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Abstract

The Doob transform technique enables the study of a killed random walk (KRW) via a
random walk (RW) with transition probabilities tilted by a discrete massive harmonic func-
tion. The main contribution of this paper is to transfer this powerful technique to statistical
mechanics by relating two models, namely random rooted spanning forests (RSF) and random
spanning trees (RST), and provide applications.

More precisely, our first main theorem explicitly relates models on the level of partition func-
tions, and probability measures, in the case of finite and infinite graphs. Then, in the planar
case, we also rely on the dimer model: we introduce a killed and a drifted dimer model, ex-
tending to this general framework the models introduced in [Chh12]|[dT20]. Using Temperley’s
bijection between RST and dimers, this allows us to relate RSF to dimers and thus extend
partially this bijection to RSF. As immediate applications, we give a short and transparent
proof of Kenyon’s result stating that the spectral curve of RSF is a Harnack curve, and provide
a general setting to relate discrete massive holomorphic and harmonic functions. The other
important application consists in proving universality of the convergence of the near-critical
loop-erased RW, RST and dimer models by extending the results of [HSB22]
from the square lattice to any isoradial graphs: we introduce a loop-erased RW, RST and
dimer model on isoradial discretizations of any simply connected domain and prove conver-
gence in the massive scaling limit towards continuous objects described by a massive version

of SLE2.
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1 Introduction

A rooted spanning forest (RSF) of a graph G = (V,E) is a set of directed edges F — E with no
cycles such that every vertex has at most one outgoing edge in F'. The root vertices R(F') are the
vertices with no outgoing edges. A rooted spanning tree (RST) with root vertex r is a RSF with
only one root vertex r. When G is finite, given a conductance function c : E— R.( and a mass
function m : V — Ry on V, the Boltzmann measure on the set of RST, resp. RSF, is defined by

[ o ce [eer ez HreR(F) m(r)
VT, Phop(T) = —%E° _ resp. VF, Prsp(F) =
RST( ) ZEST(GH C) P RSF( ) ZRSF(Ga c, m)

where the normalizing constant is the partition function

Zrst(Gic) = ché ,resp.  Zrsr(G,c,m) = 2 H ce H m(r).

T zeE F éeF reR(F)

Kirchhoff’s celebrated matrix-tree theorem [Kird7] computes the partition functions:
Ztsr(G, ¢) = det (A|V\{T}) ,resp.  Zgrsr(G,e,m) = det(Ak),

where A is the discrete Laplacian on G with conductances ¢ and AK is the discrete massive
Laplacian on G with conductances ¢ and masses m. The RST model was later shown to exhibit



many integrable features: RST can be sampled by Wilson’s algorithm [Wil96] using the loop-
erasure of the random walk S associated to A, the transfer current theorem of Burton and Pemantle
[BP93|] shows that edge correlations are determinantal, [Pem91] and later [BLPSO01] build Gibbs
measures on infinite graphs, and more recently the branches of the tree were shown to converge
to SLE5 in the scaling limit in [LSWO04]. For specific planar graphs called Temperleyan graphs,
RST were shown in [TE61, [KPWO00] to be in bijection with dimer covers, exhibiting a fruitful link
with another well-studied model of statistical mechanics. Many properties can be transfered from
one model to the other by this bijection.

Some of these integrable features also hold for the RSF model, replacing A by A¥ and the
random walk (RW) S by the killed random walk (KRW) S¥, but not all of them: in particular no
extension of Temperley’s bijection is known to be true. One of the main goals of this paper is to
fill in this gap by introducing a general method which enables to relate a RSF on a planar graph
with a RST and a dimer model on the same graph. The key underlying idea is to use the Doob
transform technique (see [KGSK12] for a general introduction, [DHESC20] for a more recent and
concise introduction). Given a positive massive harmonic function A, this technique relates the
KRW Sk to a RW S with conductances Clay) = %c(%y), and also the associated massive and
non-massive Laplacian operators:

Ve~yeV, P, (§1 =y) = ME’}(S? —y) ; A =Diag(\) 'A*Diag(}).

A)

The question of existence of massive harmonic functions is addressed in Section [3.2]

1.1 General results

A version of the transfer current theorem for RSF established by Chang [Chal3| states that
= k
V{éi, ey 5k} (e E, ]P)RSF(517 ey gk) = det, ((H§i7gj)i,j:1,...,k) H Ce,;
i=1
where the transfer current operator H* is defined in terms of the massive potential (or Green

function): for all € = (z,v), f = (z,w) € E,

Vk(w y) Vk(x y) [o%)
HE L= ’ o ) where vx,y c V7 Vk z,y) = ]P)m Sﬁ —y). 1
of  A¥(y,y)  Ak(y,y) (@,y) n;) ( ) (1)

Note that the transfer current theorem for RST rooted at r corresponds to m = §,.. When G is
infinite, Prgt is the Wilson’s measure defined in Section Our contribution consists in relating
a RSF and RST model through the Doob transform of the massive potential (see Theorem for
a precise statement):

Theorem 1.1. When G is finite,
ZRSF(G7 C, m) = ZﬁST(GO,a.

In the right-hand side, RST are considered as rooted “outside” G. Moreover, for finite or infinite
graphs G with no loop, if the KRW S¥ dies almost surely in finite time, the measure Pigr on RST
of G° weighted by ¢ rooted “outside” satisfies the transfer current theorem with transfer current
operator

Ve = (w.o), F = (1) € B, Hyp— 2D V00 N0) Vi)

Aw) Ak(y,y)  Az) A(y,y)
The novelty of this theorem is that it relates a RSF and a RST model, at the level of partition
functions when G is finite, but also in general at the level of edge probabilities as they are expressed
in terms of the massive potential both in the RST model (our Theorem and in the RSF model

(Equation (T)).




When G is furthermore planar, we relate RSF to dimers using the intermediate RST model.
This can be seen as an extension of Temperley’s bijection to RSF although there is no one-to-one
mapping between configurations, as we relate the partition functions, Laplacian and Kasteleyn
matrix of a RSF and dimer models. More precisely, assuming that the conductance function
¢ is symmetric, given a massive harmonic function A : V — R.y and an arbitrary function
A* V¥ — R.( on vertices of the dual, we define in Figure [I] two dimer models on the double
graph GP called the killed and drifted dimer model (see Figure |4 for the definition of the double
graph). The drifted dimer model is defined such that when G is finite, by Temperley’s bijection

v

Figure 1: The local weights v9 for the drifted dimer model (on the left) and the local weights 1™
for the killed dimer model (on the right). The primal graph is in gray, the dual graph in black.

[KPWO00], dimer configurations of the double graph are in weight-preserving bijection with RST
of G° (that is RST of G rooted outside) weighted by ¢. We state the following result, which is
a summarized and simplified combination of Proposition Corollary and Proposition
(when G is finite, the statements have to be refined to take into account boundary effects):

Theorem 1.2.

(i) When G is finite, Zrsr(G,c,m) = Zqim(GP, %), where the right-hand side is the partition
function of the drifted dimer model on GP with weights v9.

(i) The drifted and killed dimer model are gauge equivalent: their respective Kasteleyn matrices
K9 and K¥ satisfy KX = @KV for some diagonal matrices ®, .

(iii) There exists an operator A* on the dual graph such that the Kasteleyn matriz of the killed

dimer model satisfies
Ak 0
Kyt k — ~
(KO'K ( 0 A*) .

Remark 1.3.

e When c is symmetric, this gives an alternative proof of our Theorem using the local
statistics formula for edge probabilities in the dimer model (see the discussion after Propo-

sition [4.7).

e (iii) implies a natural definition of discrete massive holomorphic function as the functions f in
the kernel of K. For isoradial graphs with critical or Z-invariant weights, it generalizes the
discrete holomorphy theory of [Ken02, [CSII] (non-massive case) and [MS09, [dT20] [Par22]
(massive case). This is discussed in Section

This result was previously shown in some specific cases: our drifted and killed dimer models
can be seen as generalizations of the drifted and killed dimer models (on Z?, with specific weights)
of [Chh12] which are also central to the subsequent article [HSB22]. These models were themselves
related to a drifted and killed Laplacian operator by ad hoc computations. The idea of relating a



massive Laplacian with a dimer model through an intermediate RST model was already used in
the special case of isoradial graphs in [dT20] (see in particular Theorems 19,21), with the purpose
of relating the massive Laplacian with a Z-invariant massive Dirac operator. Let us also mention
a related work in a forthcoming paper of Ballu, Boutillier, Mkrtchyan and Raschel of which we
are aware.

Every time it appeared, this idea was model-specific: our approach unveils that whenever we
can find “nice” massive harmonic functions on a graph, the RSF model can be related to a RST and
dimer model. Tt has the advantage of using the well-developed Doob transform technique, which
is used to study RW or KRW conditioned on particular events. The link with quasi-stationnary
distribution might also provide new and interesting applications.

1.2 Applications

We provide applications of our general technique to at least two settings.

Z2-periodic graphs On Z2-periodic graphs, a family of Gibbs measures on the infinite graph
is obtained in [Kenl9| as the weak limit of multi-type spanning forests (MTSF) on a toroidal
exhaustion. A MTSF is a spanning collection of rooted trees and cycle-rooted trees. In the limit,
it becomes a RSF of the infinite graph with infinite unrooted tree components of a given slope
and rooted tree components. We build “nice” Z2-periodic positive massive harmonic functions,
and using the Doob transform technique, we find that the characteristic polynomial of the MTSF
model is equal up to a change of variable to the characteristic polynomial of a drifted dimer model
with explicit Z2-periodic weights: denoting by P* and Péiim the characteristic polynomials of the

RSF and drifted dimer models, Proposition [5.4] states that

Proposition 1.4. There exists (29, wo) € (R=o)? such that

¥(z,w) e C2, PX(z,w) = PS (2,2 ).
(Z U)) (Z ’LU) dim 2507 wo
This provides an alternative and direct proof of the fact (stated among other things in Theorem
1.4 of [Kenl19]) that the spectral curve of the MTSF model is a Harnack curve, see our Theorem 5.5

Near-critical dimers and trees. Our second and more detailed application is to extend the
results of [Chh12] and [HSB22] to isoradial graphs: we prove universality of the convergence of
the RST and drifted dimer model in the near-critical regime or massive scaling limit. We use the
discrete exponential function which is massive harmonic for the Z-invariant massive Laplacian on
isoradial graphs (these objects were introduced and studied in [BATR17]) to relate a RSF model
with a killed and drifted dimer model. In the critical case (corresponding to a vanishing mass
m = 0), our model corresponds to the critical RST model on isoradial graph whose branches are
known to converge to SLFEs by combining [LSWO04] and [CS11]. The associated killed and drifted
dimer models coincide with the critical dimer model on isoradial graphs whose height function
is known to converge to the gaussian free field [Ken00, Ken01l [dT07, [Lil7]. In [HSB22], they
consider a dimer model on Z? with specific weights in the near-critical regime which corresponds
to scaling appropriately the mass with the mesh, and show convergence of the branches of the
RST model towards massive SLFEs building on the proof of convergence of the loop-erased KRW
towards massive SLEy by Chelkak and Wan [CW21]. The height function of the near-critical
dimer model also converges and the limit exhibits conformal covariant properties.

In this paper, we show universality of the convergence of the near-critical RST and dimer model
by extending the results of [HSB22] to any isoradial graph, answering in particular (iv) of their open
questions section (1.7). Let G5 = (Vs,Es) be an isoradial approximation of a simply connected
open set ) with smooth boundary. The near-critical regime corresponds to m(x) ~ M?2§2 for all
x € Vg5 where M > 0 is a fixed mass parameter and ¢ is the mesh. The precise scaling of the mass
with the mesh is discussed in Section and Remark [6.5] in relation with conformal covariance.



To each drift parameter @ € (0,27) corresponds a discrete massive exponential function e and
hence a RST and drifted dimer models by the Doob transform technique. A precise statement of
the following result can be found in Theorems and

Theorem 1.5. When § — 0, the random RST 7:5M’ﬂ on Gy associated with the drifted dimer
model with mass parameter M > 0 and drift parameter u € R converges in the Schramm sense to
a continuum limit tree TM®. Conditionally on the endpoint y € 090, a branch of the tree from a
point x € Q has the law of massive radial SLEy in Q with mass parameter /2M from x to y. The
law of the endpoint of the branch started at x is the exit law from Q of the brownian motion with
drift vector \/2Me'™. Moreover, the centered height function héw’“ - E[héw""] of the drifted dimer
model converges in law to a limit.

Our main contribution is to introduce the relevant RST and dimer models. In order to apply
a general theorem of [HSB22] to obtain convergence of the loop-erasure of the KRW towards
massive SLFE,, we prove a uniform crossing estimate and convergence of the KRW towards the
killed brownian motion. This is done by applying to the near-critical regime some results of discrete
harmonic analysis on isoradial graphs developed in [CS11]. It is not the first time that universality
of convergence in the near-critical regime is proved for a model of statistical mechanics: [Par22)
and [CIM21] show universality of the convergence of correlations in the massive scaling limit for
respectively the random cluster model and the Ising model on isoradial graphs.

1.3 Perspectives

This paper brings new perspectives in the study of RSF models by introducing a generic way to
relate them to a RST and dimer model for which more tools are available. As soon as a “nice”
massive harmonic function is defined on a graph, new links can be made: we applied this technique
to the two settings we were aware of, but there are probably many others.

e For the model of [Ken19] on Z2-periodic graphs, we believe that our technique can be used
to show that the law of the infinite branches of the Gibbs measure is related to a drifted
random walk, and that the law of these infinite branches for a RSF model coincides with the
law of these branches for a “drifted” RST model with no mass, and can hence be related to
the dimer model of [Sunl6].

e For the near-critical dimer model, new results might be obtained by using the comprehensive
analysis of the Z-invariant massive Laplacian performed in [BATR17]. In particular, the
explicit asymptotic of the Green function might provide new information. We mention that
on the square lattice, the recent work of Mason [Mas23] proves convergence of the two point
correlation functions of the near-critical dimer model towards those of the sine-Gordon field.

1.4 Organization of the paper
The first sections present the general theory.

e In Section we give preliminaries on RST and RSF models, (massive) Laplacians and
(massive) random walks, and state useful results on the Doob transform that we will apply
all along the article.

e In Section [3] we develop general theorems to transfer results from RST models to RSF
models by using the Doob transform technique. We also explain why it is always possible
to find massive harmonic functions on infinite graphs and introduce a notion of “killed
Martin boundary”, justifying that in principle our results apply to any conductance and
mass functions and any graph.

e In Section [4 we focus on planar graphs: we define the killed and drifted dimer models and
show how they are related to the RST and RSF model.



The last sections are devoted to applications.

e Section shows some applications to Z2-periodic graphs, explaining in particular how to find
explicit massive harmonic functions. For this section, we only need the preliminary results
of Section 2 on the Doob transform.

e Section [6]shows applications to the near-critical dimer and RST models. We recall the setting
of isoradial graphs and the results of [BATR17], present our model and prove Theorem [1.5
For this section, we need the preliminary results of Section [2] the setting of Paragraph
and the definition and basic properties of the drifted dimer model of Section [4

e Appendix[A]contains the proof of some technical results on the Z-invariant massive Laplacian
in the near-critical regime used in Section @ It uses results from [CS11] on the critical
Laplacian.

Acknowledgments. The author warmly thanks Béatrice de Tiliere for her advising all along
this project, and for suggesting to extend the results of [dT20] and [HSB22] which was the starting
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Nathanaél Berestycki and Levi Haunschmid-Sibitz for discussions on near-critical dimers, and
Marcin Lis for sharing ideas on the killed dimer model. The author is partially supported by the
DIMERS project ANR-18-CE40-0033 funded by the French National Research Agency.

2 Preliminaries

2.1 First definitions

Consider a connected locally finite countable graph G = (V,E). A loop is an edge e = xx with
x € V. The undirected edge set E induces a set of directed edges E: to every undirected edge
e = xy € E are associated the two directed edges (z,y) and (y,x). We say that two vertices of G

are neighbours and we write x ~ y (or z < y when there is a risk of confusion) if zy € E. A path
v is a set of directed edges €1 = (xg,21),...,€n = (Tp_1,2,) with &; € Eforall 1 <i<n. It
is often identified with the sequence of its vertices (zg, 21,2, ...,2,). The length of the path is
|v| = n and for all 0 < i < ||, (i) = ;. Such a path connects the vertices x¢ and z,. A cycle is
a path returning to its starting point: x, = xg. .

Consider a positive conductance function ¢ : E — R~ which assigns to every directed edge a
conductance ¢, ). We sometimes extend c to all pairs of vertices by c(, ) = 0 if 2y ¢ E. Define
the total conductance at a vertex ¢ : V — R~ by c(x) = Zy~m C(z,y)- When G is infinite, we
always assume that the total conductances are uniformly bounded: there exists C' > 0 such that
for all z € V, 0 < ¢(z) < C (this is trivial when G is finite). If for all  ~ y € G, ¢(4,4) = ¢(y,2), We
say that ¢ is symmetric and we write czy = C(4,4)-

Finally consider a mass function m : V — Ry assigning a non-negative mass m(x) to each
vertex x of V. We will write m # 0 when m takes at least one positive value and m = 0 otherwise.

Matrix and linear operator notations. A matrix L with rows and columns indexed by V
and coefficients L, , = L(z,y) such that Ly, = 0 except when z = y or & ~ y is identified with
the linear operator also denoted by L acting on functions f:V — C:

VieVE VaeV, (Lf)(x) = Y] Lz, y)f(y).

