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In this paper, we explore 7 th -grade field-dependent and field-independent cognitive style students' reasoning for the relationships within and among particular quadrilaterals in a dynamic geometry software (DGS) environment. To do this, verbal protocols throughout classroom observations were collected from 97 seventh-grade students. The results indicated that the use of DGS engages the students from three cognitive style groups in reasoning for the relationships on particular quadrilaterals.

Introduction

One of the most interesting and difficult research fields in geometry education concerns both whether and how students with individual differences reason effectively in geometry when teaching material complements and widens their modes of perceiving [START_REF] Johnston-Wilder | Developing thinking in geometry[END_REF]. As one individual difference, field-dependent (FD) and field-independent (FI) cognitive style [START_REF] Witkin | Field-dependent and fieldindependent cognitive styles and their educational implications[END_REF] describes an individual's mode of perceiving and may have important implications in geometry. This is because, like geometry, FD/FI cognitive style demands perceptually disembedding, reorganising and restructuring information [START_REF] Witkin | Field-dependent and fieldindependent cognitive styles and their educational implications[END_REF]. In FD/FI cognitive style, individuals can be categorised as FDs, field mixed (FM)s and FIs. The key difference between FDs and FIs is visual perceptiveness [START_REF] Witkin | Field-dependent and fieldindependent cognitive styles and their educational implications[END_REF]. If individuals are asked to locate a simple geometric figure embedded in a complex figure, FDs will take longer to do than FIs, or they may never be able to do it. FMs fall in the middle of the continuum.

Geometric reasoning involves being able to deduce geometric properties of, and relationships among, two-dimensional shapes and to justify these relationships using these properties [START_REF] Llinares | Characteristics of pre-service primary school teachers' configural reasoning[END_REF]. Dynamic geometry software (DGS) with drag capability may have the potential to accommodate the needs of diverse students on geometric reasoning because DGS plays a central role in obtaining different geometric configurations, and exploring and reasoning for whether particular geometric relationships are true or not [START_REF] Marrades | Proofs produced by secondary school students learning geometry in a dynamic computer environment[END_REF] in line with their own individual needs and pace.

Even though much work has been done in these areas, less attention has been given to the examination of FD/FI cognitive style about students' reasoning for geometric relationships in a DGS environment. In [START_REF] Ubuz | Project-based geometry learning: Knowledge and attitude of field-dependent/independent cognitive style students[END_REF], we showed that contextualising, visualising, and collaborating opportunities in the learning environment involving the use of a DGS as well as other activities seemed to accommodate the needs of students with different cognitive styles (i.e., FDs, FMs, FIs) related to the geometry knowledge on angles and polygons. Our present study extends this previous study [START_REF] Ubuz | Project-based geometry learning: Knowledge and attitude of field-dependent/independent cognitive style students[END_REF] to examine FD, FM, and FI cognitive style students' reasoning for the relationships within and among particular quadrilaterals in a DGS environment. Specifically, the present study is guided by the following research question: How do FD/FM/FI cognitive style students engage in a dynamic geometry environment about reasoning for the relationships within and among particular quadrilaterals?

By understanding the way that different cognitive styles students reason for geometric relationships using the DGS, we can provide a learning environment that is adaptable to different types of learners and learning situations and conduct further research about using DGS and cognitive style or any other individual differences.

Conceptual framework

The relationships on quadrilaterals (four-sided polygons) are areas of study that may help to advance the development of geometric reasoning [START_REF] Fujita | Learners' level of understanding of the inclusion relations of quadrilaterals and prototype phenomenon[END_REF]. To reason for geometric relationships on quadrilaterals, one needs to coordinate discursive and operative apprehensions [START_REF] Duval | Geometrical pictures: Kinds of representation and specific processing[END_REF] and reach at least van Hiele's (1986) informal deduction level. Discursive apprehension refers to associating the figure with mathematical properties, and operative apprehension allows the modification of a figure to consider subconfigurations. Identifying a figure's sub-configurations (e.g., its sides, angles, and vertices) is called dimensional construction [START_REF] Duval | Understanding the mathematical way of thinking -The registers of semiotic representations[END_REF]. For example, a quadrilateral, which is a two-dimensional (2D) object, can be decomposed into line segments (1D) and vertex points (0D).

A student at van Hiele's informal deduction level interrelates previously discovered properties by giving or following informal deductive arguments (a set of reasons). Reasoning for the relationships on quadrilaterals in middle school is mainly based on achieving this level of reasoning. At this level, students can establish the relationships of properties of quadrilaterals both within a quadrilateral (e.g., "if opposite sides of a parallelogram are parallel, then its opposite angles are congruent") and among quadrilaterals (e.g., "every rectangle is a special type of parallelogram" because it has all the properties of parallelogram). However, they do not understand the significance of formal deduction as a whole and they often use empirically obtained conclusions in conjunction with deductively obtained ones.

