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Introduction

As educators, mathematicians, and teachers, we often encounter the challenge of explaining the essence of mathematics to others. The question "How would you explain to someone what mathematics is about?" can prompt momentary hesitation as we search for an adequate response. Some answers focus on its object of study, such as the one given by Aristotle: mathematics is the science of quantity. Others more on what doing mathematics means, as a well-known quote attributed to Henri Poincaré illustrates: "Mathematics is the art of giving the same name to different things." (Verhulst, 2012, p. 157). Other common responses include that it is a language, the study of numbers, or it uses logical reasoning to address abstract and real-world problems. There is no consensus in the mathematical community, and so the number of possibilities is endless.

Another common answer is that mathematics is everything or that it is everywhere. Although it seems a naive answer at first glance, this idea comes from a long tradition. Pythagoras already said that "All is number. Number rules the universe". In the same line, the physicist Eugene Wigner claimed that "the enormous usefulness of mathematics in the natural sciences is something bordering on the mysterious and that there is no rational explanation for it," to try to reflect the amazing power of mathematics to model every aspect of the physical world (Wigner, 1960, p. 2).

What response should be expected from someone who must teach mathematics? As an interdisciplinary team, which consists of teacher educators and educational researchers with diverse backgrounds in mathematics, psychology, and social sciences, we believe that several aspects of mathematics must be addressed through teacher preparation. Firstly, doing mathematics involves a creative process focusing on problem-solving and the discovery of patterns and underlying relationships in a variety of mathematical structures. Secondly, the relevance of deductive reasoning for justifying and proving mathematical statements. Finally, mathematics is useful to address both everyday and real-world problems. By incorporating these "big ideas" about mathematics in teacher education programs, preservice teachers will have a more precise and broad vision of the discipline and thus, be better equipped to teach it to their future students.

Studying the perspectives that future teachers have about mathematics is relevant since they shape their understanding of its learning and teaching, as the literature on teachers' beliefs has shown; see [START_REF] Philipp | Mathematics teachers' beliefs and affect[END_REF] for a review on this topic. Teachers' beliefs about mathematics teaching and learning are usually classified into two broad categories: traditional or transmission view, where teaching is conceptualised as a process of knowledge transmission from teachers to students; and constructivist view, where teaching is conceptualised as facilitating students' knowledge construction. Moreover, several studies suggest that pre-service teachers tend to hold different views, even some contradictory ones, at the same time [START_REF] Yang | The relationships among pre-service mathematics teachers' beliefs about mathematics, mathematics teaching, and use of technology in China[END_REF].

The present study is part of an ongoing Design-Based Research (DBR) project focused on improving mathematics teaching in teacher education. DBR proposes iterative cycles of design, implementation, and evaluation of a teaching device developed collaboratively between researchers and teacher educators. One of the purposes of the project is to incorporate preservice teachers' perspectives on the devices designed; for doing so, interviews with teacher educators' students have been conducted. The questions explore topics such as their prior school experience with mathematics, and their perspectives on what it is, and how it is learned and should be taught. The analysis of this data aims to learn from the lived experiences of these preservice teachers with mathematics and shed light on possible commonalities and differences in their perspectives across different stages of their education.

The study utilised a phenomenological methodology to investigate preservice teachers' perspectives on the nature, learning, and teaching of mathematics, providing a comprehensive understanding of this phenomenon. A phenomenological study "describes the meaning for several individuals of their living experiences of a concept or phenomenon" (Creswell et al., 2007, p. 57). It seeks to understand the subjective experiences of individuals by exploring the structures and patterns that underlie them, and by providing detailed descriptions of the phenomena being studied. The focus is describing what all participants have in common, what they experienced and how they experienced it [START_REF] Creswell | Qualitative research designs: Selection and implementation[END_REF].

In this paper, we report the preliminary results of the analysis of preservice teachers' interviews from one secondary mathematics program. To compare their experiences and perspectives at different stages of the program, two groups were distinguished: first-year pre-service teachers and those in third or fourth year. Thus, the following research questions are addressed: 1) What are the lived experiences and perspectives of these preservice teachers regarding the nature, learning, and teaching of mathematics?; and 2) How do these experiences and perspectives differ at different stages of preservice teachers training?

Our aim is to use the findings of this study to identify areas where preservice teachers may require additional support or training in order to succeed in their future teaching roles. A better understanding of their experiences and perspectives on mathematics could shed light on aspects that must be considered for their mathematical education.

