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Abstract

The two-sided matrix regression model ¥ = A*X B* + F aims at predicting Y by
taking into account both linear links between column features of X, via the unknown
matrix B*, and also among the row features of X, via the matrix A*. We propose low-
rank predictors in this high-dimensional matrix regression model via rank-penalized and
nuclear norm-penalized least squares. Both criteria are non jointly convex; however, we
propose explicit predictors based on SVD and show optimal prediction bounds. We give
sufficient conditions for consistent rank selector. We also propose a fully data-driven
rank-adaptive procedure. Simulation results confirm the good prediction and the rank-
consistency results under data-driven explicit choices of the tuning parameters and the
scaling parameter of the noise.

Key Words: Matrix regression, Multivariate response regression, Nuclear norm penalized,
Oracle inequality, Rank penalized, Rank selection, Two-sided matrix regression.

1 Introduction

Supervised learning is often performed on large data bases. Matrix regression assumes that
the data Y can be well explained by a set of features given by the columns of the matrix X
and linear combinations of these columns. It is often the case in real-life that the rows of Y
can be explained by linear combinations of the rows of X.

For example, economic data store economic indicators as column features and countries
as rows. Such a matrix is usually explained by a smaller matrix roughly containing a smaller
number of countries (representatives of groups of geographically or economically close coun-
tries) and a few economic features or some factors produced out of all these indicators. We
would like to predict a larger number of indicators for a larger number of countries, i.e. Y a
n X p matrix, using the features X a m x ¢ matrix.

Recommendation systems want to predict the opinion of n clients concerning p items. We
can use publicly available data on a number m of different groups of clients and their affin-
ity to a number ¢ of large categories of items in order to predict by evaluating the client’s



correlation to the prescribed groups in the population and the item’s weight in its category.
We may include a multiple-label situation where the items belonging to a main category are
also related to other categories.

Other examples can be given for meteorological data, medical or pharmaceutical data and so
on.

Model. We observe the matrix Y € R™*P and a design matrix X € R™*? related via the
two-sided matrix regression (2MR) model involving two parameter matrices A* € R™*™
and B* € R?*P;

Y =A"XB*+ FE, (1)

where the noise matrix F is assumed to have independent centered o—sub-Gaussian entries.

The 2MR model encompasses known models like, e.g. matrix regression and matrix

factorisation. Indeed, if n = m and A* is the identity, the matrix model becomes the
(one-sided) matriz regression (MR) model Y = X B* + E, see [18], [5], [17].
Assume now that m = ¢ and that the design matrix X is the identity matrix of rank m
smaller than both n and p. Our model becomes a factorisation model of the signal M* = A* B*
observed with noise. The idea is to recover a low-rank structure generating the observed data.
In [I2] the authors have considered structured factorisation of the signal under assumptions
that the rows of A* and the columns of B* have a common sparsity parameter and X, which
they do not observe, has a much smaller dimension than Y.

The 2MR model is strongly related to other models, but we argue that it cannot be
reduced to these other models of a different nature. Indeed, note that the entry Y;; of the
matrix Y can be written

Yij = Tr(X - BY; A7) + By,

for any i in [n], where [n] = {1,...,n}, and for any j in [p]. Thus every entry Y;; brings
information through the same design matrix X on the rank 1 matrix B, A7 . This is unlike
the trace-regression model or the more general matriz completion studied by [19], [14], where
a different design matrix brings information on the parameter matrix B*A*.

Another way of writing model is in the form of vector regression model, by stacking the
columns of matrices Y, X and E into vec(Y), vec(X) and vec(E), respectively, to get

vec(Y) " =wvece(X)" - AT @ B +wvec(E)T, (2)

where ® denotes the tensor product of two matrices. Under this relation, we predict a row
vector of size np using a row vector of size mq (the matrix of features has rank 1) via a
parameter of size (mgq) X (np) which cannot go well unless the structure of A and B is trivial.
This approach cannot take into account the matrix structure of the features, of the matrices
A*, B*, and it gives poor results on that account.

This model has been introduced in time series by [6] as the auto-regressive matriz-valued
model of order 1, MAR(1), Y; = A*Y;_1 B* + Ei, observed at times ¢ in [T]. In this case A*
and B* are squared matrices with spectral radii strictly less than 1 in order to ensure stability
of the time series (X is thus stationary and causal). The authors propose three estimation
methods: first, they use the vector form analogous to , stack the 7" lines of vec(Y;) and



they use the nearest Kronecker product (NKP) problem to give estimators of A* and B* out
of the global least squares estimator of A*" ® B*; then, their next method minimizes the
least squares over A and B

T
ggégyn—mqm@,

by a sequential procedure minimizing over A for fixed given B, then over B for fixed A, and
iterating; finally, they give an MLE procedure over A and B under a particular structure
of the covariance matrix of E and proceed also sequentially. Theoretical results state the
asymptotic normality as T tends to infinity, for fixed dimensions. However, the first procedure
is cumbersome as the estimated matrix is very large, while the other two procedures are
based on non-convex minimization without theoretical guarantees as to the limit points of
the algorithm.

Least squares and MLE estimators with AIC and BIC penalties have been numerically studied
by [10] of a more general time series model

L
Y, = ZAth_ng+Et, t=1,...,T,
/=1

which is treated as Y; = A* X;B* + E;, where X; is the block diagonal matrix containing the
L—past observed matrices Y;_1,...,Y;—p and A* = (Ay,...,Ar) and B* = (BI, .. .,BZ)T
are the concatenated matrices in the previous equation.
Thus, our paper is motivated by the need to deal with high-dimensional data and finite
(non-asymptotic) time (say 7' = 1) in order to provide theoretical guarantees for prediction.

