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We study a line balancing problem for a machining line equipped with multi-positional machines, rotary tables and vertical and horizontal machining modules. For this challenging problem in production research, we develop an innovative mathematical model and use a mixed-integer program to solve it. The model is intensively tested on numerous real-life industrial cases as well as generated randomly instances. The obtained results are carefully analysed in order to provide the decision makers with sound managerial insights.

INTRODUCTION

In the field of production research, line balancing problems have initially been introduced in assembly environment. One of the first description of such a problem was presented for manual assembly lines by [START_REF] Salveson | The assembly line balancing problem[END_REF]. First studied in its simple version, Simple Assembly Line Balancing problem has been addressed in numerous statements and for different applications. This led to the development of various approximate and exact solution methods. A well-know and renowned from industrial and academic points of views algorithm COMSOAL (a computer Method of Sequencing Operations for Assembly Lines), developed for Chrysler Corporation, was published in IJPR by [START_REF] Arcus | COMSOAL: a computer method of sequencing operations for assembly lines[END_REF]. This topic has been a priority of the journal for many time, see for example [START_REF] Ghosh | A comprehensive literature review and analysis of the design, balancing and scheduling of assembly lines[END_REF]Gagnon 1989, Gadinov and[START_REF] Gadinov | A cutting plane approach for single-product assembly system design problem[END_REF].

A number of reviews presenting the state of the art over the time on existing optimisation methods have been successively appeared in literature [START_REF] Baybars | A survey of exact algorithms for the simple assembly line balancing[END_REF][START_REF] Erel | A survey of the assembly line balancing procedures[END_REF][START_REF] Rekiek | State of art of optimization methods for assembly line design[END_REF][START_REF] Scholl | State-of-the-art exact and heuristic solution procedures for simple assembly line balancing[END_REF][START_REF] Dolgui | Design and balancing of paced assembly lines[END_REF]. With the development of optimization tools, it became possible to address complex assembly line balancing problems taking into account real-life attributes of different line layouts, parallel workplaces and workers etc. [START_REF] Boysen | A classification of assembly line balancing problems[END_REF], 2008, Battaia and Dolgui 2013[START_REF] Dolgui | Assembly line balancing: Conventional methods and extensions[END_REF].

At the same time, the line balancing problems have been introduced for other manufacturing environments including disassembly [START_REF] Gungor | A solution approach to the disassembly line balancing problem in the presence of task failures[END_REF] and machining lines [START_REF] Dolgui | On problem of optimal design of transfer lines with parallel and sequential operations[END_REF]. Some studies unified the models used for assembly and disassembly line balancing (Guo et al. 2021[START_REF] Mete | An optimisation support for the design of hybrid production lines including assembly and disassembly tasks[END_REF][START_REF] Mcgovern | Unified assembly-and disassembly-line model formulae[END_REF].

Even if different design problems have been discussed for machining systems previously [START_REF] Szadkowski | An approach to machining process optimization[END_REF][START_REF] Szadkowski | Critical path concept for multi-tool cutting processes optimization[END_REF][START_REF] Spicer | Design Principles for Machining System Configurations[END_REF], one of the first line balancing problems in machining environment was formulated for transfer lines [START_REF] Dolgui | On problem of optimal design of transfer lines with parallel and sequential operations[END_REF]) and it was labelled as the Transfer Line Balancing Problem (TLBP). Different versions of this problem have been presented, and exact and approximate methods have been developed to solve it [START_REF] Belmokhtar | Integer programming models for logical layout design of modular machining lines[END_REF][START_REF] Finel | A random search and backtracking procedure for transfer line balancing[END_REF][START_REF] Guschinskaya | A heuristic multi-start decomposition approach for optimal design of serial machining lines[END_REF][START_REF] Guschinskaya | Metaheuristic approaches for the design of machining lines[END_REF][START_REF] Guschinskaya | Comparison of exact and heuristic methods for a transfer line balancing problem[END_REF][START_REF] Dolgui | A heuristic approach for transfer lines balancing[END_REF], 2006a,b,c). Further, the problem of rebalancing transfer lines has been formulated [START_REF] Makssoud | An exact optimization approach for a transfer line reconfiguration problem[END_REF] dealing with the problem of reusability of the machining equipment designed for mass production.

Consequent development in the field of balancing machining lines is related to the technological evolution of the manufacturing sector: from traditional mass production machines [START_REF] Hitomi | Manufacturing Systems Engineering[END_REF], via computer numerical control (CNC) machines or machining centres (Essafi et al., 2010a(Essafi et al., ,b, 2012) ) to reconfigurable manufacturing systems (Battaïa et al. 2017[START_REF] Battaïa | Optimal cost design of flow lines with reconfigurable machines for batch production[END_REF][START_REF] Battaïa | Design of reconfigurable machining lines: A novel comprehensive optimisation method[END_REF][START_REF] Borisovsky | Genetic algorithm for balancing reconfigurable machining lines[END_REF][START_REF] Borisovsky | Balancing reconfigurable machining lines via a set partitioning model[END_REF] passing through the use of customizable modular machines (Dolgui et al. 2008, 2009, Battaïa et al. 2016) and transfer lines composed of such machines (Dolgui et al. 2008, 2012[START_REF] Battaïa | A decision support system for design of mass production machining lines composed of stations with rotary or mobile table[END_REF], 2014a;Borisovsky et al. 2012a,b, Delorme et al. 2012). Different configurations of machining lines with sequential and parallel execution of operations have been discussed in literature [START_REF] Guschinskaya | A heuristic multi-start decomposition approach for optimal design of serial machining lines[END_REF]Dolgui and Ihnatsenka 2009a,b;[START_REF] Dolgui | Minimizing setup costs in a transfer line design problem with sequential operation processing[END_REF], Battaia et al. 2014b) as well as different production modes such as mixed-model machining (Battaïa et al. 2016), family part production (Battaïa et al. 2017) and batch production [START_REF] Battaïa | Optimal cost design of flow lines with reconfigurable machines for batch production[END_REF]. A general approach of optimisation by decomposition for both optimal process design (combinatorial design of pieces of equipment via solving a line balancing problem) and selection of cutting conditions, e.g. feed rates, for designed pieces of equipment has been proposed in [START_REF] Dolgui | Optimisation of the aggregation and execution rates for intersecting operation sets: an example of machining process design[END_REF].

