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Abstract The aim of this paper is to propose a computation strategy for fa-
tigue propagation simulation of a crack by taking into account the plasticity.
Feulvarch et al. [Comput. Methods Appl. Mech. Engrg. 361 (2020) 112805]
recently proposed a first XFEM formulation capable of overcoming the volu-
metric locking phenomenon due to plastic incompressibility in 3D. This for-
mulation is here applied to quadratic elements for the mode I propagation of
a crack in a valve structure submitted to cyclic thermo-mechanical loading. A
simulation strategy is proposed where it is not necessary to compute all the
cycles and thus the complete plastic history. This is of great interest because
it avoids the treatment of the possible closing of the crack and uses the con-
ventional J-integral. The application reveals the interest of taking plasticity
into account for the propagation accuracy.
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1 Introduction

The eXtended Finite Element Method has been researched for many years
in the field of fracture mechanics [1]. It is usually coupled with the level set
functions for modeling crack geometries [2—4]. It was applied to industrial
case studies [5-8] in order to study crack paths in Linear Elastic Fracture
Mechanics. Extended meshfree methods [9] and isogeometric boundary ele-
ment methods [10] have also been developed in the context of 3D LEFM. In
elasto-plasticity, many authors worked on the 2D application of the XFEM for-
mulation for the analysis of cracks that constitutes a large part of industrial
needs [11-15].

Feulvarch et al. [16] recently proposed a first XFEM formulation capable
of overcoming the volumetric locking phenomenon due to von Mises plastic
incompressibility in 3D. In this way, it is now possible to study the impact
of plasticity on the fatigue propagation of cracks in 3D without restriction on
the hardening behavior. Moreover, it can be extended to thermo-mechanical
problems by introducing thermal expansion. This formulation is here applied
to analyze a valve structure submitted to cyclic thermo-mechanical loading.
Because of the curved geometry of the component, the simulation is carried
out by means of quadratic hexahedral elements. The objective is to analyze
the propagation of a crack in mode I. Compared to elastic behavior, plasticity
introduces added variables into the history of propagation such as the plastic
strain. Therefore, the simulation requires the treating of all the cycles, and the
computing time can then increase.

In order to overcome such an issue, a computation strategy is developed
in this paper by considering that the main impact of plasticity occurs during
loading and focuses near the crack front. This way, unloading does not need to
be considered and it is not necessary to simulate all the cycles. According to
the deformation plasticity theory, the conventional J-integral can then be used
without computing the plastic strain gradient that can be difficult to obtain
inside the XFEM elements because of the high number of integration points.

The mixed XFEM formulation is developed in the first part of this paper by
including thermal expansion. The strategy proposed to reduce the computing
time is detailed in the second part. The propagation is assumed to be driven by
Paris’ law. The last part is dedicated to the simulation of crack propagation
inside a valve structure submitted to cyclic thermo-mechanical loading. A
comparison is made between an elastic computation and the elasto-plastic
strategy proposed. This application clearly shows the influence of plasticity
on the propagation path in the XFEM framework, which avoids remeshing
difficulties.
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2 XFEM formulation
2.1 Weak formulation

Under small strain assumption, the Cauchy stress tensor o depends linearly
on the elastic strain tensor €°:

o=2pue’ + Atr(e°) I (1)

where 1 and A denote the Lame’s coefficients; I is the unit 2"¢ order tensor.
As most of classical elasto-plastic models, the additive decomposition is
applied to the strain tensor € (u):

1
e(u) = 3 (Vu+ (Vu)T) =€ el 4 e (2)
where €” and €? are respectively the thermal and plastic strain tensors; u
denotes the displacement field.

