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SMOOTHNESS OF THE DIFFUSION COEFFICIENTS FOR
PARTICLE SYSTEMS IN CONTINUOUS SPACE

ARIANNA GIUNTI, CHENLIN GU,
JEAN-CHRISTOPHE MOURRAT, MAXIMILIAN NITZSCHNER

ABSTRACT. For a class of particle systems in continuous space with local interac-
tions, we show that the asymptotic diffusion matrix is an infinitely differentiable
function of the density of particles. Our method allows us to identify relatively
explicit descriptions of the derivatives of the diffusion matrix in terms of correctors.

MSC 2010: 82C22, 35B27, 60K35.
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1. INTRODUCTION

We study a class of interacting particle systems with local interactions in continuous
space. These are systems of interacting Brownian particles, where each particle evolves
in R? according to a diffusion matrix that depends on the locations of the particles
nearby. The models we study are reversible with respect to the Poisson measures
with constant density, uniformly elliptic, and of non-gradient type. In the limit
of large scales, the evolution of the empirical distribution of particles is expected
to be captured by a nonlinear diffusion equation. Such a result is usually called
a hydrodynamic limit, and the matrix appearing in this diffusion equation is often
called the bulk diffusion matriz. The qualifier “bulk” underlines that this matrix is
meant to describe the collective evolution of the cloud of particles. We refer to the
monographs [26, 27, 40] for thorough expositions on the topic.

The purpose of this work is to show that the bulk diffusion matrix is an infinitely
differentiable function of the density of particles. That the bulk diffusion matrix is
sufficiently regular as a function of the density of particles is a necessary ingredient
in the proof of the hydrodynamic limit of the model, see for instance [20]. We hope
that, when combined with [23], the present work will allow for the establishment of a
quantitative version of the statement of hydrodynamic limit.

Similar results on the smoothness of the effective diffusion matrix have already been
derived for a number of other models of particle systems [12, 14, 29, 30, 36, 37, 38, 41].
Those works all rely on the approach introduced in [29] to show the regularity of
the self-diffusion matrix of a tagged particle in the symmetric simple exclusion
process on Z®. This approach relies on certain duality properties of the process under
consideration.

The approach we employ here seems different and more direct. In particular, we
end up with relatively explicit expressions for the derivatives of the bulk diffusion
matrix in terms of correctors, which are natural objects that already appear in the
description of the bulk diffusion matrix itself.

Our method takes inspiration from works on the homogenization of elliptic equations
with random coefficients [5, 6, 16, 34]; see also [1, 2, 3, 13, 28]. One can for instance
consider a setting in which the random coefficients of the equation are a local function
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of a Poisson point process with constant density, and ask whether the homogenized
matrix depends smoothly on the density of the point process. This question has
been answered positively in [15, Theorem 5.A.1], following the suggestion in [16,
Remark 2.7] to rely on precise quantitative estimates on the corrector and the Green
function (the results of [16] require the perturbative point process to have a uniformly
bounded number of points in a given bounded region of space, a property that does
not hold for Poisson point processes). These precise estimates are currently not
available in the context of interacting particle systems, and we show here that they
are not necessary for the proof of smoothness of the homogenized coefficients. Outside
of the present paper, we are unaware of results concerning interacting particle systems
for which the number of particles in a bounded region of space is not uniformly
bounded.

In a previous version of this paper, we stated: “We believe that the method used
here could be adapted to the case of elliptic equations and yield a simpler proof of
[15, Theorem 5.A.1] that does not rely on quantitative homogenization theory.” That
this is indeed the case has been rigorously established recently in [17].

It is asserted in [17] that the problem considered here is a particular case of the
corresponding problem for elliptic equations with random coefficients. This is however
not the case, and indeed, the two problems have a different mathematical structure.
In the context of particle systems, one cannot keep the set of all the other particles
frozen in place, as the relevant operator must encode the movement of the entire
cloud of particles at once. In other words, in the case of elliptic equations with
random coefficients, for each fixed realization of the randomness, we can write down
the relevant d-dimensional equations, which will feature random coefficients. Instead,
for interacting particle systems, the relevant equations must be deterministic and
Nd-dimensional, if the number of particles is fixed at N. In particular, the bulk
diffusion matrix is different from the asymptotic diffusivity matrix of the diffusion in
the random environment obtained by freezing the cloud of all the other particles.

One basic difficulty when studying homogenized coefficients is that they are defined
as infinite-volume quantities. As in all other works on the topic, we will therefore
start by studying a localized version of the homogenized coefficients. In the context of
elliptic equations with random coefficients, this is usually achieved by the introduction
of a zero-order term in the equation solved by the corrector. Through this procedure,
one obtains a localized corrector that is also stationary under the action of translations.

In the context of particle systems, the correctors are deterministic functions of
the cloud of particles. Stationarity thus boils down to invariance under translations,
and by the ergodic theorem, a function that is invariant under translations must be
constant. A different approach is therefore necessary. We will rely on the finite-volume
quantities introduced in [23], which are inspired by the analogous quantities introduced
in [11] for PDEs (see also the monograph [9], and [35] for a gentle introduction). As
will be explained below, there are two such quantities; in the PDE setting, one relates
to the imposition of a constant tangential gradient on the boundary, while the other
relates to the imposition of a constant normal flux on the boundary. In the context
of particle systems, we will rely on this second “flux” quantity for our proofs, and
thus first obtain the smoothness of the inverse of the homogenized matrix. Perhaps
surprisingly, significant additional technical difficulties seem to arise if one tries to
devise an argument that would rely instead on the “gradient” quantity; we refer to
Subsection 3.3 for more on this point.

Once our quantity is localized in finite volume, it becomes smooth and we can
compute its derivatives at arbitrarily high order using classical formulas such as (5.9)
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(this formula is called a chaos expansion in [32], and is called a cluster expansion
in [16]). The difficulty that remains is to find suitable estimates in order to pass
to the limit of infinite volume. The estimates we need have a similar form as those
appearing in [5, 6, 16] in the PDE setting; the authors of [16] also single out [4,
Proposition 3.4] as an important source of inspiration. However, several adaptations
are needed, due to the nature of our localization procedure as well as to the differences
inherent to particle systems mentioned above; see for instance the discussion below
the statement of Proposition 3.3.

Another setting in which an expansion for the homogenized coefficients is studied
are colloidal particle suspensions [18, 21, 22, 25, 39]. Under a suitable limit of many
small particles, the homogenized equation for the fluid is a Stokes system having an
effective viscosity. The latter admits an expansion in terms of the asymptotic volume
fraction occupied by the particles.

We finally mention that questions similar to the ones contained in this paper
were also investigated in the context of the V¢ model (a Gibbs measure modeling a
fluctuating interface) [10], and non-linear elliptic equations with random coefficients
[7, 8, 19]. In these settings, the goal is to show that the homogenized coefficients
depend smoothly on the slope of the limit homogenized solution. This is not a
situation in which the varying parameter can be nicely encoded by random fields with
short-range correlations. As a consequence, a different, more quantitative approach
is then mandatory.

2. PRECISE STATEMENT OF THE MAIN RESULTS

We start by introducing some notation. We view a cloud of particles in R? as an
element of M(;(Rd), the space of o-finite measures that are sums of Dirac masses
on R%. The dynamics of the particles is encoded by a mapping a, : Ms(R%) — Rg}frﬁ
taking values in the space of symmetric d-by-d matrices. We assume that this mapping

satisfies the following properties.

e Uniform ellipticity: there exists A < oo such that for every p e Ms(R?),
(2.1) Id <a. (i) <Ald.
e Finite range of dependence: for every p e Ms(R?), we have that

(2.2) ao(p) = a.(uL Byja),

where By, denotes the Euclidean ball of unit diameter centered at the origin,
and L is the restriction operator defined in (3.1).

In (2.1) and throughout the paper, whenever a and b are symmetric matrices, we
write a < b to mean that b — a is a positive semidefinite matrix.

Roughly speaking, we want a particle sitting at the origin and surrounded by a cloud
of particles p to undergo an instantaneous diffusion driven by the matrix a,(u). We
extend the mapping a, by stationarity by setting, for every = € R? and p e Mg(R?),

a(p, ) = ao(T_z ),

where 7_,u is the measure p translated by the vector —z; in other words, for every
Borel set U, we have 7_,u(U) = u(x + U). For every pg > 0, we denote by P,, the
law of a Poisson point process over R? with constant intensity pp. We denote by
E,, the associated expectation, and use u for the canonical random variable on this
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probability space. The interacting particle system we aim to study is associated with
the formal Dirichlet form

f»—»IEPO[fRde-andu].

We refer to (3.3) below for the definition of the gradient of a sufficiently smooth
function defined on Ms(R?), and [24] for a rigorous construction of the stochastic
process.

We expect the evolution of this particle system to be described by a “homogenized”
or “hydrodynamic” equation over large scales. Indeed, this has been shown for
discrete models similar to the continuous one studied here, see in particular [20].
In order to justify this rigorously, it is very useful to know about the regularity of
the homogenized matrix, usually called the bulk diffusion matriz, that enters into
the equation. The aim of the present work is to show that this matrix is indeed an
infinitely differentiable function of the particle density.

For our purposes, it will be convenient to identify the bulk diffusion matrix as a
limit of finite-volume approximations. In finite volume, there are in fact two natural
approximations to the bulk diffusion matrix, which were introduced in [23] and are
inspired by [9, 11, 35]. They are based on the following subadditive quantities: for
every bounded domain U, p,q € R?% and py > 0, we define

1 1
inf E —f— : dul,
vt ”O[po|U| UQ(IHVU) a(p+ Vv) u]

1 1
v«(U,q,p0) = sup E [—f(——Vu-aVquq'Vu) du]a
( ) werrrwy | LpolUlJu\ 2

where |U| denotes the Lebesgue measure of U. Recall that p is a sum of Dirac
masses; for any function F, the integral [;; Fdu = [;; F(z)du(z) therefore stands for
the summation of F'(z) over every point z in the intersection of U and the support
of 1. The precise definitions of the function spaces #1(U) and ' (U) are given
in Section 3 below. Informally, the functions in #1(U) are those whose squared
gradient have finite integral over U; the functions in %' (U) must in addition respond
continuously to the exit from U or the entrance into U of a particle. One can check
(see [23, Proposition 4.1] or Subsection 3.3 below) that there exist symmetric d-by-d
matrices a(U, po),a.(U, pp) that satisfy the bound (2.1) and such that, for every
p,q € R,

v(U,p,po) :
(2.3)

1 _ 1 __
(24) V(U’pvpo) = 5]) a(Uv po)P and V*(UaQaPO) = 5(] : a*l(Ua PO)C]

For every m € N, we denote by O, := (=3™/2,3™/2)? the cube of side-length 3™
centered at the origin. We also have that the sequence (a(0y,, p0))men is decreasing,
and the sequence (&, (0, po))men is increasing. We define the bulk diffusion matrix
as the limit of the latter sequence:

(2.5) a(po) := lim & (D, po)-

It was shown in [23] that the sequence (&(0y,, po))men converges to the same limit,
and moreover, that there exists an exponent a > 0 and a constant C' < oo such that
for every m > 1,

(2.6) [8(0m, po) = &(po)| +[8+(Om, po) — &(po)| < C37™.

The results of the present paper do not rely on this quantitative information. Indeed,
to show our main results, we only appeal to (2.5) as the definition of the limit diffusion
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matrix. This definition coincides with the more classical one based on full-space
stationary correctors, as explained in [23, Appendix B].

Throughout the paper, we fix ¢ € R?, and denote by 1, € 5'(0,,) the optimizer
in the definition of v, (O, ¢, po), see (2.3). The optimizer for v, (O, q, po) is unique
provided that we impose the condition in (3.9) (the formulas derived throughout the
paper only involve gradients of v,,, and are therefore insensitive to the precise way
we “fix the constants”).

For reasons that will be clarified below, we prefer to work with 1,,,, which optimizes
some v, quantity, rather than with the corresponding optimizer for v. One conse-
quence of this choice is that we have easier access to information about the smoothness
of the mapping p ~ a !(p) than of the mapping p ~ a(p). Of course, since these
matrices are uniformly elliptic in the sense of (2.1), discussing the smoothness of one
or the other is equivalent (and from a physical perspective, it is no less natural to
focus on “fixing the average flux at ¢” than to focus on “fixing the average gradient
at p”).

For clarity of exposition, we will first present a proof that the mapping p —~ a*(p)
is C11. The precise statement is as follows.

Theorem 2.1 (C! regularity). The following limit is well-defined and finite
1

e (a-atl {1t aul4d
R e

oo JRA

27)  elpo) = lim E[

where we write all (j, z,21) = a (u + 04,,2) and Vv,bf{nl}(u, 2,21) = Vi (0 + gy, 2).-
Moreover, as p € R tends to zero, we have
(2.8) -3 (po+p)a=q-8 ' (po)g+peipo) + O(p°).

The term O(p?) hides a multiplicative constant that depends only on d, A and |q| (but
not on pg).

Remark 2.2. Theorem 2.1 yields that ¢-a!(-)q is CY'. Indeed, an immediate
consequence of expansion (2.8) is that c;(-) is the derivative of ¢-a *(-)q. Moreover,
using (2.8) around py and pg + p, we see that c¢1(po + p) = c1(po) + O(p), i.e. that c;
is Lipschitz continuous.

A more explicit writing of the right side of (2.7) is:

1
\[]Rd EPO [m 0., W/}m(#a Z) ’ (a(,u,z) - a(/" + 511,2))V1,Z)m(,u + 636172) d/,L(Z) dzy.

In general, we use superscripts to indicate changes in the “measure” argument of the
function under consideration: for instance, the quantity atl} is obtained from a by
replacing the argument p with p + d,,.