A recent article by Boysen et al. (2021) analyses the development of the field of assembly line balancing during last 15 years. The review paper of Battaïa and Dolgui (2022) compares this development with the evolution of line balancing problems in disassembly and machining environments. It should be noted that the line balancing problem for robotic lines is mostly considered for assembly and disassembly environments and rarely for machining [START_REF] Chutima | A comprehensive review of robotic assembly line balancing problem[END_REF][START_REF] Daneshmand | Industry 4.0 and prospects of circular economy: a survey of robotic assembly and disassembly[END_REF]).

The series of research studies on line balancing for machining lines was started by our team in our INTAS projects for which Dr Jean-Marie Proth was the scientific coordinator: INTAS-96-0820 (Discrete optimization problems in scheduling and computer-aided design, 1997 -2000); and INTAS-00-0217 (Scheduling and assignment models under uncertainty and real-time constraints with application to manufacturing, communication, computer-aided design and transportation, 2001 -2004). This work is in continuation of that and later projects.

In machining lines, a part is completed by a series of machining operations like drilling, milling, reaming etc. There exist much less precedence relations between such operations than for an assembly/disassembly process. However, there may exist a lot of exclusion/inclusion constraints for deciding which operations must be performed together, at the same workstation, because of the required tolerance or, on the contrary, cannot be executed at the same workstation because of the impossible fixturing. As the literature review shows, different configurations of machining lines have been studied in the literature providing efficient optimisation tools for the decision makers. The contribution of the current paper is to introduce a new formulation for flow lines equipped with rotary machines and to develop an original and efficient for industrial use MIP models. In Section 2, we present the general statement of the problem. In Section 3, we propose an original MIP model to solve the problem. A case study is presented in Section 4. Experimental results are reported in Section 5. Concluding remarks are given in Section 6.

PROBLEM STATEMENT

In this paper, we consider the following optimal design problem for a flow line composed of n rotary transfer machines with turrets (see Fig. 1). Each machine is multi-positional, i.e. it may have up to m working positions (1, 2, …, m), one of these positions is exclusively used for loading and unloading operations. All other working positions are used for machining parts due to the installation of one or several machining modules that are activated sequentially (turrets) or simultaneously (spindle heads) on the parts being machined. Both turrets and spindle heads can be horizontal or vertical. The design of machines restricts the use of the vertical spindle head to one per machine but actionable on all working positions. Only one horizontal spindle head or turret can be installed at each working position. Let N be the set of machining operations needed for machining of elements of the part, located on  sides and Ns, s=1, 2,…, , is a subset of operations for machining the elements situated on the s th side of the part. Each side is characterized by tool accessibility directions. The part can be located at a machine in different manners H that can be represented by a matrix of dimension µ x , where hrs , r=1,… µ, s=1,… , is equal to j, j=0,1,2, i.e. 1 if the elements of Ns can be processed by vertical machining modules, 2 if the elements of Ns can be processed by horizontal machining modules and j=0 means that processing is prohibited) when the orientation r of the part is selected.

All operations pN are defined by the following parameters:

-the length (p) of the working stroke for operation pN, -side s(p) of the part to be processed by operation p, -the range [γ1(p),γ2(p)] of feasible values of feed rate, -the set H(p) of feasible orientations of the part (indexes r{1,2,…, µ} of rows of matrix H such that hrs = 1 for operation p Ns).

The designers seek to find optimal values for the following decision variables:

the number n of machines; the numbers mi of working positions at machine i, i=1,…n;

the orientation Hi of the part at machine i, i = 1,...,n; the number bikj of machining modules of type j, j=1,2, that are installed at position k, k=1,...,mi, of machine i, i=1,...,n;

the set Nikjl from N, assigned to machining module l of type j at position k of machine i, i=1,...,n, k = 1,...,mi, j=1,2, l=1,...,bikj; the feed rate Гikjl[max{γ1(u)|uNikjl},min{γ2(u)|uNikjl}] for execution of operations from Nikjl,i=1,...,n,k=1,...,mi,j=1,2,l=1,...,bikj. These decision variables can be represented by Pikjl= (Nikjl,Гikjl),Pikj=(Pikjl|l=1,...,bikj),Pik=(Pikj|j=1,2), Pi=(Pik| k=1,...,mi), P= ((Pi,Hi)| i=1,...,n),

The feed rate defined the cutting time of each machining module in the following manner: If the turret of type j is installed at position k of machine i, then the execution time of operations from set

Nikj is equal to t h (Pikj)= g bikj+  = ikj b l 1 t b (Pikjl), j=1,2
, where  g is an additional time for one rotation of a turret.