Contributions. We show in Section [2|that by using the SVD of matrices Y = UyEyVYT
and X = UxX XV; , the least squares procedure can be reduced to fitting predictors of the
form ApXx By to the diagonal matrix Yy with explicit relations between Ay, By and A, B.
There is a natural choice of predictors of Ay and of By under diagonal form. We study
these predictors for given ranks r and that we transform back into the original space of Y
without loss of prediction rate. Then we give a data-dependent rank selector and show that
the predictors associated to it attain optimal bounds. We give sufficient conditions so that
the rank selector is consistent. Finally, we slightly modify the procedure to be free of the
parameter o of the noise and show new upper bounds in this case. In Section 3| we study the
nuclear norm penalized least squares and show it attains the optimal bounds too. All proofs
are in a dedicated section in the Appendix. Finally, we illustrate in Section [4] via numerical
simulations the excellent prediction results of these fast running, explicit predictors.

Notations. For any integers n and m we denote n A m for the minimum between n and
m and n V m for the maximum between n and m. For any matrix M of size n x m and
rank )7, we denote its singular value decomposition (SVD) by M = Uy % MV]J[, where Uy
belongs to O, - the set of orthogonal matrices of size n x n, Vs belongs to O,, and

Sar = Diagnm(op(M), 1< k < ray)

Note that o1 (M), ..., oy, (M) are the positive singular values of M listed in decreasing order,
and the n x m diagonal matrix Diagy m(or(M), 1 < k < rpr) has diagonal entries in the list



nAm
and 0 elsewhere. Furthermore, denote ||M||% = > ox(M)? its Frobenius norm, || M H%Q

= a) =
q nAm
kzl or(M)? its Ky-Fan (2,q) norm, |M||,, = o1(M) its operator norm, || M||. = kzl or(M)

its nuclear norm, M its Moore-Penrose inverse, 7 its rank and M7 its transpose. For
any matrices M; and My in R™™ (M, Ms)r denotes the canonical scalar product, i.e.
(M7, Ma) g = Tr(M{ My). For any r € [ry], we denote [M], the best rank r approximation
of M for the Frobenius norm. In the model (I, let us denote by r* the rank of A*X B*.

2 Rank penalized learning

In this section we propose rank adaptive predictors and provide theoretical guarantees for
their error. First we give explicit predictors under the assumption that the ranks of the
parameter matrices are known, then a selection procedure will allow to provide a data-
dependent rank selector and the associated rank-adaptive predictor. Even though we follow
classical results for rank penalized (one-sided) matrix regression, e.g. [5], [9] and [3], we
give details for the fixed rank two-sided matrix regression which is novel to the best of our
knowledge. Surprisingly, explicit predictors can be proposed despite the identifiability issues
of this model. Only after this, we proceed to rank selection and rank-adaptive learning.

2.1 Prediction for given ranks

Let 7 belong to [n A p A rx]. Let us build explicit predictors (A,, B,) solutions to the non-
convex minimization problem
. 2
min [y - AX B (3)
rank AArank B<r
Notice that the rank constraints on A and B use the same value r. Indeed the objective is
to build a predictor for the signal A*X B* which satisfies rank(A*X B*) < min (ra=, rx,7p*).
In the steps of the proof of our results, we see that the upper bound of the risk depends on
the ranks of A* and of B* only through their least value and no information can be recovered
on the largest rank of the two. Hence it makes sense to look for A and B sharing the same
rank as a dimension reduction technique without any impact on the final results.
The model can be rewritten using the SVD of the observed matrix Y and of the design
matrix X as
Yy = Aj-Xx - Bj + Ep, (4)
where A} = U}:’;A*UX, Bj = V;B*Vy and Ey := U}:C - E - Vy. In the particular case where
E has independent entries with distribution N(0,0?) than so does FEy, see Lemma Now,
Yy and X x are diagonal matrices, not necessarily squared, not necessarily full rank. Given
the invariance of the Frobenius norm by left or right multiplication with orthogonal matrices,
we get that for any matrices A € R"*™ and B € R?*P we have

IY = AXB|% = By — AoZx Boll#,



where Ag = UgAU x and By = V; BVy are obtained via analogous transformations to those
relating the true underlying parameters.

Obviously, matrices A and Ay have the same rank, and the same holds for B and By.
Therefore, solving is equivalent to solving for Ao, and By, solutions of

min HEY —A()EXB()H%. (5)
Ao,Bo:
rank AgArank Bo<r

Theorem 2.1 Let us define forr € [n Ap Arx]

~

Aoy = Diagnm(op(Y), 1 <k <rAry) and Bo, = Diagyp(op(X)", 1<k <7r). (6)

Then, (A0r730r) belong to the set of solutions of problem and the predictor AOTZxéor
satisfies for an absolute constant C > 0 and for any t > 0, the oracle inequality
|A;Ex By — Ao XxBo,|% <9 Jnf [ AGSy By — AoXx Bol%
rank Ao/?;ar?l.( Bo<r
+ 24Cc*(1 +t)? - r(n + p),

with probability larger than 1 — 2exp(—t*(y/n + /p)?).
Next, from the explicit solutions (/Alor, f?()r) of we deduce explicit solutions of .
Corollary 2.2 Let us define for r € [n Ap Arx]
A, =UyAgUY and B, = VxBy, Vi, (7)

with AOT and BO,,« defined in @ Then (AT,B’T) are solution to the problem and the
predictor A.X B, satisfies for an absolute constant C' > 0 and for any t > 0, the oracle
inequality

|A*XB* — A, XB,||%2 <9 inf | AXBT - AXB|% + 24Co?(1 4+ )% - 7(n + p),

rank A/\;ar.lk B<r
with probability larger than 1 — 2exp(—t*(y/n + /p)?).

