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Abstract

Many fluid flow problems involve localized effects within a larger flow domain, with boundary layers close
to solid boundaries being one of the most common. Accurate and realistic computational analysis of such
problems requires that the local flow behavior is properly represented by a numerical formulation with af-
fordable computational cost. Among several strategies developed in the computational mechanics to deal
with multiscale phenomena, the Arlequin method proposes overlapping a local discretization to a global
one and gluing both models by Lagrange multipliers field, being successful in the solid mechanics con-
text, but unexplored for CFD analysis. In this work, we introduce the Arlequin method to the numerical
analysis of unsteady incompressible flows. Differently from the previous works involving incompressible
media, a stabilized finite element formulation is employed. To improve stability and conditioning of the
algebraic system of equations, we propose a novel Residual-Based Stabilized Arlequin Formulation. The
resulting formulation is tested in various numerical examples, considering structured and unstructured,
coincident and non-coincident finite element discretization, Stokes problems and convection dominated
Navier-Stokes problems, steady and transient cases, showing the methodology precision and robustness.
Keywords: Computational Fluid Dynamics, Multiscale Analysis, Arlequin Method, Stabilized Finite

Elements

1. Introduction

Several fluid dynamics problems involve multiscale effects due to many aspects. The most common
is the boundary layer effects near immersed solids. Regarding numerical analysis, such problem remains
a challenge, stimulating the development of several computational techniques in the last decades.

Many researchers have concentrated efforts to develop alternatives for the simulation of multiscale
problems. Among them, one can mention the Variational Multiscale Methods [1] and the partition of
unity-based methods [2], including the Generalized [3] and Extended [4] versions of the Finite Element
Method.

A convenient way of dealing with multiscale analysis in complex geometries consists in overlapping
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discretization techniques. In the past decades, many different methods have been developed for this
purpose as the S [5, 6], Chimera [7, 8] and Arlequin [9, 10] methods.

The Arlequin method, introduced by [9], unlike other multiscale methods, has its basis on the su-
perposition of local models, with a finite element discretization able to capture the localized effects, to
the global computational model. This technique has been applied to the solution of many engineering
problems, including crack propagation [11], contact and impact [12, 13], atomic-to-continuum coupling
[14, 15], stochastic analysis [16] and more recently the Arlequin method has been combined to reduced
order models [17, 18].

Although the Arlequin method remains unexplored on the fluid dynamics context, Jamond and Ben
Dhia [19] performed a broad analysis of this methodology applied to incompressible materials employing
Taylor-Hood stable finite elements. In such work, many parameters of the Arlequin framework are
investigated and, in summary, the bigger drawback observed concerns in circumventing the LBB condition,
as only some of the tested combinations were shown as stable.

On the other side, as shown by Ben Dhia and Rateau [20] and [21], for the Arlequin method to
be successful, some parameters such as a coupling zone and operator, as well as an energy weighting
function, need to be chosen properly. Regarding the coupling operator, for example, its definition affects
directly the numerical solution quality and the algebraic system conditioning. The most common choices
are the L? and H! coupling operators, presented in details by Ben Dhia and Rateau [20], Guidault and
Belytschko [21]. The L? operator provides a continuous solution, in a weak sense, while the H' coupling
operator ensures the continuity of a linear combination between the variable coupled and its Laplacian,
based on specified coupling constants [21]. Moreover, H! coupling operator gives the algebraic system a
better conditioning [10].

As an extension of the Arlequin method developments in the context of Navier-Stokes incompressible
flows, in this paper we propose a residual based stabilized methodology using equal order mixed pressure-
velocity finite elements for both local and global domains, completely circumventing the LBB condition
drawbacks. In order to do so, in both models, we employ the pressure-stabilizing/Petrov-Galerkin (PSPG)
method [22], which is the Navier-Stokes version of the pressure stabilization given in [23] for Stokes flow.

The use of L? coupling operator in the context of incompressible flows can easily result into an oscillat-
ing Lagrange multipliers field. In order to ensure a stable solution, we propose to add a new residual-based
stabilization term to the coupling equation. The new stabilization ensures a better conditioning to the
algebraic system and also allows the use of local model space of functions for the coupling operator in a
stable way.

This paper is organized as follows: section 2 presents the stabilized incompressible flow problem
considering a single scale model. In Section 3 we present general aspects of the Arlequin framework and
develop the technique for solving incompressible flow problems. Following, in section 5.1 the proposed
formulation is applied for the Stokes problem and extended to the incompressible Navier-Stokes equations
in section 5.2. Numerical examples are presented in both sections 5.1 and 5.2. Finally, concluding remarks

are drawn in Section 7.
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2. Stabilized Navier-Stokes Solution - Monomodel problem

2.1. Governing equations

Incompressible isothermal Newtonian flows in a computational domain Q, at time ¢t € (0,7, are
governed by momentum and continuity equations, given by:

p(éahtl+u-Vu—f>—V-a:0 (1)

and

V-u=0, (2)

where p, f, u and o are respectively the fluid density, body force, velocity and the Cauchy stress tensor.