Considering the von Mises yield criterion, the volumetric strain V - u is
purely thermo-elastic. Thus, the stress balance can be written as follows:

V- -(2pe)+Vg=0 inf2 (3)
1 .
V~u—Xq:3a(0—90) in 2 (4)
ocn=T" on Iy (5)
u=u® onTI, (6)
where ¢ is proportional to the mean stress p as ¢ = %p; n is the

unit outward normal vector to the boundary 92 (= I't U I3,) of the domain
{2 corresponding to the studied volume; « is the linear thermal expansion
coeflicient; 8 and 6, are respectively the temperature and the initial reference
temperature; T® and u® are the imposed stress vector and displacement.
Accounting for homogeneous Dirichlet boundary conditions for more con-
venience (see e.g. [17]), the weak formulation can be written as follows:
Find functions (u,¢) € U x @ such that for all functions (du,dq) € U x Q,

/2uee:66dv+/qu5udv:/ T® suds
2 2 I'r

1
/5qV~udv—/ —dqqdv = /5q Ba (6 — b)) dv
Q oA Q

with
U={ueH'(2)|u=0on I} and Q= L*)
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2.2 Spatial discretization

By considering hexahedral quadratic finite elements, the XFEM approxima-
tions of u and ¢ are of the following form

4
u' = 3" N SN E A 3TN N R W (8)

iEM i€EH i€ j=1
2
M in H in K
¢" =3 Nog™ D N HGY YN ONTED G (9)
ieEM i€EH i€ j=1
where uEM), uEH), ugf), qEM), qlw) and qgc) denote the unknowns at the

node numbered ¢; H and F j(') are the jump and tip enrichment functions.
N, corresponds to the shape functions associated to the quadratic continuous
approximation. N/ denotes the linear finite element shape functions that
construct the partition of unity as recommended by Stazi et al. [18]. Following
Galerkin’s standard approach, the functions du” and d¢" are taken of the same
form.

By describing the geometry of the crack with the normal level set ¢ and the
tangent level set ¢ (see [19]), the Heaviside function H is defined as follows:

H:{l if ¢ >0 (10)

—1 otherwise

F j(') denotes the crack tip enrichment functions near the crack tip [20] respec-
tively for the u” and ¢":

F® = {\/77 sin <§) /T cos <§) /7 sin (g) sin () ; v/7 cos <Z> sin (9)}

(11)

@)

with r = /@2 + 2 and 0 = arctan%

The functions F™ and F? have already been used by Legrain et al. [21]
in nearly incompressible elasticity. The authors considered 2 different approx-
imations for the displacement and the pressure in order to satisfy the LBB
condition [22,23] which is not required in this paper because of the regular-
ization presented in the next section.

One can note that it is possible to consider a shifted version of the enrich-
ment functions [24]. This approach has the benefit to preserve the Kronecker
delta property but it leads to a non-conforming approximation [25]. A proce-
dure for the local near-orthogonalization of enrichment functions can also be
applied for improving the conditioning of the resulting matrices [26]. As far
as the convergence rate is concerned, it could be optimized by means of the
numerical determination of enrichment functions [27].
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In Eq. (11) and (12), the set M contains all the mesh nodes. H is the subset
of nodes whose support is cut into two parts by the crack. By considering
a topological enrichment, K is composed of the node subset whose support
contains the crack tip as used in [8][28]. It is to be noticed that H and K are
only composed of nodes associated with the linear approximation. Feulvarch et
al. [16] showed that this approach has the capability of avoiding the volumetric
locking problem for von Mises elasto-plasticity.

2.3 Regularization and numerical integration

Because of plastic incompressibility, the solution can exhibit spurious oscilla-
tions which need to be addressed. By considering the regularization technique
proposed by Feulvarch et al. [29], the thermo-elasto-plastic problem is solved
in an incremental way at each time step ¢t + At:

Véuh,/ 200€7 | Ay de" dv +/ VARV Vi sul dv — / Tg-)m s ds — 0
nn 0h o
(13)

Véqh,/h(;th«Auhdvf/’ %é'thqhdvf hV§qh~S~VAqhdv
(%} 0h (%}

— 5¢"3aA0dv =0
nh
(14)
where A0, Au”" and A¢" denote respectively the increments of 6, u” and ¢"
between t and ¢t + At. S is a regularization tensor defined as follows:

S =1, (zﬁj/ 1o (A€?) N; dV> Ah)¥" @ ¥ At (15)
0Nk

with

hg is the length of a finite element in the direction x, (see [30]); N¢ is the
number of nodes of the element e; AeP is the equivalent plastic strain incre-
ment; V" is the average velocity in the element e; 1 is an indicator function

defined as follows:
_ |1 ifz=0,
]10(”5):{0 if  # 0.