Methodology

This study adopted a phenomenology research approach [START_REF] Creswell | Qualitative research designs: Selection and implementation[END_REF]. Participants were selected using purposive sampling, with a sample of 10 students of a mathematics secondary teacher education program: 5 male and 5 female. The program, offered by a new university with young educators, emphasises the development of mathematical competencies and a deep understanding of school curriculum. By the third or fourth year, students have completed most of their disciplinary courses, two methods courses focusing on the teaching of mathematics, numbers and algebra. In addition, they have had first experiences with practicum in their second and third year, focusing on a preliminary approach to school and classroom observation.

Data were collected through semi-structured interviews since this method allows participants to describe and reflect on their own experience of the phenomenon investigated [START_REF] Mcmillan | Investigación educativa[END_REF]. For this study, we only consider the questions associated with two thematic axes: preservice teachers' experiences and perspectives on mathematics and what doing mathematics involves; and their perception of the learning and teaching of the discipline. Follow-up questions were asked to strengthen the consistency of their discourse and the ideas raised. For example, What is mathematics? is followed by How would you explain to someone what mathematics is about?; and How do you think mathematics is learned? was complemented with How could you tell when someone learned mathematics?

A thematic analysis was carried out by two researchers to safeguard the criteria of scientific rigour [START_REF] Braun | Reflecting on reflexive thematic analysis[END_REF]. Using the Atlas.ti software, conceptually similar excerpts from the interviews were coded, considering the two aforementioned thematic axes that functioned as preliminary analysis categories. Then, a thematic map was generated from the codes and the constructed categories, paying special attention to the commonalities and differences between two groups of students according to their cohort: one group of first-year students (average age of 20, numbered 1 to 5), and the second, third and fourth-year students (average age of 23, numbered 6 to 10). This entire process involved iterations of inductive analysis, taking care that the interpretation of the data adhered as closely as possible to the discourses of the interviewees, avoiding possible biases regarding pre-established categories.

Results

This section describes the main findings of the analysis of the preservice teachers' interviews, corresponding to their perspectives on mathematics and mathematical work, and the learning and teaching of mathematics. The results of the two groups are presented separately and then the experiences of the two groups are contrasted, highlighting any commonalities and differences that emerged from the data. The quotes were selected to represent the meaning we intended to convey accurately.

First-year preservice teachers

Perspectives on mathematics and mathematical work

First-year students, without exception, associate mathematics with the study of numbers, recognizing its usefulness in the world and everyday life. The majority expressed difficulty in giving an answer when asking to explain to someone what mathematics is about, providing concise, and occasionally vague, responses. These ideas are exemplified by the following quotes: I've never thought about it, but it could be a science that studies what numbers are, theorems... perhaps... it often provides many connections or provides properties that help us deal with many things... I don't know, no, not really, I hadn't thought so as a definition. (Student 4) How could I say? Let's see… from common sense. I would simply say that mathematics is necessary, well, simply that. That to move in the world mathematics is necessary. Regarding what mathematical work involves, students typically emphasise the need to master many mathematical concepts and skills.

For me it would involve knowing a lot about numbers, having the knowledge to know how to use them, delivering them in different ways, because I believe that we can reach the result in different ways. Perhaps it is managing many things, not staying in one solution or path to reach it. So, it is like knowing many skills to be able to reach certain results, handle various contents. I think it's like taking various concepts into account, because I think that in order to, I don't know, work with them, you have to understand them well and know how to handle them. (Student 4)

Perspectives on the learning and teaching of mathematics

In their answers, the majority of first-year preservice teachers associated the learning and teaching of mathematics with exercising, as it is exemplified in responses such as: Unlike other disciplines, [mathematics is learned] by exercising a lot, a lot, a lot. Exercising, exercising, exercising. First, although there is a concept issue, I believe that exercise is essential. It is like the pillar, the great pillar of mathematics. (Student 1) Even when some students appear critical of traditional teaching methods, they still indicate that it is the teacher's responsibility to explain the procedures for solving mathematical exercises:

[You should try] not to be too robotic: "I put these numbers and you solve it". The important thing is that I explain to them how each exercise is solved. [...] Also, that the teacher does not pose new exercises to the class, but rather be solving them and at times ask the students how they would solve it, and put them on the blackboard and have them develop it. Because I think that for most of the students it is not fun that the teacher puts 40 exercises on the blackboard and that you only have to solve them" (Student 3).

