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In this pilot study an attempt to investigate the issue of control during geometrical collaborative problem solving is made. A group of grade 11 students while working on a geometrical problem is followed. Their work is analyzed in terms of instances of control actions that emerge during the group work with the aim to gradually develop an instrument for recording the range and the quality of control strategies in geometry problem solving. Inspired by an existing metacognitive scheme, six main codes have been used until now, subdivided in several sub-codes that serve as descriptors for each code. The findings give evidence that a broad range of control strategies with different qualitative characteristics emerge during collaborative problem solving that contribute to our deeper understanding of this complex issue of control.

Introduction

Metacognition refers to both metacognitive knowledge (knowledge about persons, tasks, and strategies) and metacognitive monitoring and self-regulation (management of cognitive activities during problem solving) (Flavell et al., 2002, 4 th ed.). Our interest in this paper lies in the second component of metacognition and is originated by the acknowledgement that very often students fail to use their knowledge appropriately, they do not verify their results and they do not use intermediate control to assess the progress of their solution [START_REF] Schoenfeld | Mathematical Problem Solving[END_REF][START_REF] Beltz Papadopoulos | Students' use of technological tools for verification purposes in geometry problem solving[END_REF]. More specifically we focus on the students' reflection on what they have achieved in conjunction with how this informs the abandonment or adoption or adaptation of an approach or a suggestion of how to proceed further. In this sense it is not only about making a choice from potential options but also about generating the options that are made available [START_REF] Mamona-Downs | Problem solving ancillary to the concept of area[END_REF]. In this sense, decision making is of metacognitive character and is known in the literature as executive control [START_REF] Schoenfeld | Mathematical Problem Solving[END_REF]. In recent years, there is a progressive shift towards the role of metacognition in collaborative problem solving but as [START_REF] Smith | Exploring the relationship between metacognitive and collaborative talk during group mathematical problem-solving-what do we mean by collaborative metacognition[END_REF] report, the number of the existing studies is still very limited. Although still few, these studies seem to support the claim that metacognitive practices appear during collaborative problem solving and support solvers in demonstrating progress in their problem-solving ability [START_REF] Koichu | Heuristic literacy development and its relation to mathematical achievements of middle school students[END_REF]. Our aim is to focus on a very specific aspect of metacognition: the control strategies that emerge during collaborative problem solving. Therefore, our research question is: What are the different control strategies students exhibit during collaborative geometry problem solving in secondary education? Theoretical background [START_REF] Schoenfeld | Learning to think mathematically: Problem solving, metacognition, and sense making in mathematics[END_REF] considers control under the umbrella of metacognition and elaborates its nature across the whole problem-solving process using some examples of control actions to understand better its nature: (i) the decision to re-read a text when understanding becomes unclear, (ii) the realization that the problem is more complex than originally thought, so the solvers must go back to the beginning to make sure they understand it, (iii) the decision to stay on the solution course or changing course due to deadlock and executing or changing the plan, (iv) to monitor and assess the progress in real time. Control actions appear so much during the last stage of problem solving (looking back) when verifying the final result [START_REF] Beltz Papadopoulos | Students' use of technological tools for verification purposes in geometry problem solving[END_REF], as well as across all the three other stages (understand the problem/ devise a plan/carry out the plan) as solvers are checking their progress [START_REF] Schoenfeld | Learning to think mathematically: Problem solving, metacognition, and sense making in mathematics[END_REF].