The indicator 1, allows selecting the finite elements to be stabilized. These
are the elements presenting an increment of plastic strain which are embedded
in a nearly incompressible plastic zone.
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For the numerical integration of Eq. (13), each enriched hexahedral quadratic
element is partitioned into a given number of tetrahedrons according to the
sub-cell technique proposed by Loehnert et al. [31]. Each sub-tetrahedron con-
tains 15 integration points if an asymptotic term needs to be calculated and
only 1 point otherwise. The number of integration points can reach respectively
600 and 100 for the elements having nodes belonging to K and H depending
on the way the crack crosses the elements. At each integration point, o is
computed by means of the radial return algorithm according to the associated
theory of plasticity. By this way, 21 €® in Eq. (13); is obtained as follows:

R —
3A+2u

€

20’ =0

(0) I (16)

3 Propagation computation strategy
3.1 Modeling strategy

According to the deformation plasticity theory, Rice [32] provided the basis
for extending the fracture mechanics methodology well beyond the validity
limits of LEFM. Indeed, the conventional J-integral can be applied by ideal-
izing elasto-plastic deformation as nonlinear elastic. This theory is irrelevant
for non-proportional loadings. Unfortunately, this can occur during unloading
for elasto-plastic materials at each fatigue cycle. Therefore, it is not possible
to use the conventional J-integral in this case. An improved version has been
proposed by Simha et al. [33] to overcome this difficulty. It is very useful to
characterize the crack growth rate in low-cycle fatigue [34-37].

In this paper, the plastic zone is growing around the crack front. This is not
a case of extended plasticity through the whole structure. Thus, the increment
of the stress intensity factor denoted AK,, can be used to estimate the crack
extension by means of Paris’ law. The computation strategy proposed consists
of applying the thermo-mechanical loading to the mesh free of plastic strain
at each fatigue propagation step. This approach is of great interest because:

— it avoids the treatment of the nonlinear contact problem involved by the
closing phenomenon during unloading;

— the conventional J-integral can be used in the context of the deformation
plasticity theory for the evaluation of K.4;

— it is not necessary to know the thorough history of plasticity which requires
simulating all the fatigue cycles;

— the spatial derivative of the plastic strain does not need to be computed.

The mechanical history is taken into account by means of the evolution of
the crack front geometry and the distribution of K., at each propagation step
along the crack front. The plasticity is assumed to have an influence on K,
only by means of its growth around the crack front during loading.
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As far as XFEM modeling is concerned, the computation of the spatial
derivative of the plastic strain would have been very difficult if it had been
necessary because of the high number of integration points and the evolution
of the XFEM enrichment functions.

3.2 Propagation computation

Considering propagation in mode I, the propagation computation consists first
in evaluating the J-integral that can be expressed in the following volume
integral form in the case of a constant value of a:

J = —/ (Pij Wi ; + Wi Okl e?ffﬁ 9)1») dVv (17)
v

where P;; = %a’ : €04 — Omj Um,; denotes the Eshelby’s energy momentum
tensor [38]; V' is the integration volume around the crack front; w is the per-
turbation field. It is to be noted that the crack faces are traction free in this
work. The method proposed by Rajaram et al. [39] initially proposed for FEM
calculations has been chosen and developed in the XFEM framework because
of its robustness and its low sensibility to spatial discretization. Once J is
computed at different point of analysis located on the crack front (defined by
¢=0 and ¥=0), the stress intensity factor K., is evaluated under the plane

strain assumption:
[ EJ
Keq = 1,2 (18)

where E and v denote the Young’s modulus and the Poisson’s coefficient re-
spectively. Then, the crack advance Aa is evaluated by means of the Paris
law:

AA—;\L] =C (AK.)" (19)
where C' and m are material coefficients; AK,, is the variation of K., on the
duration AN. It must be noted that such a law is not appropriate for elasto-
plastic materials but it is applied here to illustrate the impact of plasticity by
comparing elastic and elasto-plastic simulations.

