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A mathematical problem that involves conceptual challenges, may offer students opportunities to show and develop their conceptual understanding. However, to meet specific conceptual learning goals, a deliberate design of the problem is important. In the study, a single problem is used in different versions to investigate what conceptual understanding of the concept perimeter is visualized in students' solutions. The result shows that the chosen problem offers reasonable conceptual challenges and thus is suitable for visualizing and possibly developing students' conceptions. Three conceptual aspects are identified and suggested to be used to support further discussions on task design: properties and definitions of concepts, the use of non-typical examples, and the relations between processes and concepts.

Introduction

Students' work with tasks dominates the time spent in the classroom, both in Sweden and internationally [START_REF] Mullis | TIMSS 2011 International Results in Mathematics[END_REF]. Consequently, the types of tasks used in teaching and learning of mathematics, affect students' opportunities to learn [START_REF] Schmidt | Why schools matter: A cross-national comparison of curriculum and learning[END_REF]. A task to which a student does not have an available solution method, and hence needs to construct a partly new solution method to, is a mathematical problem [START_REF] Lithner | Principles for designing mathematical tasks that enhance imitative and creative reasoning[END_REF]. Through requiring students to be persistent, to reason creatively rather than to imitate procedures, mathematical problems may provide students with conceptual challenges, besides the creative ones [START_REF] Jäder | Creative and conceptual challenges in mathematical problem solving[END_REF]. When exploring the mathematics through such challenges included in the task, conceptual understanding becomes visible and opportunities for development occur. However, for a problem to meet students with a reasonable level of challenges, a specified learning goal and a deliberate design or selection of problems is important for students' opportunities to learn [START_REF] Simon | Explicating the role of mathematical tasks in conceptual learning: An elaboration of the hypothetical learning trajectory[END_REF]. For this to happen, a more nuanced view of what conceptual understanding entails in mathematical problem solving, is necessary.

This study explores if and how students' work with a mathematical problem, slightly modified to suit students at different levels of schooling, can stimulate students to demonstrate their conceptual understanding. The purpose is to use one single problem to investigate students' conceptual understanding of the concept perimeter1 . The reason for choosing the concept perimeter is that there are some well-known misconceptions of perimeter (e.g. [START_REF] Widjaja | Counterexamples: Challenges faced by elementary students when testing a conjecture about the relationship between perimeter and area[END_REF], described below. The research question that the study responds to is: What aspects of conceptual understanding can be visualized when students from grade 5 and upper secondary school solve the same, slightly modified mathematical problem?

Background

Tasks to visualize students' conceptual understanding When students are given mathematical problems, they may be forced to explicitly formulate and reflect on their conceptual understandings [START_REF] Vinner | The role of definitions in the teaching and learning of mathematics[END_REF]. In contrast, there is no necessity for conceptual considerations when working on tasks of routine character [START_REF] Lithner | Principles for designing mathematical tasks that enhance imitative and creative reasoning[END_REF]. A challenging task stimulates students to be persistent, and challenges, struggle and persistence are all important elements of problem solving, which are productive for students' learning [START_REF] Hiebert | The effects of classroom mathematics teaching on students' learning[END_REF][START_REF] Sullivan | Supporting teachers in structuring mathematics lessons involving challenging tasks[END_REF].

A conceptual challenge is a type of challenge that springs from a need to consider aspects of the mathematical concepts involved in the solution of the problem [START_REF] Lithner | Principles for designing mathematical tasks that enhance imitative and creative reasoning[END_REF]. A student's conception may further be defined as a cognitive structure that is developed by the individual as a conceptual understanding of the content [START_REF] Wedman | The concept concept in mathematics education: A concept analysis[END_REF]. Within mathematics education, there are several notions for this structure, such as concept image, conception, and schema. Here, we use conception as an umbrella notion. The part of the conception that is activated at a particular time, e.g. a problem-solving situation, is called 'evoked conception' and depends on the situation, where new situations, as those created by a mathematical problem, may demand a more flexible use of one's conception [START_REF] Jäder | Creative and conceptual challenges in mathematical problem solving[END_REF]. In addition to this, the notion adequate conception is used as a desirable conception in line with what is necessary to solve a specific task [START_REF] Jäder | Creative and conceptual challenges in mathematical problem solving[END_REF]. The relation between student and mathematical problem is what constitutes the conceptual challenge, which is the discrepancy between students' evoked conceptions and a, for the solution of the problem, adequate conception [START_REF] Jäder | Creative and conceptual challenges in mathematical problem solving[END_REF]. Through such a conceptual challenge, students may be offered opportunities to learn, as a student needs to develop her conception to be used in a proper way to solve the problem. Additionally, in the literature there is both an individual and a culturally dependent view on conceptions [START_REF] Wedman | The concept concept in mathematics education: A concept analysis[END_REF]. In the latter, the development of the cognitive structure is considered as influenced by the context and the way individuals position themselves in a group.