The vast majority of the relevant studies examine control issues at the individual level. Our decision to turn to the collaborative problem solving stems from [START_REF] Schoenfeld | Learning to think mathematically: Problem solving, metacognition, and sense making in mathematics[END_REF] and [START_REF] Goos | Socially mediated metacognition: Creating collaborative zones of proximal development in small group problem solving[END_REF] who state that collaborative problem solving enhances the emergence of metacognition through the requirement to defend and elaborate on suggestions. At the same time, the decision to place students in groups leads to reduce the cognitive load since the peers would monitor the progress. During the last years there has been a gradual shift towards metacognitive aspects in collaborative problem solving in both the theoretical and empirical level. In the theoretical level we could mention the social metacognition model developed by [START_REF] Chiu | From metacognition to social metacognition: Similarities, differences, and learning[END_REF] who examine the relevant benefits that emerge during collaborative problem solving. In the empirical level the work of Artz and Armour-Thomas (1992) can be mentioned which provides evidence that it is possible to identify higher levels of metacognition by more successful individuals during collaborative problem solving. [START_REF] Hurme | Metacognition in joint discussions: An analysis of the patterns of interaction and the metacognitive content of the networked discussions in mathematics[END_REF] working with 13-year-old students found that the more metacognitive awareness of the students the more their influence during problem solving activities. Similarly, [START_REF] Goos | Socially mediated metacognition: Creating collaborative zones of proximal development in small group problem solving[END_REF] examined the students' role in their peers' metacognitive development and highlighted the significance of the students' interaction in successful collaborative problem-solving sessions. In their study [START_REF] Smith | Exploring the relationship between metacognitive and collaborative talk during group mathematical problem-solving-what do we mean by collaborative metacognition[END_REF] aiming to investigate the relationship between collaborative talk and metacognitive talk during collaborative problem solving created a metacognitive coding scheme which includes descriptors for five kinds of talk during students' interactions: Metacognitive, cognitive, teacher, social, and other talks. The descriptors for metacognitive talk were developed by using mainly the papers of [START_REF] Artz | Development of a cognitive-metacognitive framework for protocol analysis of mathematical problem solving in small groups[END_REF], [START_REF] Hurme | Metacognition in joint discussions: An analysis of the patterns of interaction and the metacognitive content of the networked discussions in mathematics[END_REF][START_REF] Goos | Socially mediated metacognition: Creating collaborative zones of proximal development in small group problem solving[END_REF] and includes six codes and their descriptions, as can be seen in Table 1. These codes refer to metacognition in general but also a more specific correspondence between these codes and Schoenfeld's examples of control actions can (to a certain degree) be identified. Thus, re-reading a text or going back to the beginning to ensure understanding is connected to clarifying or understanding. The decision to stick to the solution course or changing it due to some deadlock, or the actions of monitoring and assessing progress reflect aspects of the monitoring and evaluating codes. The aim of this paper is to specify the above mentioned codes by adding sub-codes connected only to the issue of control and -in case there is evidence -to extend the list of the codes.

Methodology

This study is a pilot one and it is part of a broader study aiming to investigate the issue of control by high school students during collaborative geometrical problem solving. Geometry was chosen because its problems require metacognitive abilities in predicting, planning, monitoring, evaluating the solution. On the contrary, tasks requiring skills that may become after a while automatized, are influenced less by metacognition. Five groups of four students participated in this pilot study. The participants were grade 11 students (17 years old). They had never received any kind of metacognitive instructions and did not have any experience in collaborative problem solving. Five sessions took place, one per month, during the last school year. Each group was formed on the basis of cohesiveness (unity or solidarity of a group) since the amount and quality of student interactions are influenced by group cohesiveness rather than its composition (Leonard, 2011). For the purpose of this study, we are limited to one group during one session. The specific group was chosen since they provided us with a rich set of instances of the use of control strategies.

The problem given to the students was: I own a rectangular plot of land. Its length is 18m longer than its width. I want to add a 2.5m wide rectangular tree zone around it. So, I buy 695m 2 from my neighbors. What are the initial plot's dimensions?

