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This study investigates the factors influencing students' choice of a graphical solution in solving word problems of the "working together" type. The paper focuses on 75 Hungarian 8th-grade students' behaviour regarding the type of strategy they use and their performance. The findings indicate that approximately half of the students have adequate graphical representation skills for the task type studied. Moreover, students' ability to make flexible and adaptive choices between strategies is influenced by their self-regulation skills and teachers' instructional methods.

Introduction

This paper focuses on the solving strategies of "working together" type word problems. These problems involve multiple living or non-living actors completing tasks in varied contexts together. We provide two examples used in this research: Task A. Bob keeps goats, and Kevin keeps sheep on the farm. A hay cart lasts three weeks for the sheep and six weeks for the goats. Bob and Kevin agree to share a cartload of hay. How many weeks will the feed last? Task B. A swimming pool takes 3 hours to fill up through one tap and one and a half hours through the other. How long will it take to fill the pool if both taps are opened?

We mention three possible strategies for the solution (Figure 1). First, with the graphical model method [START_REF] Fong | Model method: Obstacle or bridge to learning symbolic algebra[END_REF], students draw diagrams, usually made up of rectangles, to represent the situation in the problem. In word problems of the "working together" type, the whole rectangle represents the total work to be done, which the student divides into parts to draw the work done by the actors in a unit of time.

To describe the same idea without a diagram is the single unit inferring. The student adds up the work done in a unit of time to find out how much work the actors do together in a unit of time.

The usual algebraic solution is by formulating equations: For each actor, create an expression representing their contribution to the total work, defined as the product of their given work rate and the time taken as an unknown. Solving by equation carries some characteristics of algebraic thinking, such as using symbols and manipulating algebraic expressions containing symbols [START_REF] Kieran | The multi-dimensionality of early algebraic thinking: Background, overarching dimensions, and new directions[END_REF]. In Hungary, graphical representation has long been used in schools to solve word problems, especially in grades 5-6. In grades 7-8, it supports algebraic methods or as an alternative possibility for students who lack the appropriate symbolic algebraic knowledge (Government of Hungary, 2020). Given this curricular background, our first research question is as follows:

RQ1. Do the graphical representation skills of the eighth-grade students provide a reasonable basis for using the graphical solution method in "working together type problems? However, when researching representations in word problems, we have to address different supporting and blocking processes [START_REF] Fong | Model method: Obstacle or bridge to learning symbolic algebra[END_REF], which guides our second research question:

RQ2. Does the level of graphic representation skills of students affect their autonomous strategy choice for the problem?

Theoretical background

Since [START_REF] Polya | How to solve it[END_REF] seminal work, many researchers have established the importance of heuristic and metacognitive processes in successful problem-solving at various educational levels (for a review, see [START_REF] Mevarech | Metacognitive pedagogies in mathematics classrooms: From kindergarten to college and beyond[END_REF]. However, many students tend to rely on a single, often suboptimal strategy, even when aware of various problem-solving strategies [START_REF] Jiang | How mathematics anxiety affects students' inflexible perseverance in mathematics problem-solving: Examining the mediating role of cognitive reflection[END_REF]. Self-regulation is crucial in enhancing flexibility and adaptability in strategy use [START_REF] De Corte | Self-regulation: A characteristic and a goal of mathematics education[END_REF]. Consequently, learners should utilise metacognitive or self-regulatory strategies to manage their thinking and learning throughout the cognitive task execution. These metacognitive methods encompass designing a personalised solution, selecting heuristic strategies, monitoring progress, evaluating outcomes, and reflecting on prior solutions or learning experiences [START_REF] Schoenfeld | Learning to think mathematically: Problem solving, metacognition, and sense-making in mathematics[END_REF].

As [START_REF] Kieran | The learning and teaching of school algebra[END_REF] concludes, a drastic turnaround occurs in the thinking of novice algebra students when, under teacher influence or because of the complexity of the problem, they are asked (or forced) to construct and solve equations with variables and operations that abstractly represent the structure of the problem.