For Newtonian incompressible flows a is expressed by the constitutive equation:

o(u,p) = —pI + 2ue(u), (3)

where p being the pressure, I is the identity tensor, u the dynamic viscosity and the strain rate e(u) =
(Vu+ vu?) /2.

To finish the problem statement, boundary and initial conditions must be considered. For instance,
the initial velocity field u; is required to be divergence-free, i.e., V - uy = 0. Moreover, Dirichlet (up)
and Neumann, or traction (h), boundary conditions are applied on portions I'p and Ty, respectively, of

the computational domain boundary I'.

2.2. Weak form and finite elements spatial discretization

To get a variational formulation with finite elements discretization let us define, over the computational
domain Q, the finite dimensional trial solution function spaces S and Sg, and the finite dimensional
weighting (or test) function spaces V! and V;,L, being the indexes u and p respectively related to velocity

and pressure fields, as

Sy = {u"u"(t) € H"(Q),u" =u}, on I'p}, (4)
S = {phph(-) € LZh(Q),/Qph dQ=0ifI = rD} , (5)
Vi ={whw"() e H"(Q),w" =0onTp}, (6)
Vv, =S (7)

where the superscript h denotes the related finite element interpolation.

However, it is well known that such equations present restrictions to the direct application of Galerkin
method, as the convective terms can produce spurious variations and the choice of pressure trial and test
space is subjected to the Ladyzhenskaya—Babuska—Brezzi (LBB) conditions [24] in order to ensure a stable
solution. Both instabilities are suppressed by means of the adopted residual-based formulation Brooks

and Hughes [25], Hughes et al. [23], Tezduyar [22, 26], Hsu et al. [27], Bazilevs et al. [28], more specifically,



the method given in [26]. The method cosists of the application of Streamline-Upwind/Petrov-Galerkin

n  (SUPGQG), Pressure-Stabilized /Petrov-Galerkin (PSGP) and Least-Squares in the Incompressibility Con-
straint (LSIC) stabilizations as one can see in the mentioned papers.

Applying the weighted residual method to equations (1) and (2), together with the previously men-

tioned stabilizations and the divergence theorem to the stress component, the stabilized incompressible

fluid flow problem can be stated as: find (uh,ph) € Shx S[} such that V (wh7 qh) € Vh x V;},

h
/Wh-p<8;;t+uh-Vuh—fh> o + /E(Wh):o(uh,ph) dn — wh . h" dr
Q Q Iy
n n (8)
el el

+ Z/ TSUPG (uh . th) I'Mm (uh,ph) dS) + Z/ I/LSICv . WhTC (uh) dQ) = O,
e=1 ¢ e=1 ¢
s and

Nel n
/ "V -u" dQ+ Z/ TPSPG (Vg) -ty (0, p") dQ =0, 9)
2 e=1 €

where n, is the number of finite elements in the domain, ry; (uh, ph) and r¢ (uh) are the residual of the

momentum and continuity equations, respectively, given by

h
rC (uh) =v.u" (11)

The stabilization parameters Tsupc, Tpspc and visic, are from [26] and [28]. They are designed to

provide a discrete stable and optimally convergent solution under mesh refinement, and are given as

1 1 1 \?
TSUPG = TPSPG = | —3 + = + = ; (12)
TsuecN1  7SsugN2  TSUGN3
2
VLSIC = TSUPG HuhH ; (13)

s with

TMen -1
TSUGN1 = (Z lu - VNJ) ) (14)
=1

At
TSUGN2 = &7 (15)
TSUGN3 = kg (16)
v
Nen -1
hRGN =2 (Z |I‘ . VNZ|> and (17)
i=1
\% |uh|
r=-——u-, (18)
IV [u”]



where ne, is the number of element nodes, At is the time step size, v = u/p the kinematic viscosity and
N; is the i — th shape function.

Equations (8) and (9) can be written in a more compact way as

h
(Whvpaaut)ﬂ + (e(wh), 2pe(u™)), + (pu”; w", Vu), — (p", V- w"),,

(19)
+ (TSUPGuh . th7rM)Q + (VLSICV . Wh7TC)Q = (Wh?pfh)ﬂ + (Wh’ hh)rt )
\V4 h
(qha V- uh)Q + (TPSPGq» rM) = 07 (20)
p Q

where the convection term represented by a trilinear form is given by

(pu; wh u") = / pw’ - (u"- V) u" dQ, (21)
Q
8 The resulting nonlinear system (19)-(20) can also be represented in a matrix form as
MU + K(U)U = F(U), (22)
where U

2.3. Time integration

For the time integration step, we employ the implicit Euler method. This technique consists in

approximate the velocity and pressure fields in the subsequent time step n + 1 by

Un+1 = Un + Atﬁn+1. (23)
% Substituting this approximation in Eq. (22), the resulting nonlinear problem is given by
M+ AtK (U,41)]Upg1 = [ M — AtK (U,,41)] U, + AtF (Uyqq) (24)

The nonlinear system obtained in Eq. (24) is solved by Newton iterations.