Based on the perspectives of Duval's discursive and operative apprehensions and dimensional deconstruction and van Hiele's informal deduction level, reasoning for the relationships on particular quadrilaterals requires making informal deductive reasoning by identifying subconfigurations and using figures' attributes or properties (e.g., regarding their sides, angles and vertices).

Methods

Participants

A total of 97 seventh-grade students in three intact classes from a private school in Ankara were classified as FD, FM, or FI as a result of their performance on the Group Embedded Figures Test (GEFT; [START_REF] Witkin | A manual for the embedded figures test[END_REF]. The GEFT is a geometric design test to evaluate individuals' cognitive perceptual ability to locate simple shapes embedded within complex figures in a certain period of time. The grouping of the participants into FD/FI cognitive style was based on the mean score and the standard deviation of the GEFT (see Table 1). Students who achieved one-half standard deviation below the mean were considered to be FD; those located one-half standard deviation above were classified as FI; those in the middle were classified as FM. Note. FD = field dependent; FM = field mixed; FI = field independent.

Prior to our intervention, the participants had already passed through all Grades 1-6 geometry topics and some of the Grade 7 geometry topics such as particular angles (e.g., supplementary angles, angles when a line intersects two other parallel lines), triangles, rectangles, squares, and their angle and side properties. They had already observed some prestructured dynamic drawings rather rarely and randomly on these topics.

Description of the Environment for Teaching Quadrilaterals

Participants in the DGS environment were instructed on four particular quadrilaterals (parallelograms, rectangles, squares and rhombi, respectively) for two 40-min periods using the prestructured dynamic drawings on the Geometer's Sketchpad (Working with Geometer's Sketchpad: Quadrilaterals, <http://mathbits.com/MathBits/GSP/Quadrilaterals.htm>). These dynamic drawings involved possible angle and side measures of them within different orientations.

All research participants received the same set of instructional materials. There was only one computer in the classroom and the classroom teacher manipulated the dynamic drawings by dragging and moving their vertices and demonstrated them to the participants by projecting them on the board. Meanwhile, the participants had opportunities to observe and discover the regularities in their measures (e.g., the angle and side properties of parallelograms) and the relationships within and among those quadrilaterals.

Students having three different cognitive styles (FDs, FMs and FIs) worked individually throughout the whole-class discussions. They were encouraged to pose a variety of questions and to seek appropriate answers to them. When needed, the teacher asked some guiding questions such as involving "if … then" statements. To justify a geometric relationship they asked for or discovered, they were expected to make informal deductions before observing the manipulated dynamic drawings to verify their conclusions. To display that every rectangle (a quadrilateral with all angle measures of 90 o ) is a parallelogram (a quadrilateral with congruent opposite angles) in the DGS, for example, the teacher dragged the vertices of the prototypical dynamic parallelogram (slanted parallelogram having angle measures different from 90 o ) for a while until obtaining that all angle measures were 90 o , i.e., until obtaining a rectangle.

Data collection and analysis

Classroom observations were conducted during the treatment to document students' engagement in the DGS. Each class was audio-recorded. The tapes from the classroom observations were then transcribed. The transcripts were segmented into units of the text in preparation for coding. Each segment represents one idea. Segmenting was done independently by the two researchers, checked for reliability, and any inconsistencies were resolved. The average reliability for segmenting was 94%. Once the segmenting was completed, data analysis was conducted. The data were analysed using qualitative methods of content analysis based on a grounded theory approach [START_REF] Strauss | Basics of qualitative research: Grounded Theory procedures and techniques[END_REF]. Each segment was coded concerning two criteria: Reasoning for the relationships within a quadrilateral and reasoning for the relationships among quadrilaterals. Due to the limited space in this paper, we reported mainly the transcripts about the relationships involving parallelograms and rectangles.

Findings

The findings are provided around the aforementioned two criteria.

Reasoning for the relationships within a quadrilateral

Classroom observations indicated that observing the dynamic drawings of particular quadrilaterals promoted mainly FIs and some FMs, but not mostly FDs, to identify subconfigurations in the initial prototypical figure. As shown in Extract 1, for example, this experience allowed FM20 to deduce a relationship within a parallelogram (i.e., "In a parallelogram, each pair of consecutive interior angles are supplementary") by sketching a prototype parallelogram in his notebook, identifying some subconfigurations (e.g., co-interior angles formed in a parallelogram), and remembering and using the newly acquired geometric properties (e.g., of parallelograms) and existing mathematical ones (e.g., of supplementary angles and co-interior angles1 when a line intersects two other parallel lines).

