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. This paper reports on the Algebraic Reasoning component of the Reframing Mathematical Futures II Project and how the large-scale Australian research connected to teachers' practice in order to make a difference to student learning.

Introduction

The Reframing Mathematical Futures II (RMFII) Project was a national research project conducted in Australia from 2015 to 2018 and included schools from all Australian states and territories. Funding for the project was provided by the Australian Department of Education and Training through the Australian Mathematics and Science Partnership Program (AMSPP). Over the course of the project approximately 80 teachers and 3500 students were directly involved as project partners and an additional 1500 students participated in the trialling of the assessment tasks.

The aim of the RMFII Project was to build a sustainable, evidence-based learning and teaching resource to support the development of mathematical reasoning in the middle years (Years 5 -9) of schooling. The learning and teaching resource was intended to be used formatively to inform a deeper, connected approach to teaching mathematics that recognises where students are on their learning journey and builds from there [START_REF] Wiliam | Embedded formative assessment[END_REF]. This study is significant as it supports a formative approach to take students beyond low-level routines and skills to a deeper understanding of how to reason mathematically. In addition to understanding the progression of students' algebraic reasoning, one of strengths of this project was linking the findings to classroom practice by providing teachers with practical resources.

In the AMSPP grant application of the RMFII Project, mathematical reasoning was defined as:

• Core knowledge needed to recognise, interpret, represent and analyse algebraic, geometric, statistical and probabilistic situations and the relationships/connections between them; • an ability to apply that knowledge in unfamiliar situations to solve problems, generate and test conjectures, make and defend generalisations; and • a capacity to communicate reasoning and solution strategies in multiple ways (i.e. diagrammatically, symbolically, orally and in writing).

Research Methods

Within the RMFII Project there was a commitment to work with teachers on the design and trial of assessment tasks to support the development and use of the learning and teaching resource. Designbased research methods [START_REF] Barab | Design-based research: Putting a stake in the ground[END_REF] were selected as the most appropriate. One of the goals of design-based research is to "directly impact practice while advancing theory that will be of use to others" (Barab & Squire, 2004, p. 8).

The research questions that framed the work of the Algebraic Reasoning team in the RMFII Project were:

i. To what extent can we develop rich tasks to accurately identify key points in the development of algebraic reasoning in the junior secondary years? ii. To what extent can we gather evidence about each student's achievements with respect to these key points to inform the development of a coherent learning and assessment framework for algebraic reasoning? iii. To what extent does working with the tasks and the knowledge they provide about student understanding assist teachers to improve students' algebraic performance at this level? iv. What strategies and/or teaching approaches are effective in scaffolding algebraic reasoning in the middle years? v. What are the key features of classroom organisation, culture and discourse needed to support/scaffold students' algebraic reasoning at this level?

The research was conducted in three phases. Phase 1 focused on the 'big ideas' of algebraic reasoning and the derivation of a hypothetical learning progression (HLP) based on the research literature. The research utilised included over 40 papers (e.g., [START_REF] Blanton | Functional thinking as a route into algebra in the elementary grades[END_REF][START_REF] Carpenter | Thinking mathematically: Integrating arithmetic and algebra in the elementary school[END_REF][START_REF] Carraher | Arithmetic and algebra in early mathematics education[END_REF][START_REF] Knuth | Does understanding the equal sign matter? Evidence from solving equations[END_REF][START_REF] Mason | Appreciating mathematical structure for all[END_REF][START_REF] Panorkou | A learning trajectory for early equations and expressions for the common core standards[END_REF][START_REF] Watson | Key understandings in mathematics learning[END_REF]. This HLP was then used to inform the design of assessment tasks that could be used to test the learning progression through successive iterations using Rasch analysis [START_REF] Bond | Applying the Rasch model: Fundamental measurement in the human sciences[END_REF]. Where possible the assessment tasks were designed to assess algebraic reasoning at different levels of complexity within the HLP.