The proofs of Theorem [2.1] and of Corollary 2.2 can be found in Section | In the proofs we
explicit the bias in terms of the unknown matrix parameters:

r*

g: |A*XB* — AXB|3 = > oxp(A*XB*)? - 1,cpe.
rank AArank B<r k=r+1

Note that our choice for the couple of predictors (AOT,BOT) is not unique and we can
easily derive families of solutions to the problem . Each family of solutions can be turned



-1 .
into a solution to the problem . Indeed, consider (aAy,, —By,) with arbitrary a > 0.
«Q

Alternatively, let \; for all i < m A ¢ be arbitrary positive numbers, then

(AorDiagmm(M, - - - Amag), Diage (AT, .o, Ak ) Boy)

mAq

give the same prediction. Let us see that the same transformations applied to the parameter
matrices Ay and Bj also lead to the same signal matrix AjXxBj. Indeed, the model is
non-identifiable and so, without further strong assumptions, we can only hope to learn the
global signal, and not the parameters of the model.

Alternative predictors. Let us define a second couple of predictors ([1, Br) producing
exactly the same prediction as (1217«, BT) with the same theoretical properties, but having the
advantage that A is full rank and does not depend on r. Define

or(Y)

AO = In,m and BOT = D’l.(lgq,p <0'k,()()

,lgkgr/\ry)

where I, ,, denotes the identity matrix of dimension n x m, whereas By, has rank r A ry.
Using the analogous transformations we obtain

A=Uyl,,UY and B, = VxBy, V.

It is easy to see that Theorem [2.1]is valid for Ag and By, and that Corollary [2.2]is valid for
A and B,.

2.2 Rank-adaptive prediction

In this section, we propose rank-adaptive predictors (1217:,37:) which are selected from the
family {(A,, B;) : r € [n Ap Arx]} by a model selection procedure analogous to that of [5].
Let us first define, for a generic matrix M and any A > 0, the A—rank of M as

rank M
ry(A) =1V Z 1, (2>
k=1

For given A > 0, let
7:=arg min {HY—ATXBTH%—%)\T}. (8)
re[nApArx]

Consider the predictors introduced in ([7]) for the data-driven rank 7 as defined in . The next
Theorem extends the oracle inequality to the rank-adaptive predictors (A;, B;) associated to
the estimated rank 7 and to some A > 0 large enough.

Theorem 2.3 The rank-adaptive predictors (/L:,B’,s) associated to 7 in and to \ such
that, for some absolute constant C' > 0 and for any t > 0, X > 4C(1 + t)%02(n + p), satisfy
the oracle inequality

|A*X B* — A: X B;

/r,*
2 < min {9 Z op(A*XB*)? 1, + 6)\7“} ,

renApArx] it

with probability larger than 1 — 2exp(—t*(y/n + /p)?).



Note that the minimum on the right-hand side of the previous display is always smaller than
the value at » = r*, giving under the assumptions of Theorem [2.3| that

|A*X B* — Ap X Bi||% < 617,

with probability larger than 1 — 2exp(—t2(v/n + /p)?).

The bounds of order r*(n + p) attained by our procedure are analogous to those for the low-
rank matrix regression models in [19] and [9]. Indeed, the 2MR model is more difficult than
the MR model, (i.e. one of the matrices is known) and we will suppose known the matrix
with larger rank in order to achieve the correct lower bounds. Thus the lower bounds for
prediction in the low-rank MR model will be valid for our model.

2.3 Comnsistent rank selection

We study the consistency of the rank selector  in and see when it recovers the true rank
r* with high probability. First, we show that, for properly chosen A, the data-driven rank 7
is actually the unique solution and coincides with the A—rank of Y, 7# = ry ().

Proposition 2.4 If A\ > o, (Y)?, there is a unique solution © to the optimisation problem
in and it is actually the A—rank of Y, i.e. 7 =1y (X).

Next, we prove that 7 recovers with high probability the A—rank of A*X B*.

Proposition 2.5 Let A > 0 and denote by r*(\) the A—rank of A*X B* . If for some constant
cin (0,1), o) (A* X B*)? > (14 ¢)’X and 0,+(3)11(A* X B*)? < (1 —¢)?), then

P(7 =1"(N) = P(| Bllg, < ¢*X).

In particular, if X > 2C(n + p)o?(1 +t)2/c? for some absolute constant C' > 0 and for any
t >0, then # = r*(X\) with probability larger than 1 — 2exp(—t*(v/n + /p)?).

Finally, remember that the fact that 7*(\) coincides with the true underlying rank r* is
equivalent to having o« (A*X B*)?2 > X > 0. The rank selector will then coincide with r* if A
also satisfies o1 (F)? < ¢, for some absolute constant ¢ > 0. It is therefore necessary that a
signal-to-noise ratio, given here by o« (A*X B*)? /o1(E)? be significant in order to have the
true underlying rank selected by #. By combining this with the previous Propositions we get
the following.

