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For years, school geometry has been confronted with many issues. For instance, it lost its central position in school mathematics and developed the reputation of being the "problem child" of mathematics teaching. These issues represent a problem situated in the designated curriculum. The goal of this paper is to shed light on two designated curricula (German national curriculum, joint curriculum of two German federal states) for primary mathematics education regarding the diversity and the coherence of geometric topics through the lens of fundamental ideas of geometry. Here, the qualitative content analysis provided a thorough insight into both the diversity and the coherence of the geometric topics across the vertical perspective. Based on the data, the results are discussed with regard to their theoretical and practical implications on both the national and international level.

Introduction

In educational history, the term curriculum has been both used for different purposes and in different ways worldwide. [START_REF] Remillard | Conceptualizing the curriculum enactment process in mathematics education[END_REF] defined mathematics curriculum "as a plan for the experiences that learners will encounter, as well as the actual experiences they do encounter, that are designed to help them reach specified mathematics objectives" (p. 707). Thus, the curriculum can be separated into different curriculum layers: official curriculum (designated curriculum, curricular aims and objectives, content of consequential assessments), and operational curriculum (teacher-intended curriculum, enacted curriculum, attained curriculum) [START_REF] Remillard | Conceptualizing the curriculum enactment process in mathematics education[END_REF]. Here, the focus is on the designated curriculum which refers to "the set of instructional plans specified by an authorized, governing body" (p. 710), and is informed by the official curricular aims and objectives.

One particularly interesting topic within the mathematics designated curriculum is geometrydespite many debates worldwide on its role in school mathematics [START_REF] Kuzle | Status quo of geometry teaching in primary education: Is geometry still neglected in school mathematics[END_REF]. Firstly, geometry is one of the earliest established branches of mathematics which during the 19th and 20th centuries became well-known for its internal diversity, and coherence, but on the downside did not parallelly undergo the changes, and growth in its content and structure within the mathematics curriculum [START_REF] Jones | Critical issues in the design of the school geometry curriculum[END_REF]. Secondly, despite many benefits of learning geometry (e.g., [START_REF] Jones | Critical issues in the design of the school geometry curriculum[END_REF], geometry lost its central position in mathematics teaching with its overall amount being reduced in many curricula worldwide (e.g., [START_REF] Backe-Neuwald | Bedeutsame Geometrie in der Grundschule: Aus Sicht der Lehrerinnen und Lehrer, des Faches, des Bildungsauftrages und des Kindes[END_REF][START_REF] Kuzle | Status quo of geometry teaching in primary education: Is geometry still neglected in school mathematics[END_REF]Mammana & Villani, 1998) which led elementary school geometry toward a reputation of being the "problem child" of mathematics teaching [START_REF] Backe-Neuwald | Bedeutsame Geometrie in der Grundschule: Aus Sicht der Lehrerinnen und Lehrer, des Faches, des Bildungsauftrages und des Kindes[END_REF]. Thirdly, the international large-scale assessments (e.g., PISA, TIMSS) put more emphasis on other contents than geometry (Mullis & Martin, 2013). Fourthly, school geometry lacks coherence and structure regarding activities throughout the grades (Mammana & Villani, 1998;[START_REF] Van De Walle | Teaching student-centered mathematics: Grades 5-8[END_REF]. All four aspects represent a problem in the designated mathematics curriculum worldwide which is rather problematic since teachers are its primary audience. The main goal of the inquiry presented in this paper is to provide an insight into the two designated curricula, on both the national and federal level, for primary mathematics education (Grades 1-4) in Germany regarding the diversity and coherence of geometry topics through the lens of fundamental ideas of geometry.