In order to describe higher-order derivatives, we need to generalize this notation
to arbitrary subsets of indices. For every finite subset £ € N, and f an arbitrary
function of the measure p, we define

el
For every i e N, , we also write
(2.10) Dif = fl - f.

Notice that for every 7 # j € N;, we have

DiD;f = (f9 = ) = (f1 — ) = fO0I 0 ey,
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In particular, the operators D; and D; commute. We can therefore define, for every
E ={i1,...,ip} € Ny, the quantity

(211) DEf = Dil"'Dipf-

Finally, we need at times to apply these operators to more complex expressions such
as f + g, where f and g are two functions of the measure u, with the understanding
that the operator applies only to f and not to g. We use the superscript # to indicate
the functions on which these operators are meant to be applied, keeping the others
“frozen”. That is, we write for instance

(fF+9)¥=fF+q,  (ff9)¥ ="y,

and similarly with more complex expressions. We also have
# B f +g, if £ = g, # o\
Dot ea)={ it BEIO Dot - (Dens
We use the notation [[1,k]] := {1,2,...,k}. Here is our main result.

Theorem 2.3 (Smoothness). For each k € N, there exists a constant Ci(A,d) < oo
(not depending on py) such that the limit

(2.12) cx(po)
1
— T - . _ g #
= lim f(Rd)kEPO[,o0|Dm| o, V¥m Dy ((a-a®)vel) dp|day - day,

is well-defined and satisfies |c(po)| < Cilq|>. Moreover, the mapping po = q-a ' (po)q
is infinitely differentiable, and its k-th derivative is cx(po).

Note that due to the local nature of the term (a —a®), see (2.2), the integrals
in (2.7) and (2.12) are in fact finite-volume quantities, as the outermost integrals
may be replaced by, for instance, [  and /(Dm+1)k’ respectively.

If one modifies the unit range of dependence assumption in (2.2), assuming instead
that there exists R € (0, c0) such that for every p e Mg(R?),

(2.13) as (1) = as(puL Bpy),

then the fact that the mapping a depends smoothly on the density pg can be obtained
by a change of scale. The particle density for the rescaled process is R%pg. Since the
constants in Theorem 2.3 do not depend on pg, we obtain that, under the assumption
of (2.13) and with the same definition (2.12) of ¢x(po), we have

lex(po)| < Chlgl* R¥.

Estimates of this type may be useful for controlling situations in which the range of
dependence is unbounded.

We now comment on the reason why we choose to work with quantities derived
from v, rather than v. Recall that the function 1), is the optimizer in the definition
(2.3) of v, (O, q, po)- This object may seem to depend upon the choice of the particle
density pg. However, it is in fact not the case. Indeed, the optimization problem for
v, can be split into a sum of unrelated optimization problems, one for each fixed
number of particles in O,,. The optimizer for v, is thus a superposition of these
optimizers, irrespectively of the underlying density of the measure. We refer to
Section 3 below for a more detailed discussion of this property. The fact that we can
view the same object 1), as the optimizer of v, (O, q, po) for arbitrary values of pg
would not be valid were we to work with the optimizers of v(O,,,p, po)-
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The remainder of the paper is organized as follows. We discuss function spaces
more precisely in Section 3, and prove a technically useful lemma stating that
the quantity v, does not change if the particles become distinguishable. We then
show Theorem 2.1 in Section 4. The more general Theorem 2.3 is then proved in
Section 5. Finally, in Section 6, we show that the mappings pg — a(0,,, po) and
po — 8, (0, po) converge to pg — a(pg) locally uniformly, and that this is also the
case for the convergence in (2.12) towards the higher-order derivatives of a(po).

3. SETTING AND FUNCTIONAL FRAMEWORK

In this section, we rigorously introduce the notation and functional framework
that we use in this paper. In particular, we define the function spaces s#*(0,,) and
1 (O,,) that appear in the optimization problems v and v, in (2.3). This will also
allow us to justify why, as mentioned in the previous section, we will prove the main
results of this paper by mainly working with the quantity v, instead of v.

3.1. Configuration space. We denote by R? the standard Euclidean space, by
Qs = (-s/2, s/2)d the open hypercube of side length s > 0, and we write O, := Q3m
for m € N. We also use O as a shorthand notation for the unit cube Oj.

We recall that Ms(RY) is the space of o-finite measures that are sums of Dirac
masses on R?, which we think of as the configuration space of particles, and that Poo
corresponds to the probability measure for the Poisson point process having constant
density pg > 0. We write E,, for the expectation with respect to IP,,. For a Borel
set U ¢ R?, we denote by Fy; the o-algebra generated by the mappings p — u(V),
for all Borel sets V' € U, completed with all the PP, ,-null sets. We use the notation
F for Fra. With this construction, assumption (2.2) yields that the random matrix
a, : Ms(R%) — R‘Siyxr‘fl is an Fp, ,-measurable mapping.

3.2. Function spaces. We now introduce several function spaces on M;(R%) that
will be used in this paper. In particular, we will give the rigorous definition of J#*(U)
and 4 (U).

We start with basic considerations concerning F-measurable functions on M;(R?).
Given a Borel set U ¢ R, it is often useful to decompose an F-measurable function
into a series of Borel-measurable functions on Euclidean spaces, conditioned on
the number of particles in U and the configuration outside U. More precisely, we
denote by By the set of Borel subsets of U. For every u e Ms(R%), we denote by
pLU e Ms(R?) the measure such that, for every Borel set V ¢ R?,

(3.1) (pL)(V)=pUnV).
Then for f: Ms(R?) - R which is F-measurable, we define
ur - R
3.2 n(,pnllU%): n c
(5:2) JaCo U5 {(xl,...,xn) o F (S b + L UY).

The function f, is Bg” ® Fye-measurable. Reciprocally, given a series of permutation-
invariant functions with such measurability properties, we can reconstruct an F-
measurable function f by specifying that, on the event uL U = Y}, d,,, we have
flp) == fu(z1,...,2q,uLU). We call the mapping f ~ (fn)ney the “canonical
projection”, and refer to [23, Lemmas 2.2 and A.1] for more details.

We now explain the notion of derivatives for functions defined on Ms(R?). For
every sufficiently smooth function f: Ms(R%) - R, ue Ms(R?), and x € supp u, the
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gradient V f(u,x) is such that, for every ke {1,...,d},
f(,u - 5x + 5a:+hek) - f(,LL)

3.3 . =i
(33) ey V.f(p,x) = lim h ;
where (e1,...,eq) is the canonical basis of R?. While we wish to emphasize that the

function V f(u,-) is naturally defined only on supp i, we extend it for convenience as
(3.4) for every x ¢ suppu, Vf(p,x):=0.

To clarify the notion of smooth functions appearing in the previous paragraph, we
can appeal to the canonical projections discussed above. For every bounded open set
U c R?, we define the sets of smooth functions > (U) and €°°(U) in the following
way. We have that f e @*(U) if and only if f is an F-measurable function, and for
every € Ms(R?) and n e N, the function f, (-, L U®) appearing in (3.2) is infinitely
differentiable on U™. The space €°(U) is the subspace of €*°(U) of functions that
are Fr-measurable for some compact set K ¢ U.

We define .#2 to be the space of F-measurable functions f such that E [ f2] is
finite. As usual, elements in this function space that coincide IP,-almost surely are
identified. We now define #1(U) as the infinite-dimensional analogue of the classical
Sobolev space H!: for every f e € (U), we introduce the norm

1
2
)

65 Wl = (BalP@1 B[ [ 195 ma)P du)])

and set

= (0 N
(3.6) ANU) ={f €€ U): | fl ) < +o0} @

AU = (F €GO [Flpry < oo} 1@,

namely the completion, under |- 1), of the sets of functions in € (U) or ¢°(U)
that have finite norm || ,o1(;). As for classical Sobolev spaces, for every f ¢ 21(U),
we can interpret Vf(u,z) when z € U nsuppp in a weak sense. This may be
understood via the canonical projection in (3.2).

The two spaces J#1(U) and 4 (U) share many similarities as well as some
fundamental differences. The latter ones, in turn, derive from the differences between
¢ (U) and €°(U): On the one hand, functions in ¥*(U) do depend on puL U®
and the number of particles u(U) in a relatively arbitrary (measurable) way. On
the other hand, functions in the subset €°(U) are Fy-measurable as they do not
depend on particles that cross the boundary OU.

When managing elements in s#1(U) or 4 (U), it is at times useful to think
about them in terms of their canonical projection defined in (3.2): Let f e #1(U)
and let (f)nen be the associated canonical projection. Then for P, -almost every
uL U and every n € N, we have that

e The function f,,(-, L U®) belongs to the (standard) Sobolev space H'(U™);

e The function f,(-,uLU®) is invariant under permutations: if S,, denotes the
set of permutations of [[1,n]] and we write (z1,---,z,) € U", then for every
o € .5, it holds

(3.7) fu(w1, 20, pLU®) = fr(To(1)s = Ton), kL U®)  almost everywhere in U".

If f € 7' (U), then the canonical partition needs to satisfy the following additional
“compatibility condition”: for every n € N, and on the set {(x1,---,z,) e U": z1 € OU },
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it holds

(38) fn(xlf"ax?’w/j’l—Uc) = fn—1($27“'7xn7/'{/l—UC)a

where the identity is to be understood in the sense of traces. Note that, by the
invariance under permutations, the above property also holds if z; is replaced by any
other coordinate z;, i = 2,---,n. Moreover, for every f € ,%’f)l(U) and n € N, we have
that f,,(-,uLU®) in fact does not depend on pL U°.

We summarize the previous remarks in Table 3.1.

Compatibility
Function H'-regularity for  condition when Fu- For every
space particles in U  particles cross QU measurable open set V cU
AN U) Yes No No AN U)c #Y(V)
HZ(U) Yes Yes Yes H(V) e AN U)

TABLE 3.1. Differences between J#1(U) and ' (U).

3.3. Elementary properties of optimizers. As seen in the previous subsection, the
spaces 1 and ' differ in important ways, and this will translate into differences
for the optimizers of v and v,. In fact, except in part of Section 6, we will only rely
on quantities derived from v,. In this subsection, we present some key properties
of optimizers of this quantity, and highlight those that would not be shared by the
optimizers of v.

For U a Lipschitz domain and g € R?, we denote by Yy, € 1 (U) the maximizer
in the definition of v, (U, q, po). By [23, Proposition 4.1] (see also Lemma 3.1 below),
this optimizer exists, and is unique provided we also impose that

(3.9) E[¢vg | p(U),nL U] = 0.
This optimizer is Fp, ,()-measurable, with Byjp(U) = {x ¢ RY : dist(z,U) < %}

Since ¢ = Y4 is a linear mapping, there exists a matrix a. (U, pg) such that

1 1 1 _,
v« (U,q,p0) = Epy [m L(_§V¢U,q'ava,q+Q‘v¢U,q) du] =544, (U, po)q.

The uniform ellipticity assumption (2.1) readily implies that Id < a.(U, po) < AId. By
the first variation, we have for every u € 71 (U) that

(3.10) Ep, [/U (-VYuq-aVu+q-Vu) du] =0.

Using this with u = ¢y 4, we get that

q-8, (U, po)q =E,, [ fU Viu,q-aViug dﬂ]

1
polU]

1
-E —fq-vw d ]
Po[p0|U| U Uyq 1%

In particular, using the uniform ellipticity assumption once more, we obtain the basic
Dirichlet energy estimate

1
3.12 E —fv Zdul <lq).
.12 | vt ] <l

(3.11)
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Similar properties are also valid for optimizers of v, and we refer to [23, Proposition 4.1]
for details. Optimizers of v, differ however in one crucial aspect: denoting by
(¥7,4,n )nen the canonical projection of ¢y 4, see (3.2), we can identify each ¢y g, (-, pl
U¢) as the solution to an elliptic equation. In particular, the function vy 4, which
was defined as the optimizer in the definition of v, (U, q, po), in fact does not depend
on pg. This property would not be valid for optimizers of v.

In order to clarify this, we introduce the following notation: for each n € N,
pe Ms(R?), and u e HY(U™), we write

1 n 1 n
= — ][ E(_—Vmiu-a(zdgﬁ +MLUC,IE¢) Vﬂ”iu+Q‘inU) dzy--day,.
p0|U| i\ 2 =

This quantity corresponds to the functional that is optimized in the definition of v,
see (2.3), but where we have conditioned on p(U) = n and uLU¢; and where moreover,
we substituted an arbitrary u € H'(U™) in place of the canonical projection u, of
some function u € 1 (U). We thus have

V*(U7va0) = sup Epo |:Z ]P)po [/J'(U) = n] jn(un('nU'LUc)7 UvQMU'I—UC)]

ueT(U) neN
(314) <IEPO [Z ]P)PO [M(U) =n] Sup j’n(uv anvul—UC) :
neN ueHL(U™)

The next lemma implies that the inequality above is in fact an equality. Recall that we
denote by (9y/,g,n)nen the canonical projection of ¢y 4, the optimizer of v. (U, ¢, po).

Lemma 3.1. For every p € Ms(R?) and n € N, let up (-, ulU®) € H(U™) be
the unique maximizer of the functional J,(-,U,q,ul-U®) subject to the constraint
Fon wt,gn (- uLUC) = 0. For P, -almost every p e Ms(R?) and every n € N, we have

(315) uU,q,n('a,uLUC) = wU,q,n('al’”—UC)'

Remark 3.2. The quantities uy g, (-, pLU¢) and ¢y g0 (-, pLU) in fact only depend
on the restriction of pL U to the set of points that are at distance at most 1/2
from U, by the finite-range dependence assumption (2.2). The statement that (3.15)
holds for P, -almost every p € M5 (R?) therefore does not depend on py > 0. We are
forced to state (3.15) only for [P, -almost every u since a priori we only know that
Yugn (-, plLU) is well-defined for PP, -almost every p; but the lemma itself provides
us with a straightforward way to extend the definition to every pu € Ms(R?). In the
proof below, we observe that there exists a function uy 4 € 7 L(U) whose canonical
projection is (uy,qn)nen, and then show that uy 4 = Yy .