Proposition 2.6 Let A > 0. If for some constant c in (0,1), o, (A*XB*)? > (1+4¢)?), then
P(7 = ") > P(| E|3, < ¢*X).

In particular, if X > 2C(n + p)o(1 + t)2/c% for some absolute constant C > 0 and for any
t >0, then # = r* with probability larger than 1 — 2exp(—t*(v/n + /p)?).



2.4 Data-driven rank-adaptive prediction

The rank selector 7 in is used for building consistent predictors as detailed in Theorem
provided that the condition A > 4C(1+t)20%(n+p) is satisfied. However the noise parameter
o is not known in general settings. Thus a data dependent rank selector is needed for building
consistent predictors in those cases. Motivated by the previous case where o2 was supposed
known, we proceed as follows. First, we change the penalty to \ - 752 with

1 ~ ~
~2 2
o= —|Y - A.XB,|%.
r np” ||F

Note that in the particular case of Gaussian noise 5> estimates the variance o2 of the noise.
Next, given a largest possible value for the true rank 7,4, < n A p A rx, we define the
data-driven rank selector
T = arg r[nin {HY—ATXBTH%—F)\-T&\f}. 9)
TE€|"mazx

Finally, we use the predictors (Af,éf). The next theorem extends the upper bounds of
Theorem to these data-driven rank-adaptive predictors.

Theorem 2.7 The data-driven rank-adaptive predictors (/L:, B,a) associated to T in @D with
Tmaz < NAPATX, and to A = (L+e)np/(Tmaz V 1ry) for some e > 0, satisfy for some absolute
constant C > 0 and for any t > 0 the oracle inequality

|A*XB* — A:XB:||% < min {QHA*XB* CAXB R+ 6(14e) mm(A*XB*)Q}

Tma:v]

+ 1202+ &) (1 +1)* - 0*rmac(n + p),
with probability larger than 1 — 2exp(—t*(y/n + /p)?).

Apply the Corollary to get under the assumptions of Theorem [2.7] that

|A*XB* — As X By||% < r[nin ] 92 inf |A*XB" — A X B3+ 6(1+¢) - ro,41(A*XB*)?
T€["maz D
raArg<r

+12(20 4 &)C(1 4+ t)? - 627 maz(n + p),

with probability larger than 1 — 2exp(—t2(v/n + /p)?).

Note that the minimum on the right-hand side of the previous display is always smaller
than its value at r = 7* if rp,4, is larger than r*, giving under the assumptions of Theorem [2.7]
that

|A*XB* — As X Bp||% < 12(20 4 €)C(1 + )2 - 0%rmaz(n + p).

In order to compare to the previous results, note that the upper bound derived from Theo-
rem [2.3| for the value r = r* and the least value A = 4C(1+t)?0%(n+p) gives the very similar
bound

|A*XB* — A; X B;||% < 24C(1 +t)? - %% (n + p).
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= in some cases. For

From a computational point of view, it is preferable to change &
example, we use in our numerical simulations
~9 1

= Y — A, XB,|2
O np—(m/\q)rXH r ’I“HF

when n > m, p > ¢ and thus np > (m A ¢)rx. It is straightforward to prove the analogue of
Theorem [2.7| by considering A = (14 ¢)(np — (m A qQ)rx)/(Pmaz V Ty).

3 Nuclear norm penalized learning

Nuclear norm penalized least squares is known to exhibit good properties, see [I] or [16].
Hence it may show advantages over rank-penalized methods. Let us define the nuclear norm
penalized (NNP) optimisation problem

r/gﬁgHY—AXBH%HA- |AX B, (10)

for some A > 0. The objective of the optimization problem is non-jointly convex in A and
B. Note that in matrix regression (when A* is the identity matrix) the nuclear norm of X B
has been used , see [14], or other adaptive forms depending on the feature matrix X, [15].
However, we exhibit explicit predictors belonging to the set of solutions of this problem and
show an oracle inequality they satisfy.

Theorem 3.1 The predictors (A, B) defined by

A

_ _ Y) —
A=Uyl, Uy and B=Vx-Diag,, <W(EX)+ 1<k<ryA rX> vy (11)
Ok

are solutions to the problem in . Moreover, if \ is such that, for some absolute constant
C >0 and for any t >0, A > 2C(1 + t)20%(n + p), they satisfy the oracle inequality

,',.*
|A*XB* — AXB||%2 <9 min { > oA XBY)? Lo + 16Ar} :

renApArx| it
with probability larger than 1 — 2exp(—t*(y/n+ /p)?).

The proof can be found in Section
Remark. Another approach could be to consider the model under the vectorized form
and solve the problem

min Jvec(Y)" —vee(X)T - AT © B + 21| AT @ B,

)

for some X > 0. Recall that AT ® B denotes the tensor product of matrices AT and B and
that we can write [|AT ® B|l. =Y, j>10k(A)o;(B). However, the features are 1-dimensional

9



and we loose the structured information contained in the original matrix X. This approach
could make more sense in the case of repeated observation (Y, Xy) for ¢ in [T], by stacking
the rows vec(Y;) " and vec(X,') into matrices Y and X, respectively, and do a classical matrix
regression. Even so, the usual assumptions on the feature matrix X in order to achieve good
prediction are not reasonable in this context as they are not much related to the original
matrix data sets Xy, t in [T].