Yy~x

For U < V, we denote by Ly the restriction of the matrix L to the subset U. For a function
¢ : V — C, we denote by D(¢) (or sometimes ® to lighten notation) the diagonal matrix with
entries ¢ on the diagonal.



Spanning trees and forests. A directed rooted spanning forest (directed RSF) F of G is a
subset of directed edges F' E such that each vertex has at most one outgoing edge in F' and
there is no cycle constituted of edges of F. Denote by F(G) the set of RSF of G. Consider
F e F(G). A vertex x € V is a root of F if it has no outgoing edge in F: we denote by R(F) c V
the set of root vertices of F. Given a distinguished vertex r € V, a directed rooted spanning tree
(directed RST) T of G rooted at r is a RSF of G satisfying r(T') = {r}: it is a forest with only one
root which is 7. Denote by 77 (G) the set of directed RST of G rooted at r.

Remark 2.1. Observe that with this definition, when G is infinite, a RST is not necessarily con-
nected: it can have a rooted connected component and several unrooted infinite components.
Similarly, a RSF can have rooted connected components and infinite unrooted components. To
align with previous notation, we should say “spanning forest” instead of RSF and “spanning forest
with exactly one root” for RST.

When G is finite, the conductance function ¢ induces a weight function on 77(G):
VT € T7(G), vhsr(T) = [ ] e 2)
eeT
The partition function is the weighted sum of RST rooted at 7:

Zisr(Gic) = 2 vigr(T).
TeTT(G)

Since G is finite and connected, 0 < ZL41(G, ¢) < o0 and the weight function induces a probability
measure on 7" (G):

T T VﬁST(T)
T ET(6), BsalT) = 7% 3)
When G is finite, the conductance and mass functions (¢, m) also induce a weight function on
F(G):
VE e F(G), vrsp(F) = [[ ez ] m().
€eF  zeR(F)

The partition function is the weighted sum

Zrse(G,e,m) = ) vrse(F
FeF(G)

When m # 0, 0 < Zrsr(G, ¢, m) < o, the conductance and mass functions induce a probability
measure on F(G):

vrsF (1)
ZRSF(G7 C, m) '
This measure is supported on RSF with root vertices in the support of the mass function i.e.
R(F) c {z € V : m(x) > 0}. The probability measures Piqr and Prgr coincide when m = §,.. For

VF‘E./—‘.(G)7 IPRSF(F) =

a subset of directed edges {€1,...,é,} < E we denote by Prer(€1,...,€,), resp. Prep(€1,...,€En),
the measure of the set of all trees, resp. forests, containing these edges.

Remark 2.2. There is no obvious extension of these probability laws to the case of infinite graphs.
This issue is common to many models of statistical physics and we will address it in Section

The forest-tree bijection. Adding a cemetery vertex to G allows to connect RSF of G and
RST of a modified graph G” as we now explain. Define a new graph G” = (V*,E?) by adding a
vertex called the cemetery state: V» = V U {p}, and E” is the set E plus an edge zp for each x
such that m(z) > 0. When m = 0, we define G” = G, so the graph G” is always connected. Define
a new positive conductance function c* : Er R~ by

Clay) if (z,y)€E
ko m(z) ifm(x) >0, y=
(@.y) m(y) ifm(y) >0, x

0 otherwise.



C2

(G,e,m)

Figure 2: On the left: a graph G with conductance and mass functions (¢, m). On the right: the
associated graph G” with conductance function c¥, assuming that m(y) > 0 Yy € V. Edges are
labelled by their conductances.

An example of the graph G” with conductance function c* is drawn on Figure Observe that
when c is symmetric, ¢* also is. The total conductance at a point z € V is ¢*(z) = c(x) + m(z).

Definition 2.3. RSF of G with roots in {z : m(z) > 0} are in bijection with RST of G” rooted
at p: to F € F(G) we associate T' € T*(G) obtained by adding an edge (x, p) for each root vertex
x € R(F). When G is finite, this is a weight-preserving bijection called the forest-tree bijection:

VRSF(F) = HCg H m(x) = Hcle; H cl((x,p) = nclg' = Vl%ST(T)'
éeF  zeR(F) éeF  zeR(F) eeT

In particular, Zrsr (G, c,m) = Zhyr (G, ) and when m # 0, Prgp(F) = Prep(T).

Remark 2.4. When m = 0 and G is infinite, this bijection is simply the identity: since G* = G, we
can use the convention that a RST of G” rooted at p is a RSF of G with no root. This is called
an essential spanning forest (ESF) of G, and it is a collection of infinite connected components
spanning V, with no cycle.

Laplacians and Green functions. A (discrete) Laplacian operator A : CV — CV is naturally
associated with the conductance function c:

ViV —C VeeV, Af(x) = ) ¢y (f(z) = FW):

Yy~

A function f : V — C such that Af = 0 is called harmonic. A (discrete) massive Laplacian
operator A¥ : CV — CV is naturally associated to the conductance and mass functions (c,m):

ViV —>C, VeV, AMf(z) = m(x)f(x) + Y oy (f@) — F)).

y~x

A function f : V — C such that AXf = 0 is called massive harmonic. In the canonical base of CV,
these Laplacians are represented by square matrices whose rows and columns are indexed by V:

_c(z,y) ifx ~ Y, T # ) _C(z7y) if x ~ Y, T # Y
Al’,y = C(l‘) — C(z,2) ifz=y ) A];’y = m(l‘) + c(x) — Clz,x) ifx=y
0 otherwise 0 otherwise

Observe that the massive Laplacian A¥ on G coincides with the restriction to V of the (non-
massive) Laplacian on the graph G” with conductance function ¢X. When G is finite and m # 0,
the massive Laplacian is invertible by the Perron-Frobenius theorem: its inverse is the massive
Green function GX : V x V — R. In matrix notation, it satisfies

G = (AR, (4)



In other words

Vae,yeV, Ly = (ARGE),y = m(2)G*(z,y) + Z C(LZ)(Gk(z,y) — GX(z,y)).

z~T

Remark 2.5. This definition of the Green function can be extended if G is infinite under additional
conditions. For example if the masses are uniformly bounded away from 0 and oo, we can still
make sense of G¥ = (A¥)™! by inverting the restriction of the operator A* to L2(V), see for
example Section 4.1 of [BATR17].

Matrix-tree theorem. In this paragraph, we assume that G is finite. The objects introduced
in the first two paragraphs (the RST/RSF and the Laplacians) are naturally related. Let r € V be
fixed. The matrix-tree theorem of [Kird7] (and its extension to directed weighted graphs, which
can be found for example in [Cha82)]) relates the determinant of the (non-massive) Laplacian with
the weighted sum of RST rooted at 7:

ZﬁST = det AV\{T}

Applying this theorem to (G?,c*) with distinguished vertex p and using the forest-tree bijection
gives

Zrsw (G, ¢;m) = Zgr(GP,c<) = det A* (5)
since, as we already observed, the restriction to V of the Laplacian on V? with conductance function
¢ is A¥. This identity is sometimes called the matriz-forest theorem.

Random walks and potentials. To the conductance function c is associated a discrete time
Markov chain S on V called the random walk (RW) with conductances c. Given xg € V, the RW
with initial state xg is defined by Sy = xg and transition probabilities

ify~ax

. Cizan/c(x
Vi e ZZOa vxay € Va Q(l‘,y) = Pwo(‘s’i-Fl = y|Sl = JJ) = { 0( 71/)/ ( ) otherwise.

Since G is connected and ¢ is positive, this Markov chain is irreducible. Recall that D(c) denotes
the diagonal matrix with entries ¢(z). The transition kernel is related to the Laplacian:

Q=1-D(c) A (6)

For U ¢ V, we denote by 7(U), resp. 7 (U), the first time ¢ > 0, resp. ¢ > 0, at which the RW
enters the set U:

7(U) = inf{i > 0,S; € U}, 77(U) = inf{i > 0,5; € U}.

If U = {z} is reduced to a point, we compactify the notation 7(U) =: 7(z) and 7+ (U) =: 77 (z).
The conductance function c¢* associated with ¢ and m induces a Markov chain S” on V?. The
RW S” stopped at p is denoted by S¥ and is called the killed random walk (KRW):

Vi € Zsg, SK:=8?

i inT(p)

where we use the standard notation A for the minimum. The cemetery vertex p is an absorbing
state for the Markov chain S¥. The sub-Markovian transition kernel Q¥ associated with S¥ is a
matrix with rows and columns indexed by V related to the massive Laplacian:

Q% =1 D(F)tAk (7)

We denote by 7%, resp. (7%)T, the hitting times of sets for this Markov chain. When m = 0,
Sk = 87 = S and 78(p) = (7%)T(p) = o by convention, so from now on we only state the
definitions and results for the KRW as they include the RW case m = 0.
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Remark 2.6. The RW S associated with ¢ and the KRW S associated with (¢, m) can be coupled.
Let (U;)i=0 be a sequence of independent uniform variables in [0, 1], independent of S. Define X*
recursively by XX = Sy and

. if (Xk
VZEZZO, X};ﬁrl_{p ! ( Z

=p)or (Xf=5;=xzeVand U > c(z)/(c(x) +m(z)))
S EXK=S, = ).

zeVand U; < c(x)/(c(z) + m(z)

Then, X* has the law of the KRW associated with the conductance and mass functions (c,m) on
G so we can denote it X* = S¥, and

Vi < 75(p), SK=5;.
The KRW S¥ is transient if for all z € V,
P, ((75)%(2) < ) < 1,
meaning that with probability 1, the walk reaches the cemetery state in finite time or “escapes to

infinity”. When m = 0, this is the usual definition of a transient RW.

Remark 2.7. When G is finite and m = 0, the RW is never transient. When m # 0, the KRW is
always transient: if S* is coupled to S as in Remark either S is transient, in which case S*
also is, or it is recurrent. In this case, given x € V such that m(z) > 0, S returns almost surely
infinitely many times to 2 and each time S* has the same positive probability of dying, so S* dies
almost surely and hence it is also transient.

The potential of a transient KRW or transient RW is well-defined:
m™(p)—1 s s
V:L',y € V, Vk(x,y) =E, Z R{Sﬁzy} =E, [Z I{Sgy}] = Z IP’I(SE = y) < 0. (8)
n=0 n=0 n=0

This definition coincides with the potential of a transient RW when m = 0 (recall that in this
case, 7(p) = o by convention). By the simple Markov property, the potential satisfies,

k _
Ve,yeV, Vi(z,y) = ]l{ﬂf:y} +z§c c

C(x,2) 7,k
k(l‘) 14 (Zu y)

In other words, in matrix notation,

ARVE = D(c). (9)

If G is finite and m # 0, taking inverses implies that the potential is related to the massive Green
function: V¥ = G¥D(c), or in other words

Vo,yeV, VE(a,y) = )G (z,y). (10)

If G is infinite, m = 0 and the RW S is transient, the potential V = V¥ is well-defined but the
Green function is not since the Laplacian is not a priori invertible so Equation does not make
sense.

We will soon need to use results of [Chal3|, who has a different definition of the potential. Let
(X§)ier, be the continuous time pure jump Markovian process on V U {p} with sub-Markovian
generator AX (see Chapter 2.2 of [Chal3] for more details). The explosion time of this process is
infinite since we always assume that the total conductances are bounded. The embedded Markov
chain is the discrete time KRW: if Ny = 0, N1,... are the times of the jumps, X}i,i = Sk for all
i € N. The associated continuous potential is

0
Vr,yeV, VE(z,y) = El[f ]l{Xé(y}].
0

It is well defined by transience of the embedded Markov chain and the fact that the conductances
(hence the jump rates) are bounded. Chang uses the notation V7 = V¥(x,y). Since the continuous
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time process X* has a jump rate c(y) at y, it spends an average time c*(y)~*

hits y, and since the embedded Markov chain is the KRW:

in y every time it

VE(z,y)
Ve (a,y) = =,
@)= "5
hence when G is finite and m # 0, by Equation the continuous potential coincides with the
Green function: VX(x,y) = G¥(z,y) for all x,y € V.

The transfer current operator is defined for all € = (w,z), f = (y,z) € E? by

VE(w,y)  V¥(x,y)
c*(y) k(y) 7

with the convention that for all x € V, V¥(x, p) = V¥(p,2) = 0. When m = 0, the transfer current
operator is defined on E so the conventions are not needed and it coincides with the usual transfer
current operator associated with a transient RW. Observe that this transfer current operator is
not symmetric and if y = p or if € is a loop, Hiif =0.

Hk

5= Ve(w,y) = Vel(z,y) =

Induced subgraph and wired boundary conditions. Consider an infinite graph G* =
(V*, E®). Let V < V® be a strict subset of V®. The subgraph of G* induced by V is the graph
G = (V,E) with edge set E such that for all z,y € V, zy € E if and only if xy € E®. When G* is
planar, the induced subgraph G is simply connected if all the vertices of V*\V belong to the outer
face of G. The (inner) boundary oV of G in G* is

OV ={reV|IeVAV, < y.

Given a conductance and mass functions (¢*, m®) on G, a natural conductance and mass func-
tions with wired boundary conditions are defined on the induced subgraph. It corresponds to

assigning conductances by restriction ¢ := ¢% and adding a mass for each positive conductance

|E
between a vertex in V and a vertex in V®\V:
Vo eV, m(z) :=m™(z) + 2

yX @, yeve\v

o0
Clay):

Note that it differs from m® only on 0V. Denote by A¥ and S* the massive Laplacian and KRW
on G* associated with the conductance and mass functions (¢, m®). The massive Laplacian G
associated to (¢, m) is simply the restriction A{‘/: for all x,y € V such that z # y and =z ~ v,

Al;,y = _C??v,y) = —C(zy) and
Vx eV, AI;.J =m®(x) + Z oy = m(x) + Z Clay)-
o G
Y~ y~x

Equivalently, the KRW on G with conductance and mass functions (c,m) is the KRW S* on G*
with conductance and mass functions (¢, m®) killed when it exits V. More formally, if we define
Xk by Xk = Sk for all i < 7%(V®\V) and XF = p for all i > 7%(V*\V), then X* has the law of
the KRW on G associated with the conductance and mass functions (¢, m).

Assume now that m® = 0. The wired conductance and mass functions are ¢ := cf\‘j E— R<g

and

Ve eV, m(z) = Z o) (11)

¥ w yeve\v

In particular when V is a strict subset of V¥, m # 0 even though m* = 0. The KRW on
G associated with the conductance and mass functions (¢,m) is simply the RW S on G* with
conductance function ¢* killed when it exits V, and the massive Laplacian on V associated with

12



C2

(G, )

Figure 3: On the left: a simply connected induced subgraph G of a planar graph G*. Edges
leaving V are marked with no target vertex. On the right: the graph G° is also planar. Edges are
labelled by their conductances.

the conductance and mass functions (¢, m) is simply the restriction Ay. In this case, the forest-
tree bijection is particularly easy to understand: denote by G° the graph obtained from G* by
identifying all vertices of V*\V to a single vertex o. When G® is planar and G is simply connected,
the graph G? is still planar: this will be useful later on. The forest-tree bijection states that RSF
of G weighted by (¢,m) are in weight-preserving bijection with RST of G° rooted at o weighted
by ¢, with the natural abuse of notation that the conductance of an edge (z,0) is the sum of
conductances C?(;,y) of edges (x,y) with y € V*\V. An example of the graph G is drawn on Figure
These RST of G° rooted at o can be thought of as RST of G rooted at the outer boundary.

Remark 2.8. The free boundary conditions correspond to assigning conductances and masses by

restriction ¢f = ¢%2 and mf = m®. We will only mention it in this article. This is not compatible
v Yy p

|E
with the restriction of the Laplacian.

2.2 Wilson’s algorithm and the transfer current theorem

The transfer current theorem (first proved by Burton and Pemantle [BP93|) expresses the prob-
ability that some fixed edges belong to a random uniform (undirected) spanning tree of a finite
graph as determinants of submatrices of the transfer current operator. It shows in particular that
the uniform spanning tree seen as a random point process on the set of edges is determinantal.
This result was extended in many directions, but one which is particularly interesting to us is to
the case of directed RSF proved by Chang in his PhD thesis [Chal3].

Recall that by the forest-tree bijection, the probability measure PR on 77(GP) associated
with the conductance function ¢ by Equation coincides with the probability measure Pgrgr on
RSF of G weighted by (¢, m). Theorem 5.2.3 of [Chal3| reads

Theorem 2.9 (Finite Directed Transfer Current Theorem). When G is finite and m # 0,

k
V{é&, ey gk} (e Ep, P?{ST(gl’ ey é}c) = det ((H§i7€j)i,j:1,...,k) nclé(»i.
i=1

In [Chal3] this result is stated for processes with finite state space that are absorbed by the
cemetery state almost surely in finite time: it corresponds to G being finite and m # 0. The
historical proof of [BP93| in the non-directed case relies on electrical networks. Other proofs,
including that of [Chal3] which deals with the general directed case, rely on Wilson’s algorithm.
We do not repeat the proof but we introduce a slightly more general version of Wilson’s algorithm
in the setting of transient KRW on countable graphs. This algorithm is a combination of the
algorithm of |[Chal3] for a directed KRW that dies almost surely and Wilson’s method rooted
at infinity described in Section 10.1 of [LP16] (for reversible Markov chains with no killing). It
actually unifies the two algorithms by identifying the cemetery state with infinity.
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We first need to define the concept of loop-erasure. A path v in G, finite or infinite, is said

to be transient if it visits no vertex infinitely many times. If v = (xg,z1,...) is a transient
path, its loop-erasure denoted by LE(7) is also a path in G built in the following way: start with
v1 = (zg,21). Define recursively v,41 out of v, in the following way: let I, = |y,|. If for all

0<i<ly, (i) # Tni1, then 41 := (7(0), ..., Y (1), Tnt1). Otherwise, let k = inf{0 < i <
lny i1 = (1)} and define v,41 = (7,(0), ..., ¥ (k — 1), 2,+1). This produces a new path in G
with no cycle. If v is finite this algorithm stops after |y| steps. If v is infinite, a countable number
of steps must be done. Nevertheless, the loop-erasure is well defined when the path is transient
(see the proof of Proposition 10.1 of [LPI16] for details).