This problem affords control actions since it is a multistep problem (i.e., control actions can be taken during intermediate steps) and can be solved in more than one way (i.e., the solution can be verified using alternative solution paths). Moreover, its content is aligned with the official Greek curriculum. This was an additional session (45 minutes) that took place in parallel to the normal teaching. The students' interactions were audio recorded and then transcribed for the purpose of the paper. Their worksheets and the transcribed protocols constituted the data of this study. The analysis took place in the context of qualitative content analysis in two levels. Initially a more inductive thematic analysis was followed [START_REF] Mayring | Qualitative content analysis: Theoretical foundation, basic procedures and software solution[END_REF] to identify the different control strategies applied by the students. Then, these strategies were related to certain codes found in the metacognitive coding scheme of [START_REF] Smith | Exploring the relationship between metacognitive and collaborative talk during group mathematical problem-solving-what do we mean by collaborative metacognition[END_REF]. After finalizing the strategies an effort to identify relevant evidence in the literature was made. The students' protocols were examined separately by both researchers. Validity and reliability were established by comparing the two sets of independent results, clarifying codes and re-coding data until agreement.

Results

The students started reading the problem trying to clarify the meaning of its question. They soon realized that the unknown dimensions were related to the change in area before and after buying the extra plot. Thus, they tried initially to express the side lengths using, when necessary, variables (Fig. 1). To do this, they had sometimes to check their correct understanding: 67 S3: By saying 'wide' does it mean the breadth? 68 S1: Yes, and actually refers to this part of 2.5m.

To devise a solution plan, they recurse to their knowledge base and checked for a related problem they might had solved earlier that could help them. 78 S2: Haven't we done something similar? 79 S3: I am not sure. We did but it was about triangles and not rectangles. S1: "… tree zone around it…". Thus, he buys 695m 2 from his neighbors. 107 S3: Which means that the total area of the tree zone will be that number. The area of his land remains intact. He just adds land… 108 S2: …externally.

Their next step was to attempt to reach the area of the external rectangle.

S3:

We must find the total area E of the big rectangle. Unfortunately, we do not know its dimensions.

But immediately, the student S1 checked S3's argument: 246 S1: Wait…. We know! It says "2.5m wide tree zone around it". So, 2.5 + 2.5 = 5, and consequently the length of EZ is 23 + 𝑥, whereas the other dimension is 5 + 𝑥 (see Fig. 1).

They had now available the necessary elements to form the algebraic expression that would represent the area of the rectangle, but mistakenly they chose to find the perimeter using the relevant formula (Fig. 2, left). 248 S1: Let's find the perimeter using x as our unknown.

Figure 2: Algebraic expression for perimeter and area

The need for algebraic manipulation provoked additional actions to check the correct symbolic writing which is closely connected with mastering the syntax or the rules for manipulating this kind of writing. So, after writing the expression for the perimeter (Fig. 2, left), the S4 student who was monitoring the writing process, reacted: 254 S4: I think we should use brackets to enclose 𝑥 + 5. 255 S3: This won't be necessary. The only operation is addition. So, no need for brackets. 257 S4: OK! But how does this help to solve the problem?

The reaction of S4 who invited his peers to check how this finding contributes to getting closer to the solution made them to realized they used the incorrect formula and soon they managed to get the correct, second degree, expression of the area (Fig. 2, right). The control action, taken by another member of the team was the suggestion to turn to the statement of the task and check the wanted which kept them aligned with the regulations of the task and allowed to successfully get the solution (Fig. 3, left).

S3:

The problem asks for the dimensions of the rectangular plot, not its area. The students' engagement in checking the appropriateness and reasonableness of their current work or their final result is strongly suggested by and has long been valued in the problem-solving community as an effective control action [START_REF] Alajmi | Reasonable and reasonableness of answers: Kuwaiti middle school teachers' perspectives[END_REF]. Their last step was to verify the solution by substituting the value found for the variable 𝑥 to the expression that calculates the difference between the areas of the two rectangles (Fig. 3, right). The identity 695 = 695 was the proof that their solution was correct.