Remark (Sufficient conditions for identifiability) We have indicated at several
times that many couples of matrices (A, B) solve the equation M = AX B for a given matrix
M. Given the SVD of the matrix M, we may reduce the dimensionality of the problem by
choosing the solution (A, B) given by A = UpAgUy; and B = VxByV,}, with Ay and By
diagonal matrices such that

ox(A)or(X)ok(B) = ox (M), forallk<rx AraArp.

Thus, even under diagonal forms we can only identify the product of respective singular
values of A and B. We can only hope to identify matrices A and B under very restrictive
conditions where X T X has full rank and either the matrix A or the matrix B is assumed to
have known singular values, e.g. like a projector with singular values 1 or 0. Few other setups
are known to be identifiable in the literature of factorisation of matrices, e.g. non-negative
matrix factorisation (NMF), see [7], NMF for topic models [11], [2], [I3] or covariance matrix
factorization [§].

4 Numerical Results

Let us set the dimensions of the observed matrix Y to be n = 100 and p = 300, the dimensions
of the design matrix X to be m = 50 and ¢ = 60. We randomly generate three matrices: A*,
B*, and X, with independent random gaussian entries with mean 0 and variance 1. These
matrices are then projected onto the best low-rank matrix approximation, with the matrix
A* having a rank r% = 16, the matrix B* having a rank 75 = 12, and the matrix X having
a rank rx = 25. The signal matrix is defined as A*X B* and shows a rank of 12 in all
experiments. We also define various settings for the variance o2 of the Gaussian noise E
so that the signal-to-noise ratio SNR := o« (A* X B*)?/o1(E)? varies approximately in the

range [0.5,2].

Figure illustrates the prediction performances of the predictor A X ET, defined in ,
for different values of r. For ¢ < 8 giving the SN R approximately above the value 1, the
prediction risk decreases when the rank increases while remaining bounded from above by 12
and then increases with the rank when the rank is above 12. For ¢ > 8 giving the SN R below
the value 1, the prediction risk decreases when the rank increases while remaining bounded
from above by 11 and then increases with the rank when the rank is above 11. It highlights
that the best predictor is achieved when r = r* = 12 for small noise variance levels (i.e.
0 < 8) and when r = 11 for strong noise variance levels (i.e. o > 8). This shows that there
is a strong overfitting phenomenon in the case of strong noise and that it is therefore better
to slightly underestimate the rank in these situations.

10
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Figure 2: Evolution of the estimated 7 as a function of log(\) for different values of o
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Figure [2| represents the predicted 7, defined in , for various values of A. Independently
of the noise variance level, for small values of A the estimated 7 is maximal and there is
7 = rx = 25. This illustrates the previously exposed overfitting phenomenon, that is the
higher the rank r, the lower the error ||Y — A X ET||% As ) increases the penalty on the
rank r becomes more important in the minimization procedure and 7 decreases. However,
for moderate values of A (i.e. approximately log(A) < 5) the smaller the noise variance level
o, the faster 7 decreases. Ultimately, for large values of A\ (i.e. approximately log(\) > 5)
the rate of decay of 7 as a function of A no longer depends on o.

The numerical value of X is an important issue. We exhibit explicit (fast to calculate)
procedures for the choice of this tuning parameter. In the case of known noise variance, the
rule of thumb suggested by [4] indicates to choose

o) =2C(n+ p)o?(1 +t)?

in Theorem with ¢ = 0, and C' = 2. The two solid vertical lines represent A(4.5) (blue)
and A(10) (green). With these choices of the tuning parameter we get successful estimators
of the underlying rank of the signal 7# &~ 12 = r*. We underline that in the small noise regime
the rank is slightly overestimated and in the strong noise regime it is slightly underestimated.
This behaviour perfectly matches the results drawn from Figure[I|showing that overestimating
the rank in small noise regime does not impact the performances and slightly underestimating
it in strong noise regime improves the performances.

However, in real world applications the noise has unknown wvariance. This raises the
question of how to choose a data-driven A in this case, without deteriorating the prediction.
This situation is more challenging as it first requires an estimator of o2 before using the
previously exposed rule of thumb. We choose the initial value of r equal to rx An A p

A D2
and propose the r-dependent estimator o2 := Y = A X B[ . It allows to compute the
np — (m A q)rx
previously defined A(c,) and using this data-driven tuning parameter we produce the rank
estimator 7. This procedure takes r as an argument and returns A(o,) and 7. However, when
r is substantially larger than r*, A XB, is overfitting Y and performing this procedure once
will not lead to a satisfying output 7. Hence we iterate while 7 < r. We note \(c7) and 7 the
final outputs of the procedure. The two dashed vertical lines represent \(67) when o = 4.5
(cyan) and o = 10 (magenta). The proposed procedure exhibits great numerical properties.

Finally, numerical simulations generated in the same context, with different values for
the true underlying ranks, show similar excellent prediction bounds, combined with correct
rank selection. Together with the current case where min(r%,rx,r5) = 7}, we have explored
successfully the cases min(r%,rx,ry) = %, min(r’,rx,r5) = rx and min(r%,rx,rp) =

* ok
Tp=Tx=Tpg.