Definition 2.10 (Wilson’s algorithm rooted at the cemetery state). Assume that S¥ is transient.
Choose an arbitrary order L = {z1,22,...} on V. Let Ty = J. Assume that for some i > 0,
the random subgraph T; < EP was constructed. Let Tg(;) be the first vertex of L which does not
belong to an edge in T;. Run a KRW S started at Tg(s)- Since Sk is transient, almost surely, one
of the two following situations occur:

e S¥ hits p or one of the vertices in T} in finite time. In this case, perform the chronological
loop-erasure of the trajectory up to this time: it produces a finite path s; with no cycle
disjoint of T; except for its endpoint. Add this path to T; to form T;,1 = T; U s;.

e S¥ never hits T; nor p. Perform the chronological loop-erasure of this infinite trajectory:
this is almost surely well-defined because since S¥ is transient, the path is almost surely
transient. This produces an infinite path ¢; with no cycle. Form T;,1 by adding this infinite
path to T;.

Run this algorithm until all the vertices of G are spanned by T; (it can take a countable number
of steps if G is infinite). This produces a random RST of G” (recall that with our definition, a
RST can have infinite unrooted components, see Remark . By the forest-tree bijection, this
RST corresponds to a RSF of G.

Definition 2.11. We call the Wilson’s measure (following [Con23|) the probability measure on
RST of G” rooted at p obtained by applying this algorithm and denote it by Py .

When m = 0, this algorithm is Wilson’s algorithm rooted at infinity described in Section 10.1
of [LP16] (for symmetric conductance functions). It produces an ESF of G (see Remark [2.4).
When G is finite and m # 0, the Wilson’s measure is supported on RST of G” and coincides with

the probability measure defined in Equation associated with the conductances cX:

Proposition 2.12. When G is finite and m # 0, Pw coincides with the measure Piqy defined in
Equation associated with the conductances c*: Py = Pt

Proof. Proposition 5.2.6 of [Chal3] states that

VT € TP(GP), Pw(T) = det(G*) | | k.
eT

L

9]

Since by the matrix-forest theorem (see Equation (5)) and the definition of the massive Green
function, Zhgp (G, c*) = det(A¥) = det(G¥)~!, Py coincides indeed with Phgr. O

When G is infinite, another natural measure on RST of G” is the weak limit over any exhaustion
of the measure . We now explain why this coincides with the Wilson’s measure. An exhaustion
of G is a sequence of connected induced subgraphs G, = (V,,, E,,) such that V,, is increasing (for
union) and (J,,cy Vn = V. We denote by (¢, my) the associated conductance and mass functions
with wired boundary conditions. Recall that even when m = 0, m,, takes at least one positive
value since the finite set V,, is a strict subset of the infinite set V. Consider an exhaustion (G,,)nen
of G, and denote by PP{;, the Wilson’s measures on RST of G rooted at p associated with the
conductance and mass functions (¢, my,).
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Proposition 2.13. Assume that G is infinite and one of the following holds:
(i) m =0 and S = S is transient.
(ii) m # 0 and for all x € V, P, (7%(p) < w0) = 1: S* dies almost surely in finite time.

The Wilson’s measure Pw on RST of GP rooted at p associated with the conductance and mass
functions (c,m) coincides with the weak limit of the PY,. More precisely,

V{€1,...,€k} c Ep, P{lN(€17...,€k) mpw(é&,,ék)
When m = 0, we simply have Ef =E and Pw is supported on EST of G = GP.

Observe that the assumption in case (ii) is stronger than the transience assumption. Case (ii)

is exactly Proposition 5.2.6 of [Chal3]. Case (i) is an immediate extension of Proposition 10.1 of
ILP16] to the directed transient case. In their setting, the conductance function is symmetric, but
the exact same proof works.
Remark 2.14. Proposition holds more generally for transient KRW (which includes cases (i)
and (ii): this corresponds to identifying p with the cemetery state) by simply combining the two
proofs, but we will not need it. Case (ii) of Propositionalso holds for free boundary conditions
(defined in Remark instead of wired boundary conditions, but in general case (i) does not.
Nevertheless the limits with free and wired boundary conditions coincide in case (i) for the simple
random walk on Z¢ (see for example Corollary 10.9 of [LP16]).

This proposition combined with Proposition shows that Wilson’s measure that we intro-
duced on RSF of infinite graphs corresponds to the weak limit along any exhaustion with wired
boundary conditions of the measures defined in Equation (3)) (for the conductances ¢ on G*). Tak-
ing weak limits for edge probabilities, one deduces that the transfer current theorem also holds
for infinite directed graphs. Recall the definition of the transfer current operator H* when S¥ is
transient. Recall that when m = 0, HX = H is the usual transfer current operator associated with
a transient RW.

Theorem 2.15 (Infinite Transfer Current Theorem). Assume that G is infinite and one of the
following holds:

(i) m =0 and S* = S is transient.
(ii)) m # 0 and for all x € V, P, (7%(p) < 0) = 1.
The Wilson’s measure Pw on RST of GP satisfies

k
V{é'l, - 7€k} (- Ep7 Pw(€1, ceey gk) = det ((Hé(‘i,é’j)iaj=1wwk) ncleii'
=1

When m =0, G = G, Er = E, H¥ = H and Pw is supported on EST of G.

Proof. Case (ii) is proved in the discussion after Remark 18 of [Chal3]. Let us prove case (i) in the
same spirit. Assume that m = 0 and S is transient. Let (G,,),en be an exhaustion of G. Denote
by P{, the Wilson’s measure on RST of G,, associated with (c,,, my,). Recall that m,, # 0 since

V,, is a strict subset of V. Let é1,...,¢&, € E. Case (i) of Proposition shows that

]Pw(€17,€k) = lim in(€1,7€k) (12)

n—o0

Since by Proposition[2.12] on finite graphs the Wilson’s measure coincides with the natural measure
defined in , the finite transfer current Theorem applies with the transfer current operator
HE associated with the potential

T(V\V,)—1

Va,y € Vo, Vi(z,y) =Exl > l{si=y}]v
1=0
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by definition of the potential of a KRW and since the KRW on G,, associated with (¢, my,) is
simply S killed when it exits V,,. For fixed z,y € V, by transience of S:

Vi(a,y) =5 V(x,y) = lZﬂ{s y}}

Together with (12)), it proves the theorem with the associated transfer current operator

Ve = (wz), f = (yz) € E, H, 7= — . O

2.3 The Doob transform technique

Let (G®,¢*®,m*) be a graph with conductance and mass functions. Let V < V* and denote by
G the induced subgraph and by (¢, m) the conductance and mass function with wired boundary
conditions. Recall that the restriction Al\‘/ is the massive Laplacian on G with conductance and
mass functions (¢, m). Consider a positive function A : V¥ — R+, and define a new conductance
function on G*: A)
Vo & erOO ) Tz)c?‘;,y).

Let S , 5, @ be respectively the RW, non-massive Laplacian and transition kernel on G* associated
with these conductances. The KRW on the induced subgraph G associated with the conductance
and mass functions with wired boundary conditions (¢, m) induced on G by ¢*® is simply the RW
S killed when it exits V. As it was already noted, the Laplacian associated with (G, ¢, m) is the
restriction A\L Recall that when V is a strict subset of V*, m takes at least one positive value
even though S is a non-massive RW, so Ay is a massive Laplacian. When V = V*, ¢ = ¢* and
Ay = A is non-massive. This is the case that the reader should keep in mind as it is the more
intuitive, the additional technicalities are only here to handle the general case.

Definition 2.16. [Definition 8-11 of [KGSKI2]] The RW § is called the Doob transform (or
sometimes h-transform) of S¥ by \.

Let A = D(X) be the diagonal matrix with rows and columns indexed by V* and diagonal
entries . Recall that A is said to be massive harmonic on V if for all z € V, (A¥)\)(z) = 0. Recall
that QX is the transition kernel of the KRW SX. The following holds:

Proposition 2.17. If \ is massive harmonic for A% on V, then
Ay = AT A8 Ay.

Equivalently,

Ay)
Ax)

The Laplacians Ay and AY are said to be gauge equivalent with gauge Ay. When V = V*,

Va,y eV, Qz,y) = Q" (x,y). (13)
this is a gauge equivalence between a non-massive Laplacian A and a massive Laplacian Ak,
Proof. Forallx ~yeV,x #y

- AY) \x Ay) ~ X
(AVIA{{/AV)z,y = mAz,y = *mc(w,y) = "Cay) = Agy.

Moreover, for € V, by massive harmonicity of A at = for AX:

&(z) = m(x)+c(z) = m®(z)+c*(z) Z Clawy) = Z /\z (o) = M(z)+(2). (14)

?/Nr y~r
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This implies, for z € V

(AV'AVAY) = A = (@) = clany = Ml(a) + () = Clom) = Duas (15)

T,x

which proves the first point of the Lemma. The second point of the Proposition is a direct
consequence of Equation and the definition of the transition kernels in Equation @ (and
Equation () when V = V®):

Qv =1—DE+m)'Ay =T — D()AF AVAy = Ay Q¥ Av.

A first property of the Doob transform is the following;:

Proposition 2.18. Assume that SK is transient and V = V. If \ is massive harmonic for AX
on V, the Doob transform S is also transient.

This holds more generally for V < V® with the same proof but we will not need it and we find it
more clear to provide a proof in the intuitive case V = V* where the notation is less cumbersome.

Proof. Tt is left as an exercise after Definition 8-11 of [KGSK12|, we prove it to illustrate our
definitions. For A  V, we denote respectively by (75)*(A), ()*(A) the first positive hitting time
of A for S¥ and S. Let z,y € V, n € N. By summing over all paths in V of length n from x to y
that do not hit y except at their extremities,

P, () (v) = n) igm(wk)*(m ).

Since S¥ is transient, summing over all n and taking y = x gives
P ()" (z) < 00) = Po((75) ¥ () < 0) < 1. 0

The Doob transform technique is often used to study general Markov chains conditioned by a
certain event. We refer to Chapter 8 of [KGSK12| for a general introduction from the potential
theory point of view and to Section 7 of [DHESC20] for a recent and clear introduction. It is a
powerful tool that works in very general settings. The difficulty is to find a setting where these
results can be applied and give quantitative estimate.

3 From rooted spanning forests to directed spanning trees

This section has two goals: the first one (developed in Section is to show some applications
of the Doob transform technique to the random RSF and RST models when a positive massive
harmonic function is available. The idea is to show that a RSF model on a graph G can be related
to a RST model on the same graph (infinite case) or on a modified but similar graph G° (finite
case). This is very different from the forest-tree bijection which relates RSF on G with RST on
G”: since our main applications will be to the case of planar graphs, it is very important that the
modified graph G retains the properties of the initial graph, which is typically not the case of G*
(see Figure [2)).

The second goal (developed in Section is to justify that it is always possible to find
positive massive harmonic functions on G (infinite case) or on G° (finite case) and hence to apply
Theorem In the finite case it is impossible to find positive massive harmonic functions on G,
see Paragraph (which explains why the statements are heavier in the finite case).

3.1 The Doob transform technique for rooted spanning forests

We start by introducing the notation in the intuitive case of an infinite graph, and then show how
it has to be adapted in the finite case. The reader can in a first time skip the finite case and jump
directly to the statement of Theorem 3.1
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3.1.1 The infinite case

Assume that G is infinite and that S* dies almost surely in finite time as in (ii) of Theorem m
Let VX, HX PX; be respectively the associated potential, transfer current operator and Wilson’s
measure on RSF of G.

Let A be a positive massive harmonic function on V. The Doob transform technique of Sec-
tion applies: denote by S the Doob transform of S* by Aon V: it is the RW associated with the
conductance function ¢ and the non-massive Laplacian A. Denote by V' the associated potential
of the transient RW S:

Vz,yeV, V:L’y [Z]l{s y}]

and by H , Py the associated transfer_current operator on V and Wilson’s measure on EST of G.
Proposition shows that AK and A are gauge equivalent:

A = AT1ARA.

The implications of this equation for the RSF and ERST models are the content of Theorem

3.1.2 The finite case

Consider a connected graph G* = (V*,E®) with conductance and mass functions (¢*, m®) and
denote by A¥ and S* the associated massive Laplacian and KRW. Let V < V% be a strict finite
subset such that the induced subgraph G is connected, and denote by (¢, m) the conductance
and mass functions with wired boundary conditions induced by (¢, m®) on G. Recall that the
restriction A¥ is the massive Laplacian on G associated with (c,m). Let A : V¥ — R.( be massive
harmonic for A¥ on V. Denote by S and A the Doob transform of Sk by A on V, and by (¢, m)
the conductance and mass function with wired boundary conditions induced by ¢* on G: AV is
the Laplacian associated with (¢, m). Observe that unlike in Paragraph V # V® som # 0.
Proposition holds and states that:

A\/ = A;lA{(/AV (16)

The Laplacians A{‘, and AV are related to RSF models on G with respective conductance and
mass functions (¢, m) and (%, 7). Since S is a RW with no mass, we are in the setting described
around Equation . Recall that G is the graph obtained from G by identifying all the vertices
outside V to an additional vertex o. By the forest-tree bijection, RSF of G weighted by (¢, m) are
in weight-preserving bijection with RST of G° weighted by ¢. We use the notation o instead of p
to insist on the fact that the graphs G° and GP are different (compare Figure |9 and @, and this is
the key point of our work. N

Let V, H be the potential and transfer current operator associated with the RW S killed
when it exits V (or more formally, with the KRW on G associated with the conductance and mass
functions (¢, m)). Observe the difference with Paragraph [3.1.1] where they are the potential and
transfer operators V and H associated with a RW with no killing. Let IF’ and IP’W be the Wilson’s
measure on RST of G# (rooted at p) and RST of G° (rooted at o) associated with S* and S.

3.1.3 Statement and proof of the main result

Consider either the setting of Paragraph (G is infinite) or the setting of Paragraph (G
is finite). The following holds:

Theorem 3.1. The Wilson’s measures IP’{‘N and ]ﬁ’w are naturally related: they both satisfy the
transfer current Theorem [2.9 with respective transfer current operators

o g = VE(w, V¥,

Ve = (w,z), f=(y,2) e E?, Hé{,f“: cl‘(?y)yi B Ck((yjy) . (17)
) . S~ Aw) VE(w,y

Ve = (w,x), f = (y7 Z) € E ’ €7f = % Ck((y) ) )‘Eig Vck((y) ) :



When G is infinite, E° = E. When G is finite, we use the conventions V<(0,-) = V¥(-,0) = 0.
Moreover, when G is finite, the following equality of partition functions holds:

Zrsr(G,c,m) = ZQST(Gp,ck) = Z{sr(G%,2). (18)

When G is infinite, this theorem relates the RSF model on G with conductance and mass
functions (¢, m) with an EST model on G with conductance function ¢. When G is finite, it relates
a RSF model on G with another RSF model on G with the mass “sent to the boundary”.

Proof. We first prove the equality of partition functions in the finite case. The first equality in
is the matrix-forest theorem stated in Equation . For the second equality, the matrix-tree
theorem implies on the one hand

Zsr(6%,) = det(&y)

and on the other hand

ZBor(GP, cX) = det(AY).
The gauge equivalence of Equation and the fact that the determinant is invariant by gauge
change imply the second equality of Equation .

In Paragraph we assumed that S¥ dies almost surely in finite time so the first statement of
Equation is case (ii) of Theorem In this case, the RW S is transient by Proposition
so it satisfies the hypothesis of case (i) of Theorem with the transfer current operator H
on G. In the setting of Paragraph the first statement of Equation is simply case (i)
of Theorem In this case, the RW S killed when exiting V is a KRW on a finite graph and
Theorem holds with the potential and transfer current operators V, H on G°. Note that by
convention, V(z,0) = V(o,z) = 0 for all x € V.