Regarding the teaching of mathematics, connecting mathematical knowledge to schoolchildren's interests is seen as important for motivation and encouragement, as this quote shows:

In these times, didactics is very important. Because, especially in the technological world that exists, children and young people see so many things that, and so many fun things that one sees on Tik Tok, everywhere, and, the truth, one also has to try to be as in line to that. (Student 2) It is worth noting that the emphasis is to make the content more entertaining, rather than on connecting with relevant contexts that are appropriate for learning.

Third and fourth-year preservice teachers

Perspectives on mathematics and mathematical work

Preservice teachers in this group place great emphasis on the value of mathematics as a tool for representing, understanding, and making sense of the world, as well as a means of developing other important skills. The following quotes reflect this: I have always seen that beyond a language, mathematics gives us tools to understand the events of the world in a way with a more reasonable sense. I am not referring to physics, which explains phenomena and everything. Rather, mathematics allows giving a theoretical foundation to many things, to many situations. (Student 6) I feel that mathematics is a very useful tool and that it can also develop many skills both in students and in people who study it to function in the world, for example, critical thinking, reasoning and things like that really help a lot. (Student 9)

Although numbers were mentioned by some participants when asked about how they would explain what mathematics is about, the aim was to convey that this way of seeing mathematics was limited. The following response serves as an illustration of this idea: I would say that it is like the science that studies numbers, figures, all that. But, making it more personal, I would say that mathematics is something that can help you understand everything that surrounds you. Even more today with the statistics, the pandemics, it is totally something that will help you to understand everything around you. (Student 8) Furthermore, some students demonstrated an awareness that the complexity of the explanation must take into account the school student's level: Oh, it is more complex. Because for me it would depend on age. If [the school student] is very young, I would say something like "Mathematics is numbers. They are numbers and they are figures and they are a representation that allows us to sketch out the world". But if it is older, I would say that it allows modelling. [...] For me the mathematics models. And one can do incredible things through mathematics. (Student 7) With respect to mathematical work, comprehension, asking questions, and giving meaning to things are mentioned, as well as emotional aspects that arise when doing mathematics. The following quote reflects this: It involves everything, for me it involves everything! [...] It involves feelings for me because one puts her concentration on that, puts her..., maybe her..., all her hope in trying to solve something. It's just that for me it involves many things: visualisation, making sense of something, then... Wow! It involves a lot of thinking, a lot of concentration, it makes you ask yourself questions. In other words, it's like you arrive at certain metacognitive questions that develop your personality, help you develop your personality. For me it involves a bit of everything. (Student 8)

Perspectives on the learning and teaching of mathematics

For these preservice teachers, although exercising is also a form of learning, it must be associated with reasoning or giving meaning to it, for example, connecting content with everyday situations. The following quote illustrates both ideas:

For me you learn... It's that they always say "exercising", but perhaps not so much, perhaps with examples not necessarily in exercises, but from everyday life that one can take children to a more daily basis. Because sometimes the exercises that one gives them are very imaginative! But I think you learn... Well, yes, practising, seeing the meaning of things more than anything, giving meaning to things. For me, that's how you learn maths. (Student 8) Regarding how to know if someone has learned mathematics, being able to explain and applying the concepts to a daily or concrete experience are mentioned. These ideas are exemplified in a response such as:

When you can explain to me in your own words what you did. There I say "yes, [the person] did learn". (Student 7)

Engaging students through activities that not only entertain but also facilitate and enhance the learning experience is considered important by this group of preservice teachers. The following quote exemplifies this idea:

It happens a lot that students, when seeing that it's only numbers, do not show interest. And when they do not show interest, there is also no disposition [...] There are some representations called multi-base cubes, which are used to teach basic operations to children and that is what makes it much more striking, due to the fact that the child can be directly operating with those representations [...] It makes it, first of all, more entertaining for the student, it makes it more attractive and also allows them to better visualise what is being taught. (Student 6) This group seems critical of traditional teaching, pointing out that schoolchildren must participate in the construction of knowledge through exploration and the use of a variety of tools such as representations and technological resources. The following responses illustrate these ideas: I believe that mathematics should be taught like through experimentation, and not so much with the teacher in front. But also involving the students within the class and that they themselves generate knowledge together with the teacher, but with the teacher only guiding the students so that later they can formalise the knowledge they saw today. But they kind of discover the formulas and why the formulas happen. (Student 9) Oh! I believe that mathematics is no longer taught in a traditional way, I believe that it is taught through exploration, the use of representations, the use of materials, the use of software, and applets; I believe that we must take advantage of so many things that in the past perhaps were not used much. (Student 7)

