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Introduction

Continuing geometric patterns or understanding the derivative of a function requires functional thinking. However, functional thinking does not only play a key role in mathematics education from primary to upper secondary school but is also relevant outside of mathematics in everyday life, for example, when considering the change in temperature over time or modelling the spread of a virus. Despite its relevance in various situations, the concept of functional thinking is not clearly defined [START_REF] Pittalis | Young students' functional thinking modes: The relation between recursive patterning, covariational thinking, and correspondence relations[END_REF] and -as other didactical concepts -it is subject of continuous development [START_REF] Vollrath | Funktionales Denken [Functional thinking[END_REF]. A prior study in the framework of the Erasmus+ project FunThink -Enhancing functional thinking from primary to upper secondary school focused on conceptions 1 of mathematics education experts of functional thinking and indicated in line with the literature a big diversity therein [START_REF] Frey | Functional thinking: Conceptions of mathematics educators -a framework for analysis[END_REF]Sproesser & Frey, 2022).

As developing functional thinking is an important goal throughout the course of schooling (e.g., National Council of Teachers of Mathematics [NCTM], 2000) and causes difficulties for many students (e.g., [START_REF] Nitsch | Diagnose von Lernschwierigkeiten im Bereich funktionaler Zusammenhänge [Diagnosis of learning difficulties in the area of functional relationships[END_REF], it is important to also investigate corresponding conceptions of teachers that might have a strong impact on their teaching [START_REF] Lloyd | Supporting innovation: The impact of a teacher's conceptions of functions on his implementation of a reform curriculum[END_REF]) and subsequently on their students' learning [START_REF] Yoon | Reviewing the evidence on how teacher professional development affects student achievement[END_REF]. In this matter and embedded in a teacher seminar on fostering students' functional thinking in the context of the FunThink project, pre-service teachers enrolled in a mathematics education master program were questioned on their conceptions of functional thinking prior to and after participating in this seminar. The provided written answers were analysed using an adapted version of the coding scheme of the mentioned interview study [START_REF] Frey | Functional thinking: Conceptions of mathematics educators -a framework for analysis[END_REF]. This paper presents first results of how these pre-service teachers' conceptions of functional thinking changed during the participation in this teacher seminar.

As teachers' conceptions about didactical concepts such as functional thinking are mainly framed by corresponding knowledge elements [START_REF] Lloyd | Supporting innovation: The impact of a teacher's conceptions of functions on his implementation of a reform curriculum[END_REF], in the following, we will outline the theoretical background referring to functional thinking and the didactical facets of mathematical knowledge for teaching [START_REF] Ball | Content knowledge for teaching: What makes it special[END_REF]. In more detail, we will relate important elements of functional thinking to particular knowledge facets of the MKT model in order to bring together content-related ideas and a model to structure them. This can serve as a base for analysing (changes in) conceptions of functional thinking against the background of the MKT model and to correspondingly structure findings of this and further studies.

Theoretical background

Functional thinking

The notion of functional thinking was introduced during the reforms of Meran in 1905 and was understood as a "guiding category for teaching mathematics in order to concentrate, unify and structure different areas of mathematics taught in schools" (Krüger, 2019, p. 35). Since then, the notion of functional thinking continuously developed which led to a variation in definitions. In a broad sense, functional thinking can be described as a major component of algebraic thinking [START_REF] Warren | Introducing functional thinking in year 2: A case study of early algebra teaching[END_REF]. [START_REF] Pittalis | Young students' functional thinking modes: The relation between recursive patterning, covariational thinking, and correspondence relations[END_REF] describe functional thinking more precisely "as the process of building, describing, and reasoning with and about functions" (p. 632). Especially the second definition highlights the close connection of functional thinking and the concept of functions. In this regard, the international literature describes four perspectives which are relevant for the learning and understanding of functions and hence for functional thinking. These perspectives -often called aspects of functional thinking -are more or less required when solving particular function related tasks and show up in intra-mathematical as well as extra-mathematical contexts (e.g., [START_REF] Vollrath | Funktionales Denken [Functional thinking[END_REF]): input-output, covariation, correspondence, and mathematical object (e.g., [START_REF] Pittalis | Young students' functional thinking modes: The relation between recursive patterning, covariational thinking, and correspondence relations[END_REF]. Different to the international literature, German literature usually describes only three of the four perspectives. The input-output aspect is omitted and rather included in the other aspects (cf. [START_REF] Vollrath | Funktionales Denken [Functional thinking[END_REF]. Due to the abstract character of functions, comprehensibly dealing with representations plays a key role for developing functional thinking. First of all, representations such as tables, graphs, verbal descriptions, and algebraic expressions make the abstract mathematical object of function accessible (cf. [START_REF] Duval | A cognitive analysis of problems of comprehension in a learning of mathematics[END_REF] and are crucial for concept formation; moreover, connecting function representations and changing between them is required for flexible problem solving as the different representations are more or less appropriate to work on a particular problem [START_REF] Heinze | Flexible and adaptive use of strategies and representations in mathematics education[END_REF][START_REF] Vollrath | Funktionales Denken [Functional thinking[END_REF].