Discussion and conclusions

The purpose of this study is to start the development of a coding scheme to record control actions taken during collaborative geometry problem solving. We distributed all the instances of control actions that took place during the session across the metacognitive coding scheme of [START_REF] Smith | Exploring the relationship between metacognitive and collaborative talk during group mathematical problem-solving-what do we mean by collaborative metacognition[END_REF]. We related these control actions employed during the collaborative problem-solving session, with certain codes of the scheme in Table 2. In this effort, some codes were kept same, and some were modified. At the same time each code is accompanied by subcodes that show how the specific control action was operationalized. [START_REF] Gallo | Control and solution of "algebraic problems[END_REF] Lines 254

E. Clarifying or understanding E: Clarifying or understanding E1 Check your correct understanding by re-reading [START_REF] Schoenfeld | Learning to think mathematically: Problem solving, metacognition, and sense making in mathematics[END_REF][START_REF] Stillman | Applying mathematics with real world connections: Metacognitive characteristics of secondary students[END_REF] E2 Check for a related problem [START_REF] Stillman | Applying mathematics with real world connections: Metacognitive characteristics of secondary students[END_REF] Lines 67-68, 104-109

Lines 78-79

F Disagreement with explanation F: Agreement / Disagreement F1 Check the argument (Pólya, 1945) Lines 244-246 This is an ongoing study, and thus we are limited in an incomplete presentation of this new control coding scheme. Obviously, the population of this table becomes gradually richer by adding more subcodes in the existing codes, by adding some potential new codes and/or by refining in an inductive way the sub-codes already found. For code A the students checked the potential contribution of the use of the data of the problem although they usually are inclined to use all the data in their disposal having little idea how to employ this information logically [START_REF] Stillman | Mathematical processing and cognitive demand in problem solving[END_REF]. For code B, the action control of the students to check the usefulness of the data reminds the advice of Polya (1981) to "speculate as to which useful elements we could construct from the data" (p. 7). Code C has its origin at Polya (1945) who suggests "look at the end", "remember your aim", "do not forget your goal", "do not lose sight of what is required". Code D (i.e., evaluation) has been divided into three different versions. The first refers to control actions related to checking the correctness of intermediate results, an action that is not so common according to [START_REF] Schoenfeld | Mathematical Problem Solving[END_REF]. The second refers to checking the correctness of the solution. The participants in our study employed two different control actions for this purpose. The one was to verify the result by substituting the arithmetic values found for the dimensions of the plot. This is in itself important since verification receives rather little attention by students in classrooms [START_REF] Beltz Papadopoulos | Students' use of technological tools for verification purposes in geometry problem solving[END_REF]. The other was to reflect on the reasonableness of their answer, to see whether their answer makes sense as a response to the specific geometrical problem [START_REF] Alajmi | Reasonable and reasonableness of answers: Kuwaiti middle school teachers' perspectives[END_REF]. The third refers to the accuracy and syntax of the written expression. In this case, as [START_REF] Gallo | Control and solution of "algebraic problems[END_REF] says, control causes the correcting of errors at a syntactic level. Code E includes two control actions to aid correct understanding of the problem by re-reading the statement of the task and/or relating the problem with others within the students' experience. Both actions have been reported by [START_REF] Stillman | Applying mathematics with real world connections: Metacognitive characteristics of secondary students[END_REF] for individual problem solving. Finally, for code F, its sub-code seems to be related with Polya's question during the last phase of Looking back: "Can you check the argument?". In our case this question has been broadened to include any argument made by a member of the group during the whole problem-solving process. Sometimes this control action has a positive outcome enhancing the argument made and encouraging to continue on the same path. But, other times the outcome will be negative, thus leading to the discovery of an error, or a flaw in the reasoning and in this case it triggers a shift in the process.