Theoretical background

Curriculum should reflect both diversity and coherence of geometric topics [START_REF] Hansen | Changes and trends in geometry curricula[END_REF][START_REF] Jones | Critical issues in the design of the school geometry curriculum[END_REF]Mammana & Villani, 1998;[START_REF] Schweiger | Fundamental ideas. A bridge between mathematics and mathematical education[END_REF][START_REF] Van De Walle | Teaching student-centered mathematics: Grades 5-8[END_REF]. Regarding the former, many different conceptualisations exist but all focus on the construction of the geometry curriculum organised around so-called "overarching ideas" (Van de [START_REF] Van De Walle | Teaching student-centered mathematics: Grades 5-8[END_REF] or fundamental ideas [START_REF] Schweiger | Fundamental ideas. A bridge between mathematics and mathematical education[END_REF]. [START_REF] Schweiger | Fundamental ideas. A bridge between mathematics and mathematical education[END_REF] described fundamental ideas as a set of actions or strategies that are present in the historical development of mathematics, that appear vertically in the curriculum, that contribute to answering the question of what mathematics is, that make teaching more transparent and flexible, and that possess a corresponding linguistic or actionrelated archetype in everyday life. In that manner, fundamental ideas may be constantly developed at every level of education (Van de [START_REF] Van De Walle | Teaching student-centered mathematics: Grades 5-8[END_REF]. Based on the existing models of fundamental ideas (for more detail see [START_REF] Backe-Neuwald | Bedeutsame Geometrie in der Grundschule: Aus Sicht der Lehrerinnen und Lehrer, des Faches, des Bildungsauftrages und des Kindes[END_REF], [START_REF] Kuzle | Making sense of geometry education through the lens of fundamental ideas: An analysis of children's drawings[END_REF] proposed a further development of these models (see Table 1) through a more broad and concrete description of the fundamental ideas, and a stronger classification of subcategories which reflects both diversity, and coherence of geometric topics, and is in line with contemporary geometry education. Operations with forms (F2) Geometric mappings and other manipulations with forms, and the properties influenced or changed by these.

Coordinates, spatial relationships, and reasoning (F3)

Position and location of geometric forms in the plane or space as well as spatial reasoning about them.

Measurement (F4)

Qualitative and quantitative properties used to describe geometric forms as well as calculation of these using formulae.

Geometric patterns (F5) Geometric patterns created by using simple geometric forms (e.g., frieze pattern).

Geometric forms in the environment (F6)

Description of real-world objects, and operations on and with them by using geometric forms.

Geometrization (F7)

Plane and spatial geometric theorems and problems, relationships between numbers, and abstract relationships, which can be translated into the language of geometry and then translated again into practical solutions.

Nevertheless, the diversity of topics still does not necessarily guarantee linking the learned objects. Rather, fundamental ideas should be meaningfully connected across the curriculum [START_REF] Schweiger | Fundamental ideas. A bridge between mathematics and mathematical education[END_REF], which can be described by the construct of coherence. However, the school reality may depict a different picture. For instance, [START_REF] Hansen | Changes and trends in geometry curricula[END_REF] discussed the lack of coherence in geometry curricula by listing the isolated fragments that are being taught in school geometry which may consequently influence students' view of geometry as a "kind of inconsistent 'bazaar'" (p. 238). Additionally, the diversity of geometric topics provided in the designated curricula may bring new challenges to geometry education, because they should be appropriately linked to each other, both horizontally (within the same grade level) and vertically (across different grade levels). Yet, these assumptions should be studied more in-depth. That said, the following research questions guided the study: (1) What fundamental ideas of geometry are present in the German mathematics curricula for primary grade education? ( 2) In what aspects do the German mathematics curricula for primary grades reflect the diversity and coherence of fundamental ideas of geometry across their vertical perspective?

Methods

For this study, a qualitative research design was chosen. The research data consisted of document review, namely the German national mathematics curriculum for Grades 1-4 (Ständige Konferenz der Kultusminister der Länder in der Bundesrepublik Deutschland [KMK], 2005), which is compulsory for mathematics teaching in the primary sector, and provides a basis for mathematics curricula on the federal level, and the joint mathematics curriculum of the federal states of Berlin and Brandenburg (Senatsverwaltung für Bildung, Jugend und Wissenschaft Berlin [RLP], 2015) for Grades 1-10, which represents a further, more-detailed development of the national curriculum, and is compulsory for all schools to implement on the federal level. Here, only Grades 1-4 are of relevance since this period is crucial for the development of geometric thinking and for building a basis for later learning of geometry [START_REF] Jones | Critical issues in the design of the school geometry curriculum[END_REF]Mammana & Villani, 1998). The documents were analysed using the qualitative content analysis method [START_REF] Mayring | Qualitative content analysis. A step-by-step guide[END_REF] for which a deductiveinductive category system was employed. Concretely, the content of the curricula (i.e., standards, activities) was deductively classified into seven categories (i.e., fundamental ideas) presented in the theoretical part (see Table 1). For the subcategories, both deductive and inductive approaches were used. The former was based on the analytical tool developed for the analysis of students' drawings [START_REF] Kuzle | Making sense of geometry education through the lens of fundamental ideas: An analysis of children's drawings[END_REF] but was slightly modified with respect to definitions and anchor examples. Here, both researchers, who developed the model and the analytical tool, assigned codes of fundamental ideas (F1 to F7) to each standard as well as codes for their subdimensions (e.g., F1a, F1b) for each activity across all five content standards. In the next step, both researchers compared the given codes and subcodes. When inconsistencies occurred, these were discussed, which led to adjustments in the inventory, and consequently joint decisions about the final codes were made. Since inductive approach was also utilized, three additional subcategories emerged building a basis for new subcategories, namely F3d (visual perception), F3e (spatial visualisation, relation and orientation), and F4j (calculation with measurable attributes), which were added to the inventory. Consequently, a slight modification of the analytical tool from the previous study [START_REF] Kuzle | Making sense of geometry education through the lens of fundamental ideas: An analysis of children's drawings[END_REF] emerged which allowed analysing and studying various elements within the tripartite geometry curriculum (for more detail see Glasnović Gracin & Kuzle, accepted). The interrater reliability was high (100% agreement). Lastly, if the code was present at the particular level, then it was assigned a sign "+", otherwise the cell was left empty. In this way, both the diversity (range of fundamental ideas) within a particular level as well as the coherence (presence across consecutive levels) of geometric topics were made visible.