The previous considerations highlight that functional thinking is an overarching idea with many facets which is relevant throughout mathematics education and beyond. In this manner, it is important for (pre-service) teachers to develop corresponding knowledge for teaching. In the following, we will therefore relate important elements of functional thinking to facets of pedagogical content knowledge from the MKT model [START_REF] Ball | Content knowledge for teaching: What makes it special[END_REF].

Pedagogical content knowledge for teaching functional thinking

There is a widely agreed consensus that teachers play a crucial role in their students' learning (e.g., [START_REF] Yoon | Reviewing the evidence on how teacher professional development affects student achievement[END_REF], also with regard to functional thinking [START_REF] Lloyd | Supporting innovation: The impact of a teacher's conceptions of functions on his implementation of a reform curriculum[END_REF]. Based on Shulman's model (1986), Ball and colleagues (2008) established the framework mathematical knowledge for teaching (MKT) that differentiates subject matter knowledge and pedagogical content knowledge in more detailed knowledge facets. Subject matter knowledge consists of common content knowledge (CCK), horizon content knowledge and specialized content knowledge (SCK). Pedagogical content knowledge (PCK) is built up of knowledge of content and students (KCS), knowledge of content and teaching (KCT) and knowledge of curriculum (KC).

The concept of functional thinking cannot be sorted into just one of the mentioned knowledge facets. In the following, important elements of functional thinking are related to the PCK facets of the MKT model. The emphasis on these PCK facets was chosen as the researched seminar focuses on enhancing them. Within PCK, knowledge of content and students (KCS) forms an intersection of mathematical content knowledge and knowledge of students' thinking [START_REF] Ball | Content knowledge for teaching: What makes it special[END_REF]. It is needed to understand how students learn a concept or to foresee possible student difficulties and misconceptions. Applied to functional thinking, this, e.g., describes the knowledge that students often acquire the input-output, covariation or correspondence aspect first and the mathematical object aspect follows later in their learning progression. In this sense, teachers need to know which aspects are difficult for students to learn or to identify which aspects of functional thinking are drawn on in students' answers. KCT combines the knowledge of content and teaching, and hence, is relevant for teaching decisions. This includes, e.g., the knowledge of how to support the development of all aspects of functional thinking with teaching. Certain tasks require to draw on specific aspects of functional thinking in order to solve them, and hence, teachers need to be aware of this when choosing tasks for their classroom in order to support students' learning. In addition, research for example has shown that familiar contexts or real-life situations are helpful for the understanding of functional relationships [START_REF] Wilkie | Learning to teach upper primary school algebra: Changes to teachers' mathematical knowledge for teaching functional thinking[END_REF] and, hence, should be integrated in the corresponding teaching. Further elements of KCT relate to the use of representations, e.g., as teachers need to know which form of representation supports student learning in which task [START_REF] Wilkie | Learning to teach upper primary school algebra: Changes to teachers' mathematical knowledge for teaching functional thinking[END_REF]. In both cases (KCS and KCT), teachers themselves need to have a profound knowledge of the aspects of functional thinking. Relating the knowledge facet KC (knowledge of curriculum) to functional thinking, many curricula do not mention this concept explicitly but rather involved in other topics from primary (e.g., numerical and geometric patterns) to higher secondary education (e.g., algebra, analysis) (NCTM, 2000).

