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This paper explores the mathematical engagement of lower secondary students after using problembased methods for four years. First, we asked students about their favourite math experiences six months after the problem-based intervention. Then, after coding and analysing students' answers, we identified the main components of engagement that were present in the students' self-reports; moreover, we systematically characterised the mentioned factors that trigger engagement. We also examined the co-occurrences of the reported motifs and explored the closest relationships.

Introduction

Problem-based learning (PBL) approach in mathematics education has gained increasing attention in recent years [START_REF] Liu | Effects of problem-based learning instructional intervention on critical thinking in higher education: A meta-analysis[END_REF]. [START_REF] Kónya | Management of problem solving in a classroom context[END_REF] proposed an approach to PBL, emphasising the importance of students' ability to analyse mathematical problem situations, critically reflect on their own and their peers' reasoning, and justify their solutions. We used this PBL approach in our four-year teaching experiment. Although some meta-analyses suggest limited or no positive impact of PBL on students' content learning [START_REF] Dochy | Effects of problem-based learning: A meta-analysis[END_REF][START_REF] Hattie | The paradox of reducing class size and improving learning outcomes[END_REF], the approach has been widely recognised for its positive effect on the affective domain of students' learning [START_REF] Allen | Problem-based learning[END_REF]. Given the crucial role motivation and engagement play in students' achievement and interest in school, we deemed it necessary to examine the impact of PBL on students' affective domain. Therefore this study focuses on students' engagement after a four-year consistent PBL intervention. We were interested in how the students felt about mathematics lessons six months after this problembased intervention. Our research question is: How do the components of students ' engagement (i.e., cognitive, behavioural, and emotional) 

Theoretical background

The affective domain is defined in many ways in educational and psychological literature. Often it is used as a broad umbrella concept that covers attitudes, beliefs, motivation, emotions, and all other noncognitive aspects of the human mind [START_REF] Hannula | Affect in mathematics education[END_REF]. Motivation is a central concept of affect research and is closely linked to students' engagement. Motivation can be defined as people's energy and boost for learning, effective work, and achievement. Engagement is connected to behaviours that align with this energy [START_REF] Liem | The motivation and engagement scale: Theoretical framework, psychometric properties, and applied yields[END_REF]. Because engagement is more complex than observed behaviours, there is no single well-accepted definition of engagement [START_REF] Christenson | Handbook of research on student engagement[END_REF]. Despite this, researchers agree that classroom engagement involves various behavioural, affective, and cognitive components [START_REF] Fredricks | School engagement: Potential of the concept, state of the evidence[END_REF]. Behavioural engagement refers to students' involvement in observable behaviours directly related to the learning process, e.g., attendance, attentiveness, concentration, focus, persistence, and hard work [START_REF] Christenson | Handbook of research on student engagement[END_REF]. Emotional engagement concentrates on students' feelings of being connected to the school. Thus, they are derived from measures of school attachment, belonging, bonding, valuing, and identification [START_REF] Skinner | Engagement and disaffection as central to processes of motivational resilience and development[END_REF]. Later these concepts were expanded to include feelings of connection, closeness, and supportive relationships with teachers and peers. Cognitive engagement focuses on sets of beliefs that students hold about school-relevant factors, such as their perceived ability, competence, efficacy, or identity, and students' interactions with academic tasks [START_REF] Skinner | Engagement and disaffection as central to processes of motivational resilience and development[END_REF]. Similarly, motivational factors can also be identified, such as task interest, social environment, an opportunity to discover, knowing why, using objects, and helping others [START_REF] Walter | Understanding the complexities of student motivations in mathematics learning[END_REF].

Because PBL uses a wide variety of methods to engage students: active, collaborative, studentcentred, and self-regulated learning focused on realistic problems and authentic assessments [START_REF] Allen | Problem-based learning[END_REF], we might expect that it would lead to student engagement. This expectation is supported by previous research reported by [START_REF] Kourti | Students' engagement in inquiry-based learning: Cognition, behavior and affect[END_REF], which focused on the constructs of students' engagement in inquiry-based lessons.

Circumstances of the PBL intervention

Our PBL intervention included two lower secondary classes (grades 5 th -8 th ) for four years, altogether 60 children from Transylvania, Romania. During this period their teacher was the first author of this paper. The instruction language was Hungarian, as Hungarian was the mother language of the students.

Based on the literature, we prepared and held problem-based lessons consistently. After selecting the right content for the problem-based lessons, i.e., the appropriate lesson/chapter from the curriculum, they were designed to satisfy as many as possible from the following conditions: (1) require students to analyse mathematical problem situations by either problem-solving or problem-posing, (2) contain cooperative or collaborative work, (3) improve students' oral and written communication skills encouraging independent opinions and reasoning, (4) require critical thinking, (5) support discovery learning. During the four years, more than 50 problem-based lessons were held, out of which 16 were documented in the two previously mentioned classes (e.g., [START_REF] Báró | Mapping students' motivation in a problem oriented mathematics classroom[END_REF].