We only have to show that in both cases, the transfer current operator H takes the form given

in Equation . By Equation ,
VieN, Va,yeV, Pu(S; = y) = S5P,(SK =),

which implies for all z,y € V

Vo) = N 28— 1) = 30 N Ra(sE =) = 38 V¥ ).
1=0 1=0

Note that in the finite case, this also holds when x = o0 or y = o since both sides are 0. Moreover,
Proposition (and more precisely Equation (15)) implies that for all z € V, c*(z) = &(=).
Hence, for all € = (w,z) € E°, f = (y,z) € E° (this is simply E when G is infinite), the definition
of the transfer current operator H becomes

5 Vwy) Vg Ay Viwy) Ay Viey)

T ) Aw) A M@) )

3.2 Positive massive harmonic functions
3.2.1 The finite case

Consider a finite graph G with conductance and mass functions (¢, m) and associated massive
Laplacian Ak,

Proposition 3.2. If m # 0, there are no positive massive harmonic functions on V.
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Proof. We proceed by contradiction and assume that there exists a positive massive harmonic
function A. We apply the maximum principle to show that A is constant: by contradiction, if A is
not constant, since G is connected we can pick a point x € V where A reaches its maximum and a
neighbouring point y ~ 2 with A(y) < A(x). Massive harmonicity at x implies

Z C(m,y)/\(x) < (m(m) + Z C(x,y)) /\(l‘) = 2 C(m,y)/\(y) < Z C(z,y))‘(x)a

Y~z Y~z Y~z y~z

which is a contradiction. Hence X is constant (and positive), and for all 2 € V, massive harmonicity
at x implies c¢(z) = c*(z) = ¢(x) + m(x) which contradicts the fact that m # 0. O

This justifies why when G is finite we cannot use the same simple setting as in Paragraph
Consider now (G*,¢®, m®) and a finite connected induced subgraph with wired boundary condi-

tions (G, ¢,m) as in Paragraph
Proposition 3.3. There erists a positive function A on V* satisfying (A¥\)(x) = 0 for allx € V.

Proof. Recall that S¥ is the KRW on G* associated with (c®, m®) and let V% be the associated
potential operator on V*. Be careful that it does not coincide with V¥ even when restricting to V.
Fix any z € V®\V and let A\(-) = V®X(., ). This defines a function which is positive on V® since
G® is connected and massive harmonic on V*\{z} by Equation @, so in particular it is massive
harmonic on V. O

Proposition justifies that the statement of Theorem are non empty. A more explicit
way of finding massive harmonic functions as in Paragraph [3.1.2] is to use an explicit massive
harmonic function A on an infinite graph G* with massive Laplacian A¥ (see Example in the
next paragraph) and apply the Doob transform technique on a finite induced subgraph G of G™.
This is the starting point of Section [6]

3.2.2 The infinite case: Martin boundary of a killed random walk

For some specific infinite graphs and Laplacians (for example isoradial graphs or Z?-periodic
graphs), explicit positive massive harmonic functions are known. This will be detailed in Example
[3.6 and in Section [6] and Section 5.2

In this paragraph, we show that there always exist positive massive harmonic functions on an
infinite graph, which justifies that the statements of Section [3.1f are non-empty. For non-massive
RW, or KRW with a constant killing function m(z) = m > 0 Yz € V, harmonic and superharmonic
functions are described by the theory of the Martin boundary (see Section 24 of [Woe00] for a
general introduction in the transient case). To our knowledge, the general theory has not been
developed for KRW with non-constant killing functions, but some examples (which we will recall
at the end of the paragraph) were considered in [BR22]. We give a sketch of what such a general
theory would look like and prove a first result. It would be interesting to push this further.

Consider an infinite irreducible graph with a conductance function ¢ and a mass function m # 0.
Recall that the KRW is transient and its potential V¥ is defined by Equation . Let g € V be
a reference point. For y € V, the killed Martin kernel is defined as the function (-, y) : V — Rsg

VE(z,y)

VmEV, /C(l‘,y) = W

Consider a sequence of vertices ¢ = (2,)neny € VY going to oo (in the sense that it visits each fixed
vertex of V for only a finite set of indices). We say that ¢ converges to the killed Martin boundary
if for all z € V, the killed Martin kernel converges towards a limit in (0, c0)

K(z,{) := lim 7‘/1{(%%)

A K e, ) € (0, +00). (19)
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Two sequences (1, converging to the Martin boundary are equivalent and we write (; ~ (s if
the corresponding Martin kernel K(-,¢;) and K (-, (2) coincide. The killed Martin boundary o™ (G)
is defined as the set of these converging sequences quotiented by the equivalence relation ~.

Proposition 3.4. The killed Martin boundary of a transient KRW is non empty. More precisely,
for all sequence (2, )nen € VN such that z, e o, there exists an extraction k, "2 0 such that
the subsequence (zg, Jnen converges to the killed Martin boundary.

We could not find this result under such general hypothesis so we provide a proof even though
this will not seem new to the reader acquainted with the usual Martin boundary theory.

Proof. For all x €V, since G is connected there exists ng € N such that P, (SX

mo = ) > 0. Hence
by the simple Markov property,

V(@ 20)  Pag (58, = 2,7(n) > m0)VE@020) movg i _ g
V&(zo, 2n) V&(zo, 2n) 0

where the convergence is justified by the fact that z,, — c0. This shows that the ratio is bounded
from below: there exists e(x) > 0 such that for all n large enough,

VE(z, 2,)
Vk(xo’ zn) = 5(55)

The reverse argument works the same way (by exchanging xo and x): there exists F(z) > 0 such
that for all n large enough,
VE(z, 2,)
——= < E(z).
Vk(QjOy Zn) (I)

vk (:L’,an )
VE(zo,2k,)
converges. Since this holds for all x € V, by diagonal extraction we can find a common converging

subsequence. O

Hence, for fixed z, there exists a subsequence zp, with k, — oo such that the ratio

In the usual Martin boundary theory (i.e. the KRW with constant mass function m > 0),
an integral representation theorem shows that all harmonic functions are obtained as integrals of
Martin kernels. We do not know if such a result holds for KRW with general killing function, but
we can still use that limits of killed Martin kernels provide us with massive harmonic functions on
the full graph:

Proposition 3.5. If ( € ?™(G), K(-,¢) is a positive massive harmonic function on V.

Observe that this is in some sense the limit of the finite case since it corresponds to sending
z — o0 in Proposition [3-3]

Proof. Let ¢ = (2n)nen. Since by Equation [9) V*(-, z,) is a massive harmonic function on V\{z,},
we have that for fixed x € V and n large enough such that x # z,:

(ARVE( 2,))(z) = 0.

Dividing by V*(x,2,) and letting n — oo gives the massive harmonicity of the killed Martin
kernel. O

We now give some examples where this killed Martin boundary was studied.

Ezample 3.6.

e The degenerate case of our model where the RW associated to the conductances c is recurrent
and the mass is infinite at a point and 0 elsewhere is the setting of the recurrent Martin
boundary theory, which is well developed and written out for example in Chapter 9 of
[KGSK12]. In particular, for the simple random walk on Z? killed almost surely at the
origin, the convergence in Equation holds and the left hand side is the usual potential
kernel for any sequence (2, )nen going to infinity.
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e If the graph G is isoradial and A¥ is the Z-invariant massive Laplacian of [BATR17], the main
result of [BR22] is the asymptotics of the killed Martin kernel K(+, () depending on how the
sequence ( goes to infinity. This asymptotic is described explicitly: it is the discrete massive
exponential evaluated at a certain point, so the killed Martin boundary is fully described in
this case.

e If the graph G with conductance and mass functions (c,m) are Z?-periodic, the asymptotic
of the killed Martin kernel is also discussed in [BR22] (building on earlier results). Theorem
5 of [BR22| establishes convergence of the killed Martin kernel for translated copies of the
same vertex € V. More precisely, they show that for x € V, y = = + (k1,...,kq) and

Zn = u+ (i7,...,4]) such that z, — oo and = converges to a limit r,

K
lim Vi@, zn) (2, 2n)

Ry, ) =exp(v(r) - (k1,...,kq))

where v is defined precisely in [BR22).

4 The planar case: from rooted spanning forests to dimers

The goal of this section is to explain how our results relating a RSF model on a planar graph G
with a RST model on a related planar graph G° can be used to relate the RSF model on G with
a dimer model on a planar graph related to G°.

4.1 Preliminary: Temperley’s bijection

Temperley’s bijection was first stated in [TEF61] as a bijection between (undirected) spanning trees
of a finite grid and dimer configurations of an associated grid. It was later extended by several
authors. The version that we describe is a weight-preserving bijection between weighted RST of
a planar graph G and weighted dimer configurations of its double graph. This extension can be
found in Section 2 of [KPWQ0]. For the notation we align as much as possible with Section 2.3.1 of
[dT20]. Warning: in the bijection that we present here, the primal and dual graph are exchanged
compared to the literature.

Dimers on a bipartite graph. Let G = (V,E) be a bipartite graph (finite or infinite). Its
vertex set can be partitioned into white and black vertices V = W 1 B such that there is no edge
between two vertices of the same color. If G is finite, we assume that it has the same number of
white and black vertices: |W| = |B|. A dimer configuration on G is a subset of edges M < E such
that every vertex in V is incident to exactly one edge of this subset. The set of dimer configurations
of G is denoted by M(G). A dimer model on G is specified by a weight function on the edges
v:e€E— v, = 0. The weight of a dimer configuration is

YM e M(G), vaim(M) = | | ve. (20)

eeM

The partition function of the dimer model is the weighted sum

Zdim(Gay) = Z Vdim(M)-
MeM(G)

When G is finite and M(G) # &, 0 < Zgim (G, ) < o0 so this weight function induces a probability
measure on dimer configurations:

YM € M(G), Pgim(M) = Vaim (M)

= Zam(G.0)’ (21)
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For all {eq,...,ex} < E, we denote by Pqim(e1, ..., er) the measure of the set of all dimer config-
urations containing {eq,...,ex}.

A set of phases ( is the attribution of a complex number of modulus one (,; to each edge
wb € E. It satisfies the Kasteleyn property if, for all inner face of G bounded by the 2p vertices
wi, by, ..., wp, by in clockwise order,

Cwlbl cee prbp _ (_1)1,,1.
szbl ctt Cwlbp

Given a set of phases ( on G satisfying the Kasteleyn property, the Kasteleyn matriz of the dimer
model associated with these phases is the matrix with rows indexed by white vertices and columns
by black vertices

_ Cwbl/wb ifw~b
VweW, beB, Kup = { 0 otherwise.

It has been known since [TE61] (see [Kup98] for the version with phases that we use here) that
the determinant of the Kasteleyn matrix counts the weighted sum of dimer configurations:

| det K| = Zgim (G, v). (22)

When M(G) # ¢, this implies that the Kasteleyn matrix is invertible and the probability measure
Paim is related to the Kasteleyn matrix K by the local statistics formula of [Ken97]:

k
V {wibs, ..., wibp} © E, Paim (wiby,. . wiby) = |] [ K, s, det (K (23)
=1

mwj)lsi,jsk :

The dimer models associated with two weight functions v!,1? are gauge equivalent with gauge

functions ¢ : W — R-g, 9 : B —> Ry if

Y wbeE, v2, = ¢p(w)(b)rt,.
The dimer models are gauge equivalent with gauge functions ¢ : W — R~g,% : B — R if and
only if their respective Kasteleyn matrix K!, K? (with respect to the same fixed set of phases)

satisfy , X
K =0K"U,

where ® = D(¢) and ¥ = D(1)). The Kasteleyn matrices are also said to be gauge equivalent with
gauge (P, U). If G is finite, gauge equivalence preserves the measure since for all M € M(G),

) = T2 = T olw) [Tow [ - (n ¢<w>m<b>) A, e

eeM weW beB eeM weW beB

where [, cw @(w) [ [peg ¥(b) is a constant which does not depend on M. In particular, gauge
equivalence preserves the local statistics formula Equation

Dual and double graph of a planar graph. For the rest of the section, let (G,c,m) be an
infinite connected planar graph with mass and conductance functions as in Paragraph or a
finite simply connected induced subgraph with wired boundary conditions of a planar graph with
conductance and mass functions (G*,¢*, m®) as in Paragraph

Recall the definition of the boundary 0V of G in G®. Note that when G is infinite, 0V = .
Recall from Paragraph the definition of G° obtained by identifying all vertices in V*\V to a
unique vertex o, and recall that we abuse notation and also write ¢ for the conductance function
on G°. We already observed that since G is simply connected, G is planar. If G is infinite, we use
the convention G° = G.

Let G* = (V*,E*) be the restricted dual graph of G° (in black on Figure [i}). It is the dual
graph of G° from which the dual vertex corresponding to the outer face and all the edges incident
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to it are removed. If G is infinite, it is simply the dual graph of G = G°. Observe that G is the
restricted dual of G* so we are in the same situation as [KPWO00] with primal and dual exchanged.
If G is finite, given r € G*, every RST of G° rooted at o, T' € T°(G?), has a dual directed spanning
tree rooted at r which we denote by T*. It is the unique RST of G* rooted at r which does not
intersect T

Figure 4: On the left: G (in gray) is a finite simply connected induced subgraph of a planar graph.
The additional vertex o in the outer face is represented in a spread-out way by a dotted gray line.
The restricted dual G* is drawn in black. The white vertices of the double graph GP are drawn as
white balls. The graph GP is obtained from GP by removing the vertices o and r and the edges
incident to them (crossed in red). On the right: the weight function v on the edges of GP.

Embed the graphs G° and G* in the plane so that the primal and dual edges intersect at a
single point. The double graph GP = (VP EP) is constructed by superimposing the graphs G° and
G* and adding an extra vertex at each crossing of a primal and dual edge. It has two types of
vertices: the original vertices are called black vertices (drawn as gray and black bullets on Figure
4) and denoted by B = V° 1y V* while the extra vertices are called white vertices and denoted
by W (drawn as white bullets on Figure {4)). The graph GP is bipartite: its edges correspond to
half-edges of G° or G* linking a white vertex with a black vertex.

Every (undirected) edge of the double graph GP corresponds to a directed edge of the primal
graph G° or dual graph G* (and conversely): if an edge e = zw € EP links a primal vertex x € V°
to a white vertex w € W, since this white vertex corresponds to the intersection between a primal
edge zy € E° and a dual edge uv € E*, we say that the (undirected) half-edge zw € EP corresponds
to the (directed) edge (x,y) € E® of the primal graph. The same correspondence holds between
edges uw € EP with v € V*,w € W and directed edges of the dual graph G*.

For the rest of the section, when G is finite, » € 0G* denotes a vertex on the boundary of
the dual graph (which is also planar). Denote by GP = (MD,ED) the graph obtained from GP
by removing o, r and all the edges incident to them (on Figure [ it corresponds to removing
everything crossed in red). Using our notation for induced subgraphs, GP = GED\{ r} When G

is infinite, we use the convention G = GP. The graph GP is also bipartite with white vertices
W = W and black vertices B := V u V* with V* = V*\{r}. Note that if G is infinite, V = V° and
V* = V*. When G is finite, G° has the same number of black and white vertices: \W| |B| (by
Euler’s formula applied to the planar graph G*, which has [V°| faces, |V*| vertices and [W| edges).

Even if G is not bipartite, its double graph GP is and there is a convenient way to choose phases
on GP. It goes as follows: around each white vertex, there are four vertices of GP alternating
between vertices of G and G*, say x,u,y, v in the clockwise order. We attribute phases to edges

gww = LC’wu = ivgwy = _lanv = —1
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(the choice of starting with 1 on z or y is arbitrary and can be made independently for each
w € W). Such a choice of phases is represented on Figure [5| These phases satisfy the Kasteleyn

Figure 5: A choice of phases ¢ on the double graph GP satisfying the Kasteleyn property (in red).

property: the alternating product around the faces is —1 (and all the inner faces of GP are bounded
by four vertices). The restriction of these phases to GP also satisfies the Kasteleyn property since
inner faces of G are also inner faces of GP. For the rest of this section, such a choice of phases is
fixed.

Temperley’s bijection. We define weights on the edges of GP (see Figure .

1 ifb=ueV"

= 2
Clay) ifb=z€Vandzwe EP corresponds to (z,y) € E° (25)

V wb e EP, ,,wb:{

Temperley’s bijection is a weight-preserving correspondence between dimer configurations and
RST of a finite planar graph. Denote by viqr the weight function on 7°(G®) associated to ¢ by
Equation and by vgim the weight function on M(QD) associated to v by .

Theorem 4.1 (Temperley’s bijection, Theorem 1 of [KPWO00]). Assume that G is finite. Dimer
configurations of G° are in weight-preserving bijection with RST of G° rooted at o. More precisely,
for every T € T°(G®), the corresponding dimer configuration M € M(QD) is obtained by replacing
each directed edge of T and of its dual directed spanning tree T* by the corresponding (undirected)
edge of GP, and satisfies

Vasr(T) = Vaim(M).

Pictures of Temperley’s bijection in this context can be found in Figure 1 of [KPWO00] or Figure
2 of [dT20]. Recall the notation Py, for the probability measure on M(GP) associated with v
by Equation and denote by PRqr the probability measure on RST of G associated with the
conductance function ¢ by Equation .

Corollary 4.2. Assume that G is finite. The partition function of the dimer and tree models are
equal:
ZI?{ST(Gov C) = Zdim(QD’ V)'

Moreover, for all €1,. .., € E", if f1,..., fx are the corresponding undirected edges of GP:

Phar (€1, -y €k) = Paim (f1s- -, f)-

4.2 The drifted and killed dimer models.

The goal of this Section is to combine Theorem with Temperley’s bijection to relate the RSF
model on G with a dimer model. We introduce two families of dimer models and show how they
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are related to the RSF model. For the rest of this section, we assume that c is a symmetric
conductance function (the symmetry is necessary here unlike in the rest of the paper).

Let A : V*® — R. g, not necessarily massive harmonic for the moment. Recall that when G is
finite, it is an induced subgraph of a larger graph G®. Recall the definition of the conductance
function associated with the Doob transform V(z,y) € E, ¢, = %Cw The conductance
function ¢ is not in general symmetric, even though ¢ is. Recall that when G is finite, we abuse
notation and also denote by ¢ the conductance function on G° obtained from ¢* by identifying
vertices of V*\V to o.