Proof of Lemma 3.1. We first observe that, for each p ¢ Mgs(R?), the function
Uy, gn (-, pLUC) is invariant under permutation of its coordinates. This is imme-
diate from the facts that J,(-,U,q, L U®) admits a unique mean-zero maximizer,
and that this functional as well as the mean-zero constraint are invariant under
permutations.

We now define the function uy, : Ms(R?) - R in such a way that, on the event
that LU = Yi.; 65, we have

uU,q(N) = uU,q,n(xlv o T, pLUC).
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This definition makes sense since we have verified that ug g (-, nL U€) is invariant
under permutation of its coordinates. It is also clear that the canonical projection of
the function uy 4 is the family of functions (uggn)nen (so the notation is sound).

We now argue that up, € #'(0,,), and by the uniqueness of the optimizer for v,
and (3.14), this will imply that uy, = Yy, as desired. Let now pulL U® be fixed.
By construction, each function uy g, (-, nL U€) satisfies, for every v e HY(U™), the
variational identity

/ Z (Vmiuyyq,n(-,uLUC) -a(z Og; + uI_UC,xZ-) Va0 —q- Vxl.fu) dxq---dx, = 0.
"i=1

i=1
Choosing v = uyqn (-, pL U®) and using (2.1) and Young’s inequality, we infer that

1 ¢
(3.16) —Z][ IV, g0 (- nLU)? < gl

Moreover, since uyqn (-, 0L U¢) has zero-average on U", we may apply Poincaré’s
inequality in the product domain U™ (see for instance [33] or [23, Proposition 3.1])
and obtain that there exists a constant C'(U) < +oco such that

c\|2 S c\|2 (3.16) 2
(3.17) ][U Nuvgn (LU <O Y ][Unlvmiuy,q,n(-,uLU )IF < Cnlgl”.
i=1

Estimates (3.16) and (3.17) and the definition of E, [-] immediately imply that
Uy,q € 1 (U). This concludes the proof of Lemma 3.1. O

As announced, Lemma 3.1 demonstrates that the optimizer for v,(U,q,po) in
fact does not depend on pg: regardless of the density, it is always the same vy,
whose canonical projections are described by this lemma. The only difference is that
optimizers for v, (U, q,-) at different densities receive point processes with different
densities as their argument.

We also stress that another immediate consequence of Lemma 3.1, see also (3.16),
is that each maximizer vy 4 satisfies the following improved energy inequality:

1 n(U)
3.18 o —f Vvt d )
( ) PO [P0|U| U| ”l/)U,ql 1% pO|U|

for every pL U¢ and number of particles u(U) € N fixed. Note that this inequality
implies (3.12).

In most of the paper, we keep the parameter ¢ fixed, and work with the domain
U =0,,. We recall the notation v, =¥, ¢-

u(U),MLUC] < g

3.4. Coupling of point processes. When studying the regularity of the bulk
diffusion matrix, it is useful to introduce a coupling between different densities. Recall
that we keep pp € (0,00) fixed, and let u ~ Poisson(pg) be the “reference” Poisson
point process, with constant density pg. For p > 0, we define another independent
Poisson point process p, ~ Poisson(p), which we think of as a small perturbation.
Then we denote by P = P,) ® P, the joint probability measure, with associated
expectation E, and we observe that p + p, ~ Poisson(pg + p), by the superposition
property for independent Poisson point processes.

Notice that the definition of the space #! actually depends on the density of
particles, although this was kept implicit in the notation. When we want to resolve
the ambiguity, we write J#1(U, i) for the space as defined in (3.5), and we write
AN (U, i+ p1,) for the same space but with density (po +p). In line with the notation
introduced in (2.9), we use a superscript p to indicate when the measure argument of
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a function is taken to be p + pu,. For instance, when we write a” in some expression,
we always understand that it is evaluated as a(g+ p,-); the notation a is understood
to be evaluated at u instead. The same convention applies as well to v, and ,:
the former represents vy, (1) and the latter ¢, (1t + 1,). As discussed in the previous
subsection, the function 1}, can be interpreted as the optimizer of v, (O, q, po + p).
This notation allows us to write, for instance,

(po +p)[Bm| Jom \ 2

We can also define a quantity v, perturbed by adding a finite number of particles
uniformly. We denote by E € N, the index set, and write g := Y ;. 0z, Throughout
the paper we use the following compact notation for the integration with respect to
the particles in E:

1
1) [ 0= e TTdn £ 6= g [0 Tdn
with the understanding that, if F = @, then f;5(-+) = (---).

We define the function space 1 (U, u+ pg) as the completion in S (U, pu+ )
of the space of functions in ¥*°(U) such that the norm

1P e = [ (B (P24 1))+ By | [ 195+ )P d ) @)] ).

is finite. Similarly to the notation a” discussed above, we use the shorthand notation
a® to denote the function a(u + g, -). The dual problem v¥(0,,,q, po) is defined as

(3.20) vF(Om,q,p0)

1 1
= sup ][ E [— (——Vu-a Vu+q-Vu) d(,u+,uE)],
ueN (Om,p+1E) (Om)® P p0||:|m| Om 2

and we denote its optimizer by 1/151. Similarly to what was discussed for v, in the
previous subsection, we have that 1 coincides with the function 9., (u + ), and
we can always think of the superscript E as indicating the operation of adding ug to
the argument of the function, see (2.9).

Ve(Om,q,p0+p) =E [; (—lvw,’; -aPvyYl +q- Vzp:;) d(p + up)] .

We have built the configuration space in order to capture the notion of indistin-
guishable particles: if we exchange the positions of two particles, the measure does
not change. However, when perturbing the measure p with the addition of p, (or pug),
the setting naturally introduces some amount of distinguishability between particles,
as some come from the measure ;o and some from the measure p, (or pg). Lemma 3.1
has clarified in particular that “nothing is gained” in the optimization problem if we
allow the particles to be distinguishable. We now “project” this statement into a
form in which, roughly speaking, we can only distinguish from which measure (such
as W, ftp Or i) a particle “comes”.

Proposition 3.3. For all finite sets £, F € N, , we have that

(3.21) S en Bl (0t e vl - vus - q)du <o
(3.22) | E| [ (Vuh-a? Pyl - vk - q)dul =0,
(Qma1)BVF Om " "

Before turning to the proof, we point out some possibly surprising features of
this result. First, as pointed out above, these relations differ from (3.10) in that
the test functions can distinguish between different types of particles: for instance,
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the function ¥ depends only on u + up, and cannot be thought of as a function
of pu+ p, + (g, as one might hope at first. Second, the integration of the additional
particles indexed by F U F' is carried over the larger domain O,,,1, instead of the
domain O, that one might expect. And finally, we integrate over p only, while
one might at first expect (3.21) and (3.22) to be integrated against p + pp and
p+ iy + pp respectively. The proof below will need to address each of these aspects.
The particular form of (3.21) and (3.22) we have chosen here will turn out to be the
most convenient later on: for instance, we will often need to study linear combinations
of ¢, ’s for different sets E, and it is most convenient that the measure against which
we integrate does not depend on E. Similarly, when we study the effect of a change
in the density, some additional particles that fall in a layer around O,, will need to
be taken into account, and it is more convenient that (3.21) and (3.22) take such
perturbations into account.

Proof of Proposition 3.3. We first show (3.21). The proof can be divided into 4 steps.

Step 1: Decomposition. For E, F ¢ N fixed, we split EUF = Eu(F \ E) and write
wE = upag + ppsg. By Fubini’s theorem we reorganize

f(D )E[ f (V@bfﬁF-aEWﬁ—WﬁzF-q)du]
m+1 m

= —/(Dm+1)F\E E [%Ppo [M(Dm) = n] An(ﬂpvﬂl— (Dm)ca MF\E):I ,

(3.23)

where for every n € N we defined

A, L (O, )

= /s )EE[ [ (vunF-afvul - vt g au
m+1 m

b 1L (O (O = n] .

We note that only z/)f,’LF depends on the realization of u,. Hence, the previous term
can be rewritten as

An(ﬂpnul— (Om)", rag)

* S [fum(vw,’if“ a" Ve - Ve g du ‘ PL(Om)°, 1(Tm) = n] ,

in which the measures p, and pp. g in Ph' are fixed.

We now apply a further decomposition of A,. Let G € E be the set of particles in
Oy, then the integration becomes

ﬂmm+l)E - G;E ‘[Dm+l\Dm)E\G [Dm)c’
and we can write

(3.24)  An(pp, pL (On)°, prk)

— C

- G;E /(-Dm+1\Dm)E\G Bn(ﬂm ,U,l_ (Dm) yUF\E, /'LE\G)7
where the quantity B, (¢, pL (Om)¢, wrE, pE~G) is defined as

Bn()upa j= (Dm)ca/iF\EnuE\G)

= ‘[(D o Epo |;[D (vwﬁéFavaaﬁ—V”tbﬁ;Fq) du MI—(Dm)C, ,U/(Dm) -nl
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Step 2: Finding the associated variational problem. We now claim that, for each
G ¢ E and every pgp.q,

(325) Bn(ﬂpyﬂL(Dm)caﬂF\Equ\G) =0.

To prove this, we begin by specifying where the functions wfl and af are evalu-
ated. Splitting up = ppnc + pew¢ and recalling the definition (3.2) of the canonical
projection for ,,, we note that the term wﬁ in the expectation corresponds to
Ymn+je) (5 L (Om)¢ + peg). By Lemma 3.1, this function is a maximizer for the
functional J;,416)(*; Om, ¢, L (Om) + pe~g). Moreover, we notice that the left-hand
side of (3.25) is quite similar to the variational formulation for the optimization
problem for 7, q(-; Om, ¢, pL (Om)° + pie ) that is tested against the function e
so we define

EW(HP’#L(DW)CaﬂF\E>ME\G’)
= f(D o oo [fD (Vo - af vyl - vyl q) d(u+ pe) | L (Om)®, w(0m) =n|.

In the following, we will

e verify that wﬁ;F is an admissible test function for the optimization problem
for 61 (s Om, ¢, w1 (Om )¢ + pewg), showing that B, = 0;
e deduce from B,, = 0 the claim (3.25).

Step 3: The test function is admissible. Conditioned on p(O,,) = n, we write
pL Oy, and pp as

n |FnG]| |F\G]|
pbOm = Z‘Syw HF = Z 690% * Z 5~'Eﬁj'
i=1 i=1 J=1

Then conditioned on p(0O,,) = n, for P-almost every realization of L (O,,)¢, pp, and
(Lebesgue-) almost every realization of pp. g, the function

n |[FnG]|
(yla U Yny Lags xalpncl) g wm (z; 5yi + Z; 5:2%. + Up\G t /-Ll— (Dm)c + Mp) )

1= 1=
belongs to H'((O,,)"*¥"C1) thanks to (3.18). Thus it also belongs to H'((O,,)"*!¢!)
with respect to the integration (u + pg), and it is an admissible function for the
optimization problem for J,.q(-;Om, ¢, pL (Om)° + pp.g). This implies that for
P-almost every realization of pL (O,,), 1), and Lebesgue-almost every realization of
e g, we have

Bo(ptps 1 (O, ip gy pEnG) = 0.

__ Step 4: Passage from B, =0 to B, = 0. We stress that from the gradient of d)f,;F in

B, out of the (n +|G]) particles in (u+ pg) only those in the support of (u+ ppag)
contribute. Thus we can rewrite B,, as

En(ﬂp;ML(Dm)CaMF\EaﬂE\G)
=f(D 1 oo [fu (von" - af vy - vunt @) d(p+ prae) | 1L (On)%, p(0n) =n .

Notice now that the integrals above give the same contribution for every particle in

(u + prag ), because wﬁn’LF, L and a” are all invariant under permutations for these
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particles. As a consequence, we have

Bn(MmML(Dm)C?NF\Ea,U'E\G)
n ~
=|———|B L(O,,)° Es MWE~
(n+|FnG|) n(Mva (Om), P E, LENG)
=0.

We thus established (3.25). Then we put it back to (3.23) and (3.24), which implies
that the left-hand side of (3.23) is zero and concludes the proof of (3.21).

We now turn to (3.22). The proof is similar and one can repeat the 4 steps above.
The only difference is that we also need to do the expansion according to the number
of particles y,(0,,) and we skip the details. O

Remark 3.4. The proof in fact yields the following stronger result: for all finite sets
E,FcN,, and G ¢ E, we have that

f(D 1)EUFE[fu (szf'aEV¢5‘V¢fﬁF'Q)d(M+uc)]:07

Jo Bl L ek teunt - vk g du+ )] 0.
(Dm+1)EUF O

Remark 3.5. We point out that, choosing p = 0 in (3.21), we recover the same
identity with ¢£{F replaced by ¥ . From this, we may also change the density of
the distribution of y from pg to pg + p, and obtain the analogue of (3.22) with %
replaced by ¥& .

Finally, we note that, by linearity, (3.21) and (3.22) are also true if we use test
functions of the form DpyG F or Dyt F G ¢ N and we replace the outer
integrals by f(Dm+l)EuFUG-

4. FIRST-ORDER DIFFERENTIABILITY

In this section we prove Theorem 2.1. We explain at first its main ingredient,
and it also gives us the opportunity to exemplify the sort of arguments that will be
generalized later to obtain Theorem 2.3.