If all Nikjl are empty then t h (Pikj)=0. If bikj =1 then t h (Pikj)=t b (Pikj1).

If the vertical spindle head is installed on machine i, then Гik11=Гi and Гi[max{

1 ikj  γ1(p)|k=1,…,mi}, min{ 1 ikj  | k=1,…,mi}|].
The production time of one working position t p (Pik) is equal to  r + max{t h (Pikj)|j=1,2},where  r is an additional time for one rotation of the rotary table.

Finally, the cycle time of machine i, t(Pi) is equal to max{t p (Pik)| k=1,…,mi} and the cycle time of the flow line is defined by its slowest machine, i.e. t(P) = max{t p (Pi)|i=1,…,n}.

Taking into account the fact that at the beginning and end of machining of O parts not all the working positions are occupied, the total time T(P) for machining O parts is equal to:

T(P) = ) 1 )( ( 1 - +  + = n m O P t n i i .
We assume that the given productivity is provided, if the total time T(P) does not exceed the available time T0.

Let Csm, Csp, Cst, Cmm, Csh, and Csw be the relative costs for one machine, one position, one turret, one machining module of a turret, one spindle box, and one workhead with a single spindle, respectively.

Since the vertical spindle head (if it is present) is common for several positions, its size (and therefore the cost) depends on the number of positions to be covered. Let ih k min and ih k max be the minimal and the maximal position of the common vertical spindle head at machine i, i=1,…,n. Then the cost of the vertical spindle head can be estimated as Csh+( ih k maxih k min )Cvp, where Cvp is the relative cost for covering one additional position by vertical spindle head. If the vertical spindle turret is installed, its cost can be estimated by Cst+Cmmbik1. In the similar way, the cost C(bik2) for performing set of operations Nik2 by associated bik2 machining modules can be assessed as follows:

C(bik2) =         +  = = = = . 1 if , 1 | | and 1 if , 1 | | and 1 if , 0 if 0 2 2 21 2 21 2 2 ik ik mm st ik ik sh ik ik sw ik b b C C N b C N b C b
The cost Q(P) of a design solution is calculated as the total cost of all equipment used in the corresponding flow line:
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) , ( 1 +  i i H H =0, otherwise.
The design decision P should satisfy the following constraints:

precedence constraints which define possible sequences of operations, they are specified by a directed graph G OR =(N,D OR ) where an arc (p,p)D OR if and only if the operation p has to be executed before the operation p. It should be noted that if such operations p and p belong to different sides of the part then they cannot be executed at the same position without violating the precedence constraint.

inclusion constraints which oblige to perform some pairs of operations from N at the same machine, by the same turret, by the same spindle head or even by the same spindle, they are defined by undirected graphs G SW =(N,E SW ), G SP =(N,E SP ), G ST =(N,E ST ), and G SM =(N,E SM ), where the edge (p,p)E SM ((p,p)E ST , (p,p)E SP , (p,p)E SW ) if and only if the operations p and q must be executed in the same machining module (turret, position, machine).

exclusion constraints which prohibit the mutual assignment of some pairs of operations from N to the same machine, to the same turret, or to the same spindle head, they are defined by undirected graphs -constraints on the maximal number n0 of machines, on the maximal number m0 of working positions at the same machine and on the maximal number b0 of machining modules in a turret;

G DM =(N,E DM ), G DT =(N,E DT ), G DP =(N,E DP
-constraints on feasible orientations of the part for execution of operations;

-the impossibility to perform operations from Ns at one machine by machining modules of different types;

productivity constraints to provide the required output.

In the following section, we propose an original mathematical formulation of this problem.

MIP FORMULATION

We can build set N based on graph G SM . Let ) , ( Let

SM i SM i SM i E N G = , i=1,…,n SM ,
I(i)=[2(i-1)m0b0+1,2im0b0], I(i,k)=[2(i-1)m0b0+2(k-1)b0+1,2(i-1)m0b0+2kb0], I(i,k,j)=[2(i-1)m0b0+
2(k-1)b0+(j-1)b0+1,2(i-1)m0b0+2(k-1)b0+jb0], and

I(i,k,j,l)=[2(i-1)m0b0+2(k-1)b0+(j-1)b0+l,2(i-1)m0b0+
2(k-1)b0+(j-1)b0+l0], respectively.

