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In this paper, we discuss 9 th -grade students' generation of meanings and their competence in using mathematical concepts and properties while tinkering with dynamic letter models of the Greek alphabet in the programming tool MaLT2. We focus on how students use mathematics for both construction and reasoning during their interaction with the animated models, and we analyse data from students' actions applying the Teaching for Robust Understanding framework. The results include data on the connections students made between different ideas and mathematical properties, the way they acted as mathematicians following repeated cycles of investigation-assumption-test with the tool, and their competence in using, comparing and progressively evaluating the mathematical properties used in each letter model in the programming environment.

Introduction

We investigate the mathematical meanings generated by 9th-grade students and discuss their mathematical competence in using mathematical properties while tinkering with dynamic models of letters of the Greek alphabet in the programming environment of the digital tool MaLT2. The concept of mathematical competence is further than knowing or understanding mathematics; it is about doing mathematics [START_REF] Niss | Mathematical competences revisited[END_REF]. Therefore, in this study, we don't discuss how students learn a mathematical concept or property, but we are interested in how students use a mathematical concept or property in a context based on mathematical activity through programming and engineering [START_REF] Kynigos | Creativity in engineering mathematical models through programming[END_REF]. The microworlds that we have designed consist of letter models that 'hide' their mathematical nature behind their engineering way of construction in MaLT2, which supports our intention to create a fertile ground for students not only to use mathematical properties, but also to question mathematics itself, rather than perceiving it as absolute truths. We approach students' actions by employing the Teaching for Robust Understanding framework (Schoenfeld & the TRU Project, 2016) to analyse student's mathematical meaning-making processes and ideas and to support our attempt to provide some insight into student's mathematical competence in a classroom activity where children collaboratively use a particular programmable digital medium, while discussing the mathematical properties embedded in the letter models and expressing mathematical reasoning through tinkering and observing the behaviour of graphical models. Thus, we pose the following research question: "What role do the animated models in the programmable tool MaLT2 play in the development of students' mathematical competence?"

Theoretical Framing

The Teaching for Robust Understanding (TRU) theoretical framework provides a way to identify powerful learning environments by shifting attention from the lesson content to the creation of experiences for students in order for them to be developed into powerful thinkers and problem solvers in the classroom (Schoenfeld & the TRU Project, 2016). The quality of a learning environment depends on the extent to which it provides opportunities for students in relation to the following five dimensions: (1) The Content (The Mathematics): refers to the quality of the students' mathematical experience and the opportunities for developing a strong mathematical thinking, (2) Cognitive Demand: includes the challenges ("productive struggle") that the learning environment creates for students to be actively engaged in mathematics and to make sense of important disciplinary ideas and their applications, (3) Access: involves the active and meaningful engagement of all students in the learning process, (4) Agency, Ownership & Identity: consists of the opportunities to generate and share ideas or arguments and to build on the ideas of others in ways that contribute to the development of agency (the willingness to engage), the ownership of content (the feeling of control over their creation) and the acquisition of a mathematical identity as people who can do mathematics and (5) Formative Assessment: refers to the responsiveness of the environment to students' thinking. It can be seen that the five dimensions are interconnected. They focus both on the learning experience of the classroom from the student's point of view and on the design of the educational practice from the teacher's perspective and, based on the TRU framework, they are all required for a learning environment to be considered as powerful. We chose this framework because its dimensions are explicit and refer to elements that, according to the literature, are important in the classroom learning process. However, the TRU framework does not suggest a specific type of teaching or classroom activity [START_REF] Li | Problematizing teaching and learning mathematics as "given" in STEM education[END_REF], nor does it refer to the use of technological tools. Therefore, in this research, we explore the use of the digitally enhanced TRU framework in the design of innovative learning activities to provide students with opportunities to interact with mathematical properties in a different way. We argue with the TRU approach which refers to mathematics as 'ideas' and not as fixed 'products', as they are usually found in the school curriculum [START_REF] Li | Problematizing teaching and learning mathematics as "given" in STEM education[END_REF] and we discuss knowledge as an active construction by the learner through the investigation and the expression provided by the programming tool MaLT2, by drawing on the key principle of constructionism, where students generate meanings as they construct or tinker with digital artefacts and discuss their mathematical ideas in relation to these artefacts and their behavior [START_REF] Kynigos | Constructionism: Theory of learning or theory of design[END_REF][START_REF] Papert | Mindstorms. Children, Computers and Powerful Ideas[END_REF]. The affordances of the tool's immediate feedback and dynamic manipulation of the models enhance students' experimentation, and provide opportunities for transitions between symbolic and spatial representations, as well as opportunities to explore generalized animated models that are not feasible with traditional media such as paper and pencil. Here, the authors used the TRU framework both as a tool for designing activities and for analysing the meanings and actions generated by students as they tinker with dynamic letter models, and as a way of exploring and discussing some insights into students' mathematical competence while using a programming tool.