This was just a pilot study, and therefore the list of the sub-codes is yet incomplete. However, we think the findings are encouraging enough to work further on the issue of control in collaborative geometry problem solving, contributing thus to both the research and teaching levels. As researchers our understanding about control issues during collaborative problem solving is deepened. As teachers the development of such a tool might facilitate students' learning of the necessary control skills through scaffolding. Also, certain questions are raised and should be examined further: How these control actions are distributed across Polya's four problem-solving steps? What does trigger these control actions during collaborative problem solving?

Figure 1 :

 1 Figure 1: Initial drawing to represent the situationBeing yet unsure about how to proceed, they came back to the statement of the problem aiming to develop a shared understanding of the situation that would allow them to agree about the solution. They turned to the iterative reading of the statement of the task to check their correct understanding.104S2: How the trees relate to the problem? 105 S1: We must correctly understand the statement of the task. 106 S1: "… tree zone around it…". Thus, he buys 695m 2 from his neighbors. 107 S3: Which means that the total area of the tree zone will be that number. The area of his land remains intact. He just adds land… 108 S2: …externally.

  This last question is triggering a nice control action. What is the optimal way to use certain information to facilitate the problem-solving process? This resulted to the transformation of the algebraic expression to a second-degree equation. The area of the external and internal rectangles are 𝑥 2 + 28𝑥 + 115 and 𝑥(𝑥 + 18) = 𝑥 2 + 18𝑥 respectively. Their difference equals to 695. Thus, the final equation became 𝑥 2 + 28𝑥 + 115 -𝑥 2 -18𝑥 = 695. The reaction of one of the members was: 339 S4: Nice! Now we can find the area.

Figure 3 :

 3 Figure 3: Solution and verification of the equation Immediately a reflection on the result took place. The size of the numbers triggered the action of checking the reasonableness of the answer.349S1: We found that the dimensions for the internal rectangle are 58 and (58 + 18). Therefore its area is equal to(58 + 18) • 58 = 4408𝑚 2 . 350 S3: Ok! 76 • 58 = 4408 is a reasonable number because it is in square meters and we are talking about the area of a plot.

Table 1 : Codes and description for metacognitive talk (Smith & Mancy, 2018, p.34)

 1 

  Up to now, they found the expression for the area of the rectangle, but this is not sufficient to get exact numbers. They realized they needed an equation that would allow them to calculate the exact value of the variable 𝑥. So, they went back to the statement of the task to check their use of data by asking themselves: Are there data that have not been used yet?

		To control its correctness, they resorted
	to verifications of intermediate numerical or algebraic results:
	276	S3: You did it wrong. It is 23𝑥 instead of 28𝑥.
	277	S1: No! You missed that there is also 5𝑥 in the expression. So, the sum is 28.
	278	S3: Oh!! add…. OK! Yes! It's correct.

285

S3: It says the owner bought 695m 2 . We did not use it. Ok! We have this information. What is the best way to use it?

Table 2 : Codes and sub-codes for control in collaborative problem solving

 2 

	Code (Smith & Mancy,	Current name of the code Sub-codes relevant to control actions Protocol lines
	2018)			
	A. Monitoring	A: Monitoring	A1 Check the use of data (Stillman,	Line 285
	instructions or plans	instructions	1996)	
	B. Presenting a strategy or approach	or approach B. Assessing a strategy	solution (Polya, 1981) contributes to getting closer to the B1: Check how this finding	Line 257
	C. Refocusing attention	C: Refocusing attention C1 Check the wanted (Polya, 1945)	Lines 339-340
		D1: Evaluating	D1.1 Verify intermediate numerical/	Lines 276-278
		intermediate results	algebraic results (Schoenfeld, 1985)	
			D2.1 Verify your solution	Figure 3, right.
	D. Evaluating	D2: Evaluating the solution	(Papadopoulos & Dagdilelis, 2008) D2.2 Check the reasonableness (Alajmi & Reys, 2007)	Lines 349-350
		D3: Evaluating syntax	D3.1 Check the correct symbolic	
		and accuracy	writing