3. The Arlequin framework
The Arlequin framework is build on three main ideas [20, 10] (see Fig. 1):

e Superposing a discrete suitable local model (€2;) to a subregion of a global one (£y) where the

% global discretization is unsuitable for representing the localized effects;

e Coupling the models in a sub-region of the overlapping zone (€);), called gluing zone (2.), and the

definition of a convenient coupling operator;
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e Assuring energy distribution between models by employing partition of unity weighting functions,

ensuring the mechanical energy conservation.

Initially, let us assume the local model located in a particular zone of interest, where small-scale effects
will occur, and with suitable discretization to capture such effects. The resulting computational domain

Q) is then given by

Q=0UQ. (25)

Similarly, the overlapping zone ), is defined as

0. = QN (26)
Qs = Q.U Qy, (27)
meas(Q2.) > 0, (28)

where 2 is called free zone.

For incompressible problems, even if both global and local models discretizations are stable according
to the Ladyzhenskaya—Babuska—Brezzi (LBB) condition [24], the incompressibility constraint enforcement
to both models can lead to a redundancy, resulting in a singular problem [19].

To overcome this issue, Jamond and Ben Dhia [19] proposes a methodology for imposing the incom-
pressibility constraint at each point of the computational domain only once. Such methodology consists
in choosing one model and eliminating the incompressibility constraint from its elements that are located
partially or totally in the gluing zone. This simple alternative is possible because, as demonstrated by
the authors, there is an incompressibility diffusion in partially incompressible finite elements, i.e., the
displacement field in a finite element keeps divergence free even if the incompressibility constraint is
applied only to a portion of it.

Thus, two choices are possible: removing the incompressibility constraint from the local or global
model gluing zone, as shown in Figure 2. Notice that, in both cases the incompressibility constraint is
completely removed from the global model free zone.

In this work, by employing PSPG stabilized finite elements for eirewmventing fulfilling the LBB
condition, the use of equal order approximation functions for all problem variables is possible, and also,
as both, local and global continuity equations are modified, incompressibility constraint can be kept for
both models, eliminating the need for searching elements where incompressibility needs to be removed.
Concerning the coupling operator, the choice of its space of functions can change significantly the solution,
although both fine or coarse models approximation functions could be chosen [20]. When the coupling
operator is defined in the local model, under some discretization conditions, the fine model solution is
locked to the global one, while the opposite choice leads to a solution linked in an average sense [21].
However, it is more practical to define the coupling operator in the local model, especially in cases where

local model moves over the global one, so that we develop this work over such assumption.
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A standard definition of the coupling operator is given by

(W,A)q, = /Q Ko [W - A] + k1 [e(w) 1 e(A)] dS2, (29)

where A = {\;, \,}, is the Lagrange multiplier field. The constants ko and k; are strictly positive (see
e.g. [10, 21] for more details). For ko > 0 and k1 = 0 one obtain the so-called L? coupling operator.
Otherwise, for kg > 0 and x; > 0 the H' coupling operator is obtained. Both options can be used,
depending on the application and taking into account that the L? operator establishes, in a weak sense,
the continuity of velocities (ug — u; = 0), while H! coupling operator ensures, also in a weak sense, the
continuity of a linear combination of the velocities and its Laplacian (ko (up — uy) +£1V? (up — uy) = 0)
[21].

One can notice that, when applied to velocity, as in the Navier-Stokes finite element solution employed
here, the Laplacian operator will introduce dissipation to the model, demanding a proper choice of kg
and ;. Thus, we assume s = 1 and 1 = 0, and propose a novel residual-based stabilization for the L?
operator (see section 5.1.1) to ensure a better conditioning to the algebraic system.

Regarding energy distribution between models, a classical definition of partition of unity functions «;

is usually employed. More details on the definition of «; is given in the next section.

4. The Residual-Based Arlequin formulation

Insert Proof of stability here and maybe change the last section.

5. Arlequin formulation for incompressible flows

In this section, for the sake of simplicity, we initially develop the residual-based Arlequin formulation

for Stokes flow in 5.1, and later, in 5.2, we extend it to Navier-Stokes flows.