Results

Diversity and coherence of fundamental ideas in the German national mathematics curriculum

Three out of five content standards revealed geometrical ideas, namely 'Space and Shape', 'Patterns and structures', 'Measurements and measuring' which encompassed 22 competencies (KMK, 2005). Majority of these (n = 13) described the content standard 'Space and Shape' which covered all fundamental ideas of geometry, such as "sort solids and plane figures according to properties and assign technical terms" (F1), "recognise, describe, and use properties of line symmetry" (F2), and "recognise, describe, and use spatial relationships" (F3). The content standard 'Patterns and structures' encompassed two competencies and covered the fundamental idea 'Geometric patterns' (F5), such as "develop, systematically change and describe geometric patterns". Lastly, the content standard 'Measurements and measuring' was described by nine competencies which covered the fundamental ideas 'Measurement' (F4) (e.g., "know standard units from the areas of lengths, and volume"), and 'Geometrization' (F7) (e.g., "use important real-life reference values to solve factual problems"). Thus, in the German national mathematics curriculum (KMK, 2005) all fundamental ideas are present. Regarding the diversity within the fundamental ideas, the fundamental idea 'Measurement' reflected eight different subcategories (i.e., F4a, b, c, d, f, g, h, j), and the fundamental ideas 'Geometric forms and their construction' and 'Coordinates, spatial relationships, and reasoning' four or five different subcategories (i.e., F1c, d, e, f, g; F3a, b, d, e). The fundamental ideas 'Operations with forms' and 'Geometrization' covered two subcategories each (i.e., F2c, e; F7a, c). Since the German national mathematics curriculum (KMK, 2005) is not specified for each grade level no statement regarding the coherence of the fundamental ideas across the primary grades is possible.

Diversity and coherence of fundamental ideas in the joint federal mathematics curriculum

Table 2 shows the distribution of the diversity of fundamental ideas of geometry based on the competencies and activities listed in the mathematics curriculum for the three content standards that revealed geometric ideas, namely 'Space and shape', 'Measurements and measuring', and 'Equations and functions'. The results indicate that all fundamental ideas except for the fundamental idea 'Geometrization' are present in each primary grade. Even though all fundamental ideas are covered, the extent of their focus differs with respect to each level which is exemplary shown in Tables 3456. With respect to the fundamental idea 'Geometric forms and their construction' (F1) all facets are covered which confirms the diversity of this fundamental idea (see Table 3). Also, in all cases but three (i.e., F1a, F1h, F1i) the subcategories span from one level to the remaining ones. Thus, the coherence across vertical perspective is present in primary grades though not to its full extent. Concerning the fundamental idea 'Operations with forms' (F2) six out of nine facets are covered (F2a-F2f) (see Table 4). Thus, the curriculum does not explicitly reflect the diversity of this fundamental idea to its full potential. With regard to covered subcategories of this fundamental idea in all cases but one (F2f) the subcategories span from one level to the remaining ones. Thus, the coherence across vertical perspective is present almost to its full extent with a full range for F2d and F2e. With respect to the fundamental idea 'Coordinates, spatial relationships, and reasoning' (F3) four out of five facets (F3a, F3b, F3d, F3e) are covered except for F3c (see Table 5). Thus, the curriculum explicitly reflects almost the full diversity of this fundamental idea. Concerning covered subcategories of this fundamental idea in all cases the subcategories span from one level to the remaining ones. Thus, the coherence across vertical perspective is present to its full extent. Concerning the fundamental idea 'Measurement' (F4), seven out of 10 facets are covered, namely F4a-F4c, F4f-F4h, and F4j with F4d, F4e, and F4i not being addressed (see Table 6). Thus, the curriculum does not reflect the full diversity of this fundamental idea. With regard to covered subcategories of this fundamental idea in all cases the subcategories span from one level to the remaining ones. Thus, the coherence across vertical perspective is present to its full extent. Note. Length (F4a), perimeter (F4b), surface area (F4c), volume (F4d), angle measure (F4e), measuring tools (F4f), estimation (F4g), conversion of measuring units (F4h), scaling (F4i), calculation with measurable attributes (F4j).