The previous section provides a first impression on how functional thinking can be related to the different PCK facets of MKT and that these knowledge facets are required to foster students' functional thinking. In this manner, the researched seminar focused on enhancing such knowledge facets related to functional thinking of pre-service teachers. The corresponding research question and methodology will be presented in the next section.

Research question and methodology

The mentioned theoretical considerations illustrate the relevance of functional thinking and the connected PCK facets which were focused in the researched seminar. To evaluate the corresponding effects of the seminar, in this study, we investigate the following research question: What conceptions of functional thinking do pre-service teachers have before participating in a seminar on fostering functional thinking and how do their conceptions change during the course of the seminar?

Sample

The sample of this study consisted of 14 pre-service teachers for primary, lower secondary or special education who took part in a master's seminar for fostering students' functional thinking in the winter semester 2022/2023. At the beginning, all of them indicated to have no or only little knowledge in teaching topics related to functions.

Procedure and material

The participants of this study had chosen to take a seminar on fostering students' functional thinking that was developed in the FunThink project and comprised 14 weeks, each with a 90 minutes session. Their participation in the seminar and in the related testing was voluntary and not related to a formal exam. The topics of the seminar referred to the meaning and relevance of functional thinking, functional relationships and functions, the aspects of functional thinking, the role of representations and representational changes, the development of functional thinking and its embedding in the curriculum. A main component of the seminar was to try out, reflect, and further develop learning environments to foster students' functional thinking and to diagnose learning difficulties. In this context, the participants experienced the didactical potential of four design criteria for developing learning environment in mathematics in general and with regard to functional thinking. These design criteria were embodiment, situatedness, the use of (digital) tools and inquiry-based learning. In the FunThink project, these design criteria were chosen to be implemented in the developed learning environments, as in previous research, they have proven to be supportive for learning.

In order to evaluate the learning gains of this seminar, a written pre-and post-test was carried out in the first and in the last session of the seminar. In this paper, we focus on the first test item, namely: "What do you consider functional thinking to be? Expand your answer." For the data analysis, all answers from pre-and post-test were transcribed. They were coded by two independent coders according to a coding scheme. Differences in coding were discussed until agreement was reached. In the following, this scheme is described in detail.

Coding scheme

As mentioned above, prior to this study an interview study was conducted to get insight into educational experts' conceptions of functional thinking. In this context, a coding scheme was developed using an inductive and deductive approach [START_REF] Mayring | Qualitative content analysis: Theoretical foundation, basic procedures and software solution[END_REF]. The coding scheme evolved during multiple rounds of coding in the international project group based on 34 expert interviews and consists of the following eight main categories with further subcategories (not all included here):

1. Aspects of functional thinking, e.g., with the subcategories 1. 1 input-output, 1.2 covariation, 1.3 correspondence and 1.4 mathematical object. Category 1.4 is again subdivided into 1.4.1 general features of functions, 1.4.2 function classes, 1.4.3 operations on functions, 1.4.4 reference to concept of function 2. Using functions for mathematization outside of mathematics 3. Using functions for mathematization inside of mathematics 4. Activities related to functional thinking: patterning 5. Activities related to functional thinking: dealing with representations, e.g., with the subcategories of specific representations (5.1) and changing between representations (5.2) 6. Semantic & syntactic network of concepts related to functional thinking 7. Related fields and demarcation, e.g., with the subcategories demarcation, for instance from algorithmic procedures (7.1) and functional thinking as overarching idea (7.2) 8. Unspecified category: other interpretation of functional thinking, e.g., incomplete descriptions

The main categories 1-6 were derived from the literature, categories 7 and 8 (including subcategories) were formed inductively. The formation of the subcategories varied. Subcategories 1.1-1.4 were built deductively, subcategories 7.1 and 7.2 formed inductively. For this study, this previously developed coding scheme [START_REF] Frey | Functional thinking: Conceptions of mathematics educators -a framework for analysis[END_REF] was adapted based on the pre-service teachers' answers. This led to two additional categories: 9. unspecified category: mentioning/showing that they do not know what functional thinking entails and 10. unspecified category: mathematically wrong ideas.