Extensive trialling in a variety of trial schools of forms, each comprised of five to six algebraic reasoning tasks, yielded over 1000 responses from students in Years 5 -10. The data were analysed using the Rasch partial credit model [START_REF] Masters | A Rasch model for partial credit modelling[END_REF] and Winsteps 4.0.0 Rasch measurement [START_REF] Linacre | Winsteps Rasch measurement[END_REF]. The strength of Rasch modelling is that all measures of both test items and students are represented on the same scale, which allows the actual position of students against the items to be identified [START_REF] Siemon | Researching mathematical reasoning: Building evidencebased resources to support targeted teaching in the middle years[END_REF]. Output from the analysis was in the form of a variable map that showed the position of both students and items arranged on a vertical logit scale. The ordered lists of item rubrics produced by the Rasch analysis were used to review and refine the HLP which became known as the Draft Learning Progression (DLP). A multi-stage process was used to establish that all items were working together to provide a usable measurement scale. This process identified some gaps in the progression. To ameliorate these gaps the research team added some items, and redesigned some tasks and some of the rubrics to better elaborate the progression.

Phase 2 concentrated on the design and trialling of additional assessment items, which led to the preparation of a revised set of algebraic reasoning forms that were trialled in project schools and approximately 3000 responses were received. The forms were marked by teachers in the project schools using the rubrics provided by the research team and de-identified data was provided to the research team for analysis. While this analysis confirmed many aspects of the DLP, the findings provoked a further round of assessments. This data was combined with the first set of data to further refine the DLP [START_REF] Day | Reframing Mathematical Futures II: Developing students' algebraic reasoning in the middle years[END_REF]. This phase also included the analysis of student and teacher online surveys.

The final phase of the project evaluated data from two more rounds of trialling in schools. The resulting scale was unidimensional with a good fit to the Rasch model by all items, indicating that the items worked well together to indicate a single construct of algebraic reasoning. The Rasch analysis was used with the data to derive a Learning Progression for Algebraic Reasoning (LPAR).

The LPAR consisted of a set of eight Zones across three 'big ideas' of pattern and function, equivalence and generalisation [START_REF] Day | Algebraic reasoning learning progression -Teaching advice[END_REF][START_REF] Day | Reframing Mathematical Futures II: Developing students' algebraic reasoning in the middle years[END_REF]. Once the eight Zones were determined, a rich description of what students in each Zone could do was developed by the research team. The process for determining the Zone boundaries has been reported elsewhere [START_REF] Day | Reframing Mathematical Futures II: Developing students' algebraic reasoning in the middle years[END_REF][START_REF] Siemon | Researching mathematical reasoning: Building evidencebased resources to support targeted teaching in the middle years[END_REF]. The LPAR shown in Table 1 was used to determine the effectiveness of a targeted teaching approach to algebraic reasoning. It was also the basis for developing evidence-based teaching advice for teachers and professional learning modules to support a targeted teaching approach to algebraic reasoning. There is more co-ordination of multiplicative thinking and the associated language to notice algebraic structure. Can recognise and use the relationships between multiple entities and connections between and within different representations. Is able to establish and describe equivalence explaining relationships using the distributive property and the inverses of addition and multiplication. Can generalise quite complex situations and in more direct situations is beginning to use simplest form.
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Is able to combine a facility with symbolic representation and an understanding of algebraic concepts to represent and explain mathematical situations. Explanations are sophisticated using logical thought and the language of reasoning. Can use multiple representations in a coordinated manner to solve, analyse, convince and conclude. Can visualise the form and structure of a function, at least graphically, from a real context. Is able to work in a context free environment using symbolic language and treat algebraic expressions (e.g., 3x + 2) as single entities. Can generalise more complex situations. Is able to establish and describe equivalence involving the four operations explaining relationships in symbolic terms. Can use abstract symbols to solve problems in context with multiple steps.

Connecting Research to Practice

Once the LPAR was established it was important to translate the research into a form that could easily be used by teachers in their classrooms. To this end teaching advice targeted at the Zones was prepared to assist teachers to provide appropriate activities and challenges to support student learning.

For each Zone, behaviours were described that would assist teachers to consolidate and establish that Zone as well as behaviours that would assist in introducing and developing the following Zone. What was introduced and developed in one Zone was what was consolidated and established in the next Zone. An example of the Teaching Advice for Zone 5 is shown in Table 2.