Cost calculation

The objective function is as follows:

Min  +  + +  + +  +  = = = = = 0 0 0 0 1 2 1 2 1 2 2 1 1 ) 2 ( ) ( ( m k j ikj mm st m k w ik sw h ik sh m k ik sp n i i sm Y C C Y C Y C Z C Z C )) ( ) ( min 1 max 1 1 12 1 1 1 2 1 3 0 0 0 i i vp m k ik h i t i sh m k j b l ikjl mm Y Y C Y Y Y C Y C - +  - + +    = = = = +   - = + 1 1 1 0 n i ii ro C (1) 3.2 Assignment constraints Let M1=max{1/ 1(p) |pN}, M2=max{1/ 2(p) |pN}, M(i,k,2)=|{pN| I(i,k,2)B(p)≠}|.
Equations ( 2) provide assignment of each operation from N exactly to one machining module.
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Expressions (3) guarantee that each predecessor p of operation p is executed before operation p.
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Expressions ( 4) -( 6) are used to model inclusion constraints for machines, positions and turrets, respectively.
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Expressions ( 7) -( 10) provide exclusion constraints for machines, positions, turrets, and machining modules, respectively.
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Equations ( 11) prohibit assignment of operations from Ns to machining modules of type j if there is no feasible orientation of the part for such an execution. 
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Equations (12) guarantee assignment of operations from Ns to the same type of spindle head or turret at the same machine. p, p Ns; iI(p)I(p); j=1,2; s=1,…,

Expressions ( 13) -( 14) determine the existence of the l-th machining module of type j at the k-th position of the i-th machine. …,n0; k=1,…,m0; j=1,2; l=1,…,b0 (13) …,n0; k=1,…,m0; j=1,2; l=1,…,b0 (14) Equations ( 15) do not allow empty machining modules.

Yikjl       ) ( ) , , , ( , 
) ( p B l j k i I q p q p X N ; i=1,
     ) ( ) , , , ( , 
) ( p B l j k i I q p q p X N |N|Yikjl; i=1,
Yikjl-1 ≥ Yikjl; i=1,…,n0; k=1,…,m0; j=1,2; l=2,…,b0

Equations ( 16) prohibit a vertical turret and horizontal machining module at the same position.

Yik12+Yik211; i=1,…,n0; k=1,…,m0

Expressions ( 17) -(20) determine the existence vertical spindle head or turret at the i-th machine.

Yi1t + Yi1h   = 0 1 11 m k ik Y ; i=1,…,n0 (17) 
 = 0 1 11 m k ik Y m0(Yi1t + Yi1h); i=1,…,n0 (18) Yi1t + Yi1h 1; i=1,…,n0 (19) 
Yi1t =  = 0 1 12 m k ik Y ; i=1,…,n0 (20) 
Constraints ( 21) -( 25) provide that the feed rate for vertical spindle head at the i-th machine will be chosen from [max{

1 ikj  γ1(p)|k=1,…,mi}, min{ 1 ikj  | k=1,…,mi}|]. In fact, Xpik11=1 if and only if Yi1h =1
and Xpq =1 for q=2(i-1)m0 b0+2(k-1)b0+1 due to ( 21) -( 23). In that case Si  1/ 1(p) and Si  1/ 2(p) for p  Ni1.

Xpik11 Xpq;i=1,…,n0;k=1,…,m0; 

Si -M2 Xpik11  1/ 2(p)-M2; pN; i=1,…,n0; k, =1,…,m0 (25) 
Expressions ( 26) -( 27) determine the existence of the k-th position at the i-th machine.

Zik Yik11 + Yik21; i=1,…,n0; k=1,…,m0 (26)

Yik11 + Yik212Zik; i=1,…,n0; k=1,…,m0 (27) 
Equations ( 28) do not allow empty positions.

Zik-1 ≥ Zik; i=1,…,n0; k=2,…,m0 (28) 
(m0-k+1)Yik11+Y1min  m0+1; i=1,…,n0; k=1,…,m0 (29) 
Expressions ( 29) -(32) determine Y1min and Yi1max for the i-th machine. If there is no vertical machining at the i-th machine (Yi1t =0, Yi1h =0, Yik11= 0, k=1,…,m0), then Y1min = 0 and Yi1max = 0 due to (31) -( 32). Yi1max  kYik11; i=1,…,n0; k=1,…,m0 (30)

Yi1max  m0(Yi1t + Yi1h); i=1,…,n0 (31) 
Yi1min  m0(Yi1t + Yi1h); i=1,…,n0 (32) 
If Yik22=1 (Yik21=1) or Yik21= 0 (Yik22=0) then w ik Y 2 =0 and h ik Y 2 =0 due to (33). If Yik21=1 and Yik21= 0, then

w ik Y 2 + h ik Y 2 =1 due to (33). If in this case      ) ( ) 2 , , ( , ) ( p B k i I q p q p X N > 1, then (33) is valid only for w ik Y 2 = 0 since M(i,k,2) > 1. w ik Y 2 + h ik Y 2 + 22 ik Y -21 ik Y =0, i=1,…,n0; k=1,…,m0 (33) M(i,k,2) w ik Y 2 + 22 ik Y +      ) ( ) 2 , , ( , ) ( p B k i I q p q p X N  M(i,k,2)+1, i=1,…,n0; k=1,…,m0 (34) 
Constraints ( 35) -( 37) allow execution by vertical machining modules of operations not more of one side.
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Expressions ( 38) -(39) determine the existence of the i-th machine.

Zi   = 0 1 m k Zik; i=1,…,n0 (38) 
 = 0 1 m k Zik m0Zi; i=1,…,n0 (39) 
Equations ( 40) do not allow empty machines.

Zi-1 ≥ Zi; i=2,…,n0 (40) 
Constraints ( 41) -( 42) provide the choice of a single feasible orientation of the part for each machine.

s ikj ri Y h + 1; r=1,…, , i=1,…,n0; k=1,…,m0; s=1,…,; j=1,2; jhrs (41) 1 1 =   = r ri h ; i=1,…,n0 (42) Let 1 = i r i h and 1 1 = + + i r i i h
. Then ii+1=1 if riri+1 due to (43) and ii+1=0 otherwise since (1) is minimized.