We introduce two dimer models on G° (local weights are pictured in Figure [1)): they are a
generalization on any graph with any symmetric conductance function of the “drifted” and “killed”
dimer models of [Chh12] (which were defined on Z? for specific conductance functions) and of the
“killed” dimer model defined in Section 3.1 of [dT20] underlying the Z“-Dirac operator (which
was defined on an isoradial graph, with specific elliptic weights). The local weights associated
with these dimer models are pictured on Figure [I]

Definition 4.3 (The drifted dimer model). Denote by v the weight function on the edges of GP
associated to ¢ by Equation :

VubeE®, v, = { 1 fo-ueV
= Twb Clay) ifb=xzeVandawe EP corresponds to (z,v) € E°.
(see Figure . When G is infinite, G° = GP, E° = E and V(z,y) € E, Clay) = %cmy. The drifted

dimer model associated with X is the dimer model on G with weights 4.
Let A* : V¥ - R. ¢ be an arbitrary positive function on the dual.

Definition 4.4 (The killed dimer model). We define a weight function v* associated to A, \* on
the edges of GP (see Figure . If w € W corresponds to the intersection of the primal and dual
edges xy € E° (with z # 0) and wv € E* (with u # r), let

Ve, { M (u)" e

(see Figure [1). Recall that when G is infinite, GP = GP and E° = E. The dimer model on G° with
weight function ¥ is called the killed dimer model.

A@AY) T ifb=u 6)
Aa)~2 ifb==zx

8

Nl=

We denote by K¢ and K* the Kasteleyn matrices of the drifted and killed dimer models, with
rows indexed by W and columns by B (associated with the fixed phases {). If G is finite we denote
by P and P, the associated probability measure on M(GP) (see Equation 21)).

dim dim

Proposition 4.5. The drifted and killed dimer models are gauge equivalent.

Proof. Define a gauge function 1 on B coinciding with A on V and (A\*)~! on V*. We also define a
function ¢ on the white vertices. For w corresponding to the primal edge xy (we can assume that
1
@ # o upon exchanging x and y) let ¢(w) = (coyA(x)A(y)) 2. It is left to the reader to check that
for all we W, be B
(K*)wp = (w)p (D)K. (27)

O
We first show that when A is massive harmonic on V, a consequence of the Doob transform
technique is that the partition function of the drifted dimer model is equal to the partition func-

tion of the RSF model. It is a direct corollary of Temperley’s bijection (Corollary and of
Theorem Bk
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Corollary 4.6 (Temperley’s bijection at the level of partition functions). Assume that G is finite
and X\ is massive harmonic for A¥ on V. The RST model on G° with conductance function ¢ and
the drifted dimer model are in weight-preserving bijection. In particular:

ZRSF(GaC7 m) = ZﬁST(Gova = Zdim(QDan)

Proof. Temperley’s bijection holds by definition of the drifted dimer model. The first equality is
stated in Theorem The last one is Corollary O

This result can be seen as a partial extension of Temperley’s bijection since it relates RSF of G
with dimer configurations on the double graph G°. Our equality only holds for partition function,
unlike Temperley’s bijection which is a one-to-one bijection. This result has no direct extension
for an infinite planar graph G since the partition function is not well-defined, but an analogous
result for infinite Z2-periodic graphs is given in Section relating the free energy (which can be
thought of as the infinite equivalent of the partition function) of a Z2-periodic forest model with
the free energy of a Z2-periodic dimer model.

When A is massive harmonic, the killed dimer model is also related to the RSF model via the
massive Laplacian A¥. To state this result, we need a bit of notation. The hermitian conjugate
MT of a matrix M is the conjugate of the transposed matrix. If a square matrix M has rows and
columns indexed by B, it is block diagonal if all its coefficients outside of the blocks V x V and
V* x V* are 0. In which case, we write

* 0
M = ( 5 *> |

A natural dual conductance function and modified dual conductance function ¢* and ¢* are defined
on E*. Each edge uv of G* intersects a unique edge xy of G°. Upon exchanging x and y, we can
assume that x € V. The dual conductance function is then ¢}, = (cggy)_1 and the dual modified
conductance function is then ¢, = (cgjy/\(x))\(y))fl. They are both symmetric. The Laplacian
operator on G* associated with the conductance function ¢* is denoted by A*. We also define a
matrix A* with rows and columns indexed by V* and coefficients

R =& A ()T (v)7t ifu < v, UFV
Yu,ve V', AL, =14 D) e SN (w2 ifu=v . (28)
0

V~UVEY
otherwise

We will comment on this definition after the statement of Proposition
Proposition 4.7. The matriz (K*)TK* is block diagonal. Moreover, if \ is massive harmonic

for A* on V,

(K)TKX = <A05 AO*). (29)

When G 1is infinite, reciprocally, if v : EP 5 Rogisa weight function and K denotes the associated
Kasteleyn matriz (with the fixed set of phases (), if

k
K'K = (on i) (30)

there exists A : V — Rsq massive harmonic for AX and \* : V* — R such that v is the weight
function of the killed dimer model associated with X, \*.

We first make a few observations on the definitions and statements, then state some conse-
quences, and finally provide a proof of this proposition at the end of the section.

e Recall that when G is infinite, AY = Ak,
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e When G is finite, r € V* acts as a cemetery state in the definition of A* since for u < T
contributes to the diagonal coefficient A} , even though there is no extra diagonal coefficient

ﬁfw since the matrix is indexed by V* = V*\{r}.

e The value of \* at u is not used in the construction of the killed dimer model, but it will be
useful that A\* is defined on all V* when we discuss duality.

e The matrix A* is not in general the (massive) Laplacian operator associated with a conduc-
tance (and mass) function. In the infinite case though, for the choice \* =1, A* is the (non
massive) Laplacian operator on G* associated with the symmetric conductance function ¢*.
In the finite case, for the choice A\* = 1, A* is the massive Laplacian associated with the
conductance function ¢* restricted to V* = V*\{r}. It is associated with a RST model on G*
rooted at r.

We state some consequences of Proposition When G is finite this Proposition gives an alter-
native proof of our Theorem for symmetric conductance functions. We explain why.

Alternative proof of Theorem[3.1) when c is symmetric. Denote by Pgep the probability measure
on RST of G° rooted at o associated with the conductance function ¢. By Temperley’s bijection
Theorem and the local statistics formula , forall &) = (x1,41),...,€k = (Tk,Yr) € E° with
x1,...,xp €V, if fi = zywn,... fr = zrwy € E° are the corresponding edges of the double graph,

IP)RST< : gk) = Pgim<f17---afk H w; det Kd)_l)wi,wa‘)1<i,jgk

(31)
H s det ) 1)$iij)1<i,j<k

because gauge equivalence preserves the local statistics formula (see Equation ) and by Propo-
sition [£:7] the drifted and killed dimer models are gauge equivalent. The inverse Kasteleyn matrix
(K*)~! can be computed using Equation : for every 1 <i,j < k:

(G,
li,’u)j
k k k
- Gl’ 11 W, 5 + G1i1yijj1yj

o k k ok k
- ijzj (ija:j Ga:i,xj VIijj Gmi,yj)

Cuj (C(acgwyj))‘(mj))‘(yj))§ </\( )Gl;fz 2] )‘(xi)Glﬂzivyy')
3 .

(K)o, B (491K

Ti,Wj5

A(z) (z;)  Myy)

Observe that since the conductance function c is symmetric, (A¥)7 = A¥ and hence (G¥)T = G*.
This also holds for the extension of G¥ to V° since we defined by convention G};,O = Glo‘,y =0 for
any x,y € V°. Using this symmetry, we can write

Gy (e M)A W) * <A< G, W,.)G;;W)
A

A(z;) (z;)  Ayy)

((Kk)il)xiywj =
(32)

Nl=

Cu;a, (ijyj)‘(xj))‘(yj)) N
Alxy) €t

Inserting Equation in Equation and using the multilinearity of the determinant gives

k
1
Phsr(€ts - -, k) H Carjy; A )? HA Ydet(Hz, 2,)1<i <k

i=1 i=1

k
= H Co;se; det(Hz, & )1<i j<k-
=1
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which is precisely the statement of Theorem O

When G is finite, Propositionimplies the equality of determinants (det K*)2 = det A% det A*.
We can actually prove something stronger:

Proposition 4.8. Assume that G is finite and \ is massive harmonic for AX on V. There exists
an explicit constant C'(\, \*) such that

det KX = C(A\, A*) det AS = C(A\, A*) " det A*.

Observe that by the Kasteleyn formula Equation and the matrix-forest theorem, this
proposition gives an equality up to an explicit constant C'(A, A*) between the partition function
of the killed dimer model and the partition function of the RSF model associated with AY. This
result is an extension of Theorem 21 of [dT20] in the case of a general finite graph (instead of an
isoradial graph), and the proof is the same.

Proof. For w € W, we denote by z,y, € E° with x,, # o the associated primal edge. Using
successively the gauge equivalence between the drifted and killed Kasteleyn matrices obtained in
Equation 7 the multilinearity of the determinant, Temperley’s bijection between directed trees
and drifted dimers, the matrix-forest theorem and finally the gauge equivalence between A¥ and

AV, we obtain that

det K* [T (coupar@a)A ) * [T A@) [T A*(w) } det K

weW zeV ueV*

C (A A) Zaim (G°, 1)

A Z561(6%8) @ o0 A det By & ¢, A ) det AS. O
We now prove Proposition [£.7]

Proof. We first check that (K*)"K* is block diagonal. Let 2 € V,u € V*. If u is not adjacent to
the coefficient ((K*¥)TK¥), ., is zero because K is non zero only on edges of G° so for all w e W
either (Kk);w =0 or K}fw = 0. If x is a corner of the face u in G, z and u are the opposite

vertices of a face zwjuws (with vertices in the clockwise order) of GP and

((Kk)TKk)ZI?,U = (Kk)J:rv,leilzl,u + (Kk)j;‘,UJQK'IU(JQ,U = Z VwiIVwiucwimgwiu'

i=1,2
On the one hand, by definition of v/¥,
ko k k ok -
V:L’wlyuwl = VIU)QV’UAUQ = ()\*(u))\(:ﬂ)) 1‘

On the other hand, the Kasteleyn property of the phases around the face xw;uws implies that

Cwlewlu = —ng;chzu

and hence
((Kk)TKk)w,u =0.

The same holds for ((K*)TK¥),, since
((Kk>TKk)u,w = ((Kk)TKk)L,u = ((Kk)TKk)z,u = 0.

Assume further that A is massive harmonic for A¥ on V. We compute the V* x V* block of

*

(K¥)TK*. For u,v e V*, (K¥)TK¥),., can be non zero only if u < v or u = v (since otherwise
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for all w € W either K§ , =0 or K , = 0). For u < v with u # v, if w is the white vertex of G°
corresponding to the edge uv € E*

(B E w0 = (K] K, = =2, (W (A (0) 7 = Ay,
For u € V*, if we denote by u1, . . ., uy the neighbours of u in G* (including r) and let w1, ..., wg € W

such that for all 1 < i < k the directed edge (u,uy) of G* corresponds to the undirected edge uwy,
of G°,

k
(K5TKY), Z o 2= AL
We identify the V x V block of (K¥)TK¥. For z,y € V, ((K*)TK*), , can be non zero only if z ~ y
or z = y (since otherwise for all w € W either K§ , = 0 or K)¥ , = 0). For z ~ y with y # =, if
w € W is the white vertex corresponding to the edge zy € E
((Kk)TKk)IL’, (Kk):r: wK711()y = Ty — Al:;,y

For x € V, if we denote by yi, ..., yr the neighbours of x in G and let wy, ..., w; € W such that
for all 1 < i < k the directed edge (x, yx) of G° corresponds to the undirected edge zwy, of QD,

(KT KX), Z oy 5 A @ (33)

This is equal to AI if and only if A is massive for A¥ at z, which concludes the first part of the
proof.

We now assume that G is infinite so the notation simplify, in particular B = B, W = W and
V* = V*. We prove the reciprocal statement. Let v : E— R>0 be any weight funct1on such that
the associated Kasteleyn matrix K satisfies Equation (30)). In particular, for any x € V, u € V*,
(KTK)z 4 = 0. Let zwiuwsy (with vertices in the clockw1se order) be any face of GP. Since KK

vanishes outside the diagonal blocks,

x

0= (K'"K)ou = Ky oKy i + Koy o Ko u- (34)
We define the auxiliary matrix L with rows and columns indexed by W and B:

Koo ifb=2eV

(Kwpu)™! ifb=ueV". (35)

Ywe W, be B, Lw7b={
Equation implies that K has the alternating product property: around each face zwjuwsy of
Gs (with vertices in the clockwise order),

Lw17$Lw2,u

=—1. 36
Lwl,ung,m ( )

Let K% and %! be the Kasteleyn matrix and weight function of the killed dimer model with
the particular choice A(z) = 1 for all € V (which is not massive harmonic) and A*(u) = 1 for
all x € V* and L' the auxiliary matrix associated to K! by Equation . For w € W the
intersection of the primal and dual edges xy and v, Kllz%r = Cw,mc%f and K};lu = Cw,uc;yl 2 By
the first statement of Proposition which we already proved, K*! vanishes outside the diagonal
blocks so L¥! satisfies the alternating product property Equation . It is classical (see for
example Lemma 72 in the Appendix of [dT20]) that for two matrices with non-zero coefficients on
the edges of a bipartite planar graph, equality of the alternating products around every inner face
implies gauge equivalence. Hence L and LX! are gauge equivalent and there exist gauge functions
¢ : W — C\{0} and ¢ : B — C\{0} such that
Ywe W, Vb e B, Ly, = ¢p(w)p(b)LEh.

w,b
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The gauge functions ¢, are real and positive since they are written in [dT20] as product and

+1
quotient of ratios of the form i}ﬁ’f’ = ZL”{’ € Rog. Let A = 9y, \* = ¢jy» and because the

w,b w,b

Kasteleyn phases are the same. We can write for all w e W, b € B,

K _ m = A(x)¢<w)L5;}$ = )\(x)¢(w)K’LlZ7,1w ifb=xzeV (37)
wr (Low) " = (M@)o L) ™ = (W (u)p(w)) " K5 ifb=ue V.

We can now identify the gauge function ¢. Since Equation holds, for all w € W corresponding
to the primal edge xy € E:
A.la{c,y = —Cpy = (KTK)m,y =Ky Ky = )‘(z)/\(y)(b(waEféKk’l = */\(x))‘(y)‘ﬁ(w)zczy-

w,y

and hence B

p(w)? = (A(x)A(y))
Combined with Equation , it implies that the weight function v coincides with the weight
function of the killed dimer model associated with the positive functions A, \*. It remains to prove

that the function A is massive harmonic: for z € V, Equation applied at x implies massive
harmonicity of A at x by . U

4.3 Massive holomorphy and self-duality.

For the clarity of exposition, we assume in this paragraph that G is infinite. Similar statements
could be given in the finite case, but the self-duality would be less clear since G° with distinguished
vertex o and G* with distinguished vertex r do not play perfectly dual roles.

Proposition [£.7] can be seen as a generalization of the theory of discrete massive holomorphy
on isoradial graphs developed in [Ken02| for the non-massive case and in [MS09], [dT20], [Par22]
(among others) for the massive case. Equation implies that the Kasteleyn matrix K* of the
killed dimer model is a discrete massive Dirac operator associated with the massive Laplacian AX.
In other words, a function f : B — C satisfying KXf = 0 can be decomposed into a real part
fo : V — C harmonic for AkNand an imaginary part fi : V' — C harmonic for A*. N

When K¥ is invertible, A* also is and we can define the dual Green function G* = (A*)7L.
Similarly to the papers in the isoradial setting, the inverse Dirac operator (K*)~! can be expressed
in terms of “discrete derivatives” of the (massive) Green function and the dual Green function:
Equation implies that

w7 = (§ o)

This means that for all b e B, w € W, if we denote by 2y, Yu, Uw, v the neighbours of w in GP in
clockwise order,

k k k k :
((Kk)—l)b =C Ve, G%ww ~ Vuy,, G%yw ifo=reV
i it i(u}fmwG;’uw — l/}fww Grp,) ifb=ueV*

In both papers [Ken02] and [dT20], the (massive) Laplacian and (massive) Dirac operator are “self-
dual”: the dual operator A* is the (massive) Laplacian on G* associated with the dual conductance
function ¢* that we already introduced (and a natural dual mass function m* in [dT20]). This leads
to the following question: is there a choice of function A\* : V — R.( that makes Equation
“self-dual” ? Or in other words, does there exist a function \* : V* — R. g such that A* is the
massive Laplacian operator on G* associated with the dual conductance function ¢* and a dual
mass function m* 7 More formally, let m* : V — R be an arbitrary mass function. Recall that
a dual conductance function ¢* is naturally associated to c: if zy € E is the unique primal edge

intersecting the dual edge uv € E*, ¢t = ¢!

%w = Cpy- Denote by (A*)* the Laplacian on G* associated
with the conductance and mass functions (c¢*, m*).