5.1. Stokes problem

The incompressible Stokes flow governing equations are:

V.o +pf =0, (30)
V.ou=0. (31)

As there is no convection, only PSPG stabilization is needed and the discrete stabilized monomodel

problem can be written as

(z—:(wh),2,ue(uh))Q — (ph,V . wh)Q = (wh,pfh)Q + (Wh,hh)F , (32)

t

h h vq"
(¢",V-u"), + TPSPGTJM =0, (33)
Q



- Analogously to the

monomodel problem, the finite dimensional trial solution function spaces, S"; and S

pi» and the weighting

function spaces by V", and V;}i, are defined as

155
Vi = {whwl(-) € H"(Q;),wl =0 onTp;

h _ Ch
Vi =Sk

The Lagrange multiplier trial and test spaces of functions are:

Mh = {Ah|Ah() c th(Qc)} (34)
o = M". (35)
For simplicity on writing the formulation, one consider only Dirichlet boundary conditions, so the

Stokes problem in the Arlequin framework reads as: find (uf, pfy, uft, plr, \") € Sliy x Spy x Sy x Sty x M"

o such that Yw( € Vi, Vgl € Vi, vwi € VI, Vgl € VI and V¢ € QF,

(e(wy), 2ua0£(u8))90 — (aopg, V- wg)QO + ()\h,wg)ﬂc = (w&paofé‘)ﬂo ; (36)
(af}, 0V - ué‘)QO + (Tpspqug, rvo ] =0, (37)

p Q
(5(W?)72M041€(u}f))91 - (alpil?V ’ WT)QI - ()‘hawlf)gc = (w?7pa1f1h)gl ) (38)
(¢, nV-ul), + (TPSPGVQ{L,er ) -0, (39)

]
(¢" uf —ut), =0, (40)

where the coupling operator [(-, -) follows the definition of Eq. (29), with kg = 1 and k1 = 0. The bilinear

forms are given by:

a; (Wl ul') = /Q ;2ue(wh) s e(ul') ds, (41)

b; (qf,u?) = / ;i ¢V -ul d, (42)

b (o owt) = = [0V wl a, (13)

di (¢ rai) = il:/ Tm%quh oy (), p) AM) dSy, (44)
e=1"*

and
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fi (wlh) :/Q aip wi - £ deL/F a; wi - hl dr;, (45)

i

where the energy weight functions «; are given by

a; €[0,1]  inQ,

ap+a; =1 in Q,
(46)

a;=c¢; >0 ian,

where ¢; is a constant arbitrarily small to the Arlequin method be relevant [10]. Finally, the residual of

momentum equation (ryy;) is written as:

g (', pl A" = ipfl + o,V oo (af, pl') + x(D)A", (47)

with

. (-1)"  ifxeQ,,
x (@) = (48)
0 if x ¢ Q.

As one can see, one possible interpretation of the problem defined by (36)-(40) is that it is equivalent
to gluing two domains with different thicknesses with magnitude equal to the energy weight function
«;, considering velocity and pressure fields constants on thickness direction. The PSPG stabilization
provides pressure-dependent additional terms to the continuity equation, which overcomes the redundancy

problems on stable finite elements [19], allowing hydrostatic stress (pressure) energy can also be weighted

by ag and ;.

5.1.1. Residual-Based Stabilized Arlequin Formulation

One drawback of the Arlequin framework consists on the difficulty of constructing a well-conditioned
algebraic system of equations. As demonstrated by Ben Dhia [29], though the simplicity of L? operator
by the weak enforcement of uy = u; through the gluing zone, unless properly scaled it can lead to an
ill conditioned associated discrete Arlequin problem. On the other side, a better-conditioned problem is
obtained when applying H' coupling operator. However, it enforces a linear combination of velocities
and its Laplacian, which is not always desirable. In addition, the choice of parameters xy and ki is not
trivial.

To overcome the drawbacks of the L? coupling operator, we propose to add to the coupling equation,

the following stabilizing term:

Ndom Mel
e (¢ rw;) = /Q X(i)mTLQVCh L Ve (ul,py A dQy; (49)
1788

=0 e=
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where ngom is the number of sub-domains and 74rrq is the stabilization parameter.
The parameter Tarrq is calculated as an element-vector-based stabilization parameter. Element-
vector-based stabilization parameters were introduced and tested in [30] and also tested in [27], and

described in [28]. Here it is given as

]|
TARLQ = k| (50)
where n and k; are element-level vectors defined as
¢" - (uf —uf)d, (51)
ki = [ V*":2uV € (u}) d.. (52)
Qe
Thus, the Residual-based stabilized Arlequin formulation for Stokes flows is written as
(z—:(wg), Q,uaoe(ug”))ﬂo — (aopg, V- Wg)QO + ()\h,wg)ﬂc = (wg,paof(?)go , (53)
h h ng

(45, 0V - uo)Q0 + | TPsPG—— Mo =0, (54)

4 %
(E(W{L)7 2/-1/0518(11?))9 (alpl ) V- Wl) - ( T)Qc = (Wilv palflh)gl 3 (55)
(¢, a1V - U?)Ql + (TPSPG I‘M1) =0, (56)

1951
(¢" uf - ulf)g + (TA};LQVCh Vramo — VI‘Ml) =0, (57)

c a.