Aspects of conceptual understanding

In the current study, we consider aspects of conceptual understanding, which can be of support when analysing students' conceptions in relation to the task design. One aspect concerns properties of a concepts and work with definitions. Students need to analyse and order properties to reach later stages of the development [START_REF] Tall | How humans learn to think mathematically: Exploring the three worlds of mathematics[END_REF]. Also, it is not enough for the student to just replicate a definition. He or she needs to understand it [START_REF] Niss | The structure of mathematics and its influence on the learning process[END_REF]. Another aspect involves typical and non-typical examples. Findings have shown that individuals rank mathematical objects (such as singular examples of triangles), connected to a certain concept (the concept triangle), according to how typical they are [START_REF] Murphy | The big book of concepts[END_REF]. [START_REF] Niss | The structure of mathematics and its influence on the learning process[END_REF] makes clear that it is through experiences that students develop their conceptions. If students meet some examples more often than others, then there is a risk that they develop conceptions including properties that relate correctly to the examples but not necessarily to the formal concept. Yet another aspect concerns the connections between processes and concepts. With an unstructured conception, not very efficient for solving mathematical problems, symbols can be seen as processes, (e.g. [START_REF] Asiala | A framework for research and curriculum development in undergraduate mathematics education[END_REF]. However, when symbols can be regarded as both processes and concepts, the conception gets a structure that is more appropriate for solving problems.

Understanding of the concept perimeter

A well-documented conception of the concept perimeter that needs to be challenged is that there is a 'direct linear relationship' between perimeter and area, where many students e.g. have the idea that rectangles with the same perimeter have the same area [START_REF] Machaba | The concepts of area and perimeter: Insights and misconceptions of Grade 10 learners[END_REF][START_REF] Widjaja | Counterexamples: Challenges faced by elementary students when testing a conjecture about the relationship between perimeter and area[END_REF]. This may be called 'overgeneralization of previous knowledge', meaning that knowledge that is correct in one domain is used in another domain where it may no longer be valid. Additionally, there is a risk that students overgeneralize and use properties of concepts with a local validity to rectangles for other figures as well [START_REF] Machaba | The concepts of area and perimeter: Insights and misconceptions of Grade 10 learners[END_REF]. It may be argued that one reason for such conceptions is that teaching perimeter has focused too much on the procedure of measuring and not so much on the overall idea of measurement. Too little emphasis on the concepts and too much emphasis on formulas may cause students to overgeneralize [START_REF] Widjaja | Counterexamples: Challenges faced by elementary students when testing a conjecture about the relationship between perimeter and area[END_REF].

Methods

Students in upper secondary school and fifth grade were observed and filmed while solving a mathematical problem, to be able to identify and characterize the conceptual challenges students met. The upper secondary school students attended first or second grade (in Sweden normally attended at the age of 15-17) in two different schools, and of programs with low, as well as intermediate or high intensity of mathematics. The fifth-grade students (at the age of 11-12) were selected from one Swedish primary school, where all students from grade 5 were informed about the study. The students that accepted to participate (their parents signed letters of consent) were divided into groups of 2 or 3 students, where students belonging to the same class formed a group. 33 upper secondary school students (20 in a first iteration and 13 working with modified versions of the problem) and 8 fifth grade students participated in the study. Data collection and analysis was divided between the two authors so that Author 1 was responsible for the upper secondary school students, while Author 2 was responsible for the fifth graders.

Description and reasons for choice of mathematical problem

Three main considerations were taken when selecting a task to be met by upper secondary school students. 1) That the task had the character of a regular mathematical task that could be used in a classroom setting. 2) That the task was likely to be a mathematical problem, at a reasonable level of difficulty for the students. 3) That there would be as few unnecessary technical manipulations included in the solution process, which might possibly raise the cognitive load [START_REF] Russo | Student reflections on learning with challenging tasks: 'I think the worksheets were just for practice, and the challenges were for maths[END_REF]. Selecting a task from a national test (Figure 1A), it was argued that the first consideration was fulfilled. The task was further evaluated using a structure for selection of tasks [START_REF] Jäder | Task design with a focus on conceptual and creative challenges[END_REF], with a learning goal of developing a deeper understanding of the concept perimeter, where students could use their definition of perimeter in a problem-solving situation.