Given the strong research base for using low-threshold high-ceiling tasks in mixed ability groups (e.g. [START_REF] Sullivan | Teaching mathematics: Using research-informed strategies[END_REF] and feedback from project teachers that they wanted to explore more effective and engaging ways of teaching, the research team identified tasks that would address a range of learning needs across a number of Zones [START_REF] Siemon | Researching mathematical reasoning: Building evidencebased resources to support targeted teaching in the middle years[END_REF]. In any classroom, students will be operating across many Zones, and teachers need to cater for this diversity. During the RMFII Project, participating teachers received professional learning around the three 'big ideas' of algebra, and were introduced to selected tasks included in the teaching advice. A range of low-threshold high-ceiling tasks for use with the whole class were provided to the teachers and the tasks were linked to the Zones for which they would be appropriate. Within the Teaching Advice indicative tasks from Maths300 (https://maths300.com/), reSolve: Maths by Inquiry (https://www.resolve.edu.au/) and nRich (https://nrich.maths.org/) were included to assist teachers with knowing the types of tasks that would be appropriate for students working at a particular Zone. Beginning to generalise using words or using some symbolic generalisations in simple situations, usually building on in context.

Consolidate and Establish (from Zone 4):

 Move to a different representation with simple functional representation such as input/output tables, graphs or symbols, particularly relating to continuous graphical situations. Identify non-integer points as well as interpolating and extrapolating values.

 Use simple real relationships to explore the shape of graphs e.g., distan time relating to going for an actual walk.

 Relate the structure of a situation to the function generated. ( Maths300Unseen Triangles)

 Explore different strategies for maintaining equivalence.

 Use relational thinking ideas with subtraction and large numbers as wel as with missing numbers on both sides to enable generalisation  Explain and justify using both words and mathematical text.  Use multiple embodiments to help move away from context.

 Explain and justify using mathematical text and diagrams in a variety o contexts.

Introduce and Develop

 Investigate relationships in real life contexts that involve ratio and othe multiplicative relationships.

 Explore situations where a variable can be used multiple times (e.g., the perimeter of the long tiles) and express the findings in symbols.

 Interpret and create graphs intuitively as they relate to real life situation (e.g., distance from home against time on a trip to the shops, speed of a racing car as it goes around a given track). (Maths300: Speed Graphs).

 Explore inverses and maintaining equivalence, particularly additively.

 Generalise from multiple examples in arithmetic situations.

 Investigate questions that ask students to work backwards. (Maths300:

Backtracking, nRich: Think of Two Numbers 1170)

 Explore questions for which there is not a sensible answer within the context.

 Move flexibly between multiple representations.

 Move from symbolic structure to simplest form by recognising equival expressions. (ReSolve: Tens and Units)

 Explore activities where lots of answers are possible-"now another on now another one..." followed by generalising, and describing and justifying the rule.

 Scaffold the generalisation process. (Maths300: Game of 31)

The resources for teachers allow them to follow a targeted teaching cycle by using the formative assessment forms to place students on the LPAR, plan a targeted teaching response using the teaching advice, implement the plan and then check for progress using another assessment form. Throughout the targeted teaching cycle, teachers are encouraged to work together in teaching teams. The feedback from project schools in the RMFII Project was that one of the best forms of professional learning was when teachers worked together to mark and moderate student assessment forms. The discussions that ensued were rich and insightful. There was also feedback provided about the value of planning tasks together, especially when designing or introducing a new task. Schools can use the professional learning modules constructed by the research team to support their teachers in developing algebraic reasoning with their students.

Conclusion

By providing valid tools for identifying students' algebraic reasoning to identify where students are on their learning journey and evidenced-based advice for where they should go next, the research from the RMFII Project, coupled with the resources produced for teachers, can contribute to productive alignment between curriculum, teaching and assessment (Siemon et al., 2019;[START_REF] Wilson | Making measurement important for education: The crucial role of classroom assessment[END_REF]. This productive alignment connects the research to practice.