In a matrix notation, the problem can be written as
K() 0 f;o UO FO
0 K1 —f;l U1 = F1 . (58)
LY -LT E A 0

REVISAR! Notice that on the residual-based Arlequin stabilization, differently from the H' coupling
operator, new terms are introduced on the global matrix diagonal.
Notice that, differently from the H' coupling operator, the residual-based Arlequin stabilization

improves stability by adding new terms to the global matrix diagonal.

5.1.2. Numerical test - pressurized fluid in a holed chamber

In order to verify the proposed formulation for Stokes flows, we simulate a problem presented by
Jamond and Ben Dhia [19], which consists of a chamber filled by a viscous fluid, according to Fig. 3.
As boundary conditions, we assume free slip walls and free-stream traction at the chamber hole. At left

boundary (piston location), a uniform horizontal velocity profile with unit magnitude is applied. The

10
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fluid dynamic viscosity and density are 4 = 1/3 and p = 1.0, respectively for the entire domain. All
simulations are performed with quadratic triangular finite elements with equal order approximation for
velocity, pressure and Lagrange multiplier fields. Linear continuous energy weight functions are employed
and the results are compared to Jamond and Ben Dhia [19] and to a monomodel simulation.

The aim of this example is to compare the Residual-Based Stabilized Arlequin formulation results to
those presented by Jamond and Ben Dhia [19], using P2P1 Taylor-Hood finite elements. In order to do

so, we perform 3 different simulations for each considered case:
i Only pressure stabilization is considered and L? coupling operator is employed (kg = 1 and k1 = 0);

it Only pressure stabilization is considered and H' coupling operator is employed with constants

ko =4 and k1 = 1;

iii Pressure and Lagrange multipliers stabilizations are considered and L? coupling operator is em-

ployed (kg = 1 and k1 = 0).

It is also important to mention, that the reference considers constant discontinuous energy weight
functions «;. Two different local domain sizes are considered for the initial analysis. The first local
domain (Fig. 4a) is wider, keeping the gluing zone Q. farther from the hole, while the second one (Fig.
4b) places the gluing zone over the hole limits. A monomodel discretization (128x64 finite elements) is
also considered for reference. The adopted meshes and their respectively gluing zones are illustrated in
Fig. 4.

To compare quantitatively the results to the reference, we use the error on the global flow mass

conservation, computed as the relation between the chamber output and input mass flows (Q and Q;np),

given by
£g = 100%. (59)
inp
We found €g = —12.88 for mesh 1 and eg = —18.83 for mesh 2. Comparing to the reference,

among the mesh configurations tested by Jamond and Ben Dhia [19], the best result for eg presented for
triangular finite elements is equal to eg = —16.25 for mesh 1 configuration. For mesh 2, in most of the
cases tested by Jamond and Ben Dhia [19], a locking phenomenon is observed when there are no coarse
model elements completely included on the free zone ().

Following, we perform a convergence analysis regarding eg. by considering structured meshes with
characteristic lengths h of 1/2, 1/4 and 1/8. The fine model geometry was set as the same of mesh 1 in
figure 4.

For the global model, two scenarios are considered: 1) keeping it with the coarsest discretization
(h=1/2) and 2) varying the characteristic length of the fine model; and making the same discretization
level for both meshes. Both scenarios were tested for H' coupling operator, with k¢ and x; the same
as in case A and the stabilized L? operator. The same convergence analysis considering a monomodel

discretization is taken as reference. The results obtained for both cases are presented in Fig. 5.

11
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As expected, when the coarse model discretization is kept constant and just the fine model is refined,
bigger values of ¢ are obtained. It is due to a bigger influence of the coarse model discretization error
in the global solution for this particular problem.

For the case of h=1/8 the Lagrange multiplier components over the line y = 2 in the first layer (left)
of the gluing zone is presented in Fig. 6. One can notice that an oscillatory Lagrange multiplier field is
obtained when employing the L? coupling operator due to the linear algebraic system ill conditioning.
Both H' and stabilized L? coupling operators gives continuous and smooth Lagrange multiplier fields. It is
also important to notice that in the L? coupling, the Lagrange multiplier field represent only the coupling
force field, while in the H' it has also the effect of coupling stresses included. Lagrange multipliers fields
for the L? and stabilized L? coupling operators are presented in Fig. 7.

The results show that the proposed formulation can be more precise and confirms it to be locking-
free without the need for removing incompressibility constraint, one overcoming problems observed on
Taylor-Hood finite elements. The oscillatory behavior in the Lagrange multiplier field, observed when L?
coupling operator is employed, can easily lead to convergence loss and instability in transient analysis.
However, the proposed stabilization revealed to be very efficient to suppress such oscillations without

compromising mass conservation convergence, as one can see from Fig. 6.