Extract 1 FM20:

The sum of the co-interior angles here [in a parallelogram] is 180 o . Teacher:

Why do you think so? Justify your reasoning. FM20:

Because of parallelism [of its opposite sides] and U property. FD24:

I did not understand it. Teacher:

(She turned her face to FM20 and said) Can you please demonstrate to us what you think? FM20:

(He sketched the co-interior angles on the board as shown in Figure 1a. As shown in Extract 1, the teacher requested FM20 to justify his reasoning when needed. To help the students, particularly FDs, easily visualise a simple shape embedded within a complex figure, the teacher also asked them to represent a figure within different orientations on the sketches of different diagrams using different colours (see Extract 1).

Then, to elaborate on FM20's previous justification, the teacher asked a question to the class involving an if-then statement (i.e., "Is the sum of the measures of each pair of the co-interior angles 180 o in any parallelogram?"). To show that it will apply to any parallelogram (i.e., to justify deductively), FI24 sketched parallelograms both in his notebook and on the board and identified some subconfigurations in it: He sketched an auxiliary line (see Figure 2a) and represented the angle measures using the letters "a", "b" and "c" (see Figure 2b). Then, with the guidance of the teacher, he decided to form the equation "b + c = 180" to justify that the sum of the measures of each pair of the co-interior angles is 180 o in any parallelogram. As shown in Figure 2c, he posed successive arguments for that purpose. He deduced the first equation ("a = b") by using the congruency of interior alternate angles when a line intersects two other parallel lines, the second equation ("a + c = 180") by using the supplementary angles, and the last equation ("b + c = 180") by identifying the similarities and differences (i.e., common and different letters) between the first two equations ("a = b", "a + c = 180") and by substituting "b" for "a" in the second equation ("a + c = 180"). 

Reasoning for the relationships among quadrilaterals

Classroom observations showed that their attention throughout observing the dynamic drawings of particular quadrilaterals encouraged the students (FDs, FMs and FIs) to trigger classroom discussions by asking questions to discover the relationships between two quadrilaterals empirically. FD2, for example, asked, "Can a rectangle be obtained from the parallelogram by moving its vertices?" while the teacher was manipulating the dynamic drawing of a parallelogram.

As shown in Extract 2, they strived to make an informal deduction with the guidance of the teacher.

Particularly in the beginning, however, some of them deduced incorrect relationships. FD5, for instance, deduced the rectangle-parallelogram relationship incorrectly although she remembered the angle properties of rectangles and parallelograms correctly. This is because she was not able to deduce that if all angle measures of rectangles are 90 o , then their opposite angle measures are congruent as in parallelograms. But then, with the support of the teacher (e.g., asking guiding questions, giving hints, making encouraging comments), she deduced that the angle properties of rectangles imply those of parallelograms by identifying the similarities and differences between these properties correctly (e.g., both have congruent opposite angles and rectangles have the special property of having all angles congruent).

Extract 2

Teacher: Very good question FD2. Can we construct a rectangle from this parallelogram by dragging and moving its vertices? Think about their properties. FD5:

No. All angle measures in a rectangle are 90 o but opposite angles are equal in a parallelogram. Teacher:

If all angle measures of a rectangle are 90 o , what about its opposite angles? Are they equal as well or not? FD5:

(She thought for a while) Equal… So, we can obtain (a rectangle from a parallelogram). After the students, respectively, justified the rectangle-parallelogram relationship deductively and predicted in advance that a rectangle could be obtained from the parallelogram in the DGS, they still wanted to see it and requested the teacher to drag and move the vertices of the dynamic drawings to obtain a rectangle from a parallelogram. In particular, some FDs (e.g., FD16) requested to see the demonstrations in the DGS more than once.

Furthermore, it was interesting to observe that the students, particularly FIs at first and then FDs and FMs, stated the relationship between two quadrilaterals using some quantifiers (e.g., every), sentential connectives (e.g., if-then, and), adverbs (e.g., also), and nouns (e.g., subset). For example, FI7 made a deduction by saying "So, every rectangle is a parallelogram" after obtaining a rectangle from a parallelogram in the DGS. While discussing the relationships between two quadrilaterals, some FIs associated these prior experiences to deduce new relationships among three quadrilaterals as well. For example, after obtaining a rectangle from a parallelogram in the DGS, FI6 deduced, "If we obtain a rectangle here (from the parallelogram) then we can also keep [moving its vertices] and obtain a square from this rectangle by equalising its side [lengths]" by remembering and using their existing knowledge of angle and side properties of squares. Then, she also deduced that a square is a subset of a rectangle, and a rectangle is a subset of a parallelogram. Afterward, she sketched three nested Venn diagrams where the inner diagram, the outer diagram and the diagram in between represented squares, parallelograms and rectangles, respectively, to show the relationships among squares, rectangles and parallelograms.