Through proposing a conceivable solution method, it was possible to compare students' conceptions with the requirement of the task. It was expected that the suggested task was a mathematical problem and would likely pose a conceptual challenge to the students. Thus, the original task in figure 1A was later modified and tested in steps to be able to meet the same requirements as stated above, for less mathematically proficient and also younger students. We wanted the conceptual challenge concerning perimeter to be in focus for the analysis and avoid other possible hindrances, which is why, for a second iteration, the algebraic expressions were excluded. In a third iteration, the answering choices were adjusted so that apparent misconceptions were excluded, to hinder students from reasoning incorrectly. For grade 5 students, to make the formulation less complex, the multiple-choice format was not used and the problem was formulated so that the instructions were to calculate the perimeter of the figure (Figure 1B). 

Task solving sessions

In upper secondary school the students were asked to work on the problem individually to best access their conceptions [START_REF] Schoenfeld | Making sense of "out loud" problem-solving protocols[END_REF]. They were also interviewed after a preliminary analysis had been conducted, to verify and extend the understanding of the identified conceptions, and their solution process. However, in grade 5, the students were divided into groups of two or three students as we expected this to be a safer and more comfortable environment for them, even though studying individual conceptions was made harder. As the sessions with fifth graders included more studentresearcher interaction it was decided that no interviews were necessary. All task solving sessions were filmed using a think-aloud protocol [START_REF] Schoenfeld | Making sense of "out loud" problem-solving protocols[END_REF] with the camera being pointed toward the desk, filming the paper and any possible hand gestures, but no faces. The students could work on the task until they considered themselves finished or they could reach no further. One of the authors participated during each of the sessions, interrupting when clarifications were needed to understand the students' thoughts, or when the students needed some input to be motivated to continue.

Method of analysis

The analysis of the fifth-grade students, working in small groups, was mostly conducted on a group level, while the work of the upper secondary school students was analysed individually. After transcription, the oral communication was interpreted together with the students' notes that were seen in the films. The analysis focused on describing any discrepancy that could be traced between an adequate conception and students' evoked conceptions of properties of the concept perimeter. Here, it is assumed that a student's conception can partly be explained by her actions and ways of expressing herself. A possible discrepancy can then be indicated through a student's hesitation or evidence of struggle during the problem-solving process, as well as through a statement to the other participants within the group or in a post-interview. Through comparing the discrepancy to the adequate conception, the evoked conception could be described. The conceptual aspects presented in the background was then used as categories to be able to thematize the evoked conceptions.

Results

In the analysis, evoked conceptions visualized during the problem solving were identified and categorized using the different aspects described above.

Properties of the concept perimeter

An evoked conception made visible through several of the students' work was that perimeter is 'around the figure'. However, in this new situation, involving a mathematical problem with no obvious solution method available, the students needed to consider what 'around the figure' meant. For example, some fifth-grade students showed an evoked conception involving that the perimeter of the figure could be calculated by first calculating the perimeter of a 5×7 rectangle, and then adding the lengths of the segments inside the rectangle, which they approximated. In this case, the perimeter became 38 cm, compared to the right answer 34 cm. Additionally, the student in Figure 2A below reflected on whether 'around the figure' meant 2a + 2b or to also include the two lines within the figure, which in a sense could be argued to have been part of 'around' initially. One student, while moving her pen along one of the indentions said: "I don't know if I should measure this as well". After having redesigned the problem for upper secondary school students, to first exclude algebraic expressions, yet keeping corresponding choices for answers, a similar pattern was evident with several students considering the perimeter to be 2•(5+7). Several of the students revealed an evoked conception of properties of the concept perimeter that was influenced by their conceptions of properties of area. This might be the reason for some of them working on a figure similar to a jigsaw puzzle where the area was kept constant, however altering the perimeter. As a first example, one of the upper secondary students ended up with a figure like in Figure 2A. The student aligned the indentions with each other vertically, creating a rectangle within the greater rectangle. Some students explicitly mentioned this as being a result of working with similar figures in relation to area rather than perimeter. As a second example, one group of fifth-grade students first moved the short horizontal line segments (arrows 1) and concluded that the horizontal length of the figure was 7 cm (Figure 2B). These students continued by moving surfaces to get rid of the indentions. One student started with moving the upper rectangle to the right hole (arrow 2), followed by moving the left rectangle to the right (arrow 3) and ended up with a 5×6 rectangle. This may be interpreted as if one property of the concept perimeter, involved in the evoked conceptions of the students, is that the perimeter does not change when moving surfaces. The perimeter was then calculated as 5+5+6+6 = 22 cm.