For the fundamental ideas F5 and F6 no subcodes exist. The fundamental idea 'Geometrization' (F7) is covered only at level C. Still, the geometry curriculum covers activities pertaining to three out of four subcategories, namely geometrical facts (F7a), parallel projection (F7b), and figurate numbers (F7d). The subcategory 'Geometrical problems' (F7c) is not present in the curriculum.

Discussion and conclusions

The study presented in this paper focused on the analysis of the two designated curricula for primary mathematics education by using the construct of fundamental ideas of geometry to create a window into the diversity and the coherence of geometry topics. Here, the adaptation of the analytical tool of Kuzle and Glasnović Gracin (2020) (see Glasnović Gracin & Kuzle, accepted), due to its fine grain structure, enabled to precisely capture the current geometry education in Germany. The German national curriculum for primary education (KMK, 2005) reflected the diversity of geometric topics, especially regarding the fundamental ideas 'Geometric forms and their construction' (F1), 'Coordinates, spatial relationships, and reasoning' (F3), and 'Measurement' (F4). However, the concise representation of the national curriculum did not allow any statements regarding the coherence of geometric topics. Due to its structure, the analysis of the joint mathematics curriculum of Berlin and Brandenburg (RLP, 2015) revealed insight into both the diversity and coherence of geometric topics in primary education. Similar to the results of the Croatian national curriculum (Glasnović Gracin & Kuzle, accepted), the diversity of fundamental ideas was met since all fundamental ideas were covered. This is, however, only somewhat similar to the results of Glasnović Gracin and Kuzle (accepted) as the Croatian national curriculum only reflected the coherence across the grades pertaining to three fundamental ideas, namely 'Geometric forms and their construction' (F1), 'Coordinates, spatial relationships, and reasoning' (F3), and 'Measurement' (F4). In both studies, the fundamental idea 'Geometrization' was covered in higher primary grades only, and not to its full potential which may be due to the abstract and complex nature of this fundamental idea (Glasnović Gracin & Kuzle, accepted;[START_REF] Kuzle | Making sense of geometry education through the lens of fundamental ideas: An analysis of children's drawings[END_REF]. These results may bring concern related to the benefits provided by geometry education, such as critical thinking and intuition, and helping students develop problem solving and logical skills [START_REF] Jones | Critical issues in the design of the school geometry curriculum[END_REF]Mammana & Villani, 1998). Thus, this fundamental idea of geometry should be promoted from early grades on but on the level appropriate for Grades 1 and 2. In this study, not every fundamental idea's multifaceted nature (i.e., F2, F3, F4, F7) was covered. In some cases, this was due to children's young age and the content being covered in middle grades (e.g., F2d point symmetry, F4e angle measurement) as was also reported by Glasnović Gracin and Kuzle (accepted). However, omitting some geometry topics (e.g., composing and decomposing (F2g), folding and unfolding (F2h), tessellation (F2i), volume (F4d)) in primary school geometry is not supported by the literature (Van de [START_REF] Van De Walle | Teaching student-centered mathematics: Grades 5-8[END_REF]. The latter three were also not part of the Croatian national curriculum (Glasnović Gracin & Kuzle, accepted). This may naturally affect the operational curriculum, such as the design of textbooks, and with it, student achievement. Still, in comparison to Glasnović Gracin and Kuzle (accepted), the joint federal mathematics curriculum offered greater diversity of the fundamental ideas 'Operations with forms', and 'Coordinates, spatial relationships, and reasoning' since in the Croatian national curriculum only one, and two subcategories emerged, respectively. Furthermore, the detailed analysis pertaining to subcategories of fundamental ideas showed that coherence is not present throughout (i.e., F1a, F1h, F1i, F2f) which was the case with the fundamental idea 'Geometric forms and their construction' in the Croatian national curriculum (Glasnović Gracin & Kuzle, accepted). The above outlined results are rather worrying since the fundamental ideas of geometry that do not occur or do not occur throughout the different primary grades have shown to play a subordinate role in the classroom instruction (Glasnović Gracin & Kuzle, accepted). In terms of Brunner's spiral curriculum, it would make sense to build the children's knowledge successively and should be reconsidered in future curricular developments. One should not forget that Germany's educational system is famously decentralised which means that Germany effectively has 16 different school systems, one for each federal state. Hence, the study results are limited to the curricula of the federal states of Berlin and Brandenburg, though similar results are to be expected in other federal states.