31



Definition 4.9. The killed dimer model associated with the positive functions A, \* is self-dual
for the conductance function ¢ and mass functions (m,m*) if and only if

= (5 )

Proposition 4.10. If )\ is massive harmonic for A¥ on V, \* is massive harmonic for (A*)* on
V* and for all intersecting primal and dual edges xy € E, uv € E*,

A@)AW)A" (w)A* (v) = L. (38)

the killed dimer model associated with the positive functions A\, \* is self dual for the conductance
function ¢ and mass functions (m, m*)

Remark 4.11. The hypothesis of this proposition are satisfied in the isoradial settings of [Ken02]
and [dT20] where A and \* are the restriction to the primal and dual graph of the discrete (massive)
exponential function.

Proof. Comparing the extra-diagonal coefficients of the Laplacian A~ (see Equation ) with
the extra diagonal coefficients of (A*)¥, shows that when Equation holds, for all u # v e V*

such that u < v, if zy € E is the unique primal edge intersecting uv
As =TV @A (@) = (o M@AGA (@A (0) 7 = (AN},

Moreover, for all u € V*, by massive harmonicity of \* at u for (A*)k.

N x ~k * _9 (38) * A (v * * *
A = Z C(u U))\ (u) ? ! Z ¢ ) =m (u) + Z Cup = (A )E,u O

(v) _
uv % (u)

o* * o
V~UVFEU V~UVFEU v~u,vEV*

5 Application: rooted spanning forests of Z?-periodic graphs

In this paragraph we study random RSF (and more generally, cycle rooted spanning forests) of
Z2-periodic graphs. This study was initiated independently in [KenT9] (for the massive undirected
case) and [Sunl] (for the non-massive directed case). We first give some preliminaries and defi-
nitions, then explain how to find massive harmonic functions on such graphs, and finally we give
applications of the Doob transform technique.

5.1 Definitions and first results.

We recall the setting and some results of [Kenl9]. In this section, we always assume that G is
infinite.

Z%-periodic graphs and Laplacians. The graph G is Z%-periodic if it can be embedded in
R? in such a way that it is invariant under translations by the canonical basis (e1,...,eq) of
R? with finite quotient Go = (Vo,Eg) = G/Z%. The graph Gy is naturally embedded on the d-
dimensional torus. We choose an embedding, and define the fundamental domain Vo =V n[0,1)%:
it is identified with the vertices of Gy. The vertices of G can be written uniquely under the
form (z¢,4) with 29 € Vg and i = (iy,...,iq) € Z%, and for all z,y € V,  ~ y if and only if
Vi e Z% x +1i ~ y+i. The conductance and mass functions (c,m) are Z?-periodic if for all
x,y €V and i € Z%, Cla+iy+i) = C(ay) and m(z + i) = m(x). The most simple example G = VAN
and m are constant corresponds to the simple random walk in Z? killed with constant rate m: in
this case, Vj is reduced to a single point. In the rest of this section, we always assume that G, ¢

and m are Z%-periodic. For z = (21,...,24) € (C\{0})? and i € Z¢, we write
d
2t = z,i".
k=1
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As in Section 4 of [Ken19], for any z € (C\{0})%, a function f : V — C is z-periodic if it satisfies
VeeV, VieZd, f(x+1i) = f(x)z".

In this case we write f € Qp(z). We denote by Ak(z) : Qg(2) — Qo(2) the restriction of the
massive Laplacian operator A¥ to Qg(z): this is well-defined since ¢ and m are Z?-periodic. The
canonical base of Q(z) is the set of functions (fu,)z.ev, Where for all zg € Vg, fz, : V — C is
defined by

Vyo € Vo, Vi€ Zd7 fﬂco(y07i) = ]]'{Z0=y0}zi'

In this base, AX(z2) is represented by a square matrix A¥(z) with rows and columns indexed by
Vol for all Zo,Yo € Vo,

- Z(yo,j)N(ﬂnyO) C((0,0),(y0,1) ?” if Zoyo € Eo, w0 # yo,
AX(2) g 4o = M(20) + X k)~ (20.0) C((20.0).(w0.k)) .
o o Z(Jﬁo,j)~(xo,0) c((wo,O),(azo,j))Zj if zo = yo,
0 otherwise.

(The underlying notion is that of Laplacian on a line bundle, as in [Kenl9], but we will not need
to introduce it in full generality here so we restrain to elementary definitions). The characteristic
polynomial of A¥ is the (Laurent) polynomial of d complex variables

PX(2) = det AX(2).

We denote by N* its Newton polygon: it is the convex hull in R? of the set of points i € Z% such
that the monomial z* has a non-zero coefficient in PX.

5.2 Massive harmonic functions on Z“periodic graphs
Consider a Z%-periodic graph G with Z%-periodic mass and conductance functions (c,m).

Proposition 5.1. There exists z € (R=o)? and a z-periodic positive function \ : V — R=q which
is massive harmonic, i.e. (AX\)(x) =0 for all x € V. It can be found explicitly by solving a finite
system of linear equations.

Proof. This argument was shown to us by Cédric Boutillier when we realized that we were working
on related problems (see a forthcoming paper of Ballu, Boutillier, Mkrtchyan and Raschel). The
first step is to observe that finding a periodic massive harmonic function is not a hard problem
in principle: for fixed z € (Rso)?, finding a z-periodic positive massive harmonic function is
equivalent to finding a vector with positive coordinates in the kernel of the finite matrix AX(z),
i.e. solving a finite linear system.

If m = 0 any positive constant is a (1,...,1)-periodic function so we can assume that m # 0.
Recall that D(c¥) denote the diagonal matrix on V with coefficients c*(z¢). If we define, similarly
to Equation (7), Q"(z) = I — D(c®)7'A%(2), Q(z) is the operator on Qq(z) satisfying for all
feQo(z), forall z eV,

@ EN)@) = X 55T ).

Yy~

It is also represented by a square matrix with rows and columns indexed by the canonical base of
Qo(2):

1 .
V20,0 € Vo, Q5(2)a,y0 = Fz0.0) D @00 o)

(40.3) < (20,0)

Since D(c¥) is diagonal with positive coefficients,

(R>0)V° ) ker(Ak(z)) = (R>0)V0 N ker(l — Qk(z))
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Since G is connected, the matrix Q¥ (z) is irreducible for all z € (R=()? (i.e. for all zg, yo € Vo, there
exists n > 0 such that (Q*)2 > 0). Observe that Q* := Q¥(1,...,1)) is the transition kernel
of the KRW on the d-dimensional torus Gy associated to A¥ since the space of (1,...,1)-periodic
function on V is exactly the space of functions on the torus. It is a sub-Markovian matrix:

k _ C((w0.0)) _ 4 _ M(20)
Vo € Vo, Z Q*(wo,y0) = Z W =1- (o) < L (39)

Yo Lo y=(20,0)
Coefficients of Q¥ are non-negative and since m # 0, one of the sums is strictly smaller than 1
so by the Perron-Frobenius theorem the maximal eigenvalue 3 of Q satisfies < 1, which implies
ker(I — Q%) = {0}. If (for example) we fix zo,...,24 = 1 and let z; € Rt — o0, Q%(21,1,...,1)
remains irreducible with non-negative coeflicients, and the Perron-Frobenius theorem still applies
and yields a maximal eigenvalue 5(z1,1,...,1) and an associated eigenvector A(z1,1,...,1) with
positive coefficients. Assume that

pla1l,. 1) 22F o (40)

(this will be proved just after). By continuity of the Perron-Frobenius eigenvalue there exists
21 > 1 such that 8(z1,1,...,1) = 1 and hence A(z1,1,...,1) e ker(I — Q%(21,1,...,1)) n (Rxg)Vo
is a positive (21,1, ..., 1)-periodic massive harmonic function.

We now prove Equation , which concludes the proof. Let xg € V. Since G is connected we
can find a path (2(0),z(1),...,2(n)) with 2(0) = (x0, (0,...,0)) and z(n) = (zo,(1,0,...,0)) =
x(0) + (1,0,...,0) such that c(, () z(i+1)) > 0 for all 0 <4 <n — 1. Hence

n—1
) . Cla(i),a(i+1))
1,...,1 > Tk z(D))
(Q (Zlv ) ) ))1’0@0 21 11:([3 Ck(x(z))

Hence for any N € N,

n—1 N
Clz(s ,x (1
(Qk(Zhl,...,l))i\gfwo > (zl H W) 7
=0

ck(z(2))
1
so the Perron-Frobenius eigenvalue of Q¥(z1,1, ..., 1) is bounded from below by (zl ]_[;:01 W) "
Since this quantity goes to o0 when z; — 0, it proves Equation . O

5.3 Temperley’s bijection for the free energy of Z?-periodic models

In this section, we assume that d = 2 and ¢ is symmetric. The massive Laplacian A¥ that we
introduced is related to a RSF model on G. This model is obtained by taking the weak limit
of Boltzmann measures on cycle-rooted spanning forests (CRSF) along the toroidal exhaustion
G, = G/nZ? (see [Kenl9| for details). The characteristic polynomial P¥ is an important tool to
study the RSF model on the graph G: it is linked to the Ronkin function and the surface tension
of the RSF model. We show that the characteristic polynomial of the massive Laplacian A¥ can
be related to the characteristic polynomial of a non-massive directed Laplacian.

Let 29 € (R=)? and )\ a zg-periodic positive massive harmonic function as in Proposition
Let S be the Doob transform of S% by A on V, A the associated Laplacian with conductance
function ¢: recall that we simply have for all z ~y eV, ¢, ) = %cmy. These conductances are
also periodic:

Ay +1) AY)z6 -

. d ~
Vo ~ VRS V, Vi e Z y Clatiy+i) = mC(wJﬂ)(yJﬂ) = )\(gj)z(l) Cyy (z,y)"

Denote by P¥ and P the characteristic polynomials of A¥ and A. The Doob transform technique
implies
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Proposition 5.2.

20

VzeC?, P (Z) = PX(2).

Proof. Denote by A the diagonal matrix with rows and columns indexed by V with entries A on
the diagonal. Observe that for all z € (C\{0})?, if f € Qo(2), Af € Qo(220):

VeeV, VieZ? (Af)(z+1i) =Nz +14)f(x+1i) = (220) (Af)(2).

Hence A : Qo(2) — Qo(220). By Proposition A = A"'A¥A, so when restricting to Q(z/20),

we obtain
A <Z> = ATIA™(2)A.

20

Taking determinants concludes the proof. O

The non-massive Laplacian A can be related to the drifted dimer model associated with the
positive function A that we introduced in the preceding section (see Definition by using
Temperley’s bijection: this is a result of [Sunl6]. Denote by Péiim the characteristic polynomial of
the drifted dimer model (see [Sunl6] for the definition):

Proposition 5.3 (Proposition 3.1 of [Sunlf]). For all (z,w) € C2, P(z,w) = det(A(z,w)) =
P(?im(z’ w)

Combining this proposition with our Proposition [5.2] gives:

Proposition 5.4. For all (z,w) € C2,

This result can be seen as an extension of Temperley’s bijection for infinite periodic RSF mod-
els, as it relates the characteristic polynomial of a RSF model with the characteristic polynomial
of a dimer model. Observe that since the free energy of the models can be computed from the
characteristic polynomial, this result can be seen as an infinite analog of Temperley’s bijection
at the level of partition functions. Proposition also sheds a new light on a result of Kenyon:
Theorem 1.4. of [Kenl9] states among other things that

Theorem 5.5. The spectral curve {(z,w) € C? | PX(z,w) = 0} associated with the RSF model is
a simple Harnack curve.

This could come as a surprise since the RSF model is not known to be in bijection with a
dimer model while it is known by [KOQ6] that every Harnack curve arises as the spectral curve of
a dimer model (and conversely by [KOS03] the spectral curve of a periodic dimer model is always
a Harnack curve). Proposition together with the result of [KOS03] give an alternative proof
of Theorem which fills a gap by introducing a dimer model corresponding to the Harnack
curve (actually: a full family of dimer models, corresponding to all the positive massive harmonic
z-periodic functions \).

6 Application to near-critical dimers

In this section, we study a near-critical dimer and RST model naturally related to a near-critical
KRW by the Doob transform technique and show convergence of the associated Temperleyan tree,
extending the results of [HSB22] and answering in particular (iv) of their open questions section
1.7. We introduce the model that generalizes their model to the case of isoradial graphs. We
follow closely their proof to obtain analogous results and adapt the arguments when needed.

35



6.1 General setting: near-critical drifted trees and dimers on isoradial
graphs

For the conventions, we follow as much as possible [BATR17] and [CS1I] for isoradial graphs and
the massive Laplacian, and [HSB22] for dimers and trees.

6.1.1 Isoradial graphs, Z-invariant Laplacian and discrete exponential functions.

Isoradial lattice. For each ¢ > 0, consider an infinite isoradial grid G = (V§°,EJ) embedded
in C with mesh §, that is an infinite connected planar graph such that all faces are circumscribed
by circles of the same radius § in such a way that the center of the circles are in the interior of the
faces. We use the same local parameters as in [BATRIT], see Figure @ for all x ~ y € V§°, = and
y are the opposite vertices of a lozenge of side length d, and the two (vector) sides of the lozenge
starting from z are denoted by de’®sv and Se*’»v with axy,ﬁzy € (—m, 7] and By — @yy € [0,7).
We denote by 6; the half angle 0y = (Bzy — ay) /2. Note that y — x = e’y + fe'Pou,

We always make the so-called bounded angle assumption: there exists an absolute constant
e € (0,7/2) independent of § such that all half-angles 6,,, belong to [, /2 — €].

Se i@y

Figure 6: A point € V§° with its neighbours in grey. All red arrows and dotted lines have
length §. The vertices of the dual graph are represented in black: they are the centers of the
circumscribing circles (not drawn here).

Critical Laplacian. The critical Laplacian As on G, first introduced in [Ken02], is defined by

Vi:VE - C VoeVE, (Asf)(x) = ) tan(fay)(f(z) — f(y). (41)

Yy~x

Note that this is the opposite of the Laplacian of [CSI1]. Define

sin(20
M T:= inf Ts(x)>0.

Ve e VE, V6 >0, T, = — ;
xr ) 5(-7/') ZyNw tan (ea,y) §>0, $€voo

The latter is positive by the bounded angle assumption. Unlike [CS11], we choose not to scale
by 62, which is more natural in our setting. We denote by X; the RW associated with Ags, and

36



by &s5(x) the law of its increments: conditionally on (Xs), = x, it is the law of (X5)n+1 — (Xs)n-
Equation (1.2) of [CS11] writes, for all z € V§°,

E(&(2) =0 5 ER(&(2)?) = E(S(6s(2))?) = 8°Ts(z) 5 E(R(Es(2))I(&s(x))) = 0. (42)

As mentioned in [CSTT], this implies that a certain time-reparametrization of X5 converges towards
brownian motion.

Z-invariant Laplacian. Let k € [0, 1( be a parameter called the elliptic modulus, k' = /1 — k?
be the complementary elliptic modulus, K = K(k) = g/Z(l — k%sin?(t))"Y2dt and E = E(k) =

g/z(l — k2sin?(t))'/2dt be the complete elliptic integral of the first and second kind. Denote by
K' = K(K') and E' = E(k') their complementary. For fixed k € [0,1( and any angle 6 € R,
we denote by 0 = 2K6 /7 the associated abstract angle. To an elliptic modulus k is associated a

massive Laplacian A¥ (and hence a KRW S¥) by [BATRIT]:

Vi:VE - C, VoeVE, Af(z) = mP(zlk)f(z) + ). sc(luy|k)(f(2) = f(y))

Yy~x

where the conductance function ¢, := sc(f.,|k) is the Jacobian elliptic function defined in (22.2.9)
of [DLMF] and the mass function is

017/
m*(z) = m2(alk) = Y l; (L ¢ (vlk)dv + EKKGW> —sc(ewuf)} ,

Y~

with dc the Jacobian elliptic function defined in (22.2.8) of [DLMF]. We will not need this explicit
expression of the mass and provide it only for completeness. The positivity of the mass function
m?(z|k) > 0 for all z € V¥ is established in Proposition 6 of [BATRIT.

At k = 0, the massive Laplacian Alg coincides with the critical Laplacian Ay of Equation :
m(-]0) = 0 and sc(-|0) = tan(-).
Remark 6.1. The notation might be a bit confusing since the k of the elliptic modulus is not the
same as the superscript k of A¥ which means killing. Since k& = 0 corresponds to AX being a
non-massive Laplacian, we find it rather convenient.

The discrete massive exponential functions. A very useful property of the massive Lapla-
cian is the existence of an explicit family of multiplicative local massive harmonic functions: we
recall its definition and summarize some of its properties from [BATR17].

Proposition 6.2. Let k € [0,1(, u € C. The discrete massive exponential function with parameter
@ 1s defined for all x,y € V§® and any path x = xzo,..., 2, =y in G from x to y by

k)sc(u — 5203.7‘96.7‘“

e U— Qgjajyy
(ulk) == —k sc( 5

k) e oy (ulk) : HeTJ ey (ulk)
(43)

€(z;,541)

It is massive harmonic in both variables: for any fized x € VL,
Alge(.}m) (u|k) = Alge(x’.)(u\k) =0.

Moreover, when u € R, the discrete massive exponential function evaluated at u — 2K — 21K’ is
positive:
Vi e R, Yo,y e VY, ey, (u—2K — 2iK'|k) € Ro.

