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. However, one important analytic framework, Duval's semiotic theory, is still purely cognitive. This leads to the question that how can we advance Duval's semiotic theory? We use quantum inspiration as our research method to propose an alternative framework, and analyse a holistic teaching video. In the analysis, we conclude two points to advance Duval's semiotic theory: (1) The interaction of emotion and cognition serves as the bridge to guide students to realize the coordination between representations. (2) The interaction of emotion and cognition serves as driving force to trigger the coordination. Based on these points, we propose the advanced semiotic theory and cognitive-emotional architecture.

Introduction

When analysing students' mathematics learning, [START_REF] Duval | Understanding the mathematical way of thinking-The registers of semiotic representations[END_REF] semiotic theory is an important analytic framework. The framework is purely cognitive, but a trend in mathematics education is the holistic psychology of emotion and cognition [START_REF] Hannula | The metalevel of cognition-emotion interaction[END_REF][START_REF] Roth | Affect and emotions in mathematics education: Toward a holistic psychology of mathematics education[END_REF]. How can we advance Duval's semiotic theory under the trend?

To address the question, we first seek for the analytic framework of the holistic psychology in mathematics education. [START_REF] Roth | Affect and emotions in mathematics education: Toward a holistic psychology of mathematics education[END_REF] point out that there are very few frameworks for analysing the holistic psychology [START_REF] Roth | Affect and emotions in mathematics education: Toward a holistic psychology of mathematics education[END_REF], so they proposed a multi-perceptual model: drama metaphor. Besides that, [START_REF] Hannula | The metalevel of cognition-emotion interaction[END_REF] proposed four meta-level-based constructs to analyse the interaction between emotion and cognition. Although [START_REF] Roth | Affect and emotions in mathematics education: Toward a holistic psychology of mathematics education[END_REF] framework can analyse the holistic psychology in detail, and [START_REF] Hannula | The metalevel of cognition-emotion interaction[END_REF] framework can clearly classify the learning process into four categories, both frameworks cannot analyse the driving force of the "systemic interaction between learners, tasks, social context, and learners' motives integrated into the evolving tasks" (Yang et al., 2021, p. 9), so [START_REF] Lin | A Holistic Model of Learning with Mathematics Grounding Activity[END_REF] proposed an insufficiency-based narrative framework. It mainly focuses on the awareness of insufficiency under the well-designed learning environment. Yet, Duval's semiotic theory is more general. Our purpose is to offer an alternative framework to advance Duval's semiotic theory.

How can we find an alternative framework? First, we seek for neuroscience and find that a quantuminspired framework is used to simulate human's brain function, which contains both emotion and cognition [START_REF] Hameroff | Orch OR'is the most complete, and most easily falsifiable theory of consciousness[END_REF]. In addition, compared with traditional computation, quantum will superpose with each other. This difference can further distinguish between the perspective of emotion and cognition are interactive but separated system and that of the holistic psychology. Based on the idea, we propose a quantum-inspired framework as an alternative framework to advance Duval's theory. In the following paragraph, we briefly introduce Duval's semiotic theory. Then, we propose a quantum-inspired framework and analyse the holistic teaching video of the rectangular number game. Finally, we propose the advancements to Duval's semiotic theory.

The brief introduction of Duval's semiotic theory

First, we introduce the elements, registers and representations, in Duval's theory. "Registers relies solely on four fundamental characteristics, which in twos are mutually exclusive" (Duval, 2017, p.84). The first kind of characteristic is whether the register is one of linearity or simultaneous apprehension. The linear register is called the discursive register, which includes natural language, while the register which is simultaneously apprehended of a two-dimensional organization is a nondiscursive register, which includes diagrams [START_REF] Duval | Understanding the mathematical way of thinking-The registers of semiotic representations[END_REF]. The other kind of characteristic is whether the register is algorithmic. The algorithmic register is called the monofunctional register, which includes symbolic writings, while the register that is non-algorithmic is called the multifunctional register, which includes icons [START_REF] Duval | Understanding the mathematical way of thinking-The registers of semiotic representations[END_REF]. When students engage in the mathematical activity, they take some actions in multiple registers. Next, we introduce the actions in Duval's theory.