1 1 1 1 +  =  = +   -   ri r ri r ii rh rh ; ri r ri r ii rh rh    = +  = + -   1 1 1 1 ; i=1,…,n0-1 (43)

Time calculation

Expressions ( 44) -( 45), ( 46) and ( 47) are used for estimation of execution time of operations from N by the l-th machining module, vertical spindle head and at the k-th position of the i-th machine, respectively.

Fikjl  tpp q p X ) (  ; pN; j=1,2; i=1, …,n0; k=1,…,m0; l=1,…,b0; qI(i,k,j,l)

B(p)

(44) pN; j=1,2; i=1,…,n0; k=1,…,m0; l=1,…,b0; qI(i,k,j,l)

Fikjl  tpp( q p X ) (  + q p X ) ' (  -1); p,

B(p)B(p)

(45)

Fik11  (p)/Si+((p)/1(p)+  a ) Xpik11-(p)/1(p); pN; i=1,…,n0; k, =1,…,m0 (46) Fik  ) 1 ( 2 0 1 3 2 0 0 -  +    +  + = = ikj g b l b l ikjl g ikj g ikjl Y b Y Y F ; i=1,…,n0; k=1,…,m0; j=1,2 (47) 
Expressions ( 48) are used for estimation of T(P).

T  Fik + r ; i=1,…,n0; k=1,…,m0

Expressions ( 49) -( 50) and ( 51) -(52) determine Tik, i=1,…,n0, k=1,…,m0, and Ti, i=1,…,n0, respectively.

Tik ≤ T0/O Zik; i=1,…,n0; k=1,…,m0 (49) 
T-Tik ≤ T0/O (1-Zik); i=1,…,n0; k=1,…,m0 (50)

Ti ≤ T0/O Zi; i=1,…,n0 (51) 
T-Ti ≤ T0/O (1-Zi); i=1,…,n0 (52) 
Constraint (53) guarantees that the total time for machining O parts does not exceed T0. 

) ( ) 1 ( 0 0 1 1   = = + + - m k ik n i i T T T O T0 (53) 
 H  = H H p K p K ) , ( ) (
respectively.

In the next section, we illustrate how the proposed model can be used in practice in order to decrease the solution time and to improve the quality of the final solution.

INDUSTRIAL CASE STUDY

The approach proposed in this paper will be illustrated on the following real-life industrial example. A machining line to produce the part presented in Figure 2 has to be designed.

There are 21 elements (features H1-H21) to be machined located on two sides of the part. Set N included 64 operations. Their parameters and predecessors are presented in Table 1. Exclusion constraints for operations concerning machines, positions, turrets, and machining modules are given in Table 2 to 5, respectively.

Inclusion constraints are given by families E SW ={ (1,4,8,9,11), (21,24,25,28), (29,31,32,34,35,37,38,40), (41,43,50,51,56,58, 59,61,62,64), (44,46,47,49)}, ,9,29,32,35,38), (2,6,10,13,16,19,30,33,36,39)}, E SM = {(1,5), (3,7), (9,12,15,18), (11,14,17,20), (21,25), (59,62)}. Other parameters are: O=140, m0=5,  a = g = r =0.1 min, T0=384 min, Csm=30, Csp =10, Cst =5, Cmm=2, Csh =4, Csw =2, Cro =0.5, H={(0, -1), (2,-1), (-1,0), (-1,2)}.

E SP =, E ST ={(1
The model ( 1)-( 68) was used for designing a flow line for machining the given part. The obtained optimal solution shown in Table 6 consists of 3 machines. The first machine includes 5 horizontal working positions (the work head at the first position, the spindle heads at the second and third positions, the turret at the forth position, and the spindle head at the fifth position). The second machine utilizes 4 horizontal working positions with turrets. The third machine is equipped with 5 horizontal working positions (with turrets installed at the first, second and third positions, and a spindle head at the forth position as well as a work head at the fifth position). The part is reoriented after machining at the first machine. The total time T(P) is equal to 2.393 min and the cost of the line is equal to 327.5. 1) -( 68) without providing an initial solution and MIPh corresponds to the case when an initial heuristic solution with the objective value of 344.5 was given to Gurobi solver. The obtained results show that the problem can be solved easily for n0=3, but the size of the model increases significantly for n0=4 and 5. However, with an initial heuristic solution even far from the optimum, a better solution can be found by the solver. Therefore, if an ad hoc solution exists, it can be fed to the solver to check if a better solution can be found dur to the optimisation.