Drawing a diagram is often mentioned as one of the problem-solving strategies. For example, [START_REF] Schoenfeld | Explicit heuristic training as a variable in problem-solving performance[END_REF] highlights five problem-solving strategies, one of which is the "draw a diagram." Schoenfeld points out that drawing can help solve the problem algebraically or provide a plausible answer. "Even if you finally solve the problem by algebraic or other means, a diagram can help give you a 'feel' for the problem. It may suggest ideas or plausible answers. You may even solve a problem graphically (p. 178)". However, to employ problem-solving strategies effectively, students must be familiar with multiple strategies and have the ability to switch between them flexibly and adaptively, depending on the context of the problem [START_REF] Heinze | Flexible and adaptive use of strategies and representations in mathematics education[END_REF].

Method Subjects and corpus of the research

The lesson used in this paper was part of a pedagogy experiment consisting of five lessons. The experiment was concerned with the methods used to support the solution of word problems with equations. In this paper, we do not aim to assess the experiment's impact but only to discuss the problem of strategy choice. The research is a continuation of our previous work reported in [START_REF] Lócska | The "Sense-Making-Algebra" project for Hungarian seventh graders[END_REF].

Five eighth-grade classes (class I-IV) from Hungary participated in the research, with 75 students (S1-S75 in what follows) aged between 14 and 15. The research was conducted in the spring and autumn of 2022. We used the student's grades in mathematics from the semester preceding the experiment. The Hungarian scale ranges from one to five, where "five" is best, "two" is still adequate, and "one" is inadequate. There were no students with a grade of "one" in the experiment.

The flow of the lesson processed in this paper is shown in Figure 2. Both graphical solutions and solving the task with equations of the tasks were discussed during the class discussion. Students' written works for Task A and Task B (as presented in the Introduction) constitute our research corpus. The evaluation of the solutions to the tasks was binary, depending on whether the student gave a correct or false answer. The task design was different for the two tasks. For Task A, we used a guided, structured approach. The English translation of the original Hungarian worksheet for Task A is in Figure 3. In Task B, students were not guided but could do the problem as they wished on a blank sheet of paper. In Task A, we used only A3 to decide if the answer was correct or false. Subtasks A1 and A2 from the worksheet were used to infer students' graphical representation skills. Two experienced teachers graded the diagram made by students for task A1. To capture representational skill in A1, we used the Pisa 2012 (OECD, 2013) framework as a basis, where we mapped each competency element to the student's output, see Table 1. If the student does not pass the criteria of the first item, the assessment for A1 is false. If the student achieves the level indicated for item 1 in A1 but does not achieve item 2, the diagram is graded unintended. However, if it meets the requirements indicated in the second item, A1 is graded intended.

Examples are in Figure 4. The graphical skills assessment is completed with item 3, corresponding to question A2. It completes the previous grades with A2=false answer or A2=correct answer.

Based on their A1 and A2 results, students were divided into three groups (see 

Results

Students' groups and mathematics grades

Based on our grouping procedure, twenty students belonged to groups advanced and medium each, while thirty-five belonged to the moderate group. A one-way ANOVA was performed to compare the grade averages of the groups based on the graphical representation ability. Since the homogeneity of variance condition was met (in Levene's test, 𝑝𝑝 > 0.05), Tukey's HSD test was run as a post hoc test. The results showed that the mean score of the moderate group (mean=3.6, SD=0.98) was significantly lower (𝑝𝑝 < 0.05) than the mean score of the medium (mean=4.45, SD=0.69) or advanced (mean=4.30, SD=0.80) groups. On the other hand, the means of the medium and advanced groups were similar (𝑝𝑝 > 0.05).

Results of the answers to tasks A and B

The proportion of correct answers for tasks A and B is not significantly different; for the contingency table (see Table 3), the Fisher exact test result is 𝑝𝑝 = 0.74. Since the students were guided towards a graphical solution in Task A, graphical representation skills played a role in its success. First, we use quantitative tools to examine the possible factors behind the performance in Task B. Since our output variables are binary for Task B (false or correct), we performed a logistic regression analysis. The model uses two predictor variables: math grades (2-5) and graphical representation skills (advanced, medium, moderate). The model was significant (𝜒𝜒 2 (1, 𝑁𝑁 = 75) = 13.117; 𝑝𝑝 < 0.05). The predictor of success in solving Task B was the math grade (𝑊𝑊(1) = 6.142; 𝑝𝑝 < 0.05); moreover, the predictive power of graphical representation skills was not found to be (𝑊𝑊(2) = 1.615; 𝑝𝑝 > 0.05). Thus, there is no statistically significant correlation between graphical representation skills and success in Task B, but mathematics grades explain the result.