Equation is the definition (see Definition 3.3 of [BATRI1T]): the fact that the definition
does not depend of the path is their Lemma 9. Observe that they define e and prove that it is
multiplicative on the full diamond graph (i.e. the union of G§° and its dual), but we will not need
it here so we restrict the definition to V§°. The massive harmonicity is their Proposition 11. The
positivity is known but we could not find a reference so we provide a short proof:
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Proof. Fix @ € R. It is enough to prove that for all x ~ y € V§, e ) (u — 2K — 2iK'|k) € R-o.
By the change of variable formula for elliptic functions Equations (2.2.11)-(2.2.13) and (2.2.17)-

(2.2.19) of [Law89] we can write

ik'se(“— 2K — siK Ay k) = dn(“ 5 ) (44)

where dn is the Jacobian elliptic function defined in (22.2.6) of [DLME]. Since the same holds for

ﬁ1y7 ﬂ
U — Qgy ) (u — Bay )
2 k)dn 5 k).
This concludes the proof since dn is positive on R. Indeed, on the explicit expression (22.2.6) of
dn in [DLMEF], we see that dn(0) = 1 and that dn is the quotient of two real continuous functions
which do not vanish on the real line (by (20.2.(iv)) of [DLME]). O

1
eay (1 — 2K — 2K |k) = Edn(

6.1.2 Isoradial approximation of an open set.

For the rest of the article, we fix a simply connected open set €2 with smooth boundary. We say
that a sequence of subgraphs Gs of G induced by finite subsets of vertices V5 < V§° approzimates
Q if the domains Gs obtained by gluing together all lozenges with two opposite vertices in Vs
converge towards ) in the Caratheodory topology. In other words, every = € {2 belongs to Gs for
0 small enough, and every boundary point a € 02 can be approximated by a sequence as € 0V

(see [HSB22], Section 3.1).

We can construct an approximating sequence Gs by keeping the largest connected component
of the subgraph induced by V{ N (see also Section 1.1 of ). For the rest of the article, we
consider a fixed approximating sequence (Gs)s=o of Q. Recall that the restriction (A¥)y, is the

Figure 7: An isoradial approximation Gy of €2 in grey, and the associated Temperleyan graph. The
dual G} with a vertex r removed is drawn in black. The additional white vertices of G5 are in
white.

Laplacian on Gy associated with the conductance and mass functions (¢, m) obtained by restricting
(¢®,m®) to G5 with wired boundary conditions. In other words, for all zy € Es, ¢y = sc(0y|k)
and the mass function

Voe Vs, mz) =m?(zlk) + ) sc(faylk)
of
y~z, y¢Vs

differs from m?(z|k) only on the boundary.
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6.1.3 Application of the Doob transform technique and introduction of the model.

Doob transform. For the rest of the article, fix « € R which we call the drift parameter (for
reasons that will become clear later). Recall that the complete integral of the first kind K and
and its complementary K’ are real constants depending only on k. For all § > 0, fix zy € V§°
arbitrary and define

Vo eV, X(x) = e(zy,0) (u — 2K — 2iK'|E).

By Proposition A% is a positive massive harmonic function for A% on V{, so in particular it
is massive harmonic on Vs and we can apply the Doob transform technique (this is exactly the
setting mentioned in the comments after Proposition . Recall that the Doob transform §5 of
the KRW S¥ is the RW on G with conductances Cla) = i‘\:—g;sc(ﬁzy%), and denote by Ay the
non-massive Laplacian associated with these conductances. Denote by A the diagonal matrix with
rows and columns indexed by V§ and entries A" on the diagonal. Proposition implies

(Eé)Vs = A\751 (Ag)Va Ay, .

RSF and dimers. To the massive Laplacian (A%)y, is associated a RSF model on G; with
conductance and mass functions (¢, m). As was already mentioned, for k£ > 0, the mass function
m is positive at all z € V: this is a typical example where the graph G{ of the forest-tree bijection
is highly non-planar. To (Ag)vs is associated a RST model on G§ (obtained by identifying all
vertices in V{\V; to o, see Figure [3) rooted at o weighted by ¢ (see around Equation for
details).

As in Section [d] fix an arbitrary vertex 7 € 0V} on the boundary of G}, the restricted dual of
G$. Recall from Sectionthe definition of the double graph with o and r removed Q? associated
with Gy (see Figure. By Temperley’s bijection and our Deﬁnitionof the drifted dimer model,
RST of G$ weighted by ¢ are in weight-preserving bijection with dimer configurations of the drifted
dimer model on Q?. The local weights for the RST model and the drifted dimer model away from
the boundary are depicted in Figure

Figure 8: On the left: the conductances ¢ around a vertex x € Vs for the RST model on G§ rooted
at 0. On the right: the weights for the drifted dimer model on Q?. The asymptotics of ¢ in the
near-critical regime are given in Equation @ in terms of the local parameters.
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6.1.4 Near-critical regime.

We will study these models in the near-critical regime where the elliptic modulus k& goes to 0
appropriately with 6. Intuitively, it corresponds to the mass being of order 62 at every point (see
the forthcoming Lemma : it is an interesting regime where the probability that S};‘ leaves Vs
before dying is bounded away from 0 and 1, so the shape of ) has a non-trivial effect on the model.

More precisely, let ¢ = ¢(k) = exp(—7K’/K) be the nome associated with the elliptic param-
eter k. The near-critical regime corresponds to 6 — 0 and ¢ = %M 0 where M € R is a real
positive parameter called the mass parameter fixed in the rest of the article (as in [Par22]). In
what follows, we use only one scale parameter d, and write implicitly ¢ = ¢(9), k = k(5). In this
regime, we can compute the asymptotics of several of the quantities defined before.

Lemma 6.3. In the near-critical regime q = %M& with § — 0,

) k? = 8M§ — 32M?6* + O(6°)
VOeR, < 6 = (1+2M6 + M?6* + 0(5°))0
sc(0lk) = (1+2M6 + O(6?)) tan(9).

Moreover, for all u € R,
Va,y € VL, €(ay) (U — 2K — 2iK’|k) = exp (2M<ew,y — m>) + 0(52|y —z|)

where |y — x| is the euclidean distance on R? and exp : R — R is the usual exponential function.
These asymptotics hold uniformly in the isoradial grid Gf (given the bounded angle assumption),
the angle 6 € R, the parameter u € R and the points x,y € VL.

Lemma 6.4. In the near-critical regime q = %Mé with § — 0, uniformly in 6 and z,

Vo e Ve, m?(zlk) = 2M?6° ) sin(20,,) + O(5%).

y~z

Remark 6.5. In the bounded angle assumptions, the sin(f;) are positive and bounded away from
0, so the mass is of order §2 (uniformly in x,§).

We will prove Lemma [6.4] in Appendix using only the massive harmonicity of the discrete
exponential and the approximation property of the Laplacian (which will be introduced only in
the next section). We now prove Lemma

Proof. Using the expression of the elliptic modulus in terms of the nome and the theta functions
(see (22.2.2) of [DLME]):

1/4 21\ 4
K2 = <W) — 16¢(1 + O(¢?))(1 — 8¢ + O(¢?)) = 16¢ — 128¢% + O(¢?).

Moreover, by (22.2.2) of [DLMF] and our definition of the abstract angle,

vl e R, % = ¥ = (1+2g+0(¢*)* =1+ 2Md + M?5* + O(8°).

The asymptotic of the conductances can be computed using (22.2.9) of [DLME]. Observe that for
6 € R, their notation ((0) = w0/(2K) corresponds to our notation for the abstract angle: 8 = ((9).
Hence,
_ in(f) + O(q? -
VI ER, sc(Olk) = (1 + 4g + 0(¢2) T2 O _ L onrs 1 062 tan@),  (45)
cos(f) + O(q?)
where the O is uniform (using the bounded angle assumption for the last equality).
We now prove the asymptotic expression of the discrete massive exponential function. A proof
of this result could probably be extracted from Section 5 of [CIM21] among much more technical
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computations, but for the sake of clarity we write down the computations in our (simpler) setting.
Fix u € R, z,y € V{. Since the massive exponential is multiplicative, it can be computed along
any path from z to y. It is a classical consequence of the bounded angle assumption (see for
example Assumption 1 of [SSW23]) that we can choose a path 5 : @ — y of length < %
where | - | is the euclidean distance and where the constant C' depends only on the lower bound in

the bounded angle assumption. Denoting v5 = (zo, ..., Zn),
n—1
ey (U — 2K = 2K’ [k) = | [ e(a,0,0)(u — 2K — 2K’ |F).
§=0

We now compute the asymptotics of each term of the product. Let z; ~ z;41 € Vs, zj41 —x; =
Se'¥ + §etfi and let §; = (B; — @&;)/2 be the half angle associated to the edge z;z;,1. Using the
change of variable formula as in Equation ,

. 1 U — u— f3;
€y (1= 2K = 20K [k) = dn (S [k )dn (S k). (46)

By definition of dn Equation (22.2.6) of [DLME]:

u—a;\ ,1+2qcos(ﬁ—dj)+0(q3) o . 5
dn( 3 ) = \ﬁ?l “2gcos(i—a,) 1+ O) = ﬁexp(4qcos(u a;)) + 0(q”)
14z

because it is easily checked that 2 — {2 and & — exp(2z) coincide up to O(z*). The O is

uniform (the constant depends only on the mass parameter M € R~(). Using the fact that u e R
and the scaling ¢ = %M 0 yields

\/%dn(“ S5) = expMOET, 6)) + O(5).

Since we can write the same thing with §; instead of a;, Equation gives
€a2501) (4 — 2K — 2iK'|k) = exp(2M6(e"™, "% + %) + 0(6°)
= exp(2M{e"™ x; 11 — x;)) + O(6%).

By multiplying along the path 7s of length < C‘yg‘”l, we get the desired result. O

As an application of Lemma [6.3] we can compute the asymptotics of the weights of the RST
and drifted dimer models in the near-critical regime. Fix @ € R. Let z ~ y € V5. Using the
asymptotics of sc and e of Lemma we obtain that the conductance ¢ attributed to the edge
(x,y) by the RST model on G$ associated to the Laplacian As is asymptotically

“(y
A (x)

>
~

By = 5C(0ay ) — (1 + 2M6 + O(6?)) tan(d,,) (exp (2M5<em, elday | ei51y>> + 0(53))

_ g 7 Ay + By 2

= (14 2M9)) tan(fyy) | 1 + 4M06 cos(Byy) cos | @ — — + O(67).
(47)

Example 6.6. If the isoradial grid G§° is the square lattice 872, we check that our model of drifted

dimers coincides with the near-critical dimer model of [Chh12] and [HSB22]with drift parameter @:

any x € Gs has four neighbours 24§ and 2+id, with respective edge conductances 1+2M §+/2 cos()

and 1+ 2M6§+/2sin(@) (up to an error O(62) and a global factor (14 2Md) which does not change
the transition probabilities). This is exactly Equation (1.6) of [HSB22] with drift vector v/2Me®.
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6.2 From the killed random walk to the drifted random walk

In this section, we follow closely [HSB22]: we provide discrete Girsanov identities between the
KRW S}; and its Doob transform Ss, and between their loop-erasures.

Recall that the Doob transform §5 and associated Laplacian 55 depend on the drift parameter
@ via A*. We adapt to our setting Corollary 2.5 of [HSB22]. Denote by 75 = 75(p) A 7s(VF\Vs)

and 75 = 75(V¥\Vs) the escape times of Vs for 5’}5‘ and S respectively.

Lemma 6.7. Let 5 be a sequence of simple paths in Gs from x5 € Vs to ys € dVs, with x; =9

x € Q and ys ﬂyeQ. Then:

Py, (V0 < i < 75, (S5)i = Y5(1)) 50 B
229 exp (2M{e™™, y —
Py (YO <i < 75, (SX)i =7s(3)) exp (2M e,y — )

uniformly in the isoradial grid, the drift parameter @, and the path.

Observe that this is precisely the same statement as Corollary 2.5 of [HSB22], justifying the
name “drift parameter” for u: S5 is a RW with a drift in the direction e® of intensity M.

Proof. With the notation of the lemma, by definition of the Doob transform

P, (¥ <75(p), (Ss)i =5(0))

U=’ —e ( Py, ((S5)1 € VP\V5)
Pus (YO < i < 75(p), (S¥)i =s(i)) (xs,ys)

Py, ((S5)1 € {p} 0 VF\Vs)

On the one hand, by the asymptotic expression of e computed in Lemma

u—2K — 2iK'|k)

€(zs,ys) (U — 2K — 2iK’|k) = exp (2M<em,y5 — x5>) + 0(52|y5 —xz5|).

On the other hand, by definition of the Doob transform, and since m?(z|k) = O(6?) by Lemma[6.4]
and for all z ~ ys, e »)(u — 2K — 2iK'|k) = 14+ O(0) by Lemma

( 55 )1 € VP \V5) B Zz~y(s,z¢V5 €(ys,2) (U — 2K — 2iK'|k)sc(0y,|k)

$)1 € {p} U VP\Vs) B m2(Ys|k) + 2.y, 2pv, SC(Oys2 k)
(14 00) Sy, vy 50,5 b)
©0(82) + Xy, gy, SC(Oys: 1)

It is also important that since y € dVs, 3., _ay, 5¢(fy,-|k) is bounded away from 0 since there
is at least one term in the sum (and by the bounded angle assumption). O

P,
Py, ((

Ys

=14 0(9).

Recall from Section that LE(vy) denotes the loop-erasure of the path ~. For a transient
KRW XK (it is the case of both S};‘ and S killed when exiting Vs: they die almost surely since Gg
is finite), LE(X¥) denotes the loop-erasure of the trajectory up to the killing time. Lemma
implies, as in [HSB22],

Lemma 6.8. Let 75 be a sequence of simple paths in Gg from x5 € Vs to ys € Vs, with x; =9

x € Q and ys Eigye 0. Then,

~

Pﬂ?a(LE( 5) = ’}/5) §—0 .
P,, (LE(SY) = 75) 5 exp (2M{e™,y — z)) .

uniformly in the isoradial grid, the drift parameter 4 € R and the path.

Proof. Tt follows from Lemma by summing over all ways to get 75 as a loop-erasure, and
observing that for each of these paths the ratio of the probability is exactly the right-hand side
by the preceding lemma. O
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6.3 Convergence of the loop-erased killed random walk to massive SLF,

The next step towards convergence of the near-critical RST and dimer models is to prove con-
vergence of the massive LERW conditioned to survive. We will verify the hypothesis of a general
result for convergence of the killed LERW, Theorem 4.2 of [HSB22], which we now recall.

Notation for continuous processes. We first introduce some definitions related to continuous
processes. The brownian motion (BM) is the diffusion process B on R? with unit covariance matrix
and 0 drift vector. Recall from Equation (4.4) of [HSB22] that the killed brownian motion (KBM)
with killing rate M (-) (a continuous non-negative bounded function on ) is the process B* which
behaves like B until a stopping time 7 given by P(7 > ¢ | F;) = exp (— S(t) MQ(BS)ds), where
(Ft, t = 0) is the canonical filtration of the BM, after which it goes to an absorbing cemetery.
We refer to the original article for all definitions involving Loewner evolutions, in particular SLFEs
and its massive version.

Given a sequence of discrete RW (Y5)s=0 on planar graphs Q5 embedded in C, we also denote
by Y5 the affine interpolation (that is for all ne N, t € [n,n + 1(, (Y5): = (n+ 1 —¢)(Y5)n + (t —
1n)(Y5)n+1). When we say that such a sequence converges towards a process X with continuous
trajectories, we mean the uniform convergence on bounded time intervals.

A general convergence result. Let ()5 be a sequence of planar graphs embedded in the
complex plane with conductance function ¢®, and suppose that there is no accumulation point
in the sense that for every compact set K, the number of vertices of s inside K is finite. Let
M(-) : @ — [0,0) be a bounded nonnegative continuous function. Denote by Y5 the RW with
conductances ¢* and Yék the massive random walk with conductances ¢* and mass function
m® = M?(-)6%. Recall that we can couple Y and Y; such that Y is killed in position z with
probability proportional to M?(-)§? and otherwise moves like Y.

Let R be the horizontal rectangle [0, 3] x [0,1] and R’ be the vertical rectangle [0, 1] x [0, 3].
Let B® = (B®) = B((1/2,1/2),1/4) be the starting ball and B* = B((5/2,1/2),1/4), resp. (B")" =
B((1/2,5/2),1/4), be the target ball. Let D = R\B*. For r > 0, z € C, let R(r,2) = rR + z ,
resp. R(r, z)’, and define similarly B%(r, z), B'(r, 2), D(r, 2).

For all § > 0, let Crosslg(r, z), Tesp. Crosslg(r, z)’, denote the event that the KRW Y} started
at a point of the starting ball x5 € B%(r,z) n V¥ enters the target ball B*(r, z) before leaving the
rectangle R(r, z) or dying:

Crossk(r, ) = (TJ(Bt(r, 2)) < 75(p) A T5s(VEVR(r, z))).

The KRW Yék satisfies the uniform crossing estimate if for all R > 0, there is a constant 1 =
n(R) > 0 such that uniformly in 0 <r < R, 2€ C, § > 0 and x5 € B%(r, 2) n VY,

P, (Crossk(r, 2)) = n, Pu(Crossh(r, 2)') > 1. (48)

Theorem 6.9 (Theorem 4.2 of [HSB22]). Assume that Y satisfies the uniform crossing estimate

and that Yék starts at xs =0 eq. Suppose that ((Ys)s-2¢,t = 0) converges towards the BM, or
equivalently that ((Yy)s-2¢,t = 0) converges towards the KBM BX killed with rate M(-). Then the
loop erasure LE(XY) of Y¥, conditioned to leave Q (at the stopping time 75) before dying, and

conditioned on (Y(;k)m = as with as =% ae 09, converges to a radial Loewner evolution with
driving function ; = €'t satisfying Equation (4.5) of [HSB22] called massive SLEy with mass
parameter M(-).