The results contribute to raising attention to the geometry requirements in designated curriculum, particularly regarding its content diversity and coherence, and putting it into relation with the operational curriculum (teacher-intended curriculum, enacted curriculum, attained curriculum). The existing curriculum models (e.g., [START_REF] Remillard | Conceptualizing the curriculum enactment process in mathematics education[END_REF] present the starting point for providing well-established students' opportunities to learn. The designated curriculum plays here a vital role since it influences all components of the operational curriculum. This is particularly the case in countries with highly centralised educational systems. Putting emphasis on diversity and coherence of geometric topics is of interest to curriculum developers and researchers, considering the "problem child"-status of geometry in school mathematics worldwide [START_REF] Backe-Neuwald | Bedeutsame Geometrie in der Grundschule: Aus Sicht der Lehrerinnen und Lehrer, des Faches, des Bildungsauftrages und des Kindes[END_REF][START_REF] Kuzle | Status quo of geometry teaching in primary education: Is geometry still neglected in school mathematics[END_REF]Mammana & Villani, 1998). The developed analytical tool (Glasnović Gracin & Kuzle, accepted), which takes the construct of fundamental ideas in the focus, creates a window into designated curricula worldwide, making it a viable tool for researchers to study and compare curricular systems in the area of geometry. Moreover, it allows to precisely capture the diversity, and coherence of geometric topics which may consequently influence policy decisions. Only in that manner, the core essence of school geometry can be fulfilled to its full potential in the designated curricula worldwide.

  geometric forms of different dimensions, their properties and construction/creation.

Table 1 : The model of fundamental ideas of geometry (Kuzle & Glasnović Gracin, 2020)

 1 

Table 2 : Distribution of the fundamental ideas of geometry in the federal curriculum

 2 

		F1	F2	F3	F4	F5	F6	F7
	Level A	+	+	+	+	+	+	
	Level B	+	+	+	+	+	+	
	Level C	+	+	+	+	+	+	+
	Note. Roughly, level A refers to Grade 1, level B to Grade 2, and level C to Grades 3 and 4.		

Table 3 : Diversity of the fundamental idea 'Geometric forms and their construction'

 3 

		F1a	F1b	F1c	F1d	F1e	F1f	F1g	F1h	F1i
	Level A			+			+	+		+
	Level B	+	+	+	+	+	+	+	+
	Level C		+	+	+	+	+	+	
	Note. 0-dimensional objects (F1a), 1-dimensional objects (F1b), 2-dimensional objects (F1c), 3-dimensional objects
	(F1d), geometric properties (F1e), drawing and drawing/construction tools (F1f), non-geometrical tools for creating
	geometrical objects (F1g), angles (F1h), composite figures (F1i).				

Table 4 : Diversity of the fundamental idea 'Operations with forms'

 4 

		F2a	F2b	F2c	F2d	F2e	F2f	F2g	F2h	F2i
	Level A				+	+	+		
	Level B	+	+		+	+			
	Level C	+	+	+	+	+	+		
	Note. Translation (F2a), rotation (F2b), dilation (F2c), point symmetry (F2d), line symmetry (F2e), congruence (F2f),
	composing and decomposing (F2g), folding and unfolding (F2h), tessellation (F2i).		

Table 5 : Diversity of the fundamental idea 'Coordinates, spatial relationships, and reasoning'

 5 

		F3a	F3b	F3c	F3d	F3e
	Level A		+		+
	Level B		+		+	+
	Level C	+	+		+	+
	Note. Coordinate system (F3a), positional relationships (F3b), orientation and orientation tools (F3c), visual perception

(F3d), spatial visualisation, relation and orientation (F3e).

Table 6 : Diversity of the fundamental idea 'Measurement'
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		F4a	F4b	F4c	F4d	F4e	F4f	F4g	F4h	F4i	F4j
	Level A						+	+		
	Level B	+					+	+	+		+
	Level C	+	+	+			+	+	+		+