We were intrigued by the students' opinions on the mathematics lessons. Therefore, six months after the problem-based intervention (when they were in a different school and taught by a different teacher), we asked them to answer the following main instructions: a) Recall an experience from the lower secondary (grades 5 th -8 th ) mathematics classes that you remember fondly! b) Explain why this experience is pleasant for you! Forty-three students filled in the online questionnaire, and their answers formed the base of this paper.

The process of analysis

In order to analyse students' answers, a coding system was compiled. We differentiated between indicators and facilitators of engagement based on [START_REF] Skinner | Engagement and disaffection as central to processes of motivational resilience and development[END_REF] work. Indicators belong inside the engagement construct, while facilitators represent influencing factors. Coding was carried out in agreement by the three authors. In Table 1, we indicated only the factors that appeared at least five times during our coding process. First, the authors segmented the self-reports based on content motifs they identified; 220 segments from 43 self-reports appeared. Due to the online data collection, short texts were created by students.

The corpus included 1622 words; thus, one student wrote, on average, a 38-word long self-report. We examined the code frequency and also considered associations between codes, i.e., co-occurrence in a case, informative. It is also important to note, that if a code occurred in more than one segment of a person's report, it was considered as one. We used the Jaccard index to describe code association. The Jaccard index is a similarity metric that measures the ratio of the number of items in the intersection of two finite sets to the number of items in their union. Table 2 shows an example of coding. 

Results and discussion

Students completed the questionnaire anonymously to avoid bias and the teacher was no longer teaching them at the time of the survey. The main conclusions observed are also supported by the analysis of video recordings of lessons (e.g., [START_REF] Báró | Mapping students' motivation in a problem oriented mathematics classroom[END_REF].

Problem-based approach and the components of engagement

Besides the coding process, we counted the segments referring to problem-based lessons (see the conditions listed in the Circumstances of the problem-based intervention). 20 students referred to one of the 16 documented problem-based lessons, while 17 out of the remaining 23 student responses referred to an undocumented problem-based lesson. The remaining 6 students recalled a memory that was not related to a problem-based activity since they could recall any memory from the four years.

Three of the five conditions that had been determined as criteria for the design of PBL activities were identified in the students' self-reports, e.g. ( 1) require students to analyse mathematical problem situations by either problem-solving or problem-posing: "when we came up with tasks" or "when we were solving and inventing Cathy&Leslie tasks" or (2) contain cooperative or collaborative work: "when we had to run around as a team and complete each other's drawings or formulas", or (5) support discovery learning: "when 3D shapes were explored by using 3D glasses". We also identified direct reference to problem-based lessons: "…we had to solve something playfully, e.g., torpedo games", which was a problem-based activity designed to introduce the Cartesian coordinate system.

All 17 students who referred to an undocumented problem-based lesson referred to a discovery lesson using 3D glasses. Therefore, this has led us to examine the impact of "using tools" on student engagement.

Facilitators appearing together with the "Using tools" code

The most common facilitator code was Using tools (19 students). Since most of these experiences were related to a lesson in which 3D glasses were used (17 students), we considered it relevant to examine what this experience triggered in the students. Numerous self-reports show that selecting the appropriate content and learning tool can result in perceived competence. For example, (Student #4) one of the best experiences was […] studying geometric solids with 3D glasses.

[…] because it really made the geometric solids much more tangible in 3D

(Student #28): When the teacher brought in things, to illustrate the lesson better.

[…] Because that way, I understood the whole lesson better.

Also, in some cases, the combination of "Using tools" and "Content" resulted in emotional engagement:

(Student #37) […] under the influence of the 3D glasses, I became part of such a unique emotion, as if I had really entered another dimension.

This led us to conclude that not only did the documented problem-based lessons seem to have left a deep impression on the students, but others too. Thanks to the problem-based approach, the students were also fond of remembering lessons that we, as researchers, did not consider particularly interesting to analyse during the four years.

The co-occurrence of PBL and different components of engagement

Figure 2 shows the Jaccard connections between engagement components and PBL. As we can see, the strongest connection is with emotional engagement, because playful activities and cooperative work entail cheerfulness, and bring a love for mathematics classes, e.g., (Student #42) "Because everything went very smoothly and we laughed a lot during it" or (Student #12) "Because it made math class more enjoyable". In the next chapter, this relationship will be elaborated in more detail.

On the other hand, it is also connected to cognitive engagement, owing to the co-occurrence of challenge and being able to solve the challenge, e.g., (student #28) "when we solved and came up with tasks […] because I added to the task" or "because I could always solve that". We regarded problem-posing as a challenge [START_REF] Kovács | Incorporating problem-posing into sixth-grade mathematics classes[END_REF]. 

Emotional engagement and motivational factors

Emotional engagement was not only the most closely related indicator to PBL but also the most commonly used indicator. In this chapter, we will examine the co-occurrence of indicators and then discuss the role of emotional engagement.