Design of the activity

MaLT2 is an online tool for symbolic expression in mathematical activities through programming for the creation of 3D graphical models, recognized by the Greek Ministry of Education. It integrates the UCBLogo language with the affordance of dynamic manipulation of procedures with variables [START_REF] Kynigos | Programming Approaches to Computational Thinking: Integrating Turtle Geometry, Dynamic Manipulation and 3D Space[END_REF]) and provides the following interrelated representations: i. symbolic (code), ii. figural representations and iii. dynamic manipulation of generalized models. These allow the construction of animated models [START_REF] Kynigos | Coding Dancing Figural Animations: Mathematical Meaning-Making Through Transitions Within and Beyond a Digital Resource[END_REF] where students have to apply mathematics in such a way that the models don't collapse when the values of their variables change. The designers used the Greek alphabet letters N, Z, Σ, M and A, in this sequence, in activities asking students to predict, construct or debug dynamic models of these letters with the intention of using them to create their own dynamic poster using MaLT2. We used the didactic design of "half-baked" microworlds [START_REF] Kynigos | Half-baked Logo Microworlds as Boundary Objects in Integrated Design[END_REF], where some buggy letter models 'hide' mathematical properties behind their programming way of construction. All activities were group activities, except for the one with the letter Σ, which was individual. A brief description of the tasks from which the extracts of the students' discussion are taken is given below, concerning the letters Σ and M. In the letter model Σ activity (Figure 1), students were first asked to individually predict the model that the given code would construct, and then to present to their classmates the changes that they were free to make to the half-baked model according to their personal thoughts and ideas. The model of the letter Σ, which contains two bugs deliberately made by the designers, is a model that is quite open to the students' investigations. As shown in the code, the first 4 commands are correct to help students in their prediction by providing a clear basis for the construction of the half-baked Σ model. However, the designers have embedded bugs into the model concerning: i. the length of the side segments of Σ, where they have set a fixed number (80) on one side and a variable (y) on the other, thus 'hiding' from the students the relationship between the length of the sides of the model, and ii. the angle formed in the middle of the letter, where a variable (w) has been set instead of a right angle, causing the letter Σ to 'break' in the middle by moving only the upper half of it. The dynamic manipulation of the models (Figure 2) that the students were allowed to do by changing the values of the variables was considered to be a pivotal point in our design and aimed to reinforce the repetitive cycles of experimentation with immediate feedback from the tool, and the continuous transition of students between symbolic and figural representations (Dim.1).

Figure 2: Screenshots of the dynamic manipulation of the Σ model through the sliders

As above, the activity of the letter model M (Figure 4) was about debugging of a whole word (ΑΜΜΟΣ means sand), where students had to consider also the behavior of the other letters of the artefact. The designers chose to express the first lateral side of M with a fixed number (forward 40) and the second one with the use of a ratio. The challenge here was whether the students would keep the idea of the ratio in their model or change it and rely on another mathematical property based on the interdependence of the letters in the word and their previous experience from the sequence of the letter activities. The purpose of the whole activity design was to be quite open for the students with the aim of promoting the development of children's mathematical thinking and agency (Dim.1&4), making sense of the mathematical properties and their use in the programming environment (Dim.2) and engaging all students (Dim.3) through different entry points to debugging the letter (e.g., Pythagorean theorem, trigonometry or proportion).

Method and Data collection

This study was carried out in 2 groups of two 9th-grade students each. The students participated voluntarily in the intervention, which took place in an atypical after-school setting for 8 hours over 3 weeks, and they had already been introduced to the basic commands and components of MaLT2. Two of them were average in mathematics and the other two were good, so the researchers mixed the groups to give extra motivation and support to all of them. Each group had a laptop, a worksheet for each activity and a notebook. A researcher played the role of facilitator, encouraging students to express their thoughts out loud and justify their ideas to the group. The intervention was the first pilot cycle of a larger design-based research [START_REF] Bakker | Design Research in Education: A Practical Guide for Early Career Researchers[END_REF]. Therefore, an attempt was made to comprehensively explore students' actions and meanings by collecting data through various sources, i.e., computer screen and voice recordings, students' notes and MaLT2 codes of the artefacts, which were analyzed using the TRU dimensions.