Discussion and conclusions

Consistent with [START_REF] Ubuz | Project-based geometry learning: Knowledge and attitude of field-dependent/independent cognitive style students[END_REF] and in line with the characteristics of students from three cognitive style groups (i.e., FDs, FMs and FIs), observing manipulations of the dynamic drawings in the DGS together with the whole-class discussions provided them opportunities to discover and reason for the relationships within and among particular quadrilaterals. Based on the perspectives of [START_REF] Duval | Geometrical pictures: Kinds of representation and specific processing[END_REF][START_REF] Duval | Understanding the mathematical way of thinking -The registers of semiotic representations[END_REF] and [START_REF] Llinares | Characteristics of pre-service primary school teachers' configural reasoning[END_REF], and in line with FIs' active and hypothesis-testing role in reasoning [START_REF] Witkin | Field-dependent and fieldindependent cognitive styles and their educational implications[END_REF], these manipulations seemed to draw mostly FIs' and FMs' attention to sketch static diagrams and to identify specific subconfigurations on these diagrams to deduce new relationships within a quadrilateral. FDs, however, experienced some difficulties with that because they use mediational processes (e.g., analysing, structuring) less effectively [START_REF] Witkin | Field-dependent and fieldindependent cognitive styles and their educational implications[END_REF]. Because FDs are dominated by salient, or the most noticeable, cues in reasoning [START_REF] Witkin | Field-dependent and fieldindependent cognitive styles and their educational implications[END_REF], the external cuesprovided by observing the dynamic drawings in the DGS within different orientations and sketches of subconfigurations of figures using different coloursseemed to allow them to draw their attention to specific subconfigurations and to attempt to relate two concepts. Although it seems that there is an interaction between the use of DGS and paper-and-pencil environments to reason for geometric relationships, further research should consider the interplay between the DGS and paper-pencil environments for three cognitive style groups in detail.

Although more in-depth further research is needed to be conducted to glean more information, it seemed that while the process of discovering the relationships within quadrilaterals was initiated by mostly FIs and FMs after they created some subconfigurations, the process of discovering the relationships between two quadrilaterals was activated by the questions of FDs, FMs and FIs. Furthermore, some FIs were curious to discover and reason for the relationships among three particular quadrilaterals. With the help of the teacher, the students utilised (informal) deductive reasoning to justify the truthfulness/falsity of the relationships by sketching diagrams; identifying some subconfigurations; remembering and using the newly acquired geometric properties and existing mathematical ones; identifying the similarities and differences between these properties; and using quantifiers (e.g., every), sentential connectives (e.g., and, if-then), adverbs (e.g., also), and nouns (e.g., subsets), which can be seen as important keywords for reasoning for the relationships on quadrilaterals. In line with the characteristics of students at [START_REF] Van Hiele | Structure and insight: A theory of mathematics education[END_REF] informal deduction level, although some students justified their reasoning deductively with the help of the teacher, the classroom observations also indicated that they were mostly interested in the use of examples while dragging and moving the dynamic drawings as the main element of conviction [START_REF] Marrades | Proofs produced by secondary school students learning geometry in a dynamic computer environment[END_REF]. As a further in-depth study, it will be worthwhile to consider the interaction between the use of examples and deduction to justify FDs', FMs' and FIs' reasoning for the geometric relationships in a DGS environment.

  ) The sum of these two angles is 180 o . Teacher: Can you please show us the other pairs of consecutive interior angles in a parallelogram? FM20: (He wanted to show them on the same parallelogram.) FD22: I am confused. Teacher: You (FM20) should better show them on [the sketches of] different parallelograms and represent them with a colour other than black. FM20: (He sketched them as shown in Figure 1b-d with the help of his classmates).
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  Figure 1: FM20's sketches
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 2 Figure 2: FI24's sketches and arguments

Table 1 : Mean, standard deviation, and range of the three cognitive style groups based on the Group Embedded Figures Test and the three cognitive style groups in each class

 1 

	Group	Class A	Class B	Class C	N	M	SD	Range
	FD	10	9	12	31	2.84	1.81	0-5
	FM	14	10	11	35	8.03	1.54	6-10
	FI	8	13	10	31	13.84	2.13	11-18
	Total	32	32	33	97	8.23	4.78	0-18

Among the angles formed by two lines cut by a transversal, the pairs of interior angles on the same side of the transversal are called co-interior angles.