EXPERIMENTAL STUDY

The purpose of these additional tests is to evaluate the effectiveness of the proposed approach. We compare the results to industrial problems and random generated tests. The characteristics of 20 industrial problems are presented in 147.5 147.5 147.5 136.5 136.5 136.5 136.5 136.5 136.5 0.7 1.1 0.04 1.58 1.45 1.47 2 156.5 152.5 156.5 151.5 151.5 151.5 151.5 151.5 151.5 0.5 1 0.02 9.16 8.01 9.37 3 193 244.5 193 184 184 17 290.5 294.5 296.5 283.5 283.5 283.5 225 212.5 233 28.6 30.9 25.58 3600 3600 3600 18 424.5 456.5 489.5 -463.5 348 166 165 168.5 34.7 16.4 12.81 3600 3600 3600 19 411 474.5 427 -371.5 374 236.5 212.5 201.5 8.7 5 1.85 3600 3600 3600 20 358.5 424.5 371 -329 334 232 244 230 10.6 12.8 2.43 3600 3600 3600 In Table 10, we present computation results for three series of 50 randomly generated problems. If all problems have not been solved by MIP, we do not calculate the minimal, maximal and average gaps as well as the minimal, maximal and average improvements of DF and DA. The improvement is calculated as (C1/C2 -1)*100, where C1 is equal to the cost of DF or DA and C2 is equal to the cost of MIP, MIPh, or MIPb, respectively. The negative improvement means that the solution found by MIPh is worse than the solutions of DF or DA. ImproveStartTime, for the instance of 10 features which have not been solved to optimality. For this instance, for MIPFocus=1 (the priority is given to good quality feasible solutions), the obtained gap was 3.6458%. For MIPFocus=2 (the priority is given for proving the optimality), the obtained gap was 1.5625%.

For MIPFocus=3 (the best objective bound is moving very slowly), the obtained gap was 0.5208%. The ImproveStartTime parameter is used in order to modify the behavior of research after the specified time has elapsed shifting from proving optimality to finding better feasible solutions from that point onward. For the tested instance, for ImproveStartTime=1800 seconds, the obtained gap was 7.8125%.

In Table 11, we present results for other hard problems (the gap obtained with the default Gurobi parameters was not less than 20%). In this table, NV and NC are the numbers of variables and constraints of MIP model, OBJ is the cost of the obtained solution, BND and GAP are the lower bound on the optimal cost and the gap between OBJ and BND reported by Gurobi. Index 3 corresponds to MIPFocus=3. We indicate in bold the best value obtained for the objective function. dealing with line balancing the lines equipped with multi-positional machines, rotary tables and vertical and horizontal machining modules. Both combinatorial decisions for assignment of operations and pieces of equipment to working positions as well as cutting mode selection for pieces of equipment were taken into account. For such a problem, the number of possible solutions increase extremely quickly and to master this complexity and to increase the efficiency of lines and decrease their cost, advanced decision aid tools are necessary.

For this problem, we developed a novel powerful mathematical model allowing us to take efficiently into account more parameters to consider at the design stage. The model integrates many advanced techniques of mixed integer linear programming and combines profound knowledges on the properties of such lines, problem-oriented design approaches, focused engineering techniques and cutting-edge optimisation skills.

An extensive numerical experiment has been conducted on a large set of real-life instances from industry and randomly generated instances in order to analyse the performances of the model. The obtained results

show that even for very difficult and large-scale problems, good quality solutions can be obtained within 1 hour of calculation. The allowed calculation time can be reduced for smaller scale instances. Thus, the model can be effectively used in real life design procedures to reduce the line cost at the preliminary stage of line design when essential structural and functional parameters of designed line are decided.

The overall approach, specific modelling knowledges, developed techniques to increase the efficiency of the model, optimisation insights, etc. presented in this paper could be also useful for scholars working on modelling other complex real life mixed combinatorial problems in production and logistics.

The proposed model is deterministic, in the future research, we are planning to develop robust optimisation approaches for the preliminary design stage as well as to consider the line exploitation phase in order to treat unseen events that can prevent the line from its designed functioning.

The paper is an successful example how production research is function: starting from a real life problem in industry with all its complexity, the problem interests a large community of decision makers, after understanding all the details of engineering approaches and challenges of the problem staying not solved, a serious scientific study is realized based on a solid background in decision aid mathematics, and an applied decision aid tool is developed which can be used in large number of applications in industry and able to produce significant help for decision makers. Such an approach was often used in the research work of Dr.

Jean-Marie Proth.

Figure 1 .

 1 Figure 1. A flow line with rotary machines The considered line balancing problem consists in the choice of an orientation of the part for each machine, the partitioning of the given set of operations into machines and machining modules, and the choice of cutting modes for each spindle head and turret.

  the execution time t b (Pikjl) of set of operations Nikjl with the feed rate Гikjl ] )/Гikjl + a , where L(Nikjl)= max{(p)|pNikjl}, ikjl  =max{γ1(p)|pNikjl}, ikjl  =min{γ2(p)|pNikjl and  a is an additional time for advance and disengagement of tools.

  ) and G DW =(N,E DW ), where the edge (p,p)E DM ((p,p)E DT ), (p,p)E DP ), (p,p)E DW )) if and only if the operations p and p cannot be executed in the same machinning module (turret, position, machine).

  pNs; s=1,…,; iI(p); kK(p); {hrs= j| r=1,…, µ}=; qI(i,k,j)B(p)(11) 
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  Figure 2. The part to be machined.
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 234 Fig. 2. Diagrams of MIPh(a) and MIPb(b) for 10 features

  be connectivity components of G SM including isolated vertices. Only one vertex (operation) i is chosen from each set SS Zik auxiliary variable which is equal to 1 if at least one operation is assigned to the k-th position of the i-th machine hri auxiliary variable which is equal to 1 if elements of the part are machined with the r-th orientation Fikjl an auxiliary variable for determining the time of execution of operations from N in the l-th machining module of spindle head or turret type j at the k-th position of the i-th machine Fik an auxiliary variable for determining the time of execution of operations from N at the k-th

	at the i-th machine
	ii+1 auxiliary variable which is equal to 1 if the part is reoriented between machines i and i+1,
	i=1,…,n0-1
	w
	Y
	ik
	h
	Y
	ik

i N , let (p)=i for all p SS i N and included into N.