We recall that we have fixed a vector g € R?, and that 1, denotes the optimizer
in the definition (2.3) of the quantity v.(Oy,,q, po). We use the notation < for < C'x
with the constant C' depending only d, A and the length of the vector g € R?.

The quantity that we will study is the difference between the diffusion coefficients
at different densities

(4.1) A(po) =q-8 " (po+p)g—q-a " (po)g,
as well as, for each m € N, its finite-volume analogue
(4.2) AL (o) = q- 8, (O, po + p)q — ¢+ 8, (Opm, p0)q-

In order to prove Theorem 2.1, we first establish its finite-volume version for A}, (po),
with estimates that hold uniformly over m, and then pass to the limit. We recall that

the notation w%},a{l} is defined in (2.9).
Proposition 4.1. For any p,po > 0 fized, it holds
(4.3) AP(po) = lim A7 (po)-
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Moreover, uniformly over m € N, we have

(4.4) 1A%, (po) = cLm(po)pl S P2,
with
1 1}y g (1)
(4.5) c1m(po) = [RdE oo Jo Vi, - (a—-a ) vyl dp| de;.

The proof of Proposition 4.1 relies on two ingredients. The first is the following
representation formula for the difference term AJ,(po).

Lemma 4.2. For every m e N and p >0, we have

(46) AL, (p0) - E[

Aa—al p
ool Jo, Vo - (a—a )Vwmdu].

One may find that (4.6) and (4.5) look quite similar, which explains that ¢, (po)
is indeed its first order approximation. To verify this approximation, we also need
some estimate, which is the second ingredient for the proof of Proposition 4.1. The
next lemma allows us to compare the behavior of the optimizers 1,,, 5, when the
measures [, or y+ fi, are perturbed by one or two additional particles. Given F ¢ N,
we recall the definitions (2.10) and (2.11) for the finite difference D, and the notation
for the integrals [;p in (3.19) .

Lemma 4.3. For every meN and E, F ¢ N, with |E|<2 and |F| <1, we have

1
A7 f E [ Datbml2dul| <1,
(47 . [mmm‘ [ 9Dl u]
1 2
48 E f Dptm | dul<1.
(45 [po|mm| um‘ reye V0TV “]

Remark 4.4. Applying Lemma 4.3 for an underlying particle density of pg + p instead
of p, we see that the same estimates as in (4.7) and (4.8) hold if we replace 1, by
Ym and g by pu+ pup.

Proposition 4.1 and Lemma 4.3 will be generalized in Section 5 to prove Theorem 2.3,
where a higher-order approximation is needed. Estimate (4.7), indeed, corresponds
to Proposition 5.4 with |F| < 2,G = @&, while (4.8) corresponds to F' = G with |F|=1.

We organize the remainder of this section as follows. We finish the introduction with
a lemma gathering some basic properties of Poisson point processes. In Subsection 4.1,
we prove Lemmas 4.2 and 4.3. Then we devote Subsection 4.2 to the proof of the key
result Proposition 4.1. Subsection 4.3 builds upon Proposition 4.1 to conclude for
the validity of Theorem 2.1.

Here are some basic estimates for Poisson point processes that we extensively use
in the arguments of this section.

Lemma 4.5. Let p € (0,+00). For every measurable F : Ms(R?) - R such that
E,[|F|] < +oo0, z € R%, and finite set E € N,, we have

E, [F('“P) 1{up(D+Z):1}] =P fmz E, [F{l} (kp) 1{up(D+z):o}] dzy,

(4.9)
|Ep [F(,Up) 1{up(D+z)>|E\}] | < PlE‘ f(D+z)E Ep[ |FE(Mp)| ]

For every measurable function H : Mz(R%) x R? - R satisfying the integrability
condition E, [fU |H(up,x)|dup(:z;)] < +o00, we have Mecke’s identity (c.f also [31,
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Proof of Lemma 4.5. Without loss of generality, we may fix z = 0 in (4.9). The first
identity there follows immediately if we spell out the definition of the expectation I,
and use the independence of increments of the Poisson point process:

E, [F(nyp) 1{up(D)=1}] =E,[ep fu F(z, + ppL (O)7) d1 |
=P fD Ep[1(y,0)-0) F (82, + p1p) | da1.
For the second estimate in (4.9), we write n := |E| and observe that

ook k
Ey [F (1) 1,1, (@)1m] = Ep [e_p > %fm)k F(Z%+up'—(D)C)dx1---dwk]-
k=n "V*

i=1
This allows us to bound

By [F (1) Ly, ysimpy ]| € 07

00 k-n
f”Eplze_p(k[i)—n)' »[(D)k -n (Zéya + Z Oz, + pp L O°)|day -+ day— n]dyl ~dyn.

k=n i=1

which is the second estimate in (4.9). Finally, (4.10) may be obtained from the
definition of E, and the invariance of H under permutations of the atoms in p. [

4.1. Representation formula and corrector estimates. In this subsection we
prove Lemmas 4.2 and 4.3.

Proof of Lemma 4.2. We use the definition of A}, (po) and (3.11) to write

A7 (po) =E [m[ q- V¢%d(ﬂ+ﬂp)] [p |Dm|/ q- V¢mdu]

Identity (4.10) of Lemma 4.5 applied to Vi)},, first with density p (with respect to to
1,) and then py (with respect to ), yields that

1
Ef—— P d El ———— P d
[<po+p>|mm| 0,4 V¥ “p] [po<po+p>|mm|f ¢ Vom “]

and, hence, also

1
4.11 AP (po :E[—[ q- (Vb -V d,u].
(a.11) 1) <B| = [ 4 (w0t = V)
To establish representation (4.6) it now only remains to apply (3.22) in Proposition 3.3
and (3.21) with the choice E = F = @. O

Proof of Lemma 4.3. We start by noting that if £ = F = @, then the inequalities of
Lemma 4.3 correspond to the basic energy estimate in (3.12). Hence, we only need to
focus on the cases E, F' +#+ @. With no loss of generality, we prove (4.7) with £ = {1}
or E={1,2} and (4.8) with F' = {1}. We also stress that, since by construction the
maximizer 1, is Fg,mn,,-measurable, for every non-empty subset G ¢ N we have that
Dgpy, vanishes whenever one of the particles {x;};eq does not belong to Q3m,q (c.f.
Definitions (2.11) and (2.10)). This implies that in (4.7)-(4.8) we may replace the
integrals over R? by integrals over any set U 2 Q3m,1. In line with the notation of
Section 3, throughout the proof we fix U = Oyy41.
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We start with (4.7) when E = {1}. In view of the previous remarks and spelling
out the integrand, this may be rewritten as

1
412 f E f (1} YPdp|day <1,
(112) | [ R - v Pauan

We consider identity (3.21) of Proposition 3.3 with p =0, F = @ and E = {1} and
with test function D139 (c.f. Remark 3.5).

L EI:L (VD{1}¢m'aV¢m—VD{1}¢m-Q) dM:I =0

m+1 m

/; E [fD (VD3 thm -2t vl = v Db, - q)du] =0
m+1 m

Subtracting the resulting identities yields that

ol Di1ytm -2 VDt
-/I;|m+1 p0|Dm‘/ v {1}#) at’v {1}1,Z) dﬂ]d$1

__fumHE polm] f VD 1yt - (Diiya) Vi dp] day.

We now appeal to the uniform ellipticity assumption (2.1) and the Cauchy—Schwarz
inequality to infer from (4.13) that

1
E[—— VD th|? du] dz

< E[—— /Davmddx
[DM MD (D(1y2)2 |V 2dp] day.

We obtain the first inequality in (4.12) after noting that (2.2) and (2.1) for a imply
that also

(4.13)

E[—— f D(ya)? |V, [Pdu]d
‘/l;m+1 ;00|Dm| ( {1} )| ¢ | M] 1

3.12
po||:| |A / |V1Z1m(,u,z)| dajldu(z)] 5

This establishes (4.12).
The proof of (4.7) when E = {1,2} follows a similar argument. Observe that

Dy1.oy¥m = 90—yl - B 1y,

we may add and subtract suitable combinations of identity (3.21) in Proposition 3.3
with B e {@,{1},{2},{1,2}} and test function VDy; 239m (c.f. Remark 3.5) to infer
that

‘/(Dm+l)2E[pO|D |/ VD{1,2y¥m - al }VD{12}”¢md,u]dx1d:c2

02
(4.14) memm [po|E| |f VD(1.2p¥m - (a )VD{WmdM]dwldﬂﬁz

) . / D m (D dp|dzy d
‘/(‘Dm+1)2 [p0|Dm| \ {12}'¢ ( {1 Z}a) vwm ,U;:| xr1dxo.

From this, we obtain (4.7) when E = {1,2} as was done in the case F = {1}.
This time, besides the Cauchy—Schwarz inequality and (2.1)-(2.2), we also rely on
inequality (4.12) for |E| =1 that was proved above.
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To conclude the proof of this lemma, it remains to establish inequality (4.8). As
argued at the beginning of the proof of this lemma, this can be reduced to

1 2
(415) E[pdumhﬁm!/;mﬂﬂuVI%uwmldﬂ]sl

We appeal again to Proposition 3.3: we subtract (3.21) with F = @ and test function
Doythy (c.f. Remark 3.5) from the same identity with E' = {1} and test function
D{2}¢m This yields

1
1
o E—f Dyoytm - (D Lhdp).
];Dmu)“’g} [P0|Dm| Om VD 2y tm - (Dpaya) Vb, N]
Appealing to Fubini’s theorem and observing that, by a simple relabelling of the

integration variable, it holds that f(Dm+1){1} D1ythm = f(Dm+1){2} D2y, we infer
that

1
E[p0||:|m| o, V(_/(Dmﬂ){l} D(1y¥m) -av(f(umﬂ)m Dy1ythm) dp]

1
- : (1)
E[p0||:|m| Om v(‘/(D'nwl){l} D{1}¢m) (-[/Dm+1){1} (D{l}a) vwm )d’u]

By (2.1) and the Cauchy—Schwarz inequality, this also implies that

1
. / VD139, [ d
[PO|'3m| o | gy VP10 i
1
[P0|Dm| Dm| (Dmﬂ){l}( (1ya) Vi, [Fdp]

We thus conclude the proof of (4.15) provided that the term on the right-hand side
above is < 1: by the triangle inequality we have that

1
E D \v4 7{711} 24
[/’0|Dm| Dm| (Dm+1){1}( )V, du]
0[O JOm I (@m)

1
E[ |

p0|Dm| Om (Dm+1){1}
The second term on the right-hand side is immediately bounded by < 1 due to
assumptions (2.1)-(2.2) on a and (3.12). The first term admits the same upper

bound thanks to the Cauchy-Schwarz inequality, (2.1)-(2.2), and (4.12). The proof
of Lemma 4.3 is complete. 0

(a—al) [V Pdp].

4.2. Proof of Proposition 4.1. In this section we use Lemmas 4.2 and 4.3 to show
Proposition 4.1.

Proof of Proposition 4.1. Limit (4.3) follows immediately from definitions (4.1), (4.2)
and (2.5). We thus turn to (4.4) and prove this inequality in three different steps.

Step 1. We claim that
1A%, (po) = petm(po)| s P2

1
El——— m- (D P} _ oo}
/Dm+1 [P0|Dm| Om Vi - (Dpya) (Vg Viby, " )dp | dyg

(4.16)
+p
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We begin by using the representation formula for Af,(pg) of Lemma 4.2, the
definition of the expectation E and assumption (2.2) for a to rewrite

1
/00|Dm|

800 =B L [ VB [t 010 (a- )70 0n(0)|

1
(4.17) =E[p0||:] o V@/}m-]Ep[INP(DM):l(a—aP)VzﬂﬁL]du(z)]

Bl [ Vi B[t mm(a-)vin] i)
We claim that the second term on the right-hand side above is bounded by a constant
multiple of p?: using the Cauchy-Schwarz inequality, the bound (3.12), and the
second inequality in (4.9) of Lemma 4.5 with E = {1,2}, we infer that

1
‘]E[ vmeP [1ﬂp(D+Z)>2(a_ap)v¢fn] d,U:H
p0|0m| JOm
(4.18) 1
< 0’ f p,{1,2}2d des)d
"f [p0|Dm| Dm( (D+Z)2|V¢m " dx 562) p(z)1,

and the right-hand side is S p?, as one can see by writing

212 = Doy oyl — Dy, — Dygyh, + 45,

and then applying the triangle inequality and Lemma 4.3. Inserting this into (4.17),
we have that
1
M) B b [ By (1= )90 C2)|
P0|Om| JOm

We now apply the first inequality of (4.9) to the inner expectation in the term on
the left-hand side above. This, together with the locality (2.2) of a, yields that

1
E m - E, |1 oo (a—a’ ’ 14
[pow [ Vo By [, a1 (a-a) 7 M(z)]

- pﬂz[po“j o Vo - ( /D HEP[1%@%):0(21_&{1})%%1] dxl)d,u(Z)]

(45) Pl - pE[ Vi - ([DJFZ(D{l}a)(Wp%{l} —vpilh dxl)du(z)]

po|0m| JOm

Vi (/D+z Ep [1“;7(‘:‘”)?1(D{l}a)vwfﬁ{l}] d371)d,u,(z):| '

+pE

[p0|Dm| Um
To conclude from this and (4.19) that inequality (4.16) holds, it remains to prove
that the last term above is < p?. This may be done using again the second inequality
in (4.9) and Lemma 4.3, as done for the term in (4.18).