Results

In Table 1, we briefly present the results of the analysis of the students' actions in relation to the five dimensions of the TRU framework. We then present three cases that we identified and analysed concerning the students' mathematical experience in the designed learning environment and their interaction with both the tool and their classmates.

Table 1: An overall presentation of the results

The

Mathematics

Students made connections with previous concepts and properties (e.g., angles in parallel sides, ratio, sine, Pythagorean theorem) & the procedure needed in the programming environment (link between mathematics and programming)

Cognitive

Demand

Students engaged in a "productive struggle" through iterative experimentation with the tool, while exploring or testing with the sliders, the 3D-camera and the scene's grid, and through the transition between symbolic and spatial representations, and they generated meanings about the use of the variable as a generalized number in the models

Access to

Mathematics

Active engagement of the students (many entry points)

Agency,

Ownership &

Identity

Students participated meaningfully in the debugging of the letter models by controlling their artefacts (e.g., changing or adding mathematical properties that they thought are more appropriate, justifying their choice) and modifying them based on their previous exploration using the sliders or the camera and previous tasks  Identity as doers

Formative Assessment

The responsiveness of the environment was evident through the questions asked by the teacher, and mainly thought the immediate feedback from the tool.

Regarding the 1 st described task, all students managed to predict the letter Σ. It is worth noting that one student relied mainly on the sliders of the tool to investigate the given model, also changing the limits of the variable values, which resulted in a big screenshot of the model that helped him to quickly realize the wrong stable command "forward 80". We present (Figure 3) the different codes constructed by 2 students and a part of their presentation and discussion after modifying their models. Ok yes. Now I got it! But I think that mine, where I used the proportion, is much simpler than yours. I mean that, if I give my code to another student, he will understand it more quickly than your code. Student C:

Yes, I agree. But if I give my code to a mathematician, he will understand that I know mathematics.

The debugging of the letter model Σ provided access to students who took different pathways into the activity and opportunities to compare or contrast the different approaches (Access-Dim.3), as Student C used the Pythagorean Theorem, while Student D used a proportional relationship to express the lateral side. Student C supported the development of his classmate's understanding by explaining his ideas and trying to find an even more explicit way to help Student D to 'see' the right triangle hidden in the model, bringing up an approach they had used earlier (Dim.2) in phase 1, when debugging the letter model N, noticing a bigger triangle in N and a smaller one (the half) in Σ, a point that showed that Student C made sense of mathematical properties and their use through their previous experience. In this incident, Student C appeared to be flexible and competent in using the Pythagorean Theorem within the model, noticing mental right triangles, making connections to previous concepts (Dim.1) and feeling confident in constructing his model by generating the assumption that its dimensions are equal. This shows a sense of being the creator of his own idea (Ownership-Dim.4). Similarly, Student D, who had used a ratio relationship in his model, contrasted his code with that of his classmate, pointing out that his approach would be easier for a student to understand the commands and his way of constructing the code. It is clear that both students were actively engaged in the activity, feeling confident to support their thoughts and focusing in particular on the mathematical properties that each used to build the model. It is interesting that not only did they identify themselves as people who can do mathematics (Identity-Dim.4), but they also presented the different perspective from which each one built their model ("student" -"mathematician").

The next incident concerns a half-baked model of the letter Μ in a word (Figure 4a). The discussion focused on the length of the side as they worked in the group. This group of students started to discuss, justify mathematically and change the code directly (Figure 4b), instead of first exploring the graphical representation with the sliders as they did at the beginning of the activity. That's a good point, I think. Let's try it. If we construct the perfect M using the Pythagorean theorem, then no one will be able to question us! Agency, authority and ownership (Dim.4) are three basic points that appeared when Student A questioned the tool, the teacher and the mathematics. Student A seemed to feel comfortable leaving the tool behind, despite the good model of M that it constructed, doubting the teacher who gave them the code and questioning the mathematics itself, as he chose to use another mathematical property (Pythagorean theorem or trigonometry) rather than the one given (proportion). He explained that he didn't want to construct a model that was "based on the eye", so he felt the need to build his idea on the knowledge he brought to the group, showing the competence to consciously make a decision based on his mathematical way of thinking and not on an external authority. Thus, the experimentation with the tool from the previous letter models helped them develop a critical opinion about mathematics. At this point, we think it is crucial to refer briefly to another incident that occurred during the first tasks and which, in our opinion, challenged these two students to go beyond the construction "by the eye". Earlier, during the construction of a generalized model of the letter N (Figure 4c), the students were looking for a way to make the lateral side of N "follow" the two parallels as the slider was moving. After exchanging their ideas in the group, they came up with the idea of using the concept of ratio in this side and tried to find the 'correct' number by rotating the camera and checking the grid behind the model so that the letter was "straight" and its sides "touched the ground". So, they chose 22%. At that point, the researcher challenged the students to try and see if this relationship worked in their model with 21% or 23%. And it did. The students were engaged in a "productive struggle" (Dim.2) as they tried to extend their understanding from the level they were already at and find a way to argue about their choice (Dim.5). The fact that the researcher raised this issue at the beginning, combined with the students' interaction with the camera and the sliders, may have opened the way for them to question the mathematical properties embedded in the models and to critically select them afterwards.