Typical and non-typical examples

The figure's relatedness to (but not equivalence with) a rectangle seems to have induced productive reflections among the upper secondary school students. How to interpret 'around the figure' seems to be connected to the non-typical traits of the figure as students refer to the indentions while struggling with these, and use a more typical figure, a rectangle, as a reference. The following quote exemplifies how a student uses the perimeter of the more typical rectangle as a starting point for her reflections: "in some way you ought to take these away" (pointing at the indentions). However, she was not able to make a correct conclusion regarding the perimeter of the non-typical figure, as she later concluded that "24 is the total perimeter, and these [once again pointing at the indentions] make it a bit shorter". Additionally, some upper secondary school students stated that the figure was more familiar to them in relation to calculations of area rather than perimeter, which may have affected their conceptions.

Connections between processes and concepts

Some students in grade 5, instead of visualizing the vertical line segments of the two indentions as corresponding to the vertical length of the figure, concluded that they needed the length of all line segments before adding them together. So, even with an evoked conception of perimeter as the sum of the lengths of all line segments, the students did not realize that they did not need to find the actual lengths in order to calculate the perimeter. The process of approximating the lengths was so challenging that one of the students gave up after approximately ten and a half minutes. The reason for the difficulty was claimed to be that "there are too many corners inside". This may be interpreted as if the evoked conception of addition is of a process-type where the fifth-grade students focused on the procedure of measuring. To compare, after initial struggles several upper secondary school students did realize that the depth of the two indentions together made up an 'a', which may be interpreted as if they had a more developed conception.

Discussion

To conclude, the chosen problem is suitable for visualizing students' conceptions, as conceptions of the concept perimeter were found when analysing the problem-solving sessions. First, the problem seems to have led some students to questioning their way of defining perimeter, as they needed to consider properties of the concept perimeter such as how to interpret 'around the figure'. In earlier research, it is found that many students overgeneralize and use knowledge that is correct only for area for perimeter as well. [START_REF] Machaba | The concepts of area and perimeter: Insights and misconceptions of Grade 10 learners[END_REF][START_REF] Widjaja | Counterexamples: Challenges faced by elementary students when testing a conjecture about the relationship between perimeter and area[END_REF]. Here, it seems as if one property of the concept perimeter, involved in the evoked conceptions of some students, is that the perimeter does not change when moving surfaces. Additionally, the use of the seemingly non-typical geometric object seems to have induced a conceptual challenge. This seems to have been the case primarily for older students, possibly because their extended experience has led to certain geometric shapes being more typical than others, e.g. in relation to area. Finally, one reason for some fifth-grade students to get stuck with approximating lengths may be that even if they had an adequate evoked conception of perimeter, the evoked conception of addition seems to be of a process-type. With a more developed evoked object conception, the solving process would have been facilitated [START_REF] Asiala | A framework for research and curriculum development in undergraduate mathematics education[END_REF].

The problem used in the study seems to have been reasonably challenging for students of different ages with only minor modifications. A deliberately chosen learning goal seems to have made the considerations regarding the design of the problem lead to conceptual challenges at a reasonable level [START_REF] Simon | Explicating the role of mathematical tasks in conceptual learning: An elaboration of the hypothetical learning trajectory[END_REF]. The adjustments made to the problem need to be considerate and, when altering the demands, it is important to make sure that the challenges are still in line with the learning goals. One such adjustment made was when the multiple choices were altered for the upper secondary school students to not include known misconceptions, whereas the students were required to revise their conceptions.

Fifth grade students and upper secondary school students show similar conceptions of properties of perimeter, related to the problem. However, as the aspect of typicality to a high extent depends on a student's experiences, a figure may be more non-typical for older students with more experiences. On the other hand, there were no clear signs of conceptual challenges related to the relation between processes and concepts in the older students' work. Based on this discussion, we suggest that the aspects considered here; the aspect of properties and definitions of concepts, the use of non-typical examples, and the relations between processes and concepts, can be used to highlight differences between students of different ages, and to further nuance the discussion on students' development of conceptual understanding, not the least in relation to mathematical problems.
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 1 Figure 1: Two versions of the problem (translated from Swedish)
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 2 Figure 2: Two figures showing a movement of areas, made by students of different ages

When a word is italicized in this text it refers to a concept.