teachers' challenges in teaching-and-proving[END_REF]. Interesting and new is how the preservice teachers' awareness and reflection on these challenges become more specific and concrete when having faced a concrete teaching situation. This indicates opportunities for gaining knowledge related to different aspects involved in teaching proving.

The second research question addresses these changes: What changes can be identified in the discourse when reflecting on the conducted lesson? The presented example statements from the postlesson interviews illustrate how the preservice teachers' discourse changes after having experiences with teaching proving. As mentioned above, the preservice teachers' reflections related to Knowledge of Content and Teaching [START_REF] Lesseig | Investigating mathematical knowledge for teaching proof in professional development[END_REF]) get more concrete and specific, in comparison to their reflections on the same matter in the pre-lesson interviews. Additionally, they reflect more on the relevance of Common Content Knowledge in relation to their teaching, in the post-lesson interviews.

Due to the nature of reflection-on-action [START_REF] Schön | The reflective practitioner: How professionals think in action[END_REF] this is not surprising, but indicates how the experience of engaging peers in proving-related activities can sensitize preservice teachers especially for the different facets of Mathematical Knowledge for Teaching Proof and their interplay. It was especially interesting to see how the preservice teachers in group B also tried to replicate some of their experiences with the scaffolding of group work in the previous lesson. This could be interpreted as another way of reflecting on and expressing their knowing-in-action [START_REF] Schön | The reflective practitioner: How professionals think in action[END_REF].

Conclusion and implications

Integrating theoretical ideas and knowledge into practice is not easy, and it is not merely a matter of enacting or implementing the knowledge in a direct way. The results from looking at what characterizes preservice teachers' discourse on their planned and conducted lesson, in many ways highlights the importance of preparing teachers to do 'the work of teaching' [START_REF] Ball | Uncovering the special mathematical work of teaching[END_REF]. The changes identified in these preservice teachers' discourse can be seen as indications of opportunities to engage in important practices related to proof and proving, which underscores the importance of giving novice teachers opportunities to engage in proof-based teaching [START_REF] Reid | Understanding proof and transforming teaching[END_REF]. The here presented results illustrate that it is important for preservice teachers learning-process to gain first-hand experiences with engaging in proof-based teaching in the role as teachers. Only then they may test and integrate knowledge and theories in practice, and become reflective practitioners [START_REF] Schön | The reflective practitioner: How professionals think in action[END_REF][START_REF] Schön | Educating the reflective practitioner[END_REF] prepared for both the knowing and doing that the practice of teaching proving entails.

Teacher Education in Norway is a five-year long program, as there is a requirement for a master's degree to teach in primary and secondary school. When starting their fourth year they had 60 study credits in mathematics.

Algebra tiles is a concrete tool for working with algebra. It is a collection of squares and rectangular pieces, used to represent integers and variables, like 1, x, , 𝑥𝑥 2 , etc..

The statements have been translated from Norwegian to English.