To apply this theorem, we will need the following result which is proved in Appendix [A-2]
using the weak Beurling estimate of [CSII] on the critical Laplacian.

Proposition 6.10. The near-critical KRW S’};‘ satisfies the uniform crossing estimate Equa-

tion .
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Using Theorem [6.9] and Proposition we are able to prove the following.

Theorem 6.11. If x4 29 v e Q, the loop erasure LE(S};) of the KRW S};‘ started at xs € Vs
conditioned to leave Q (or equivalently Vs, at the stopping time 75) before dying, and conditioned
on (S};‘)Té = as € Vs with as — a € 0 converges to a radial Loewner evolution with driving
function ¢ = €'t satisfying Equation (4.5) of [HSB22] with mass parameter \/2M .

Note that we cannot apply Theorem directly to S}; which is not killed with probability
M (z)4? for a continuous function M (see Lemma, and moreover the RW Ss with conductances
Coy = 8¢(0zy|k) converges towards the BM only after a time re-parametrization. These two matters
are related, and we will solve them by considering an associated lazy RW S};.
Proof. Denote by Ss the RW with conductances c5, = sc(f.y|k) and by (s(z) the law of its
increments: conditionally on (Ss), = z, it is the law of (Ss)n+1 — (S5)n. Using Equation , the
asymptotics of sc of Lemma and the fact that two neighbours in G§° are at distance < 26, we
obtain that

E(Gs(2)) = O(6°); E(R(G5(2))?) = E(3(Gs(2))?) = 6°T5(2)+0(6%); E(R(Cs(2))I(Cs(2))) = 0((54))-
49
Hence, a certain lazy version of S5 converges towards the BM. To make it formal, we define the

laziness of a vertex T T
Ve VY, ls(x) = % Z sc(Oyy k).

y~z

Let S}; be the lazy RW, or more precisely the RW on the graph G with an additional loop edge
(@, ) with conductance l5(x) at each vertex z € V¥: in other words, it is the RW which stays
in 2 with probability proportional to l5(x) and otherwise moves towards y ~ x with probability
proportional to ¢5 = sc(f.y|k). The time spent by SL at @ follows a geometric law with parameter
ms(x) = ls(x)/ (lg(l’) + 2y sc(@my|k)>. If we denote by (} the law of the increments of S}, we
have for all x € V{ and all ¢ : C — C with ¢(0) = 0,

E(¢(C5(2))) = (1 — m5(2))E(6(G5(2))).
This applies in particular with ¢(z) = x, R(x)?, 3(x)?, R(2)3(z) so Equation gives

E(G(x)) = O(8%); E(R(G5(2))*) = E(3(¢(2))?) = T8% + 0(6"); E(R(G(x))3(G(2))) = O(8").

This implies that ((S)(zs2)-14,t = 0) converges towards BM, see Theorem 11.2.3 of [SV79] with
h = T2 (it can also be seen as a consequence of the functional CLT for martingales after centering).

We are ready to deal with the KRW S};‘. Let S’};’k be the lazy KRW, or more precisely the KRW
on the graph G¥ with additional loop edges (z,x) with conductance /5(x) at each vertex and mass
function m® (x) = m?(z|k). Define stopping times tg = 0 and ;1 = inf{n > t;, (S};’k)n # (S’};’k)ti}:
they are the times at which the lazy KRW changes position. The law of the trajectories of S(l;’k
and S¥ are the same, that is

3 law .
((S%),,, i 2 0) "2 ((85);, i = 0).

This implies in particular that the loop-erasures of and S¥ have the same law. Using the

asymptotics of sc and m?(-|k) from Lemmas and we get that the lazy KRW S};’k is killed
with probability

m?(zk)
m?(zlk) + () + 20, ., sc(0y|k)

Tm?(x|k)

_ _ = 2M2T6% + O(6?
Tm2(z]k) + 3, . sin(20,,) + O(9) + 0@,

P (S5 i1 =p | (S = 2) =

y~x

44



o ((Sgk)(T(Q)—lt, t = 0) converges towards the KBM with constant killing rate v/2M.

We now apply Theorem to the KRW Y(;k = S;i}il/% on the graph s which is Gp_1/25
with additional loop edges at each point (this graph is still planar). Proposition implies
that S};’k and hence Y satisfy the uniform crossing assumption. Moreover, we just obtained that
((YX)s-24,t = 0) converges towards the KBM with constant killing rate v/2M. Hence, conditionally
on the endpoint, LE (Yék) converges towards massive SLFE, with mass parameter /2M. In other
words (replacing § by T-26), LE (S;’k) converges towards massive SLFE> with mass parameter

V2M. Since the loop-erasures of S(ls’k and 5’(15‘ have the same laws, this concludes the proof of
Theorem [6.11] O

6.4 Convergence of the near-critical rooted spanning tree and drifted
dimer models

We refer the reader to [HSB22] for more detailed explanations and proofs. We denote by 7}M’a

the RST of G§ associated to the Laplacian Ag by Wilson’s algorithm: recall that it can be seen
as a RST of G4 rooted outside V5. The law of a branch of this RST from a point x5 € Vs to the
boundary 0V is the loop-erasure of §5 started at xs. By Lemma conditionally on the endpoint
as € OV, this law is the same as the loop-erasure of the KRW S};‘ conditioned on escaping Vs via
as before dying, which by Theorem [6.11] converges towards massive SLE> with mass parameter
v/2M . Moreover, if we denote by o*(y)dy the exit measure on 0S2 of the KBM with constant killing
rate v/2M (note that this is a sub-probability measure), Lemmatogether with the convergence
of the KRW towards the KBM imply that asymptotically, the law of the endpoint of a branch

. §—0 .
starting from x5 ~— = € 2 is

o (y)dy = exp(2M<{e™, y))o* (y)dy

which is the exit law of a drifted brownian motion started at x with drift vector V2M e that is
a diffusion process with unit covariance matrix and drift vector v/2Me*®. This gives the following
theorem, extending Theorem 1.2 of [HSB22| to the isoradial case:

Theorem 6.12. In the near-critical regime described above (q = %Mé), the tree EM’E converges in
the Schramm sense to a continuum limit tree T% on Q. Conditionally on the endpoint y € 052, a
branch of the tree from a point x € 2 has the law of massive radial SLEy in Q with mass parameter
V2M from x toy. The law of the endpoint y € 02 is o%(y)dy.

Note that this theorem contains the square case of Theorem 1.2 of [HSB22] as a particular case
by Example but not the hexagonal case as they consider a non-reversible random walk.

By Temperley’s bijection (see our Section , the tree model is in weight-preserving bijection
with the drifted dimer model on the double isoradial graph G5. As in [HSB22], convergence of the
Temperleyan tree implies convergence of the height function of the drifted dimer model:

Theorem 6.13. In the near-critical regime described above (q = %Md), the centered height func-
tion hé\/l’ﬂ — E[hé\/j’ﬂ] of the drifted dimer model with mass and drift parameters v/2M > 0,7 € R

converges in law to a limit when 6 — 0.

The limit is not explicit with these techniques, but [Mas23] seems to indicate that it is related
to the Sine-Gordon field, see (i) of the open question Section 1.7. of [HSB22| for more details on
this conjecture.

A Critical and near-critical isoradial Laplacians

In this appendix, we use some tools developed in [CS11] for the analysis of the critical Laplacian on
isoradial graphs and adapt them to the near-critical regime to prove Lemma [6.4] and Proposition
We use the notation of Section [f] for isoradial graphs and discrete Z-invariant and critical
Laplacians.
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A.1 Proof of the asymptotic of the mass in the near-critical regime

The approximation property. Many of the properties of the critical Laplacian Ag of Equa-
tion follow from the fundamental approzimation property Lemma 2.2 of [CS11] which we
now recall. Let A = 0yz + 0yy and D denote respectively the usual continuous Laplacian and
derivative operators on R%2. Note that the definition of Alg and in particular A are local: for
z e VY, (Asf)(z) (and also (AXf)(x)) is defined as long as f is defined on the neighbours of z.
In particular, it makes sense if f is defined only on B(z,24) (the euclidean ball centered at x of
radius r) which contains all the neighbours of z.

Lemma A.1 (Lemma 2.2 of [CST1]). There exists an absolute constant C' such that for all x € V§,
for all smooth function f € C3(B(x,26),R),

<O sup |D*f|.
B(z,26)

(Ash)a) + (Z sm<20w> (A)@)

y~z

From this approximation property follows the approzximation property for the massive Lapla-
cian:

Lemma A.2. There exists an absolute constant C such that for all x € VS, for all smooth function

feC3(B(x,26),R) defined in a neighborhood of x,

(B5P@) + (2 sin<2ewy> (Af)(@) = m* (el ) f(2)

Y~z

< C§® sup (IDf|+|Af]+|D*f))

z,26

Proof. Recall that in the near-critical regime, by Equation Lthe conductances of the massive

Laplacian A§ are ¢ = sc(f4y|k) = (1 + 2M6 + O(6?)) tan(f,,). Moreover, for all z € V§,

feC(B(x,20),R), y ~ x, we have | f(z) — f(y)| < dsupp(, 25 |Df] s0
(A5 f) (@) —m?(zlk) f(z) — (1 + 2M8)(As f) ()]

< C8 sup |Df].
B(z,26)

Y, (se(baylk) — (1 +2M8) tan(8ay)) (f(2) = f(y)

Yy~

For some universal constant C'. The approximation property for the massive Laplacian follows by
triangular inequality and Lemma O

The asymptotic of the near-critical mass. We use the approximation property and the
massive harmonicity of e to prove Lemma

Remark A.3. This proof is a shortcut: it avoids all direct computations which are hidden in the
massive harmonicity of the discrete exponential. A direct computation is also possible but lengthy.

Proof. Let x € V¥ be fixed. We introduce a function e : y € C — exp(2M{e™,y —z)). On the
one hand, by Lemma for y ~ z,

e(ay)(u — 2K — 2K'[k) = exp(2M (e, y — 2)) + O(8°) = ¥ (y) + O(6?)
so by linearity of Ag‘ and massive harmonicity of e,
(AfeM ™) (z) = O(8).

On the other hand, €% is (continuous) massive harmonic with mass 4M?: AeM@ = 4M2eM0.
By the approximation property applied at x to the function e™# (and since by definition, e™-%(x) =

1):
m?(z|k) = 4M?6%ps(z) + O(63) O
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A.2 Proof of the uniform crossing estimate

The weak Beurling estimate for the critical Laplacian. We recall the notation and result
of [CSTI]. For a complex number z € C\{0}, denote by arg(z) its argument in (—m,7|. For an open
euclidean ball B < C and 6§ > 0, denote by Bs the discretization of B: it is the subgraph induced
by V§ n B. Note that for /6 > Cj some absolute constant depending only on the bounding
angle assumption, it is connected and coincides with the definition of [CS11], and moreover 0Bs
is at distance < 26 of 0B: this might not hold for more complicated sets. For a,b € 0B, resp.
as,bs € 0Bs, we denote by (a,b) < 0B, resp. (as,bs) < éBs, the points of 0B, resp. vertices
of 0Bjy, encountered when following the boundary counterclockwise. Denote by X5 the RW with
conductances tan(f,,), that is the RW associated with the critical Laplacian As.

Lemma A.4 (Lemma 2.10 of [CSI1]). For o5 € V§°, r > Cyd, let B(os,2r) be the euclidean
ball of radius 2r, Bs(os,2r) its discretization and 75 the escape time of Bs(os,2r) by Xs. Let
as,bs € 0Bs(0s,2r) such that arg(bs — o5) — arg(as — o5) = w/4. Then,

Vas € Bs(05,7), Pus((X5)rs € (a5,bs5)) =10 = 0,

where 1g is an absolute constant (independent of the isoradial grid, r, os,as,bs ).

The uniform crossing estimate for the near-critical Laplaman We prove Proposition
- We only do the proof for Crossk(r, z): the proof for Crossk(r, z)’ is exactly the same.

Proof. Fix R > 0, and let Cyd < r < R. The remaining case r < Cyd will be considered at the
end of the proof.

First step: the uniform crossing estimate for the RW with no killing. For all 0 < i < 4, define
B = B((1/2 +i/2,1/2),1/4), A* = B((1/2 +i/2,1/2),1/2) and note that B® = Bb7 B4 = B".
Let 0 < i < 4 and define Bi(r, z), A%(r, z) for the scaled and translated balls (as in the statement
of Proposition and Bi(r, z), A5(r, z) for their discretizations. Denote by o'(r,z) = r(1/2 +
i,1/2) + z the common center of the i-th small and big balls. Let a’,b" € dA*(r, z) such that

arg(ai _ Oi(n 2)) = _g : arg(bi . Oi(T’ 2) = g

where arg denotes the argument in (—m,7]. Let a,b% be the closest points in dA%(r, z) from a’
and b’ respectively: they are at distance < 26 from a; and b;, so upon increasing Cy, arg(bs —
o'(r, z)) —arg(as — o' (r,2)) = w/4 for all r = Cyd. The weak Beurling estimate Lemma implies
that

Vas € By(r, 2), Py ((S5),; € (a5, b5)) = mo. (50)
Now, we observe that for all 0 < i < 4, for all y € (a%,b') = 0A(r,2), denoting o = arg(y —
Oi(rv Z)) € [_W/’?a 7/7]»

ly — o'l (r, 2)| = ‘fsm( )‘ 75111(7?/7)
Since sin(7/7)/2 < 1, (a;,b;)  0B'(r, z) is astrict subset of B**!(r, z). Since (a§, b5) is within O(6)
of (a*,b"), upon increasing C, we obtain that for all r > C§, for all 0 <4 < 3, (a$,by) = Byt (r, 2).
We deal with the remaining case r < C§ at the end of the proof.

Let 7¢ denote the first escape time of Al(r, z) by Xs. Since we also have Al(r,z) = R(r, z), on
the event (X;),; € (a%,b%) the RW enters Bit!(r,z) before leaving R(r,2): the crossing event

Crosss(r, z) := (Tg(Bg(r, z)) < s(VP\R(r, z))) for the RW X satisfies

3

ﬂ ((Xg).,_g € (af;,bf;)) c Crosss(r, 2).

=0

Applying four times the strong Markov property (with the stopping times Tg for 0 <4 < 3) and
using Equation gives the uniform crossing estimate for the critical RW Xj:

Vas € Bi(r, z), Py, (Crosss(r,z)) = 1. (51)
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Second step: upper bound on the escape time for the RW with no killing. Let z € V{ and
x5 € Bj(r, z) a starting point. Recall that (£5)n, = (X5)n+1 — (Xs)n denotes the increments of the
RW. The law &;5(ys) of (£5)» depends only on the value ys = (Xs), € VE. Denote by M; = R(X5).
From Equation , we see that Ms is a martingale in the canonical filtration (Fy,)nen of Xs with
increments satisfying for all ys € V¥, E(R(&5(ys))) = 0 and E(R(&5(ys))?) = 1162 for some absolute
constant 7. Hence the quadratic variation (Ms) of M; satisfies for all n > 0, (Mj),, = n1nd?. Let
os = inf{n = 0, |(Ms), — R(zs)| = 3R}. By the monotone convergence theorem and the optional
stopping theorem applied to the bounded martingales ((M;s). nn — R(25))? — (M;s). A, at stopping
time oy,

mO*E(05) < E((Mp)ay) = 1 E(Ms)oynn) = lim E(Ms)o, nn — R(zs)?) < (3R)%

By Markov’s inequality and since 75(VE\R(r, z)) < o5, this implies for the critical RW Xs:

. R R 9

Third step: coupling the KRW and the RW. From Lemma and Equation we know that
the mass satisfies m?(zs|k) = O(6?) and that the conductances sc(6,,|k) of the near critical Lapla-
cian A¥ are within O(6?) of the conductances tan(f,,) of As (after multiplying all conductances
by a common factor 1 + 2M§ + O(6?) which does not change the probabilities). Hence the KRW
S};‘ and the RW X can be coupled with a probability of failing < 17262 at each step.

Fourth step: concluding the proof when Cod < r < R. We choose A such that 9/(m\) = n§/2:
Equations and imply that the crossing event Cross;(r, z) for the critical RW X5 happens
with positive probability at a time of order AR?/6% or less:

S t 0 R72 161
Vs € Bi(r,z), Py, | 175(Bs(r, 2)) < 7s(VE\R(r, 2)) < A 52) = o

On the event (T(;(Bf;(r, 2)) < 1s(VP\R(r,2)) < /\R2/52>, the coupling fails with probability at

most (1 — 772(52)>‘R2/‘52 < 1—mn3 <1 for some n3 > 0 depending only on R and some universal
constants. Since on the event Crosss(r, z), when the coupling succeeds until 75(VE\R(r, z), the
event Crosss(r, z) happens, we conclude that

Vs € Bi(r, 2), ]P’W(Crosslg(r, z)) = (1- 773)773/2.

Fifth step: when r < Cpd. In this case, the rectangle R(r,z) has a bounded diameter for the
graph distance: by the bounded angle assumption, we can always find a path with at most C
vertices from any point in the starting ball to the target ball. The probability that the walk
follows this path and survives is uniformly bounded away from 0 by a constant of the form 7 for
some absolute constant 1 > 0.

O
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