When engaging in the activity, students take the action of treatment or conversion to mobilize the representations. Treatment refers to the processes that generate new representations in the same register and conversion refers to the transformation between two representations. The key for students to take the action is that each representation contains the meaningful units. These meaningful units form the representation. When doing treatment, students only need to systematically variate the meaningful units. When doing conversion, students need to see the 1-1 mapping between the meaningful units. Take linear graphs and linear equations as examples. In the linear graph, whether a line passes through the origin or is above or below the origin can be the meaningful units [START_REF] Duval | Understanding the mathematical way of thinking-The registers of semiotic representations[END_REF]. When students systematically vary the meaningful units, they can generate lots of graphs (new representations). This is the treatment in the linear graph. In the linear equation, y=ax+b, "b=0" is a meaningful unit. If students can see the 1-1 mapping between a linear graph that passes through the origin and b=0 in the linear equation of the graph, then they can do the conversion between linear graph and linear equation. These representations can be produced automatically or intentionally, and the representations mobilized and the coordination of the representations form the students' cognitive architecture, as shown by [START_REF] Duval | Basic Issues for Research in Mathematics Education[END_REF].

This study

In the study, we first introduce our alternative framework based on quantum computation, and then we use it to analyse the holistic teaching video of the rectangular number game. Finally, we discuss how to advance Duval's semiotic theory.

Introduction of the quantum-inspired framework

Our framework is based on the framework of quantum computation and traditional computation, so when introducing our framework, we first introduce the processing units, actions and functions in quantum computation in the following paragraph, and then we show how we use the elements in quantum computation and traditional computation as the metaphor of the interaction of emotion and cognition in the corresponding paragraph.

In quantum computation, the processing units are qubits and qubytes. Some qubits form qubytes, just like meaningful units form the representation in Duval's theory. This is the metaphor of the relationship between the meaningful units and the whole categories of emotion and cognition. In the cognitive aspect, we use qubits as a metaphor of meaningful units in each representation, and qubytes as a metaphor of each representation. When addressing emotion, [START_REF] Pekrun | A social-cognitive, control-value theory of achievement emotions[END_REF] points out that emotions can be classified as prospective, concurrent and retrospective emotions according to time. Prospective emotions are the emotions we expected in the activity. Concurrent emotions are the emotions we undergo during the activity. Retrospective emotions are "based on recollections of past achievement activities and outcomes" (p. 151). In our framework, we extend Pekrun's viewpoint to past, present and prospective emotions, and use qubytes as the metaphor of the classifications due to that during the game, the emotions experienced by the students go beyond Pekrun's viewpoint. [START_REF] Ekman | An argument for basic emotions[END_REF] proposed six basic emotions, which has its own features, and complex emotions are the combination of basic emotions. Based on the viewpoints, qubytes are the metaphor of past, present and prospective emotions and in each qubyte, qubits are the metaphor of basic emotions.

During processing in quantum computation, each meaningful unit has two kinds of actions, entanglement and superposition. Entanglement is the action that only happens between meaningful units. If two meaningful units are entangled with each other, when we measure (i.e., observe) the behaviour of one of the qubits, then we can directly know the behaviour of the other qubit without measuring. For example, the 1-1 mapping of the meaningful units between different representations show the entanglement between the meaningful units. The entanglement between emotion and cognition is reflexive. People can experience emotions connected to their cognitive processes and vice versa. The concept contains both [START_REF] Hannula | The metalevel of cognition-emotion interaction[END_REF] constructs of emotional cognition and cognitive emotion. Superposition is the action that can happen within a meaningful unit or between meaningful units. Superposition within the meaningful unit is the probable behaviour of the qubit. Superposition between meaningful units is the action that each non-entangled meaningful unit will support each other to influence the whole behaviour. For example, pass through the origin or not and above or below the origin are the meaningful units. These units (qubits) are not entangled but superposed with each other to form the linear graph (qubyte). The states of the meaningful units depend on the representation we observe, and the behaviour observed (measured) is the representation. The superposition between emotion and cognition is that both of them support each other to influence students' behaviour, and there is not any causal relationship between them.