5 Proofs

Basic facts For any matrix M € R™™_||M||?2 < rp||M||%. In addition, for any matrices
M, and My in R™*™, the following inequalities hold (M7, Ma)p < || Mi|«||M2||op and || My +
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Ms||p < ||Mi||F + ||M2||Fp. Furthermore, if we set a = rank My A rank My then (My, Ma)p <
[ M1 2,0) 1 M2l (2,0)-

Lemma 5.1 Let E be a n X p random matrix whose entries are independent and having
Gaussian distribution N'(0,0%). If U and V belong to O,, and O, respectively, then Ey =
UTEV has independent entries with Gaussian distribution N'(0,c2).

Proof of Lemma Note that we can vectorize the matrix Fy and get that
vec(Eg) = (VI @U") - vee(E),

where vec(E) is a Gaussian vector of dimension np, centered, with variance 0'2Inp. Moreover,
the tensor product VT ® UT belongs to Ohpp, thus vec(Ep) is still a Gaussian vector with
distribution Nyp(0,0%1,,). =

Recall that, for an arbitrary matrix M, we denote Uy X MVJ\T[ its SVD.

Lemma 5.2 If M* is a n X p matriz of rank r*, than for any r < n A p, we have

r*

i ||M = M3 = M1
M:ralnrll<M§r” HF kz—:i_l U’f( ) r<r¥s
=r

and the infimum is attained by the projection [M*], of M* on the space of n X p matrices
with rank r given by the matrix

[M*], = Ung+ - Diagn p(o1(M*), ..., opne (M*)) - Vi

5.1 Proof of Theorem [2.1]

Let 7 € [n Ap Arx] and (Ay,, Bo,) defined in (6). Let us denote here Mg = A§XxBj and
My = Ao, XxBy,. By construction, My is the projection [Yy], of Xy onto the set of matrices
with rank less than or equal to r, in the sense of Lemma [5.2] Therefore,

1=y — Moll3 < ISy — [Mg] |13
We recall that in our model Xy = My + Eo which leads to
1Mg — Mo + Eol|3: < Mg — [Mg], + Eol7-
We expand the squares and arrange terms to get
1Mg — Mol3 < ||Mg — [Mg]y |3 + 2(Mo — [Mg],, Eo) -

Now, since rank(Mp) = r and rank([Mg],) < r, we get that rank(My — [M],) < 2r. This
inequality gives

145 — NtollE < 145 — (M3 + 20 Bl a2y - 180 — (Mgl
< 1M~ ML + 20 Bl 2y - 1680 — (MG, e
< 1M = M + 20 Bl a2y - (180 — M+ 1045 — (Mg, 1)

13



We apply the inequality 22y < ax? + o~ 'y? with 2,y > 0 and o > 0. We obtain, for real
numbers a > 1 and § > 0,

(1—a ™) [IMg — Mollg < (1+ 571 - [IMg = Mgl E + (a + B) - [ Eolly 21
Let us use that HEOH%2 oy <21 |Eol|2, and Lemma [5.2| to further get

1 —1
1+67 inf HMS‘—MH%JF#

” 0 OHF B M :rank M <r —a !

2r(| Eo|3,- (12)

Noticing that for any matrices Ay, By having rank less than or equal to r, rank(ApX x By) <
ra, NTx A7TB, <1, we deduce that

inf M¥ — M||% < inf M* — Ao Ball%..
M:ralnrll<M§r H 0 HF— A(I)I,lBO; || 0 04X OHF
rank AgArank Bo<r

Indeed, the second inf is taken over a possibly smaller family of matrices. We actually
show that equality holds in the previous display. Indeed, by Lemma we have that
inf pr.vank m<r || MG — M||% = 271;*:7«4-1 ak(Mg)Q - 1,<p=, where r* = rank(Mj). Recall that
My = A{Xx DB is a product of diagonal matrices, giving that r* = min(rX,rAa,rBS) and
ok (M§) = ok (A§)ok(X)ok(Bg) - 1x<p+. Thus, the particular choice

Aoy = Diagnm(o1(Ap), - - - » OrAT s (Ap)) and By, := Diaggp(o1(Bg), - - - » Tr AT s (By))

solves exactly the problem giving Mj = Ao, X x Bo,. Finally,

inf M — M|% = inf M — AnS v BallZ 13
M:ralnrlngrH 0 HF AéI’lBO: H 0 0=X OHF ( )
rank AgArank Bo<r

Plugging this into and considering the particular choice « = 3/2 and § = 1/2 give
the theorem:

HASE)(BS — AOTZXBOTH%‘ S 9 Aian . (HASZXBS — AOEXBOH%‘) + 12?””E0H3P.
0,0

rank AgArank Bo<r

The last step is the high-probability bound on || Epl|ep. Recall that Ey = Uy EVy with
Uy in O, and Vy in O, and therefore Fy and F have the same singular values. Therefore
|Ellop = ||Eollop- The noise matrix £ has independent, centered, oc—sub-Gaussian entries
and its spectral norm verifies (see [20]) for some absolute constant C' > 0

P (||E|2, <200 (1+1)%(n+p)) > 1 —2e" VD" for any ¢ > 0, (14)

Moreover, E [||E|lop] < VCo(v/n + /D).