Step 2. We now argue that the term appearing on the right-hand side of (4.16)
may be rewritten as follows:

1

f E[—V‘”m (Dpya) (vent - V%{r}})du] dxy
Om+1 :00|Dm|

(4.20)

1
= El —— Dby, - (a1 — allhygye{l) ‘
Jo [Po|Dm| [, Dyt @0 -at)ve dufdm
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We appeal to Proposition 3.3: we subtract (3.21) with £ = F = {1} from (3.21) with
E =@ and F = {1}. This, together with the symmetry of a, yields that

1
_ . p.{1}
Lm+1 E[p0||:|m| /‘;‘m vd}m (D{l}a)vd}m d/"]dl‘l

1
) [Dmﬂ ]E[p()“:lm’ O ngi{l} ) a{l}vD{l}wm dM]dIL‘l

We now subtract this inequality from the same one with p = 0 (see also the discussion
in Remark 3.5) and conclude that

1
(4.21) fDmH E[p0|Dm| fmwm-(D{l}a)(Wg;{l} —vpihy dp] das

1
= E f vl - gyr Yy ath g Doy, dp] da.
fmmﬂ gy o, (TR - vt (1 m dp] dy

We now treat the term on the right-hand side above in an analogous way. We consider
(3.21) and (3.22) in Proposition 3.3 with £ = {1} and test function D31y, (this is
possible by Remark 3.5). This yields

1
(4.22) fuml Bl ool Ja,, VP dm all (voll - vy duldz,
1
B fElml IE[,00|Dm| o, VD 1y %m - ("1 - a{l})Vibﬁé{l} d,u]dxl.

We compare the two displays (4.21) and (4.22), which give (4.20) and thus conclude
the proof of Step 2.

Step 3. In this step, we give an estimate that

(4.23)

Ny

1
E m - (D p{1} _ o, {1}
‘/l;|m+1 [po|Dm| /I;|+z vw ( {1}a)(vwm Vwm )d,u dxq

This, together with the result (4.16) of Step 1, will establish Proposition 4.1.

Appealing to Step 2, the proof of this step can be reduced to establishing that

(4.24) [Elm+1 E[po\lljm\ o VD 1Y - (a” 11} —althygypth dp]dzy| S p.
We use the triangle inequality to split
(4.25) < _[Dmﬂ E[m o VD 1y thm - (a{l} - apv{l})VD{l}d)fndM] day

+

)

1
E VDb - (2t —a? i) gy d ]dx
/EJm+1 [polel Om ym( JVendn|dn

and treat separately the two integrals above.
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We begin with the first one and argue similarly to (4.17) of Step 1: we use (2.2),
Lemma 4.9 and the Cauchy—Schwarz inequality to control

1
E VD1 U - (' —a” v D P d ]dx
/Dmﬂ [pO|Dm| o (13 %m - ( )VD 1y dp | day

1
2
p(Am+1 [p0|Dm| | {1}1/} | M:| 1)
1 22 2
| [ [ 9D ehPdrada(z) | day
O+ p0|Dm| Om JO+2

Lemma 4.3 o 1
© Y [D 1 [polO !f [ VD 1y deadp(z) dey )

Doy? =2 — gt = Dy gy - Diyh,

and appealing again to the triangle inequality and to the estimates of Lemma 4.3, we
infer that

Writing

(4.26) S p.

L |:p0“] [ VD{l}’gDm ( ap{l})vD{l}ﬂJP d,u,:l dxq

m

The second integral in (4.25) may be treated in a similar way, if we split

1
E Db, - (2l — a2 gue dpu|d
fDm+1 [polmml o, VWY (a'™ ™) vyf du | day

1
) E[PO|D I/ /u @+ >VD“}¢""E”[(3{1}‘ap’{l})v¢fn]d$1dﬂ]‘
m m m+1> z

1
IE|:PO|E| | fD /I;|+z VD 1y ¥m 'EP[(a{l} - ap’{l})v%’%] dxy dﬂ:| )

The second term may be bounded by < p using again (2.2) and an argument analogous
to the one used for (4.26). On the other hand, since by (2.2), for every z € O, and
x €0y, N (O+ 2) we have that

+

a{l}(:ua Z) - ap’{l}(ljl7 Z) = 1{up(D+z)21}(a(M7 Z) - ap(,ufv Z))7

the first term on the right-hand side above may be rewritten as

1
E[pollil I[ fu (u+>VD{1}¢m'Ep[(a{1}—ap’{l})vwﬁl]dxldu]
m m m+1N z

1
i E[m [m(fmmm(m@ VD(1yYmder) - Byl 1, @en)o1y(a- ap)va’m]d”]'

We may bound this term by < p by appealing once again to the Cauchy—Schwarz
inequality and Lemmas 4.3 and 4.9. This yields that also the second integral in (4.25)
is bounded by $ p. This establishes (4.24) and concludes the proof of Step 3.
Proposition 4.1 is therefore proved. O

4.3. Proof of Theorem 2.1. Equipped with Proposition 4.1, we are now ready to
prove the main result of this section.
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Proof of Theorem 2.1. A first consequence of Proposition 4.1 is that {c1,m(p0) }men
in (4.5) is uniformly bounded over m € N. Indeed, by definition (4.5), assumptions
(2.1)-(2.2) on a and the Cauchy—Schwarz inequality, we have that

1
P0|Dm|

o o [, @0 -yl du(z)]

1 (00)] = ‘E[

1

1

1 2 1 2

<E[— JA |v¢m|2du] E[ L[ |v¢fn”|2du] .
po|Om| JoOm Po|Om| JOm JoO+

The first factor on the right-hand side above is bounded thanks to (3.12). The second
one can be controlled by the triangle inequality, Lemma 4.3 and again (3.12).

Let po > 0 be fixed. The uniform bound for {c¢i,,(po)}men implies that we may
find a subsequence (possibly depending on pg) and a number ¢} (po) such that

Jim c1m, (po) 3= €1 (po)-

Passing to the limit along this subsequence in the inequality (4.4) of Proposition 4.1
and using (4.3), we infer that for every p >0

(4.27) 8% (p0) - i (po)pl 5 7.

On the one hand, the arbitrariness of p > 0 in this inequality implies that the value
i (po) is the limit for the full sequence {¢m,1(p0) }men, which we denote by ¢;1(po).
On the other hand, definition (4.1) allows to immediately infer that for every pp >0
fixed and p > 0 tending to zero, we have

(4.28) q-a " (po+p)a=q-a " (po)q+ci(po)p+O(p*).

To conclude the proof of Theorem 2.1, it thus remains to extend (4.28) to negative
values of p that tend to zero. We do this by applying (4.28) with the pair (po, po + p)
substituted with (pg — p, po) to get that, as p >0 tends to zero,

(4.29) q-a8 '(po—p)a=q-a " (po)g-ci(po-p)p+0(p?).

To conclude the desired expansion, it remains to show that we may replace ¢1(po — p)
by c1(po) in this display. Defining f(-) := ¢-a !(-)q and appealing to identity (4.28),
we write

er(po—p) = 1470 ﬁ(po ), O(p)

_ f(po) = flpo+p) . fpo+p) = flpo=p) +0(p)
p p
=—c1(po) +2c1(po - p) + O(p).

In the last line, we apply (4.28) at po for the first term, and (4.28) at (po — p) for the
second term wit step size 2p. The notation O(p) is valid as the hidden constant is
independent from the density. The equation above gives us

c1(po - p) = c1(po) + O(p).

Inserting this into (4.29) yields that (4.28) holds also for negative perturbations p.
This completes the proof of Theorem 2.1. O
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5. HIGHER-ORDER DIFFERENTIABILITY

The goal of this section is to generalize the results of the previous section, and
ultimately prove Theorem 2.3 stating that the mapping py — a(pg) is infinitely
differentiable.

As a preparation, we recall that the notation f¥ and D is introduced in (2.9),
(2.11) and state basic algebraic properties of these operators.

Proposition 5.1 (Algebraic properties). For every f,g: Ms(R?) - R and every
finite set £ c N, the following identities hold.

e Inclusion-exclusion formula

(5.1) Dpf= Y (-1)IFFIfE.
FcE

o Telescoping formula

(5.2) f£= Y Drf.
FSE

e Leibniz formulas

(5.3) Dg(fg) = FZE(DFf)(DE\FgF)7
and
(5.4) Dg(fg) = Y. (Drf)(Dag).
F,GSE,FUG=E

Proof. These elementary identities can be proved by induction. We show (5.3) for
illustration. Without loss of generality, we can assume that E = [[1,n]] for some
integer n € N,. The case n =1 is clear:

(5.5) Di(fg) = Mgt — fg = (Dif)g'™ + f(Drg).

Assuming that the formula is valid for E = [1,n]], we can then write
D1 (f9) = D (Dping (f9))
= Dn41 ( Z (DFf)(D[[l,n]]\FgF))
Fe[[1,n]]

= Y Dua ((DeH)(Dpaprs™).-
Fc[[1,n]]

We then use (5.5) to assert that

D1 ((DFf)(D[[l,n]]\FgF))

= (Dropminy F) Dpungarg™ ") + (Drf) (D1 ngarg”)

= (Dropmy /) Dinsigroinan g ") + (Dp ) (D sy rg”)-
Combining the two previous displays yields the claim. O
5.1. Main strategy. In this section, we present the structure of the proof of Theo-
rem 2.3. We will in fact mostly focus on the following finite-volume version of this
statement. Recall the definitions of A” and A}, in (4.1) and (4.2), and we know from

(4.1) that AP =1im,, 0 Ap,. In order to lighten the expressions appearing below, we
use the notation in (3.19) to simplify the integration with respect to several particles.
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Proposition 5.2 (Smoothness in finite volume). For every po >0 and k,m € N, we
define

1
(5:6)  crm(po) = f(Rd)m,kﬂE[ﬂoluml 6, Y ¥m Pl ((a-a®)vui) dp .

There exists a positive constant Ci(d, A) < oo such that for every m € N, and py >0,

(5.7) |ck,m (po)| € Ch.

Moreover, the quantity Ap,(po) defined in (4.2) satisfies that, for every k e Ny,
a p

(5.8) Af(po) = Z;Cj,m(po)ﬁ + Ry (m, po, p),
iz !

where Ry (m, po,p) is such that, as p >0 tends to zero and uniformly over m and poy,
Rk(m7p07 p) = O(pk+1)

In Subsection 5.6, we will obtain our main result Theorem 2.3 as a corollary of
Proposition 5.2. For now, we present the structure of the proof of this proposition.
The first step of the proof of Proposition 5.2 consists in identifying a convenient ex-
pansion for Af,. As a starting point, one can check that if a function f : Ms(R%) - R
is bounded and local, then we have
oo k

(59) EL (1)) = % 55 ( oo BP0

k=0
(See for instance [32, Theorem 19.2]; a self-contained argument is given below.)

Generalizing this observation, it is natural to expect that Af, can be rewritten
from (4.6) as

oo _k
P ! #y o #
- E m - D _ :
;k! (/<Rd>[“vkﬂ [po\um\ o, Vom Dy ((a-a®)ves) du])

where we dropped the summand indexed by k = 0, which vanishes. Notice that
in the formula above, we could replace f(Rd)[[LkD with -[(Dm+1)[I1’k]]’ because ¥y, is
FQqm,,-measurable, a is also local and the perturbation by adding particles outside
O,,+1 will not contribute; this observation will be applied several times in the sequel.
The following lemma states that the expansion formula is indeed valid for Af,; its
proof is provided in Subsection 5.2.

Lemma 5.3 (Expansion of Af,). For each m € N, the quantity Ab, is an analytic
function of p and satisfies

ok
p_\ P / 1 , Yot
(5.10) AL, ;;::1 k!( (Rd)mHE[pO'Dm' o Vm Dy ((a—-a™)veyl) du]).

The remainder of the proof of Proposition 5.2 consists in the analysis of the
summands in the expansion provided Lemma 5.3. Applying the Leibniz formula
(5.10) to these summands:

(5.11) Dpiy((a-a®)vyh)= > Dgla-a®)(DpVim),
BUF—[[1,k]

we are led to the expansion

(5.12) AP =
k=1

hs}

I(map07EaF)7

z|
N

e
D BUFT ]
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where the quantity I(m, po, E, F') is defined for E, F' finite subsets of N,

(5.13) I(m,po,E,F):= [(Rd)[u,k]]

1
E[— Vi - Di(aa#) D (Vo) .
po|Om| JoOm

It suffices to give a uniform estimate for the quantity I(m,pg, E, F') with respect
to m and pg. Heuristically, the k derivatives act either on the conductance or on
the corrector, and they compensate with the integration | (RAYI[LED - With some more
reduction, the estimation of these terms will be based on the following key result.

Proposition 5.4 (Key estimate). There exists a family of constants {C(i,j) }izj0
such that for every finite sets G € F € Ny, m e Ny and pg >0, we have

1
5.14 f E ‘ f Dpvib,
( ) (RI)FNG [POle| O | J(®)C Fvw

The proof of this proposition is based on an induction argument. The base case,
for F' = G = @, is the standard Dirichlet energy estimate (3.12) for v,,. Although
this is not necessary, for greater clarity we first present the easier proof of the special
case with G = @ and arbitrary F' in Subsection 5.3. We then give a proof for the
general case in Subsection 5.4. This requires a more careful use of Fubini’s lemma
and some inclusion-exclusion argument. The proof of Proposition 5.2 is then carried
out in Subsection 5.5, by combining the results above according to the outline just
discussed.

2
du] <C(FL ).