When addressing a problem in quantum computation with qubits, the designed circuit is required. In the circuit, different logic gates are used to process the qubits. Each layer of the logic gate serves as a function. During students' learning, the learning activities, students' actions and thinking processes will change students' cognition, emotion, or the relations between emotion and cognition, so we use the function as a metaphor of them. After defining the cognitive and emotional meaningful units, the actions within and between the meaningful units and the functions, we propose the quantum-inspired framework shown in Figure 1. The linearity of the framework just shows the learning activities, students' action and the thinking process according to time. It does not mean that students' cognitive development is linear.

Finally, where do students retrieve and store knowledge? During the function, students retrieve the knowledge or emotional experience from their long-term memories. This means that what students really learned is stored in the traditional memory unit, bit. The function leads students to retrieve the memories in the bit which is the metaphor of students' long-term memory. 

Data Source

Our data source is the holistic teaching video of the rectangular number game [START_REF] Chu | Mathematics-Grounding Activity in Class: Rectangular Number[END_REF], from Shi-Da institute for mathematics education. The goal is to guide students to make sense of prime numbers. The teacher first leads students to realize the rule of the game, and then to play the game. Students play the game with another student. During the game play, one student poses out a number to their opponents. If the opponent can use the numbers of chesses to form a rectangle, then they can score one point. If the student posing the number can also use the numbers of chesses to form a noncongruent rectangle, then they can also score one point. The round of the game ends until both students cannot form any non-congruent rectangle. After the game play, the teacher guides students to discuss about the strategies to win the game in order to guide students to make sense of the number classification. The classification is not the expected one, so the teacher changes his strategies to use emotion as the basement to guide students to classify and name the categories.

Analysis under the quantum-inspired framework

We use the quantum-inspired holistic framework (Figure 1) to analyse the teaching segments: classifying the numbers and naming the categories in the video. During the game play, scoring or not serves as a function to guide students entangled the number and emotion. After the game play, the teacher guides students to discuss about the strategies to win the game as the following transcript. Here, the teacher leads students who are the winners, to raise their hands. This serves as the function to trigger students' eagerness to discuss about the strategies to win. The triggered eagerness serves as a function to trigger the superposition and entanglement of representations to guide students to pose out different strategies. Under the entanglement of the eagerness of winning the game and the superposition and entanglement of representations, students pose out lots of strategies.

After the discussion of the strategies to win the game, the teacher finds that students' thoughts diverge. In addition, this guides students to focus on the classification based on the number of factors and pose out the categories such as one-point number, two-point number, etc. These categories are not the expected categories. So, the teacher guides students to classify the numbers based on the emotions and name the categories as the following transcript, and During the game play, we have some feelings toward these numbers. Those feelings might be happy, angry, upset, and frustrated. Those are your feelings. Classified the numbers and name the categories according to your feelings or the phenomena you see. Here, the teacher's questions serve as the function to guide students to retrieve the entangled memories of emotions and numbers. This can be measured according to the behaviour of students' emotional response. Next, the teacher's behaviour to guide students to classify the numbers serves as the function to guide students to classify the numbers base on the entangled emotions. This can be measured by students' categories written in the worksheet according to their emotion. Then, the teacher's behaviour to guide students to name the categories serves as a function to entangle students' past emotion about the numbers and the natural language. This can be measured by the emotion-based naming posed by the students in Table 1. In the moment, one student is aware that all of the emotionbased namings are mathematically meaningless. This awareness serves as the function to trigger the student's emotion to come up with mathematically meaningful names, and this emotion triggers the superposition and entanglement between the phenomena observed, natural language and geometric shapes. So, under the entanglement of the emotion and cognition, student D poses out (point-line numbers, common numbers). After the student poses out (point-line numbers, common numbers), the naming serves as the function to trigger his peers' appreciation. The appreciation serves as the function to trigger his emotion to pose out the similar naming. This emotion serves as a function to guide the students to be aware of the incompleteness of the naming, so based on the superposition of the emotion and awareness (cognition), he wants to complete the naming. The willingness to complete the naming serves as a function to superpose the geometric figure, the naming received and natural language in order to complete the naming. Surprisingly, he doesn't pose out (point-line numbers, regular-rectangular numbers) to complete the naming, but (surprising numbers, regular-rectangular numbers) instead. The reason may be that in the process, the student's emotion that he wants to keep his own naming is triggered, and the superposition of the emotion that he wants to keep his own naming and the completion of the naming guides him to proposed out (surprising numbers, regularrectangular numbers) instead of (point-line numbers, regular-rectangular numbers).