14



5.2 Proof of Corollary

Recall the notation Mj = A{XxBj and My = Ao, Y x By, with Ay, and By, given by @
and let us denote M* = A*XB* and M = fer ér with flr and ET given by . Notice
that the Frobenius norm and the rank are invariant under left or right multiplication by
orthogonal matrices. Therefore, we follow the lines of the proof of Theorem and see that
|Y — M||% = |y — Mo||% and rank M* = rank M = r*. Also, M is the projection [Y], of
Y on the space of matrices with rank less than or equal to r. Finally, the equality can
be pushed forward

inf M;—M|% = inf M} —ApESxByl|% = inf M*— AXB|>%.
M:ra;rngrll 0 Fa inf |Mg —AoXx Boll inf. | Fa
rank AgArank Bo<r rank AArank B<r

Indeed, we have one-to-one transformations of Ay, By into A, B, respectively, and equality
of the Frobenius norms. This finishes the proof.

5.3 Proof of Theorem 2.3
By definition of # = #()\), we have that, for all » € [n Ap A rx],
IV — A: X B |} + M < |Y — A XB, |3 + Ar.

Since A, XB, is the projection [Y], of Y on the space of matrices M with rank M < r, we
get that for all matrices A and B such that rank A Arank B < r

IY = A XB. [} < Y — AX B}

Indeed, rank(AX B) < r and Pythagora’s theorem gives the former inequality. We deduce
that

|V — A: X Bi||2 + M < ||Y — AXB||% + Ar-.
Next, replace Y = A*X B* 4+ E, expand the squares and rearrange terms to get

|A*XB* — A; X B;|% < ||A*XB* — AXB|% + A(r — #)
+2(E,A; XB; — AXB).

Let us denote by M(#) = A; X By, M(r) = AXB and see that rank(M(#) — M(r)) < # 4 7.
We have

(B, AiXB; — AXB) < ||Ellop - | M(#) — M(r)||-
< ||Ellop - V7 + r|M(7) = M(r)|[r
< 1Ellop - V4 (M = M(#)||F + [M* = M(r)|[r)-
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Then, using twice the inequality 2zy < az? 4+ o~ 'y? with =,y > 0 and a > 0, we obtain for
arbitrary real numbers a > 1, § > 0:
(1—a DIM* = M@#)|[F < (1+87H)IM* = M(r)|F
+ (a+ BB, (r +7) + A(r — 7).
Consequently, if (a + 8)[|E[|2, < X:
(1—a DYIM* = M#)|F < (L+ 87 M* = M(r)|[F + 2Ar,

for all 7 in [n ApArx]| and all M (r) = AX B with rank A Arank B < r. We get the result by
replacing again o = 3/2 and § = 1/2. Then we use that

r*

: * * 2 * £\ 2
min |A*XB* — AXB|jz = > ox(A*XB")
rank AArank B<r k=r+1
and the high-probability bounds in .

5.4 Proofs of results in Section 2.3

Proof of Proposition For any 7 in [n A p A rx], we have that A, X B, = [Y], is the
projection of Y on the space of matrices having rank smaller than or equal to r. Now, write

F(r):=|Y — AXB,|%+ \r
ry

= Z Ok(Y)Q “Lycry + A1
k=r+1
ry

= ) (oY) = A) - Locry + Ay
k=r+1

It is easy to see that F as a function of r has a unique minimum at ry (\) if A > o, (Y)?,

but is minimal and constant for r = ry,...,(n Ap Arx) whenever A < o, (Y)?. =

Proof of Proposition By definition of #, we have k > # if and only if A > o (Y)?
and k < 7 if and only if A < 04,1(Y)2. In our model Y = A*X B* + E, the Weyl inequality
gives |0y (A*XB*) — 0 (Y)| < 01(E) for all k. The events on 7 can be written in terms of
01(E) = || El|op as follows. We have

{k>#} implies A\ > (op(A*XB*) —01(E))?%

{k<#} implies X< (041 1(A*XB*) +01(E))>.
Thus {# # k} implies either o1 (E) > o,(A*X B*) — VX or 01(E) > VX — 0}, 1(A*X B*). Let
us take k = r*(\). Then the assumption that o,y (A* X B*) > (1 +¢)V/\ gives that o1(E) >
cV/A and the assumption that o,..(y)41(A*XB*) < (1 — ¢)V\ gives also that o1(E) > eV
Thus,

P (7 #1"(N) <P (01(E) > V).

The proof is finished using the inequality . [
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5.5 Proof of Theorem

The optimization problem @D can be written, after replacing 52, as follows
_ . o SN2 Ar
rearg min |V - AXB |3 (1+— ).
re Tmaa:] np

We denote by M = A;XB;, Mr = ATXBT and M* = A*X B*. With this notation it follows

that, for r < rmae,
_ AT N Ar
Y -MIZ(1+2 )<y =M |2 1+ 25,
v = (14 20 ) < v - a1 (1437

Developing the squares and using the equality Y = M* + E, we get
. - . - - Ar - AT -
[M* = M3 < ||M* = M|[% + 2(E, M — My)p + ;pIIY — M, |7~ ;p!\Y — M|/

We now use the upper bound (B,M — M.)p < ||E|lop|M — M,||s and the definition of M
and M, to derive

. _ . N _ N AT AT
[M* = M5 < |[M* = M| + 2| Elopl| M — M, | + o D oY) - - D on(Y).
E>r k>F

Let us note that we use o (Y) = 0 in case k > ry. We recall that |M — M|, < /r+7 -
|M — M,||r and further obtain

|V = B < M = B3+ 20 Bllop/7 7 (|M* = Mg + | M* = V| )