5.2. Expansion in finite volume. We prove Lemma 5.3 in this part.

Proof of Lemma 5.3. We start by decomposing the expression for Af, with respect
to p, L Oy, as the particles outside 0,41 will not contribute to the perturbation

) 1
ap, E[— L Vn-a-a)ves, du]

P0|Dm|
- el $ (Bl ][ gl ! (o alLily oL g
‘ J; J! ()T po| Ty Dmvwm (a-a )V, i) -

We establish first that the series in the above expression converges absolutely. Indeed,
using the Cauchy—Schwarz inequality and applying the bound (3.12) on the Dirichlet
energy, we can write

1 - .
(g — gllbi] 01,57
]{Dmu)[[l,j]] B [po|Dm| O Vtbm (a a )vwm du:H

1 . , 2
< E _ gllLd]l (102 g
(][(\Dmﬂ)[[l,j]] [p0|Dm| O, |(a a )vwm | H
(£ Bl [ [vonld %
(Dm+1)[[1vj]] p0||:|m| Om m 2

1 . , >
< E| —— _ allLd] (1,502 '
(]l(\l]mﬂ)[[lvj]] [p0|Dm| O |(a a )V¢m | d/UJ

We introduce the notation

1 4 ,
Aj = ][ E _altilyoultili2 4, |
! (Qps1 )41 [p0||:|m| O, (a-a YV 4" du

(5.15)
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We can further split the integrals contributing to A; according to the subset E ¢ [[1, j]]
of particles outside of O,,, leading to

|E| J-lEl
Ome1 N O Om
4= 3 (M) (| ‘) B; g,

(5.16) peiyg\ [Bmel [=E

1 ; )
B e ][ ][ E f _ altily gt 2 g, |
5,E (Oms1~Om)E J (@) [LIINE [pO|Dm| N |(a a )qubm | 14

Now for (Lebesgue) almost every (z;)icr € (Oms1 ~ O ) fixed, they can be treated
together with p L (0O,,)¢ as the “outer environment”, and we apply the improved
energy inequality (3.18) for (u(O,,) + j — |E|) particles to obtain that

(N(Dm) +7- ’ED
E fvwv”d‘mmLm] :
Fo e [p0|Dm| VIR dp| (@), L (T) L

From this expression and the uniform ellipticity assumption (2.1), one obtains that

0T + 7 — | E|
p0|Dm|

)

Bjp <

and thus

Ajsci(g) —d=0(1 - 3d)4(1+ £)<C(1+ J )

=0 po|Om| po|Om|

We use this estimate with (5.15) to get that

i (p|Dn‘1+1|)j

1 ] '
— (a-alltd] (1.1
]{Derl)[[lvj]] E [p0||:|m| o Vi, - (a— a7yl dM”

. 1
[e o] j . 2
< CZ (pluﬁul‘) (1 " J ) < 00,

p0|Dm|

which implies that the series is absolutely convergent. Since e~PlBmal g analytic with
respect to p, their product A#, is also an analytic function of p. Then we expand
e~PIBmal into its Talyor series

Z( P|Dlm+1| Z (p|Dm+1|)
! 720

1
E = m ’] 7_7 d
* (]{Dm+1)[[1,j]] [PO,DM 0., Vi, - (a - all )Vw M])

and the absolute convergence allows us to reorganize the summations according to

ar =3 5 ED A"

k=01,jeN, 15!

l+j=k
1 N .
E m - (a—alld] 150 g .
* (]{Dmﬂ)[u,ﬂ] [p0|Dm| - Vo - (a—a 7 yvys 2l dp
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We also observe that the part f(Dm+1)[[17j]](~~-) means the adding of j particles in
Opm+1, but the indices do not play a specific role. Thus we have

1 . .
.(a - allt-dl (1,51
]{Dmﬂ)[[m]] B [p0||:|m| o Vi - (a-a )V, du]

k)l Eﬁ[ E E ]
= > Vi - (a—a™ )V, du
(] E<[[1,k]],|El=j ][(‘Dmﬂ)[[l,k]] polTm] / ( )

This leads to
e el ey \J @m0 po| O] SO,

S (~1)FFlpk 1
by B [(Dmﬂ)[[l,knE Dmvwm‘(a—aE)Viﬂdeu

p0|Dm|

oo _k
i Z Z' (f(um+1> LAl E[P0|D If Viom - Dy iy (2= a#)W#)du])

From the second to the third line, we use the inclusion-exclusion formula (5.1). The
term k = 0 can be dropped since it vanishes. Finally, we can extend |, (Oms1)[14D TO

/(]Rd)[[lvk]] and this is the desired result (5.10). O

5.3. Key estimate for base case. In this part, for clarity of exposition, we prove
(5.14) in the simpler case G = @. That is, we show that for every finite F' ¢ N,

1 2
5.17 f E—/D wl? du| < C(IF),0).
(5.17) . [p0|Dm| [ 1Devil M] (1F1,0)

We start by introducing some notation (that will mostly be useful in the more
general case treated in the next subsection). For z,z € R?, we write Y(E, z) to denote
the indicator function

(518) T(E Z)(l‘ H 1{wZEz+EI}
el

We record a handful of elementary observations concerning T: for every finite sets
E,F cN, and z € R, we have

(5.19) Y(E,2)Y(F,2)=Y(EUF,z),
(5.20) f(Rd)F T(E,2) < f(Rd)F\E T(ENF,2),
and

(5.21) |Dga(p, )| < 2FIAY(E, 2).

Proof of (5.17). The case F' = @ is the basic energy estimate in (3.12), so we now
assume that F' # @. By Proposition 3.3 for p = 0, we have for any finite F1, Fo € N,
that

1
(5.22) me )EIU%E[— . Wﬁz.a&vwﬂldu]
m+1 m

p0||:|m|
- £ E| [ vk adp
(Dm+1)E1UE2 p0|Dm| O m .
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We apply this with Fq, E € F, thus we can extend as an average over particles in F
that

1
(5.23) ]€D v E[ g vyl afrgyl du]
m+1 m

p0|Dm|
1 E
- | iy o, vk aan
]l(\DmH)F |:p0“:|m| Um "

We do the linear combination of (5.23) over all the £ ¢ F' and apply the inclusion-
exclusion formula (5.1) to obtain

Es # # _
(5.24) f(um)FE[polD |fDm Vo2 . Dp (a#vy¥) du]_o.

Here the sum on the right-hand side is zero thanks to the inclusion-exclusion formula
and F' +# @. We extend the integration /(D,,L+1)F to f(Rd)F and then apply the linear
combination of (5.24) over all the E € F' to obtain

1 . T _
(5.25) f<Rd>FE[po|um| fD _Dr(VYm) - Dr (a¥ Vi) du]—O

Now we use the Leibniz’s formula in (5.3) and obtain that

Dp (a#vﬁﬁ) = Z DF\G(aG)(Dvam)'
GeF

We put this back to (5.25), and keep the term (DpVt,)-al (DpViy,) on the
left-hand side, while moving the other terms to the right-hand side

L F
-[(Rd)F B [polmm| fum(DFWm) a” (DpVim) du]

=—G29:F([Rd)F [Po\Dm!/ (Drvem)- DF\G(aG)(Dvam)du])

Using the Cauchy—Schwarz inequality and the triangle inequality, we obtain that

1
1 9 2
o 2l o reverr]

\p2 (fRd)F [poluml f D (2 [DaVim|* du])2

G¢F

Then we use Fubini’s lemma to pass .[(]Rd) G

/(Rd)FE[PdDmI/ IDp(a%)]? DGV m|” du]
1
/<Rd)c [p0|Dm| um( (Rd)F\G| Fa (@) 1DeViml™ dp

The last line uses the fact that DgV, does not involve the particle in FFN G. A
varied version of (5.21) and (5.20) gives us that

/(\Rd)F\G |DF\G(aG)|2 < 4|F\G|A2 ‘/(\Rd)F\G T(F N G, ) < 4‘F\G|A2.
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Therefore, we obtain an estimate that

1

1 2

5.26 f E DpVipml2d ])
(5.26) ((Rd)F [ﬂ0|Dm| o, [PEVYml™dn

1 2
Z( &e | polTn] Jon, IPEVEml i

GeF

This estimate allows us to justify the induction argument. Indeed, the case |F|=0 is
the Dirichlet energy estimate. Suppose (5.17) is valid for |F| = n, then for |F|=n+1,
we apply (5.26). As the quantity on the right-hand side only relies on G' ¢ F', which
implies |G| < n, we can invoke (5.17) for lower order. This completes the proof
of (5.17). O

5.4. Key estimate for the general case. In this part, we now treat the general
case of (5.14).

Proof of Proposition 5.4. We decompose the proof into three steps and we suppose
F=zg.

Step 1: FExpansion. We start once again from (5.23), and apply a “doubling
variables trick”. For G ¢ F € N, , we add another set G’ ¢ N, \ F such that |G'| = |G|,
and consider (5.23) for some Ey ¢ F and F} ¢ (FNG)uG'. Then (E1UE)) c (FuG’)
and (5.23) becomes

Vit - al gl du]

1 E!
= El| —— VUt -qdu].

Then we apply the inclusion-exclusion formula (5.1) over all E; € F' and obtain that

1
E
]€Dm+1)F“G' [P0|Dm| Om

1 o e )
f(um+1>FuG'E[ ool Ja,, VOmPr (a”vyl) dﬂ] = 0.

From this line, we can extend f (Opa1 ) FUC to /(Rd) ruc. We then apply the inclusion-
exclusion formula (5.1) over all Ej ¢ (F \ G)u G’ and obtain

1
S ™ g Jo (P9 -Dr (w50) au] =0

Notice that the particles in G’ only act on the term (D(F\G)ugfvwm), we can pass
/, (Rayc’ O the interior and this equation becomes

1
. # o, # _
-[(Rd)F B [P0|Dm| Om ([(Rd)c' D(F\G)'—'G'vd}m) Dr (a voT) dH:| =0.

Up to a relabelling of the particles, we can write

ﬂRd)G' D(F\G)I_IG’vwm = ‘/(Rd)c DpVipp,

and obtain a counter-part of (5.25) that

1
E (/ Dvm)-D a#v;ﬁd]zo.
/<Rd>F [P0|Dm| o Uaye PPV r(atven) d
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Like (5.25), we do an expansion for this identity for the term Dp (a#Wﬁ#@), but
we need to treat it more carefully. We apply (5.4) on Dp (a#vw#z) and obtain that

Dp (a#v@bﬁ) = Z ‘DF2(a)(DF1V¢m)'
F1uFs=F

We keep the term
{FluF,=F}n{Fhc(F\G)}n{F =F},
on the left-hand side, while putting the other terms
{(RuFR=Fin({FRnG+a}u{F ¢F}),
on the right-hand side. We also notice (5.2) that

Z DFQ(a):aF\G,
FQS(F\G)

so we obtain that

(5.27) f(Rd)FE[m 5 ([(Rd)c Dpwm) .aF\G(DFVQ/)m)d,u]

E bt £ U s rcoionia)

FonG#g, or F1¢F

Because a™?, f(le)G Dppy, and dp do not depend on the particles indexed by G,
we can apply Fubini’s lemma to pass /(Rd)G to interior, thus the left-hand side of
(5.27) becomes

1
E f D m) FNG(Dpvi,,) d
/(Rd)F [pO|Dm| Dm( (RY)G FVYm |-a "7 (DpViy,) du
_ 1 F\G
B f(Rd)F\G . [Po||3m| Om U(Rd)G DFW’”) @ U(Rd)G DFW’”) du]

1 2
> E [ DpVi| dul.
f(Rd)F\G [p0|Dm| Dm‘ ®e " v M]

For the right-hand side, we argue similarly by the Cauchy—Schwarz inequality and
the triangle inequality to obtain that
1
2 3

1
5.28 f E ‘ f DeVibn
( ) ( (REYFNG [p0|Dm| Om | J(RF)E sz/}

1
‘ El—o— ‘f Dp,(a) (D, Vi
FIU%:F (‘/(‘Rd)F\G [p0|Dm| O (Rd)G FQ( )( Py /lp )

FonG#g, or F1¢F

wf

Step 2: Simplification and recurrence inequality. The final goal is to get a recurrence
like (5.26), but (5.28) still needs some further simplification. We focus on the term

Sy P @) (D5 ).
Since Fy U Fy = F', we use the disjoint decomposition that

F= (Fg N\ Fl) [ (F1 AN Fg) (] (FQ ﬁFl),
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which also induces the decomposition of G
GZ((GHFQ)\Fl)l_l((GﬂFl)\FQ)U(GﬂFgﬂFl).

Thus, we can decompose

'/(‘Rd)G :_/(Rd)(GnFQ)\Fl \/(Rd)(GnFl)\FQ A‘Rd)GﬁFQGFl’

and pass them respectively to the proper term

Sy D2} (DR )

) -[(Rd)GﬂFQ”Fl ((_/(Rd)(GﬂFz)\Fl DFQ(a)) ('[(Rd)(c;mFl)\F2 Dp, v1/’771)) .

Let z € supp(u) be the particle at which the gradient is computed, then we use the
notation (5.18) and the estimate (5.21) to give its bound

‘/;Rd)c Dp,(a)Dp, Vi, i (2)
<

2
N _[(Rd)GﬁFzﬂF1 ((_[(Rd)(GﬁFz)\Fl |DF2(a)|) ‘IRd)(GﬁFl)\FQ DF1VT/)mD (Z)
2
/(‘Rd)GﬁanFl ((f(Rd)man)\Fl Y(F2’Z)) U(‘Rd)mnmwg DFlvwm‘) (2).