5.2. Extension to Navier-Stokes flows

The Arlequin problem for the complete incompressible Navier-Stokes equations can be obtained by
adding the convective and time-dependent terms to the Stokes problem developed on the previous section,
weighted by the respective model energy weight function (o).

At this point, SUPG and LSIC stabilizations are also introduced and the resulting Arlequin problem
writes: find (u, pg, uf', pi, A") € 8l x Sy x Sl x Sl x M" such that Yw{ € V], Vg € V), vwi € Vi,

u P! p0>
Vgt € VI and V¢ € Q"

dul
(wg,paoato> + (E(Wg),2uaos(ug))90 + (paoug;wg7Vu8)Qo — (aopgy, V - wg)Q0 )
Qo 60
+ (rsupcug - VWg,I‘Mo)QO + (vLsicV - Wgyrco)go + (Ah,Wg)QC = (Wg,PaoféL)Qo ;
v h
(a6, 0V - 118)QO + (TPSPquarMO> =0, (61)
P Q0
h du} h h h. o h h h h
Wi, palﬁ + (6(W1 )a Q:uals(ul ))Ql + (palul Wi Vul )Q1 - (alpl ) V- Wi )Ql
o (62)
+ (rsupcuf - VW}fal‘m)Ql + (vLsicV - W?,I‘m)gl - ()\h,W?)QC = (W'f,POélﬁh)Ql ;
\V4 h
(q{l, a1V - llil)Q1 + (Tpsp(;ql, I'M1> =0, (63)
P 0
-
(Ch’ ug — u’f)Q + (AI;LQVCh7 Vrao — Ver) =0, (64)
i Q.
The residuals are now defined as
TCq (u?) =o;V - u? (65)

12



and

h

v (u?ap?aAh) = Q;p <aal:; + u? ! vu? - fzh) - aiv ‘o (u?,p?) + X(Z)Ah (66)

The stabilization parameters Tsupa;, Tpspa; and vpgic; are the same from [26] and [28],calculated from
equations (12)-(13) considering model i values. The coupling operator stabilization parameter Tarrq is
constant by local model element and are calculated as element-vector-based stabilization parameters as
introduced in [30], according to:

11 1\¢®
TARLQ = (2 5t 2) (67)
Tar  Taz  Tas

where

) o
-
12 = et (70)
s with n and k; given by Eq. (51) and (52). Similarly, t; and j; are given by
t; = /Q V¢h v (uf - val) dQ., (71)
ji/eVChZV(a(;?)dQC. (72)

Applying the generalized trapezoidal time-marching procedure (Section 2.3) to (60)-(64), and writing

using matrix notation, the resulting nonlinear system to be solved is given by

M, 0 of |U K, (Up) 0 Lo | |Uo Fo
0 M, O U1 + 0 K, (Ul) —fq U, p=¢F: - (73)
Ay A; Of | A LY —LT E A 0

6. Numerical examples

In this section, we present the numerical simulation of a set of benchmark problems. The same
xo triangular finite elements with quadratic basis functions presented in section 5.1.2 are employed, with

linear continuous energy weight functions.

6.0.1. Flow over a flat plate
In this example, we aim to experiment the multiscale robustness of the method by simulating a high

Reynods number problem. A flat plate of dimension equal to the unity located at a distance of 0.5 from
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the inflow boundary is subjected to a parallel flow at Re = 10, taking as reference inlet velocity u., and
the plate length. The computational domain, as well as boundary conditions are presented in Fig. 8.

Unfitted local/global unstructured finite element discretizations are employed. The fine model is 0.15
height and covers the entire plate surface with 823 elements and 1728 nodes. The first finite element
layer has a thickness of 1.107%, in agreement with the numerical tests performed in [31]. A 0.05 thick
layer with 108 finite elements and 273 nodes composes the gluing zone. For the global model, a coarse
discretization with 363 elements and 778 nodes is used, as illustrated in Fig. 9.

The solution is obtained by a steady analysis and in Fig. 10, one compare the numerically obtained

local skin friction coefficient C'y along the plate surface, defined as

22U Ouy

C'f = @ 871/ ) (74)

wall

to the Blasius solution, obtained by the classical boundary layer theory (details are found in [32]), given

by

; 0.664
Cf?laszus — (75)

Visod/v
where d is the distance from the leading edge of the plate.
One can see from Fig. 10 that the proposed formulation produced results nearly coincident to the the-
oretical ones. Figure 11 shows the pressure distribution, where one can observe continuity and smoothness

in the local/global domains transition.

6.0.2. Lid-driven cavity flow

The lid-driven square cavity flow is one of the most popular benchmark problems for the verification
of incompressible flow solvers. It consists of a square cavity filled with fluid and bounded by three rigid
walls with no-slip conditions and an upper moving lid with horizontal unit velocity, as detailed in Fig.
12.