Let us introduce the following notation:

Xpq decision variable which is equal to 1 if operation p from N is assigned to block q=2(i-1)m0 b0+2(k-1)b0+(j-1)b0+l, i.e. l-th machining module of spindle head or turret type j at the k-th position of the i-th machine Si decision variable which is equal to 1/Гi if a vertical spindle head is installed at the i-th machine s ikj Y auxiliary variable which is equal to 1 if at least one operation from Ns is assigned to spindle head or turret of type j at the k-th position of the i-th machine 2 auxiliary variable which is equal to 1 if a horizontal work head is installed at the k-th position of the i-th machine 2 auxiliary variable which is equal to 1 if a horizontal spindle head is installed at the k-th position of the i-th machine Yikjl auxiliary variable which is equal to 1 if the l-th machining module of spindle head or turret type j is installed at the k-th position of the i-th machine Yi1min auxiliary variable which is equal to k if k is the minimal position covered by vertical spindle head or turret of the i-th machine Yi1max auxiliary variable which is equal to k if k is the maximal position covered by vertical spindle head or turret of the i-th machine Yi1h auxiliary variable which is equal to 1 if the vertical spindle head or turret is installed at the i-th machine Yi1t auxiliary variable which is equal to 1 if the vertical turret is installed at the i-th machine Xpik11 auxiliary variable which is equal to Xpq Yi1h, q=2(i-1)m0 b0+2(k-1)b0+1 Zi auxiliary variable which is equal to 1 if at least one operation is assigned to the i-th machine position of the i-th machine T an auxiliary variable for determining the time of execution of all the operations from N at the flow line Ti auxiliary variable which is equal to TZi Tik auxiliary variable which is equal to TZik We calculate in advance parameters tpp = max((p), (p))/min(2(p),2(p))+ a . They represent the minimal time necessary for execution of operations p and p in the same machining module. It is assumed that (p,p)E DM if min(γ2(p),γ2(p)) < max(γ1(p),γ1(p)). For each operation pN, we calculate a set B(p) of block indices from {1,2,…,2n0m0b0}, a set K(p) of position indices from {1,2,…,n0m0} and a set M(p) of machine indices from {1,2,…,n0}, where operation pN can be potentially assigned.

Table 1 .

 1 Parameters of operations and their predecessors

	Operation	Hole Side	(p)	1(p)	2(p)	Predecessors
	p		s	mm	mm/min	mm/min	
	1	H1	1	45	16.2	99.5	44 47
	2	H1	1	7	17.5	58.5	1 5
	3	H1	1	42	21.1	129.3	2 6
	4	H1	1	42	23.8	143.7	3 7
	5	H2	1	45	16.2	99.5	44 47
	6	H2	1	7	17.5	58.5	1 5
	7	H2	1	42	21.1	129.3	2 6
	8	H2	1	42	23.8	143.7	3 7
	9	H3	1	45	16.2	99.5	44 47
	10	H3	1	7	17.5	58.5	9 12 15 18
	11	H3	1	42	21.1	129.3	10 13 16 19
	12	H4	1	45	16.2	99.5	44 47
	13	H4	1	7	17.5	58.5	9 12 15 18
	14	H4	1	42	21.1	129.3	10 13 16 19
	15	H5	1	45	16.2	99.5	44 47
	16	H5	1	7	17.5	58.5	9 12 15 18

Table 3 .

 3 Incompatibility of operations in one positionIn Table7, we present the size of the corresponding MIP model and the computation results obtained with the academic version of Gurobi 9.5.1 for n0=3, 4, 5 with available solution time of 1 hour. In this table, MIP corresponds to model (

	17	H5	1	42	21.1	129.3	10 13 16 19
	18	H6	1	45	16.2	99.5	44 47
	19	H6	1	7	17.5	58.5	9 12 15 18
	20	H6	1	42	21.1	129.3	10 13 16 19
	21	H7	1	58	16.2	99.5	44 47
	22	H7	1	41	16.2	99.5	21 25
	23	H7	1	82	16.2	99.5	22
	24	H7	1	8	17.4	74.9	23
	25	H8	1	58	16.2	99.5	44 47
	26	H8	1	41	16.2	99.5	21 25
	27	H8	1	82	16.2	99.5	26
	28	H8	1	8	17.4	74.9	27
	29	H9	1	24	16.2	99.5	44 47
	30	H9	1	7	20.2	86.4	29
	31	H9	1	21	21.1	129.3	30
	32	H10 1	24	16.2	99.5	44 47
	33	H10 1	7	20.2	86.4	32
	34	H10 1	21	21.1	129.3	33
	35	H11 1	24	16.2	99.5	44 47
	36	H11 1	7	20.2	86.4	35
	37	H11 1	21	21.1	129.3	36
	38	H12 1	24	16.2	99.5	44 47
	39	H12 1	7	20.2	86.4	38
	40	H12 1	21	21.1	129.3	39
	41	H13 2	34	85.4	341.8	-
	42	H13 2	33	8.4	49.3	41
	43	H13 2	29	11.4	69	42
	44	H14 1	42	13.3	89.5	-
	45	H14 1	21	14.6	94.4	44 47
	46	H14 1	33	17.2	116.4	45
	47	H15 1	42	13.3	89.5	-
	48	H15 1	21	14.6	94.4	44 47
	49	H15 1	33	17.2	116.4	48
	50	H16 2	18	14.6	94.4	41
	51	H17 2	18	14.6	94.4	41
	52	H18 1	30	17.7	106.1	44 47
	53	H18 1	7	26.3	112.3	52
	54	H18 1	13	20.1	123.2	53
	55	H18 1	29	239.3	478.5	4 8 11 14 17 20 24 28 31 34 37 40 46 49 54
	56	H19 2	39	17.7	106.1	41
	57	H19 2	13	20.1	123.2	56
	58	H19 2	28	239.3	478.5	43 50 51 57 60 63
	59	H20 2	23	17.7	106.1	41
	60	H20 2	13	20.1	123.2	59 62
	61	H20 2	24	239.3	478.5	43 50 51 57 60 63
	62	H21 2	23	17.7	106.1	41
	63	H21 2	13	20.1	123.2	59 62
	64	H21 2	24	239.3	478.5	43 50 51 57 60 63