All the resources produced in the RMFII Project are freely available for use in schools. They include:

• evidence-based learning progressions for algebraic, geometric and statistical reasoning;

• four assessment booklets (forms) for each reasoning area that can be used to identify where learners are on the learning progression; • form-specific scoring rubrics that value student reasoning;

• plain language teaching advice that includes indicative activities; and • a suite of professional learning modules to support teachers in developing mathematical reasoning with their students.



  In solving worded problems focus on the relationships between the quantities in the problem  Investigate relationships containing numbers using concrete materials t see how patterns are structured. (e.g., Max's matchstick problems, Maths300: Mountain Range Challenge, Garden Beds)  Move from just recognising patterns to identifying relationships. (Maths300: Heads and Legs)  Notice structure to form generalisations.  Work with Function Machines both forwards and backwards to identify inverse operations. (Maths300: What's My Rule)  Unpack equations with attention to their structure.  Notice structure in relational thinking situations.  Use thinking strings to see different structures.  Identify variables and constants by recognising what changes and what stays the same.

Table 1 : Zones in the learning progression for algebraic reasoning (LPAR)

 1 Can recognise and interpret the relevance of range from table and/or graphs and to recognise functional relationships. When faced with more complex algebraic situations is unable to use the full range of explanation or handle all of the information simultaneously. Beginning to transition to abstraction by inserting a number for a pronumeral.5Able to use multiplicative reasoning in simple situations. Can reason with more complex additive situations involving larger numbers and subtraction but usually by examples. Has moved from algebraic expressions to using equations. Can derive a strategy that maintains equivalence but cannot yet generalise the situation. Able to use symbols to express rules. Can follow, compare and explain rules for linking successive terms in a sequence. Recognises and represents simple functional representations. Can justify an argument using mathematical text. Beginning to generalise using words or using some symbolic generalisations in simple situations, usually building on in context.6Can use and interpret basic algebraic conventions to represent situations involving a variable quantity.

	Zone	Typical observed behaviours
	3	Beginning to use symbolic expression and elementary reasoning. While still using arithmetic approaches
		there is evidence of relational reasoning with the numbers and providing some explanation. Beginning to
		recognise simple multiplicative relationships. There is some evidence of co-ordination of two ideas.
		Explanation and justification are limited. Algebraic expressions are used rather than equations. Beginning
		to recognise equivalent relationships. Can explain simple generalisations by telling stories, manipulating
		materials and very simple use of symbolic language.

1 Can continue simple patterns but is likely to build them additively. Reasoning is confined to specific incidences and numerical examples of simple physical situations. Arithmetic thinking is used. Abstraction and generalisation are not evident at this stage. 2 Beginning to recognise patterns and relationships and conjecture about these. Able to identify numbers that vary and numbers that stay the same. Engages with the context, but arithmetic reasoning, typically based on calculations, is still being used. Recognises some multiples and some relationships like 6 more/6 less, while not necessarily recognising equivalence. Can work with simple scales and transfer from a table of values to a graph. 4 Beginning to work multiplicatively and simultaneously co-ordinate variables, although still uses specific examples to convince. Able to reason and generalise in simple situations. Beginning to explain using logical language and to use if ... then reasoning. Uses symbolic language but the need for simplification is still being developed. Able to generalise arithmetic relationships with justification, including simple multiplicative relationships, but are often still context bound. Can show why several expressions are equivalent, typically employing numerical (non-symbolic) justifications. 7 Is able to use and interpret algebraic conventions for representing generality and relationships between variables. Beginning to use sound logical reasoning with appropriate reasoning language (e.g., if ... then, must) evident.

Table 2 : Example of teaching advice for a particular zone of the learning progression for algebraic reasoning

 2 

	Zone 5 behaviours	Teaching implications
	Able to use multiplicative reasoning	
	in simple situations. Can reason	
	with more complex additive	
	situations involving larger numbers	
	and subtraction but usually by	
	examples. Has moved from	
	algebraic expressions to using	
	equations. Can derive a strategy	
	that maintains equivalence, but	
	cannot yet generalise the situation.	
	Able to use symbols to express	
	rules. Can follow, compare and	
	explain rules for linking successive	
	terms in a sequence. Recognises	
	and represents simple functional	
	representations. Can justify an	
	argument using mathematical text.	
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