In order to get a reference solutions, a monomodel discretization is employed with h=1/20, 800 ele-
ments and 1681 nodes. For the Arlequin simulation, we take the monomodel mesh as global discretization
and overlap a 0.4 thick finer model discretization close to the cavity boundaries, and with h=1/40, 2048
elements and 4352 nodes. The gluing zone is 0.2 thick, as illustrated in Fig. 13.

For all cases, transient simulations are carried out until the velocity field is considered to be steady,
fe. [Ju — uf[|/[[u? || < 1075,

Flows with three different Reynolds are simulated (Re = 1000, 5000 and 10000), taking the cavity
edge as characteristic length. Results obtained for all considered cases in comparison with those presented
by Ghia et al. [33] are shown in Fig. 14.

As one can see, both monomodel and Arlequin model adopted discretizations can represent properly
the flow behavior for low Reynolds numbers. However, when Re is increased, the adopted monomodel

discretization cannot capture the fine scales phenomena, mostly close to the cavity edges.
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The Arlequin model steady-state solutions for velocity and pressure fields are shown in Figs. 15 and

16.

6.0.3. Flow over a circular cylinder

In order to test the formulation for time dependent problems, we simulate the classical problem of flow
over a circular cylinder. The computational domain consists in a circular cylinder with unit diameter,
centered in the coordinate system origin. The inflow boundary is located 18 units upstream from the
cylinder. Upper and lower boundaries are 25 units away from the cylinder. Top and bottom boundaries
are slip wall type (zero normal direction and free tangential velocities). The outflow boundary is located
38 units downstream from the cylinder and has traction free boundary condition.

Global model is discretized by 4486 elements and 9073 nodes. The local model is designed with two
concentric circles with radius 0.5 and 3.0, where the inner corresponds to the cylinder no slip wall. For
the local model, we adopt a mesh with 5648 quadratic triangular elements and 11500 nodes. The coupling
zone has unit thickness, 1260 elements and 2696 nodes, as shown in Fig. 17.

Three different Reynolds number flows are considered: Re = 20, 100 and 200. The adopted time step
is At = 0.05. During the analysis, separation angle 6, defined as the point of zero friction, is monitored

and compared to the expression proposed by Wu et al. [34]:
0, = 95.88 4 264.76 Re~ /2 — 619.01 Re ™! 4 1042.4 Re /2. (76)

For the Re = 20, a symmetric steady flow is obtained. However, for Re = 100 and Re = 200, a laminar
von Karméan vortex shedding is observed, obviously resulting a time-dependent separation angle so that
the time-averaged value is used for comparison. Fig. 18 plots the separation angle vs. Re numerically
obtained and compares to the reference equation.

As one can observe, the numerical results are in good agreement with the reference values, confirming
the robustness of the technique. In Fig. 19, the streamlines for the separation angle time-averaged value
are presented, illustrating the flow pattern variation according to the Reynolds number.

For Re = 20, we get a drag coeflicient Cp = 2.075. For the other cases, maximum lift and average
drag coefficient (Cp and Cp) are presented in Table 1, while the time history is show in Fig. 20. The

obtained values are in agreement with references as can be verified in Table 1.

Table 1: Flow over a circular cylinder: drag and lift coefficients

Re=100 Re=200

CL,max CD,ave St CL,maz CD,ave St

Present study 0.272 1.31 0.160 | 0.622 1.30 0.189
Ding et al. [35] 0.28 1.33  0.164 | 0.60 1.33  0.196
Liu et al. [36] 0.339 1.35  0.164 0.69 1.31  0.192
Qu et al. [37] 0.222 1.32 0.165 0.468 1.32 0.196

Weymouth and Yue [38] 0.33 1.35 0.167 0.69 1.34 0.195
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Finally, velocity and pressure fields for time averaged separation angle are plotted on Fig. 21 and 22,

respectively.

6.0.4. Flow past a stationary NACA 0012

In this example, we study the flow over a NACA 0012 airfoil with an angle of attack of 10°. The
leading edge of the airfoil is located at the origin and the inflow boundary is 6 chord lengths upstream
to the airfoil. Slip wall conditions are applied to upper and lower boundaries, both located 6¢l (6 times
the airfoil chord length) far from the airfoil and zero traction is applied to the outflow boundary. The
considered Reynolds number is Re = 1000, computed with basis on the airfoil chord and the inflow
velocity.

We adopt a mesh with 8413 quadratic triangular elements and 11949 nodes for the global model. The
fine model is bounded by a curvilinear mesh of about 0.5¢l far from the airfoil and discretized by 5836
quadratic triangular elements and 11949 nodes. The gluing zone is defined with a thickness of 0.2¢l,
containing 592 elements and 1336 nodes, as shown in Fig. 23. The employed time step for all analysis is
At = 0.01.