Discussion

The first two incidents showed that the students' mathematical identity as people who can do mathematics was encouraged as they became designers (agency) and users of mathematical properties which were supported by the technology and the engineering ideas of models' construction in a programming environment. The children made connections between different ideas and mathematical properties and appeared competent to use mathematics as a tool for thinking, constructing and reasoning, and not just as a memorization procedure as it is usually the case in schools. They used the ideas of ratio and the Pythagorean theorem to construct or debug the side of the letters presented, while the digital tool gave them the opportunity to develop a critical attitude towards the use of mathematics in a programming environment, as the students A and B felt the need to construct the letter M not by relying on the "eye" but by relying on the "official" mathematics, or students C and D argued about their choices from a student's or a mathematician's point of view. The digital medium also worked in such a way that the students acted as mathematicians, following repetitive circular actions of investigating, assuming, testing and arguing, mainly through the affordance of the dynamic manipulation (sliders) and, also the 3D camera, the axis (grid) and the collaborative group work.

Based on the appearance of the five dimensions of the TRU framework, the authors could claim that a powerful learning environment was created based on the design of the activities and the use of the MaLT2 programming tool. Thus, this theoretical perspective could provide an insightful way of designing innovative activities for students to develop their mathematical competence and identity in using mathematical properties in different environments. Of course, the results cannot be generalised. However, it seems worth exploring this theoretical approach as a better perspective for creating strong learning environments based on programming for developing students' mathematical thinking and competence, and for future research on exploring specific student's mathematical competencies.
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 1 Figure 1: Activity of letter model Σ (code, graphical figure, sliders)

Figure 3 :

 3 Figure 3: Two different models of the letter Σ constructed by the students Student C: I started as you did, by constructing the bottom line. Then left 45˚ and then I used the Pythagorean Theorem in this triangle (shows on the screen). Student D: But where is the right angle? Student C: Here (shows) is the right angle, this is the triangle and this is the hypotenuse. Student D: Wait a moment… Student C: Look. If you draw an imaginary line here (shows) then a right triangle is formed. If we suppose that the whole side is x, then these two sides are x/2 each. To help you understand, imagine a smaller triangle than the previous one that we have used to construct the letter N. Student D:Ok yes. Now I got it! But I think that mine, where I used the proportion, is much simpler than yours. I mean that, if I give my code to another student, he will understand it more quickly than your code. Student C:Yes, I agree. But if I give my code to a mathematician, he will understand that I know mathematics.

Figure 4 :

 4 Figure 4: a. Given half-baked model, b. Students' consecutive transformations, c. Letter Model N Student A: So, I think that forward x and right 135 are ok. Then it says forward 40. That is not right, it should have x to move. Student B: Yes, otherwise this side stays 40 and the letter breaks down. Look, the next side is x × 1,25. So, we change 40 to x × 1,25, because these two sides (showing the parallels of M) must be the same. Right? The code already gives us the ratio. Student A: Go ahead, change it and we will see. Student A: (after a while) I agree that these two sides must be equal, but… Student B: Look! It's fine! See? When I move the slider, it doesn't break. Student A: Well, we can use the given number or… (seems skeptical for a moment) What if we delete the ratio? Student B: Completely? And do what? Student A: Could we use the Pythagorean theorem? Or the angle 45˚? How can we know that this ratio is correct? Since we have a right triangle, let's not use with the eye again. Student B:That's a good point, I think. Let's try it. If we construct the perfect M using the Pythagorean theorem, then no one will be able to question us!
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