Commonalities and differences between the two groups

Regarding their perspectives on mathematics and what involves doing mathematics, in both groups the usefulness of mathematics to function in the world is valued and recognized, however, they express it differently. First-year preservice teachers do it from a narrower, more traditional and perhaps schooled view of mathematics associated with studying numbers and giving great importance to handling the content. On the other hand, the responses of preservice teachers in upper years suggests that they left behind that vision of the discipline, recognizing that mathematical knowledge and skills help to make sense of things. In addition, they are much more aware of the cognitive processes and emotional aspects of doing mathematics.

As for the learning of mathematics, students in both groups state that it is learned when it can be explained to another. Again, there are certain distinctions: first-year preservice teachers focus on exercising, while the other group emphasises learning from everyday contexts to give meaning to the contents. Both groups related the relevance of students' motivation with connecting mathematical knowledge to concrete experiences and their own interests. But the aim is different: in first-year preservice teachers it is to make it more entertaining; instead, in the other group it is also to facilitate or enable the learning experience.

Finally, among first-year students there seems to be a contradictory discourse. On the one hand, they express criticism towards traditional education, yet on the other hand, they give teachers a dominant role by explaining how to do exercises and allowing students to practise afterward. This positioning contrasts with those of upper grades, where teachers build together with their students the learning from exploration and use of different methodological strategies.

Discussion

The preliminary study's results indicate that although there are commonalities between the two groups of preservice teachers in their experiences and perceptions of mathematics and its learning and teaching, there are also significant differences. The distinctions range from the complexity of their responses to the ways in which they make sense of their previous learning experiences.

The responses of first-year preservice teachers on mathematics can be roughly distilled into three main ideas: that "mathematics is useful for everything", "mathematics is about numbers" and "doing mathematics is equivalent to solving exercises". This discourse should not be too surprising, considering that their perspectives are undoubtedly influenced mostly by their school experiences with traditional teaching methods. Preservice teachers in higher grades also highlight the value and usefulness of mathematics, but they expressed it in a more sophisticated way: it helps to understand and explain everyday situations, model phenomena and make sense of the world around us. They are also aware of the distinction between what is commonly said about mathematics ("the study of numbers") and their more nuanced understanding. This makes it easier for them to consider the school student's level when they are asked to explain to someone what mathematics is about. And for them, doing mathematics involves questioning, exploration, and sense-making. These differences suggest that they were able to move beyond restricted ideas about mathematics that may be influenced by their prior schooling experiences. However, deductive reasoning and proof, important aspects of doing mathematics, are noticeably absent from their discourse.

The importance of motivating and considering activities that align with students' interests was emphasised by all participants. However, first-year preservice teachers saw using relatable contexts mainly as a means of making the content more entertaining. This may be due to tiresome previous experiences with the subject. The other group, in contrast, recognized the potential of such contexts to enhance comprehension and promote more meaningful learning experiences. And while there is a common discourse on moving away from traditional teaching methods, first-year students still primarily rely on conservative strategies that emphasise exercises and teacher-led instruction. This apparent inconsistency has been reported in several studies [START_REF] Yang | The relationships among pre-service mathematics teachers' beliefs about mathematics, mathematics teaching, and use of technology in China[END_REF]. In contrast, the other group prioritises student-centred learning with guidance from the teacher. This result would be indicating that the program helps to distance these students from the transmissive vision of learning.

While the findings of this study cannot be generalised to other settings, they reveal the nuances of preservice teachers' experiences and the value of learning from them. As the results showed, students in this education program could lack opportunities to reflect on what mathematics is about, particularly with respect to the role of deductive reasoning for the construction of mathematical knowledge. Thinking about the processes involved in doing mathematics can broaden their understanding of the teaching and learning of mathematics, which in turn, can have a positive impact on their future practice. Studies like this one can provide insights into which elements may need to be reinforced in teacher education programs.

  It's like that's what I would say, because I wouldn't find another answer. (Student 2)
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