The simulations are performed considering L? coupling operator without stabilization and stabilized
L? coupling operator. A monomodel with 10978 elements, 22282 nodes and same refinement level close
to the airfoil is taken as reference.

Vortex shedding is observed on the flow for the Reynolds number chosen, resulting the lift and drag
coefficients presented in Fig. 24. Time averaged values of Cp 4 = 0.164 and C, 44 = 0.41 were obtained
ne on both L? and stabilized L? simulations and are in agreement to the values presented by Tezduyar
et al. [39]: about 0.165 and 0.425, respectively.

Taking T as a lift coefficient period, the snapshots of a complete cycle steady stabilized-L? solution

for velocity and pressure fields is presented on Fig. 25 and 26, respectively.

7. Conclusions

In this work, we explore the Arlequin method for the simulation of incompressible flows, introducing
the Arlequin framework to the CFD context, and showing it as a robust and precise tool for considering
local effects in complex nonlinear flows, as one can confirm from the proposed numerical tests.

In order to keep the multiscale method more suitable for incompressible Navier-Stokes problems, we
propose a novel residual-based stabilized Arlequin formulation, which improves the conditioning of the
resulting algebraic system, without changing the compatibility equation of the Lagrange multiplier-based
problem. The results obtained with the proposed stabilization is compared to the other two coupling
operators vastly employed on previous works (L? and H') by several numerical examples. According
to the results obtained, the technique shown to be suitable for the simulation of incompressible flow
problems even for very high Reynolds numbers and keeping the coupling Lagrange multipliers as a stable

force field gluing local and global models.
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The use of LBB-stabilized finite elements, also allows reducing the preprocessing step operations since
there is no concern about removing the incompressibility constrain from certain elements as in previous
Arlequin formulation applied to incompressible medias, also simplifying computational implementation.

The formulation robustness is demonstrated by many different tests with coincident overlapped finite
element models, completely unstructured/non-coincident ones, Stokes problem, convection dominated
Navier-Stokes steady and transient problems. This allow us to consider this formulation to be applied,
in future works, to moving boundary problems, where localized effects, like boundary layers, are close
to the moving boundary, so that only the local mesh needs to be dynamically deformed to accommo-
date boundary movements. Among such problems, one can consider large displacement fluid-structure

interaction.
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Figure 1: Model superposition in the Arlequin framework.
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(b) Incompressibility constraint removed from global gluing zone.

Figure 2: Enforcement of the incompressibility constraint in the gluing zone Q.

4.0

3.5 10 3.5

< >e >

8.0

Figure 3: Pressurized fluid in a holed chamber: problem geometry and boundary conditions.
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(a) Mesh 1.

(b) Mesh 2.

Figure 4: Pressurized fluid in a holed chamber: global and local finite element models.
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Figure 5: Pressurized fluid in a holed chamber: mass conservation
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Figure 6: Pressurized fluid in a holed chamber: Lagrange multiplier fields over the line y = 2.
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Figure 7: Pressurized fluid in a holed chamber: Lagrange multiplier fields for (a) L? and (b) Stabilized L? coupling operators.
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Figure 8: Flow over a flat plate: geometry and boundary conditions.

:

ARSI AN AN L DN LN

Figure 9: Flow over a flat plate: global and local finite element models.
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Figure 10: Flow over a flat plate: local skin friction coefficient along the flat plate.
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Figure 11: Flow over a flat plate: pressure field.

23



=
Il
oo
~
=
=
I
oo
0

<
I

< =
1

_

Figure 12: Square cavity flow: geometry and boundary conditions.

(a) Monomodel/Global model. (b) Local model.

Figure 13: Square cavity flow: global and local finite element models.
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Figure 14: Square cavity flow: velocity profiles for u; at x = 0.5 and for uy at y = 0.5.
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Figure 15: Square cavity flow: Arlequin model velocity magnitude.
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Figure 16: Square cavity flow: Arlequin model pressure.
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Figure 17: Flow over a circular cylinder: finite element global and fine models.
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Figure 18: Flow over a circular cylinder: separation angle
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Figure 19: Flow over a circular cylinder: streamlines for the separation angle time-averaged values.
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Figure 20: Flow over a circular cylinder: drag and lift coefficients.
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Figure 21: Flow over a circular cylinder: velocity magnitude for the separation angle time-averaged values.
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Figure 22: Flow over a circular cylinder: pressure fields for the separation angle time-averaged values.
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Figure 23: Flow past a stationary NACA 0012: finite element global and fine models.
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Figure 24: Flow past a stationary NACA 0012: time history for (a) drag and (b) lift coefficients.
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Figure 25: Flow past a stationary NACA 0012: velocity magnitude for various time steps.
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Figure 26: Flow past a stationary NACA 0012: pressure field for various time steps.
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