Next, we use the property that T (Fj, z) requires all the particles in F; to live in z+ O

2
‘[(Rd)G“FﬁFl ((](Rd)<GﬂFz>\F1 T(F, Z)) ‘f(w)wmm\@ D Vim ) (2)
2
-| ) A— (( ) T(F) Jgoynsires D v )| )
< /(‘z+D)G”F2ﬂF1 ((_/(Rd)(GnFQ)\Fl T(F2’ ))2 /(‘Rd)(GﬁFl)\FQ Dp Vi, 2) (Z)
2 2
- f(Rd)GnFQQFl ((f(Rd)(Gan)\Fl T(FQ,.)) [(Rd)wnpl)\@ Dp, Vi )(z).

From the second line to the third line, we use the Cauchy—Schwarz inequality, and
from the third line to the fourth line, we reapply the property of Y (F3,2). So in this
step we gain a small factor for Cauchy—Schwarz inequality. Now, we use the property
(5.20)

< 4lFlp2

Jraoymrrn, T2 S TEN (G0 E) S ), 2),

We put all these estimates back to the right-hand side of (5.28) to obtain that

1 2
E f D D, Vipm)| d
[Rd)F\G |:p0“:'m| O, ‘ (R4)G Fz(a)( F1vw ) /L:|

1
(5.29) <4|F2|A2f [
(RH)FNG | po|Tpp| JOm

2
/;Rd)GnF2nF1 (T(F2 S ((G n FQ) N Fl)a ) ‘[Rd)(GﬁFl)\FQ DF1vwm ) d,u] .

In this integral, we can continue some simplification with Y(F» \ ((Gn F2) \ F1),-).
We have the following disjoint union

FNG=((FanF)~G)u((Fas )N G U ((Fi s F)NG),
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which implies that

(5.30) f - f f f .
(Rd)F\G (Rd)(FQr‘nFl)\G (Rd)(FQ\Fl)\G (Rd)(Fl\FQ)\G

Because /(Rd)(GﬁFl yry, D Vb, only involves a subset of particles in F7, which is dis-
joint from (Fy\ F1) NG, we use Fubini’s lemma to pass the integration of f(Rd)(FQ\Fl)\G
to the inside

1
f(Rd)(Fz\Fl)\GE[m fDm f(Rd)GnFanl
2
(T(Fz\((GnFQ)\Fl),.)V(R )du]
00|0m| JO,, J(RE)GNF2NF
2
((A‘Rd)(FQ\Fl)\G T(F2 N ((G N F2) N F1)7 ')) ‘A‘Rd)(GﬁFl)\FQ DFl vwm d/,[/]
1 N -

1 2 1
- ﬁRd)GmFQQFl E [P0|Dm| N (T(FQ n F17') “/(Rd)(GﬂFl)\FQ DFlvwm‘ ) d,u_ .

From the second line to the third line, we used (5.20) and the decomposition

F2 AN ((GHFQ) A Fl) = (F2 ﬂFl) L ((F2 AN Fl) AN G)

DF1 Vwm

d)(GﬁFl)\FQ

See the Venn diagram in Figure 1 to help check this equation. From the third line to
the fourth line, we put the integral [, (Rd)GNFaNFy outside the expectation using Fubini’s

lemma. We combine this integral together with the rest of integrals in (5.30) and we
observe that

(5.31) f f f - f .
(Rd)(FQmFl)\G (Rd)(F1\F2)\G (Rd)GﬁFQﬂFl (Rd)le((GnFI)\FZ)

because of the identity (see Figure 1 to help check this equation)
((FQﬂFl) \G)U((F1 \Fg) \G)U(GﬂFgﬁFl) =F1 N\ ((GﬁFl) \FQ).

Therefore, one term in the right-hand side of (5.28) can be bounded

1 2
E|—— f Dp, (a) (D Vo) d
‘[(Rd)F\G [P0|Dm| Dm‘ (RA)G Fz(a)( F1V¢ ) :u:I

1 2
< .
h f(Rd)le((GmFl)\Fz) E [P0|Dm| Om (T(F2 nF,) ‘ﬁRd)(GmFl)\FQ Dr, Vwm‘ ) dﬂ:| :

We can further drop out the indicator Y (Fs n Fy,-), and put it back to (5.28) to

obtain that
1
2 2
gl

(5.32) (/(Rd)F\cE[m fm‘f(um)G(Dpwm)

1
< AlF2lp2 f E [ Dp v
) FlU%:F ( (Rd)Fl\((Gmpl)\FQ) pO‘Dm‘ Um (Rd)(GﬁFl)\FQ B wm
F>nG#@, or F1¢F

)
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FiGURE 1. A Venn diagram for illustration. The disk on the left
represents F} and the disk on the right represents F5. The rectangle
is G. We use different colors for the partition of F' = Fy U Fy, and it
has the following bijections.

Fy n Fy = {yellow, purple},
G n F1 n Fy = {yellow},
(F1 n Fy) N G = {purple},
(F1 N\ F5) N G = {red},
(Fy N\ F1) G = {blue},
Fi N~ ((Gn F1) N Fy) = {red, yellow, purple},
Fy~ ((Gn Fy) N F1) = {blue, yellow, purple}.

Step 3: Induction argument. Equation (5.32) is the analogue of (5.26) for the
general case. In this step, we describe the induction argument, which consists in
obtaining a bound for the constant C(4, ) in (5.14) in terms of a linear combination
of the C'(¢',7") with i’ <4, j' < j, and i’ + j' <i+ j. An illustration is in Figure 2.

We denote by I(m, po, F,G) the left-hand side of (5.32). This equation can be
rewritten as

(5.33) I(m,po, F,G) < D 22N T(m, po, F1, (G0 Fi) N Fy).
F1UF2=F
FonG+g, or F1¢F
For sets F1, F5 as in the summands above, we clearly have
[F1|+ (G 0 F1) N Fof < [F[+G].

In fact, the inequality is always strict. Indeed, a possible case of equality would
require that F} = F, since F} € F and (Gn Fy)\ F, € G. But if F} = F, then we must
have F> NG + @, and thus

|(GﬂF1) AN F2| = |G AN F2| < |G| -1.
So all the summands on the right side of (5.33) are such that
|Fi| +[(Gn Fy) N By < |F| +|G|.



SMOOTHNESS OF THE DIFFUSION COEFFICIENTS 35

The induction argument is then clear: the case when F' = G = & is the basic Dirichlet
energy estimate. Next, assuming the boundedness of I(m, pg, F,G) for |F|+|G| < k,
we can obtain the result for |F|+|G| = k+1 by an application of (5.33). This completes

the proof of Proposition 5.4. O
lelhi
x
X X
X X X
X X X X
% X e O(?X? j) x
P X X X X X
X X x X X x X
e e e e |F]

FIGURE 2. An illustration of the recurrence argument. The constant
C(i,7) can be bounded by a linear combination of the C(i’, ;") with
j'<j, i <i,and i + 5 <i+ 7.

5.5. Smoothness in finite volume. We can now combine Lemma 5.3 and Proposi-
tion 5.4 to complete the proof of Proposition 5.2.

Proof of Proposition 5.2. We decompose the proof into three steps.

Step 1: Decomposition and expansion. As stated in Subsection 5.1, we first expand
A}, with respect to p as in (5.10) and use the Leibniz formula (5.4) to get that

A
AS

Z I(m7p07E7F))
BUF=[[1,k]]

k
|

oo k 0
(5.34) AR (po) = Y- Trcrm(po) = ),
k=1 " k=1

o
o

with ¢, defined in (5.6) and I(m, po, E, F') defined in (5.13). Lemma 5.3 ensures
that this series converges, and that p — A}, is analytic. In the next step, we aim to
give a bound to I(m, po, E, F') which is uniform with respect to m and po.

Step 2: Reduction of I(m,pg, E,F). Recall the expression of I(m,pg, E,F) in
(5.13), we use Fubini’s lemma and pass the integration [[1, k]] \ F inside. Notice that
we have [[1,k]] N E = F \ E thanks to EuU F =[[1,k]]. Since the particles in the set
F \ E do not appear in Dg(a-a”), we have

I(m, po, E, F) = E D —#(f D m)d.
(m, po ) RE [pO|Dm| DmVT/J g(a-a™) (RI)FE FVY o
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We apply the Cauchy—Schwarz inequality and obtain that

-

1 2
I,,E,F<[ IE—/D —a®)||[ Vbt d
g P ( [ Bt [ 1Dea- )90

1
E f Dp(a-at ‘f DpVim
) ([(Rd)E [P0|Dm| Dml p(a-a”) (R4)F\E FVY

The first term is easy to treat since we can use Fubini’s lemma that

1
‘/(Rd)E E [P0|Dm| Lm |DE(3- - a#)”vme d:“:l

1
:E[PO|D | Jo ([(Rd)E |DE(a_a#)|)|v¢m|2dﬂ]
<2717,

wf

In the last step, we apply (5.21) and (5.20) that

NI 3 < 9l
f(Rd)E|DE(a a2l [ T <2A

For the second term, we use the decomposition

Dg = Dg<r ° Dgnr, f(Rd)E =/(Rd)E\F f(Rd)Eva
and pass the integration f (RA)ENF inside
1 2
S B Jo, 2@ [ D] ]

1
[ S
‘/(;Rd)EmF |:P0|Dm’ Dm( (Rd)E\F| E(a a )| (Rd)FNE Fvw

We apply once again the estimate (5.20) and (5.21) that

2
d,u] .

f(Rd)E\F |Dg(a-a™)| < 2P rayer Y(E,) <2EAT(EnF,) <2PIA.

Therefore, we bound the second term by

1 2
E / D —a” ‘f D m| d
Jinoe [polel Y i B
1

2
E [ DpVion| dul.
(RA)BNF [PO‘Dm’ O ‘ (RA)FNE FV¢ ’u:|

Here we apply the key estimate Proposition 5.4 to conclude the proof a the uniform
bound of I(m, po, E, F") with respect to m and py. This also implies the uniform
bound (5.7) for ¢k m(po)-

Step 3: Control of the tail Ry. In this step, we need to control the tail in the
expansion of A%, (pg). Even if one were to keep track of the dependence on k in
the upper bound |cx m (po)| < Cj obtained above, one cannot ensure the summability
of the series ¥ ;.1 %p] On the other hand, we know the function p — Af,(pg) is
indeed analytic for any fixed pg € R, (using a naive bound of ¢, depending on m,

< 2EIp
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see Lemma 5.3 and its proof in Subsection 5.2), so for ¢; ,, defined in Proposition 5.2
and pg > 0, we have

o0 -(L) an(m)
Cim\pP0o) = (_) m\P0)-
’ dp/ =0
We also write 7 Af, as a shorthand notation for the j-th derivative at p,
. dy
96 () = (1) o).
p
Then we apply Taylor’s expansion for the function p = Af,(po) until order k
ki AO p o+l As
(5.35) AL (po) = Z & (Po)p] f 0" A7 (po) oF ds.
Recalling the definition of A}, in (4.2), we have

s dy/ _ _
A3, (po) = (d—p)| (q-8" (O, po + p)q - q- &, (O, po)q)
p=s

dy’ _ __
= (d—) (q-8;" (O po+5+p)g— g8, (O, po +5)q)
P 71p=0
=AY (o +5).
Since 0" LAY (po + ) = ckr1.m(po + 5), upon inserting this back into (5.35), it follows
that

p +
(5.36) AP (P )= Z ],m(pO p] / Ck+1,m pO s) s* ds.
This gives us an expression for the remainder of order k in (5.8), which is
p +
(5.37) Ri.(m, po, p) = f Wé’k ds.
0 !

Using the uniform estimate (5.7) of cg41,m(po +s) with respect to pg + s and m, the
remainder is of order O(p**!) independent of py and m. This finishes our proof of
Proposition 5.2. O

5.6. Proof of the main theorem. In this final subsection, we conclude the proof
of the main Theorem 2.3, using Proposition 5.2.

Proof of Theorem 2.3. As a first step, we show the existence of the limit in (2.12). Let
k > 2 and assume by induction that the existence of ¢;(po) is established for 1 < j < k-1
and pg > 0 (recall that the existence of ¢;1(pg) follows from Theorem 2.1). For py > 0,
the sequence {cgm(p0)}men defined in (5.6) is bounded by some positive constant
Ci(d,A) using Proposition 5.2. Thus, there exists a subsequence {ck m,(p0)}ren
(possibly depending on pg) such that

cr(po) = Hm cxm,(po)

exists. By (5.8), one has for p>0

<| Ry (mu, po, p)l,

Afné(po) z:l ]mg(PO)P] Ck, m]:;'(p()) k
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and passing to the limit £ - oo yields (upon using Proposition 5.2, the induction
hypothesis and (4.3))

kle; ¢
Gas) s A - 3 GG ok o s
p0€(0,00) j=1 J: :

In particular, (5.38) implies that c;(po) is the unique limit of the full sequence
{¢k,m(po) }men, and we denote it by cx(po). This proves (2.12). We note in passing
that

(5.39) 1, ¢k < (0,00) > R are bounded functions,

which follows by (2.12) and |cg | < Cr(d, A), see Proposition 5.2. Thus, we can write
k. A
(5.40) A7) = 3, L0 4 O, o >0
=

with the error term independent of pg. To simplify notation, we again set f(-) :=
q-a'(-)qg. We claim that the expansion (5.40) implies that

(5.41) 1, ¢k < (0,00) > R are Lipschitz-continuous,
and moreover
(5.42) f has k derivatives, and £ (pg) = ci(po), 1<j<k, po>0.