Figure 1 shows that two students were identified with all three components of engagement, and for both students, the most positive experience was associated with a problem-based lesson. In addition, in 9 students' cases two indicators were activated, however, in many cases, only one indicator appeared in the students' answers. The appearance of one indicator might refer to signs of motivation We realised that emotional engagement is strongly connected to [START_REF] Walter | Understanding the complexities of student motivations in mathematics learning[END_REF] motivational factors. Table 3 shows the five facilitators' connection to emotional engagement with their Jaccard index. These facilitators correspond to five of Walter and Hart's motivational factors. The first four connections seem apparent. We connected the teacher's code "Control" to the "Opportunity to discover" because we consider here the teacher's methods that enabled exploratory activities. In a previous paper, we have already discussed how a concrete problem-based lesson activates Walter and Hart's factors [START_REF] Báró | Mapping students' motivation in a problem oriented mathematics classroom[END_REF], and now the results from students' self-reports are also confirmed by our earlier observations, that is: applying the problem-based approach during a class might activate motivational factors. These motivational factors can be associated with the facilitators that are connected to emotional engagement, which is in line with the literature: there is a strong link between motivation and different components of engagement.

Conclusion

We aimed to investigate how problem-based approaches promote mathematics engagement, so we asked students to report their favourite math experience, after four years of consistent problem-based approach in mathematics classes. Although we cannot speak in general terms due to the low number of samples (43 students completed the online questionnaire), our results indicate some readable facts. We report that after four years of consistent problem-based activities, many students tended to recall their favourite math class activities connected to one of these problem-based lessons, either by recalling problem-solving and problem-posing activities, cooperative work, or lessons that promoted discovery learning. 20 students recalled problem-based lessons that were documented, and 17 more students evoked problem-based experiences that we had not designed to be documented and analysed. We examined the most commonly used facilitator (using tools) in relation to other facilitators and indicators. We also looked at the co-occurrence of indicators and noted that most of the students' self-reports suggest emotional engagement. Finding the main facilitators connected to emotional engagement we discovered signs of motivation during these using Walter and Hart's motivational factors. The fact that PBL uses a wide variety of methods to engage students: active, collaborative, student-centred, and self-regulated learning [START_REF] Allen | Problem-based learning[END_REF], our expectation to promote student engagement was confirmed. In the present research, new light has been shed on the role of the problem-based learning method in addition to the known factors of motivation. Our findings show that asking for self-reports gives students more freedom to express their thoughts than guided questionnaires. We, therefore, consider this way of questioning suitable for data collection. Thus, the method may be appropriate for further research on a larger scale.
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 1 Figure 1: Jaccard connections between components of engagement and PBL

  lesson. The most outstanding example of this phenomenon is the number of codes containing emotional engagement (24 students, 34 codes).
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 2 Figure 2: Venn Diagram of presumably engaged students

  manifest after the PBL intervention and what kind of facilitators are behind them?

Table 1 : Indicators and facilitators in our coding system

 1 

		Behavioural	students' involvement directly related to the learning process, e.g. attendance,
		engagement	attentiveness, concentration, focus, persistence, hard work
	Indicators	Emotional engagement	students' feelings of being connected to mathematics class and teacher: belonging, bonding, valuing, feelings of connection, closeness
		Cognitive engagement	students'self-regulation	
			Positive interpersonal	positive effects of group problem-solving, feelings of
		Context and	relationship	closeness, and helping others
		environment		
			Good atmosphere	motivating math class atmosphere
			Challenge	solving or posing problems (non-routine tasks)
		Mathematics		
			Content	specific reference to the curriculum
	Facilitators	Self	Perceived competence Friendly Helpfulness	succeeds in solving or understanding a problem an enthusiastic, funny, kind teacher teacher's helpfulness
			Using tools	using physical or digital learning tools
		Teacher	Playful activities	application of the game as a method
				the teacher's use of varied strategies and procedures to
			Control	assure student knowledge, their commitment to adaptive methods to encourage learner-centred and self-regulated
				learning

Table 2 : Coding the answer of Student #4

 2 

	Segmented parts	Codes
	For me, one of the best experiences was watching and	Using tools
	studying with 3D glasses	
	geometric solids.	Content
	This experience was pleasant for me because it really made	Perceived competence
	the geometric solids much more tangible in 3D,	
	and I was able to draw these geometric solids much more	Cognitive engagement
	easily and visually in class	

Table 3 : Corresponding facilitators to motivational factors

 3 

	Facilitators connecting to emotional engagement	Jaccard connections between the facilitators and emotional engagement	Corresponding motivational factors
	Using tools	0.483	Using objects
	Content	0.464	Task interest
	Positive interpersonal relationships	0.273	Helping others
	Good atmosphere	0.200	Social environment
	Control	0.281	Opportunity to discover
	No correspondence found		Knowing why
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