Results

Figure 1 shows an overview of changes in the pre-service teachers' conceptions of functional thinking according to the described coding scheme. For each participant, the grey shaded squares indicate answers according to the corresponding category in the pre-test. The black squares indicate the categories assigned in the post-test. It should be noted that the categories 8, 9 and 10 summarize unspecific descriptions, i.e., statements that were not related to the topic, unclear or mathematically wrong. Hence, the figure indicates that for most participants, these unspecific categories were coded less often in the post-test, whereas the other categories considered as meaningful were coded more often in the post-test. This tendency could also be recognized in the process of coding as the coders could assign the given answers much easier to the categories in the post-test compared to the pre-test.

In the following, we will refer to a particular pre-service teacher, in order to illustrate the change in her conceptions that are only partly accessible through Figure 1. Participant 1 is a female pre-service teacher enrolled in a primary education master's program with mathematics as her main subject and can be considered as an illustrative case. When asked what she considers functional thinking to be prior to participating in the seminar, she wrote the following: I understand functional thinking as thinking in terms of functions, for example mappings. Especially in primary education, I think of relationships such as age and size (shoe size/body height) but also dealing with patterns or understanding the structure of functions, e.g. black box (finding out what happens in this box with a certain number). (own translation)

This answer includes three subcategories of the main category 1 (perspectives on functions and aspects of functional thinking): category 1.1 function as an input-output assignment by referring to the black box which is similar to a function machine; code 1.3 function as correspondence relation by highlighting the mapping; code 1.4.4 by referring to the concept of function itself. Moreover, the mentioned example shows the use of functions for mathematization outside of mathematics (category 2) and the reference to patterns coded as category 4. After participation in the seminar she answered to this question in the post-test:

Recognizing and using functional relationships in tasks. Everything that has to do with correspondence, covariation, mathematical object or input-output. More than just regular relationships, but also for example mappings without regularities. More than just function equations, e.g. also patterns & structures. (own translation) Similar to the provided answer in the pre-test, the participant's answer referred to multiple subcategories of category 1: She named all aspects of functional thinking which were coded for categories 1.1, 1.2, 1.3, and 1.4. Similar to the pre-test, the answer included a reference to patterns (category 4). The function equation as a form of representation was coded as a subcategory of category 5. Expressing that functional thinking is not only related to the function concept with is representations and regularities but also includes more informal issues like patterning and mappings without regularities was coded as demarcation (category 7.1).

Discussion

In total, the pre-service teachers' conceptions changed during the course of the seminar, and referred afterwards more often to important elements of functional thinking as outlined in the theoretical background. The negatively annotated categories 8-10 almost only appeared in the pre-test answers. The aspects of functional thinking were already mentioned in some answers in the pre-test and often included in the post-test similar to how they are described in literature [START_REF] Pittalis | Young students' functional thinking modes: The relation between recursive patterning, covariational thinking, and correspondence relations[END_REF][START_REF] Vollrath | Funktionales Denken [Functional thinking[END_REF]. Category 1.4.4 (reference to the concept of function) was only coded in the pre-test, in the post-test the provided answers included more often function as a mathematical object instead of a rather superficial reference to the concept of function. Compared to the other aspects, input-output was mentioned rarely. This is not surprising as this aspect is not included in German literature [START_REF] Vollrath | Funktionales Denken [Functional thinking[END_REF]. As could partly be observed for participant 1, further changes in conceptions could be identified in relation to representations and patterning as they were mentioned moderately more often in the post-test.

The provided answers and in particular the observed changes reflect the importance of the aspects of functional thinking as well as the role of representations and patterning that can be assigned to KCS and KCT. Although it has to be admitted that inter alia these PCK elements were at the core of the teacher seminar, the pre-service teachers recognized their relevance and kept them particularly in mind. As these knowledge facets as part of a persons' conception can be considered a prerequisite for successful student learning [START_REF] Lloyd | Supporting innovation: The impact of a teacher's conceptions of functions on his implementation of a reform curriculum[END_REF][START_REF] Yoon | Reviewing the evidence on how teacher professional development affects student achievement[END_REF], the effects of the teacher seminar can be judged as positive. More particularly, the pre-service teachers' conceptions changed to a broader view of what functional thinking entails and of what is important for supporting students' corresponding learning. Whereas for the analysis presented in this paper, the pre-service teacher's conceptions were not considered against the differentiated facets KCS, KCT and KC, this will be subject of the analyses of further test items.
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