We first define the forward difference of order ¢ of f at pg > 0, £ € N, with step size
p=20as

Lore i .
(5.43) AMLFN(p0) = A% (po) = 32 ()= F(po + ip),

i=0
(note that with our fixed choice of f, A (pg) = AP(pg)). We claim that these
quantities fulfill for 1< €<k, po >0 and p >0,

(5.44) A (po) = ce(po)p” + O(p™),

with the error term independent of pg, and for 1 <<k, pg >0 and p > 0,
(5.45) A (po + p) = A (po) = A1 (o).
We prove (5.44). To this end, we infer from (5.40) that
k. .
(5.46) flpo+ip) =7, L’:o)(lﬁ)” +0(p"™),  for p>0,1<i<k,
j=0 J
where we defined for convenience co(pp) = f(po). Equation (5.46) is now inserted
into (5.43), which yields for py >0, p> 0 and 1 <<k that

Y & eilpo),. o & oeilpo) .
Ae’p(po) - Z(.)(_l)ﬁ i Z L')(Zp)] + Z L')(ZP)J +O(pk+1)
i=0 \? j=0 J: j=t+1 J
Locs (Lo y
=2, Mp” (Z ( .)(—1)5‘%’3) +0(p")
j=0 J¢ i=0 \?
= co(po)p” + O(p™).
Here, we combined the terms involving p’ with j e {¢+1,--- k} and O(p**!) into a
contribution O(p*1) and using (5.39) in going from the first to the second line. From
the second to the third line, we use the fact that for any polynomial P with real
coefficients Ay, -, Ay, i.e., P(X) = Ay X" + -+ Ay of degree smaller or equal to £, one
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has Y%, (f)(—l)g_iP(z’) = (1Ay. Equation (5.45) also follows directly from elementary
properties of binomial coefficients. Indeed:

4 A 4 .
Ao+ p) = A (p0) = 1) ([) o0 + -+ 10) = S0 () )
+1

- ;(—1)Z—i+l(i f 1)f(ﬂo +ip) + g(:](_l)é—ﬂl(f)f(po vip)
= éil 1)t Z{(Z f 1) + (f)}f(po +ip)

/+1

= (o i) = 2 o).

Identity (5.44) is now used at pg + p and pg on the left-hand side of (5.45), and at
po on the right-hand side of the same equation (recall that the O(p%) resp. O(p“*!)
terms do not depend on pg):

1 1
(A (po + p) = A" (pg)) = A (po)
p p

= c(po+p)—ci(po) =cer1(po)p+O(p),  for p>0.
By the boundedness of ¢g,1 (5.39), this establishes the Lipschitz-continuity (5.41) of ¢;.

(5.47)

Now we prove the differentiability (5.42): By induction, suppose that we already
established that £ (pg) = ¢p—1(po) for all pg € (0, 00), and 1 < £ < k. Now, for p >0,
one has

atom -5 (1) 1>f1’{f—c"(f,’”(imu—Cf(p(’)(w)ﬁ}w(pﬁ“)
Jor A 2!
(5.48)

Z
= o (po)p" + ;}(5 D e+ 06,

=C¥)

having used the same arguments as in the proof of (5.44), with C'(¢) € R some
numerical constant. The latter gives us that for ,0 >0,

1 5.45) 1
ﬁAz’p(Po)( 29 ;{pg 1A€ Y(po+p) - AZ 1(P0)}

(5.49) - %w_l(po +0)—ce1(po)) +c<e><ce<po + )~ ce(pn)) + O(p).

=2 (S (po+p)=f 4 (o))

On the other hand, the left-hand side of the equation above is also equal to cy(pg) +
O(p). Letting p | 0 then shows that the right-derivative of f (=1) at po exists and
equals ¢y(pp), upon using (5.41) for ¢,. Replacing pg by pg — p in (5.49) then gives

(5.50) %(f“‘l)(po) ~ F D (pg - p)) = ce(po - p) + O(p),

from which one can then infer the left-derivative of f=1) as well (using once
more (5.41)). This finishes the proof of (5.42). Since k € N, was arbitrary, the
proof of Theorem 2.3 is complete. U
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6. LOCAL UNIFORM CONVERGENCE

The aim of this section is to strengthen the pointwise convergence of the sequences
(a(Om, p0))ms1 and (8. (0, po) )ms=1 towards a(pg) for each fixed py > 0 (see (2.5)
and below) to a locally uniform convergence, that is to show the following statement.

Proposition 6.1. The mappings a(0y,,-) and a.(0,y,-) both converge to a(-) locally
uniformly over [0,00) as m tends to infinity. Moreover, for every k € N, the sequence
of approximate derivatives cy ,, converges locally uniformly to ci, as m tends to
infinity (recall (5.6) and (2.12) for the respective definitions).

The local uniform convergence of a(0,,,-) and a.(0,,,-) could in fact be obtained
as a consequence of the quantitative estimate (2.6) and the observation that the
exponent « > 0 and the constant C' < co appearing there can be chosen locally
uniformly over pg > 0. However, we think it useful to point out that Proposition 6.1
is actually a rather straightforward consequence of the qualitative statement that,
for each fixed pg > 0,

(6.1) a(po) = lim &(Opm,po) = lim & (Om, po)-

As will be seen, once (6.1) is granted, the fact that these sequences converge locally
uniformly as pg varies is an application of Dini’s theorem.

Since we will need to show the continuity of a(0,,,), we first need to develop some
version of Lemma 3.1 geared towards v(U,p, po) instead of v.(U,q,po). To state it,
we define for a bounded open U ¢ R? the function space 2 (U) to consist of sequences
of functions f = (f,)ns0, where f,, : U™ - R satisfy

(1) fo is a constant and for every n e Ny, f, e C°(U");
(2) There exists a compact set K ¢ U such that for any z; ¢ K

(@1, Tic1, @iy Tie, -, T ) = froo1(T1, 0 Tisl, Tigd, o, Tn) -

The canonical projection in (3.2) is an injection from € °(U) to 2(U); in other
words, we can think of €°(U) as a subset of Z(U).

We then define a version of the minimization problem in the first line of (2.3) with

2(U) replacing ' (U). Define for f € 2(U) the quantity

eVl & (polUT])"
20001 &l

f ][ Z(p+vxifn)'a 25$k+NLUC737i (p+ Vi, fn) dzr--day, | APy, (11)-
Ms(RY) " k=1

(62) K(f? U7p7 PO) =

With this definition, one has the following result.
Lemma 6.2. For every bounded open set U, v(U,p,po) = inf seqry K(f,U,p, po)-
Proof. For every f = (fn)ns0 € 2(U), we consider the symmetrization f= (ﬁz)n)O

by defining f, = % Yoes, f(To(1)s s Ta(ny). This function fulfills fe2(U): Indeed
fn € C>=(U™) follows directly from the definition, and letting K € U be the compact
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set associated with f, one has e.g. for the case x; ¢ K

~ 1
fn(mlax%'”axn) = m Z fn('l‘o'(l)7x0'(2)"”7'1"0'(71))

*oeSy

1
= N Z fn—l(‘r027ma3a"'7‘ron)
D s, 2 (2)s To(3): " To(n)

= fn71($27 e xn)
Here, from the first line to the second line, we can remove x7 in the function, and
make use of the natural n-to-1 bijection from the group of permutations S,, to the
group of permutations S,,-1({2,---,n}). This establishes the second condition for
functions in 2(U), so f € 2(U).
By an application of Jensen’s inequality, it follows that

K(F,U.p, po)
e—polU] = (P0|U|)ni
S 200|Ul 2 n! nl

> fMé(Rd)(fn;«mvmifn<x(,(1),.._’%(n)))

oeSy

a(z 5mk + /J,LUC,.’L'Z') (p + VmifN(xU(l)a 7xo(n)))) d.fCldCUn) d]P)po(M)v
k=1

which implies that K(f,U,p,po) < K(f,U,p,po). This establishes that the value
inf te 0y K(f, U, p, po) can be attained on the subspace with invariance by permuta-
tion, which can be identified as €°(U). O

Proof of Proposition 6.1. We need to verify that

(6.3) For fixed m € N, a(0,,,-) and a.(0,,,-) are continuous.

Once (6.3) is established, the uniform convergence follows from Dini’s theorem,
which states that if a decreasing or increasing sequence of continuous functions ( fy, )ns1
converges pointwisely to a continuous function f, then the convergence is a locally
uniform. Recall that (a(0Op,-))ms1 is decreasing and (&4 (0Op,-))ms1 is increasing
and the common limit (6.1) is ensured by [23, Theorem 1.1]. Moreover, note that a(-)
is continuous by Theorem 2.3 (in fact, to establish the continuity of a(-) it suffices
to establish its upper and lower semicontinuity, which follows from the monotone
convergence of &(0,y,,-) and a.(0,,,-), respectively). Therefore, it suffices to justify
the continuity condition (6.3).

Step 1: Continuity of a,(Oy,-). The continuity of a;!(0,y,-) follows immediately
from (4.4), and this implies the continuity of &, (0, -).

Step 2: Continuity of a(0,,,-). We use the exact expression of the subadditive
quantity

v(Qm,p, po +p) =p-&(0Om, po + p)p

1
ZE[m/Dm(erVﬁﬁﬁz)'ap(P+V¢ﬁq)d(M+Mp) ,

for m e N, p e R? and ¢/, denotes the minimizer in the definition of v(Q,y, p, po + p)-
We now derive an upper bound on the above expression. Using Lemma 6.2, we know
that ¢, (1) is a sub-minimizer for the problem v(O,,,p, po + p) with density p + po.
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Also with the help of Mecke’s identity (4.10), we obtain that
p-a(0m, po + p)p

<E m[ (p Vﬁbm(/‘? )) a(u+up, )(p+v¢m('u7 ))d(,u'",up)]
pAlpl?

pot+p

<E -m f (P +Vom(p,-)) - alp+ pip, ) (P + Vom(p,-)) dﬂ] +

B[l [ 0 T () -2l ) ))du]
) Alol
p

Po ) =

+ p-a(o ,po)p+(
(po +p " po +

For the first term, we perform an expansion with respect to u,, and note that

a(p+ pp,-) —a(p) =0 on the event {y, = 0}. Therefore,

E[(P0+P = |f b+ Vm(p,- ))'(a(ﬂwm')—a(ﬂa-))(quﬁm(ﬂf))du]

_ #I0ml $° ((pIDmI)’“ 1
=\ kL (po+p)[Bml

S| [ @0 70 (a0 23609 -2009) 0+ 960 09) |

=1
Dm|)(k 1)

<O (_p'DmZ p|(k, 0 A2lpl2)

k=1
= p|Om|A%[p]*.

This gives us
(6.4) p-a(0m,po+p)p—p-a(0m, po)p
<O IApf + (L) Alpl = (=L ) - &(Cs o)
po+p po+p
Taking p v 0 we obtain that
(6.5) }Jif% a(0m, po + p) <&(0Opy, po).-

We now establish that lim,o&(0pm, po + p) = &(0pm, po). To this end, we drop out
the part of integration against i, and obtain

(6.6) p-a(0m,po+p)p

Po [
po+p | po|Oml

We compare this with the following minimization problem, in which we fix M;s(R%),
peR? and U c R¢ a bounded domain,

(6.7)

, 1 1
v(U,p; pp) = Ue;%llf(U)‘/-(p|U| (p V) -a(p+ pp,- )(p+Vv)du)deo(u)

S 90 201y o+ 98

This can always be seen as the problem like (2.3), but with a perturbation with a
fixed point process 1,. We denote by p+ ¢ (15 11,) € 51 (U) its minimizer, and for
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every fixed u, € Ms(R?), ¢, (- + p,) is a sub-minimizer for (6.7). Therefore, (6.6)
gives that

p-a(0m, po + p)p

Po 1 . , . .
> p0+pEpO[pO|Dm| fDm(p+V¢m(u,ﬂp)) a(p+ ) (P + Vm (s 1)) dp |

We perform an expansion with respect to y1, and notice that, when 1, = 0 the problem
(6.7) is exactly the same as (2.3) and ¢, (1£50) = ¢ (1), so we obtain that

(6.8) p-a(0m, po+p)p > (po )p-ﬁ(Dm,po)p-
pot+p

This also concludes that

(6.9) ,loi{% a(0p, po +p) 2 a(0p, po)-

Combining (6.9) and (6.5) yields the right continuity of a(0d,,,).

We also need to verify the left continuity. We define py := pg + p which is fixed,
then (6.4) becomes

= - P P
p-8(0p, p1)p = &(0m, po)p < p|0| A2 [l + (E) Alpf* - (p—l) Ipl*.
We let p1 # po and obtain that
a(0pm, p1) < lim &(Oyp, po).
po 7 pP1

Similarly, we put fixed p; = pp + p into (6.8) and get

_ _ poe_P“jm‘ 9
p-8(0pm, p1)p —p-8(0p, po)p 2 B L) Alpl%,
which means that
po 7 p1

These prove the left continuity of &(0,,, ), establishing that a(d,,,-) is continuous.
Step 3: Locally uniform convergence of ¢y ,. We now turn to the proof of the

locally uniform convergence of {cg m }men. Let K >0 and p > 0. For the case k =1,
by (5.8) and (5.40), we find that

1
sup |c1m(po) —c1(po)l < = sup |Ri(m, po,p)|+O(p)
p0€[0,K] po€[0,K]

1 - .
+= sup |g- (@ (po+p) -8 (T, po+p))dl
ppoe[ovK]

+ L s 1g- @ (po) - &2 (T )l
P poe[0,K]
Using the statement of Proposition 5.2, the first line on the right-hand side of the
previous display is uniformly bounded by a constant O(p) independent of m and py,
and the locally uniform convergence of (a.(0y,"))ms>1 towards & makes the second
line and third line vanish when m tends to infinity. Thus, we obtain

limsup sup |erm(po) —c1(po)| < O(p).
m—oo poE[O,K]
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Since the left hand side of the display above does not depend on p, we can let p be
arbitrarily small, which proves the locally uniform convergence of {¢i m }men. For the
case k > 2, the claim about {cg m }men follows in the same manner by induction. O
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