Discussion

From the analysis, the teacher tries to guide students to classify the numbers based on the cognitive aspect in order to realize the entanglement between numbers and the geometric figures and see the 廢 number classifications in the beginning, but students' thoughts diverge. The strategies proposed by the students are based on their emotion of eagerness to win the game. This emotion superposes with students' thinking to pose out strategies focused mainly on the game. So, students will not just focus on what the teacher wants. When the teacher turns to use emotions to guide students to classify the numbers, students intuitively classify the numbers into two categories and make sense of the classifications. Here are two remarks. First, emotions are entangled with the numbers and students' naming, which means that emotions entangle with both multifunctional and monofunctional registers. Second, although cognition can trigger students' conversion between numbers and geometric figure, why is it that students cannot see that? Because when the discussion is based on the strategies to win the game, students' emotions about winning the game can be triggered, and this emotion superposes with students' cognition to guide students to mainly focus on game instead of what the teacher intended. However, when the teacher changes his strategy to guide students to classify the numbers, the new strategy creates a fresh experience for students, which triggers students' interest, and guides students to jump out of the emotion of winning the game and focus on the categories teacher expected.

Here, we see that emotion serves as the driving force of students' focus.

The two findings imply that in Duval's semiotic theory, emotions entangle with both multifunctional and monofunctional registers. In addition, emotions serve as bridges and the interaction of emotion and cognition serves as the driving force in students' learning. So, the conversion process between representations should be changed from pure cognitive process to cognition-emotion interactive process, and the question mark in Duval's cognitive architecture could be the superposition and entanglement between emotion and cognition and the coordination in the cognitive architecture should be the cognitive-emotional coordination. Based on the discussion, we advance Duval's semiotic theory and cognitive architecture, and the modification is shown in Table 2 and Table 3. In the advanced theory and the cognitive architecture, emotions entangled with cognition, and the interaction of them serves as the driving force of students' focus. Practically, this is noticeable for the teacher and can serve as a strategy to direct students' focus. Each action in the well-designed activity can serve as a function to trigger the interaction between emotion and cognition, which is beneficial for students' understanding. The advanced theory can be used to design the holistic teaching activity, and emotions can serve as the tools. Theoretically, during the analysis, we see that the behaviour should be singled out from cognition. It is influenced by the interaction of emotion and cognition and vice versa. In addition, we can see that there are some hierarchies in emotion and cognition. When students retrieve or store the knowledge, the knowledge is static, while when they use them, the process is dynamic. This means that when the knowledge is learned, it is just stored in our long-term memory just like the traditional computation, while when we use it, the knowledge or experience is retrieved into a dynamic system, which is the quantum system. This is coherent with the concept of conation and can show the enactivist perspective. Further empirical studies are needed.
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	shows students' naming.

,可能是難過的,可能是沮喪的,那些都是你的心情。我們先把它分 成兩類,依照你的心情,或者你看到的圖案,來幫它取個名字。可以 想一下你名字,不可以排出來的這些,這些數字取一個名字。 As you can see the chart right here, it has lots of numbers [in it]. After playing the game with these numbers, they are not just simply numbers.

Table 1 : Students' naming

 1 

	The number that cannot form rectangle	The number that can form rectangle
	Evil numbers	Kind numbers
	Point-line numbers	Common numbers
	廢(Useless numbers)	(Upside down the character)
	Surprising numbers	Regular-rectangular numbers
	Explosive numbers	Very good

Table 2 : The advancing of Duval's theory

 2 

	The original elements in Duval's theory	Modified elements
	Multifunctional register	Emotion entangled multifunctional register
	Monofunctional register	Emotion entangled monofunctional register
	Pure cognitive conversion process	Cognitive-emotional conversion process

Table 3 : The advancing of Duval's cognitive architecture

 3 

	The original elements in Duval's cognitive architecture	Modified elements
	Question marks	The superposition and entanglement between emotion and cognition
	Pure cognitive coordination	Cognitive-emotional coordination