Ar AT

o orp(Y)? - n—ZJk(Y)Q.
P = P =

Using twice the inequality 2ab < aa? + a~'b? for a,b > 0, with a > 1 first and with 8 > 0

second, we get

(1 —a H|M* = M|% < (14 B7)IM* = M| + (a+ B)| E|2,(r +7)
Ar 2 AT 2
n W§gk(y) - W;akm : (15)

We now distinguish the two cases: r < 7 and r > 7. In the first case, namely r < 7, we
bound from above as follows:

g ar(Y)? - A > on(Y)? = A (7" i: ar(Y)? + (r — 7T)E:Uk(Yf)

np

k>r k>7 k=r+1 k>7
< :pw — P)op (V)2
< 2:;“@ ) (o (M) + | EIIZ,)
< 2 e (M) + 20 ),
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where we used Weyl inequality o,41(Y) < 0,41(M*)+||E||op leading to 0,41 (Y)? < 2||E||Z,+
20,41(M*)%. We plug this into to get

2T max

(1—a ™ HIM* = M7 < (L+ 57N M* = M|+ rops1(M*)?

2T maz

2

+ 7Bl 0+ f - e
2Ar

_ 2 max

7Bl 0+ f 4+ 2,

for all » < 7 belonging to [rmee|. Thus, for A such that %?Vw) = (14+¢)(a+ p) for some
€ > 0 we get
(1= = Wl < min {14 57OIME = LI+ (1<) o+ B)rora (M)}
+ 2+ )@+ B)rmas|| El.

We now focus on the second case, namely r > 7. We observe that in this case,

Ar Uk(Y)ZiL\;ZO'k(YF: 4 ((TF)Z%(Y)QF > Uk(Y)2>

"P = k>7 np k>r k=r+1
A(r—r
< W(W — o (Y)?
2\r * 2A(r =7
< n—pry o1 (M )2 + (np) (ry Vv Tma;r:)HEHEP’

by a similar reasoning in the previous case. We plug this into to get
(1—a ™ HIM* = M} < (1+ 87N M* = M|} + —"—r0, 1 (M)

2N Traz V TY

2
+ Bl (a+ §+ S
2X -1 Vry
_ 2 max
+THEHop(O‘+/B_ n—p)

With the same choice of A such that 2’\'“’;% = (1+¢)(a+ B) for some £ > 0 we get also
in this case that

A—a M =M} < min {4+ B7IM = M [F+ (L +2)(a+ Bror (M)}

_Tm(L.'L‘
+ (24 &) (@ + B)rmaa|| Bl 5,
Taking o = 3/2 and 8 = 1/2 and combining both cases leads to the following result

| = 013 < min {OIMT — NEE +6(1+ €) - rop1 (M%)} + 6(2 4 €) - Tonaa | EI1%
,

Tmaz

where we choose A such that A - rye. Vry = (14 ¢)np for some € > 0. We conclude by using
the inequality .
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5.6 Proof of Theorem [3.1]

We proceed by solving the problem in two steps for solving the optimization problem
which can be equivalently written as

min  min ||V — M||% 42X - || M]].,
AB M
M=AXB

for A > 0. The solution to the problem in M is explicit and it is known to be obtained from
Y by soft-thresholding of its eigenvalues: M = Uy Diagy, ,((05(Y) — A)4+)Vy}, where we used
the SVD of Y: UyEyVYT. Next, we project M on the space of matrices AXB for A and B
in Frobenius norm. It is easy to check that our choice of A, B are exact solutions, that is
M = AXB.

Similarly to the proof of Theorem by applying the definition of M, expanding the
squares and rearranging terms we get for all M:

1M — M*|[F < |M = MF + 20E, M — M) + 2\(| M|, — | M]|.)
<M = M[E +2VA([M = M.+ | M|l — [IM]].),

under the event that HEng < A. We use the decomposability of the nuclear norm of matrices
as in [5], to find My and M, such that M = My + M, [[M|. = [[Mi[l« + [|[M2]+ and
|M — M|« = || My — M|« + || Mz||«. Moreover, rank(M;) < 2rank(M). This implies

|M — M*||3 < |M* — M||% + 4VX| My — M|,
< ||M* — M||% 4+ 4V X\/3rank(M) - | My — M|| ¢
< || M* = M||% 4 4V \/3rank(M) - (|M — M*||p + | M — M*|| ).

We obtain for arbitrary real numbers o > 1 and § > 0, for all M,
(1= @ DIM = M3 < (1+ BY)|M* = M|[% + 4(a + B)A - 6 rank(M).
For the particular values o = 3/2 and = 1/2, we get
|M — M*||% < min {9|M* — M||% + 144X - rank(M) }

<9 min { min ||M*M||%+16)\'r}.
re[nApArx] | M:rank M=r

Recall that minps.rank p—r ||M* — M||% = Z;;ZTH ox(M*)? - 1,,.+ to get the final result.
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6 Auxiliary results

Algorithm 1 Data-driven procedure for selecting 7 and A

Input: data X, Y
Require: np > (m A q)rx >0
Y — A, XB,|?
Define: 52 := | e
np — (m A q)rx
Define: \(o) := 4(n + p)o?

Define: 7 := argmin

semnpnns] (I = A X Byl + X -7)
Initialize: r <= rx AnAp, T < T\z2)
while 7 < r do
rTT
T 72)\(33)
end while
Output: 7, \(G2)
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