Discussion

The choice of a strategy Seventeen students failed Task B but succeeded in Task A. Six of them could not progress in Task B, but the others could probably have chosen the "suboptimal" strategy. For example, S1 is in the advanced group; their math grade is 5. For A1, the student makes a conscious diagram (Figure 5, left) and answers the question correctly. In task B, the student correctly determined the work done per unit of time (third column in the student's table in Figure 5, right); however, the student could not infer the answer from these data or write an equation. In other words, the student's presumed shortcomings in algebraic skills may cause difficulty. This type of behaviour (a successful answer to task A and an unsuccessful attempt to answer B with an equation) occurred in eight cases. For them, the graphical solution could be assumed to act effectively. The following example illustrates the right decision of the student's strategy choice; see Figure 6. S6 is in the moderate group and made a proper choice of strategy. Their math grade is 4. In Task A, there are clues of proper proportional reasoning and handling of fractions; even though the answers to the questions are correct, the student makes a false diagram. Their strategy in Task B is solving with an equation, and the equation setting and symbolic manipulation are correct in the solution. In the moderate group, we found eight students with similar behaviour. In maths grades, there were three threes, two fours and three fives. All but one of them failed Task A, but all of them solved Task B correctly with equations.

The effect of teachers' control

We are comparing classes III and IV because they show similarities in students' graphing skills. None of the students was in the advanced group, and more than half were in the moderate group. Eight of ten students in class IV made a diagram for Task B, considerably more than in other classes.

Moreover, the success rate was also higher in Task B than in the other classes (60% for class IV). The teacher of class IV noted in her reflection that the students' "opposition" to the graphical approach prompted her to emphasise this point when discussing the intermediate task. The students' worksheets demonstrate the strength of their collaborative effort with the teacher, as they thoroughly worked out the intermediate task with graphics and detailed explanations. In contrast, no one in class III chose the graphical solution, which may be because the intermediate task was not developed graphically during the class discussion, although five out of 14 students still drew a graph for the intermediate task. The lack of reinforcement of the justification of the graphical solution in the lesson presumably led to the students neglecting the graphical solution in Task B. In this class, the solution to Task B was close to the average (42.9%).
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Figure 2 :

 2 Figure 2: The course of the lesson

Figure 3 :
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 4 Figure 4: Intended (left) and unintended (right) solutions
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 5 Figure 5: Solutions of S1 (left: Task A, right: Task B)
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 6 Figure 6: Solutions of S6

Table 1 : The appearance of Pisa competencies in the research

 1 Item Description of the item in the PISA 2012 framework The appearance of the item in the student's work

	1	Create a mathematical representation of real-world	The student can interpret numerical data in a
		information.	diagram, at least approximately. (A1)
	2	Employing mathematical concepts, facts, procedures	The students correctly applied the concept of
		and reasoning.	fractions in the diagram. (A1)
	3	Interpreting, applying and evaluating mathematical	
		outcomes.	

The students interpret the diagram meaningfully; can infer a conclusion from the diagram. (A2)

Table 2 )

 2 : the advanced group (advanced graphic representation skills), the medium group (medium graphic representation skills), and the moderate group (moderate graphic representation skills).

Table 2 : Qualification of graphical representation skills

 2 

		A1=intended	A1=unintended	A1=false
	A2=correct answer	advanced	medium	moderate
	A2=false answer	medium	moderate	moderate

Table 3 : The result of the answers to tasks A and B

 3 

		False	Correct	Sum
	Task A	38	37	75
	Task B	41	34	75
	Sum	79	71	152
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Further research

Another aspect of choosing a graphical representation may be the increased cognitive load resulting from decoding the drawing. [START_REF] Duval | Basic issues for research in mathematics education[END_REF] discusses the gap between figure perception and the mathematical way of seeing figures and how mathematical visualization in the case of geometrical figures leads away from any iconic representation of physical shapes. This phenomenon is the subject of further research.

Summary

We summarise our findings according to the research questions.

Ad RQ1. In the group studied, 27% of students had advanced graphical representation skills, which enabled them to solve problems graphically; in contrast, 46% had moderate graphical representation skills. Approximately 60% of students with medium graphical representation skills could solve a task with a diagram when the task was guided. Ad RQ2. When given the option to choose strategy freely, 21% chose the graphical solution. The choice of using the graphical representation was not solely based on their graphical representation skills, which suggests other possible factors being at play, such as self-regulation and the teacher's control.