Table 7 .

 7 Computation results

	n0	Number of variables	Number of constraints	Cost MIP	Bound MIPh MIP	MIPh	Solution time, sec MIP MIPh
	3 7794	240718	327.5 327.5 327.5	327.5	229.6	231.4
	4 10391	320972	327.5 327.5 214.5	222	3600	3600
	5 12989	401227	-	327.5 206.5	207	3600	3600

Table 8 .

 8 In this table, |N| is the number of operations, OS OR is the order strength of precedence constraints, OS DM , OS DT , OS DP , OS SM , OS ST , OS SP , and OS SW are the densities of graphs G OR , G DM , G DT , GS DP , G SM , G ST , G SP , and G SW respectively, and NO is the number of rows of matrix H. MIPh, and MIPb with maximal available time of 1 hour. DF and DA are adopted from[START_REF] Battaïa | Combinatorial techniques to optimally customize an automated production line with rotary transfer and turrets[END_REF] to take into account the possible reorientation of the part. MH represents a heuristic which provides initial solutions for Gurobi. MH differs from DF in solving subproblems. The first feasible solution is taken for MH. MIPb differs from MIPh in providing the initial solution. The MH solution is used for MIPh and the best of DF and DA solutions is used for MIPb. Results obtained with the default values of Gurobi' parameters are presented in Table 9.Table 8 Parameters of industrial problems Problem |N| OS OR OS DM OS DT OS DP OS DW OS SM OS ST OS SP OS SW NO n0 m0

	Experiments were carried out on Lenovo notebook (1.80 Ghz, 16 Gb RAM) with the academic version of
	Gurobi 9.5.1. We solve the problems using depth first searching shortest path (DF), decomposition
	approach (DA), as well as MIP,

Table 10

 10 Experimental results for random generated problemsThe obtained results clearly show that the complexity of the problem increases with the number of features to be machined. It can be also seen in Figures 3 to 5 which show the evolution of the optimality gap over the time for different number of features.

	Number of features to be machined	10	15	20
	Minimal number of operations	27	40	55
	Maximal number of operations	47	65	83
	Average number of operations	34	52	69
	Number of not solved problems by MIP	0	1	8
	Number of not solved problems by MIPh	0	0	0
	Number of not solved problems by MIPb	0	0	0
	Number of optimally solved problems by MIP	49	21	11
	Number of optimally solved problems by MIPh 49	20	11
	Number of optimally solved problems by MIPb 49	35	21
	Minimal time solution of DF, sec	1.4	3.9	9.3
	Maximal time solution of DF, sec	13.9 122.8 347.9
	Average time solution of DF, sec	5.39 24.71 66.61
	Minimal time solution of DA, sec	0.2	0.8	2.5
	Maximal time solution of DA, sec	20.4 61.3 44.9
	Average time solution of DA, sec	5.15 16.82 24.31
	Minimal time solution of MIP, sec	0.19 18.89 10.39
	Maximal time solution of MIP, sec	3600 3600 3602
	Average time solution of MIP, sec	218.2 2552 3202
	Minimal time solution of MIPh, sec	0.17 20.86 32.99
	Maximal time solution of MIPh, sec	3600 3600 3600
	Average time solution of MIPh, sec	176.9 2601 3131
	Minimal time solution of MIPb, sec	0.17 20.2 9.75
	Maximal time solution of MIPb, sec	3600 3600 3600
	Average time solution of MIPb, sec	139.7 1757 2671
	Minimal time to reach best value of MIP, sec	0.19 4	10
	Maximal time to reach best value of MIP, sec	807 3600 3600
	Average time to reach best value of MIP, sec	94.44 1530 2331
	Minimal time to reach best value of MIPh, sec	0.17 2	6
	Maximal time to reach best value of MIPh, sec	398 3172 3487
	Average time to reach best value of MIPh, sec	65.9 1186 1714
	Minimal time to reach best value of MIPb, sec	0.17 2	4

Table 11

 11 

	Experimental results for hard problems
	|N| NV NC	OBJ BND GAP, % OBJ3 BND3 GAP3, %