From the simulation point of view, AN is first computed at the point of
analysis where AK,, is maximal. By prescribing the value Aa™* at this loca-
tion, the crack advance is then evaluated at the other points of analysis. This
controls the evolution of the propagation with a constant maximal extension
length. A second order B-Spline smoothing method [40] is used for modeling
the evolution of AK,, along the crack front. This ensures a smooth transfor-
mation of the crack front during propagation. Assuming propagation in the
mode I, the evolution of the crack front is simulated by updating the level
set 1 according to Aa whereas ¢ stays unchanged. A B-spline interpolation is
used to represent the crack front and compute the new position of the points
of analysis by means of an orthogonal projection.
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4 Propagation analysis in a valve structure

This application concerns a valve structure of 400mm length shown in Fig.
1(a). The internal diameter is equal to 140mm on both sides. A circumferential
crack is inserted into the inner skin as shown in Fig. 1(b). Fig. 1(c) shows half
of the crack because the other part is inserted in the plotted part of the 3D
mesh. The crack is located in the fillet underneath the gasket seat and it
has an orientation angle of 45° degrees with the axis of the structure. It is
elliptical, 7 mm deep, and 40 mm wide and it lies on a cone-type surface. The
mesh size denoted h decreases in the crack area, with hexahedrons of about
1.25mm side. All the simulations have been performed using the computer
code Systus® [41].

The valve structure is submitted to thermo-mechanical transient loading
representative of an industrial situation. The initial temperature 6y of the
structure is taken equal to 325°C. A cooling stage occurs because of the fluid
flow inside the valve. This is simulated by considering a heat exchange co-
efficient of 5.10*W.m™2 on the internal surface associated with an internal
temperature decreasing as indicated in Tab. 1. The thermal properties of the
valve structure are constant and given in Tab. 2.

The cooling stage was computed one time on the structure without ac-
counting the crack. Then, the computed thermal history was applied to the
structure with the pressure prescribed on the internal surface and the bending
moment applied along the z-axis (see Tab. 1). The temperature distribution
is plotted in Fig. 2 at 100s corresponding to the end of the loading stage.

Time Int. temperature Int. pressure Bending moment

(s) (°C) (MPa) (10*N.m)
0 325 0 0

20 272 16 0.4

100 60 16 2

Table 1 Thermo-mechanical loading.

Conductivity Mass per unit volume Heat capacity
(Wm~1eCc1) (kg m~3) (Jec 1t kg™1)
15 7850 480

Table 2 Thermal properties of the valve structure.

The mechanical boundary conditions allow only a radial dilatation of the
clamped face. One can note that the bending moment along the z-direction is
generated by means of the repartition of nodal forces. The internal pressure
is applied with the associated closed end pressure. The elasto-plastic behavior
considered here includes isotropic hardening with a hardening modulus of 4000
MPa. The yield stress ¢¥, E and v are respectively equal to 246MPa, 200000
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Fig. 1 (a) - Global geometry of the valve structure (grey) with the zone for mechanical
load application (red); (b) - Position of the crack in the fillet located underneath the gasket
seat; (c) - XFEM discretization in the zone containing the crack with h = 1.25mm (red).

MPa and 0.3. The value of the linear thermal expansion coefficient is constant:
16.1076K~1.

A comparison of the distributions of the von Mises stress before propaga-
tion is shown on Fig. 3 between a FEM calculation carried out with a refined
mesh of the crack and the XFEM simulation. One can note that the XFEM
distribution is satisfactory even if the values are lower around the crack front
because of the averaging step used for plotting in the enriched elements.

The evolution of the J computed with XFEM along the crack front is
plotted in Fig. 4 before propagation just after the first loading operation.
A second refined mesh (h = 0.7mm) has been considered to show that the
element size has no significant influence on the distribution of J. The plasticity
reduces the values of J especially on each side of the crack where it is more
intense as shown in Fig. 3 by means of the von Mises stress. Compared to the
elastic simulation, the propagation rate in elasto-plasticity is then lower on
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Temperature (°C) at time 100s
290
275
259
244
229

Fig. 2 The Temperature field at time 100s; distribution of nodal forces (left of the figure)
representing a bending moment along the z-axis.

Fig. 3 Distribution of the von Mises stress (MPa) at time 100s before starting the propa-
gation simulation.

the ends of the crack front as shown on the half crack in Fig. 5 for the same
number of cycles.

Under thermal-driven loading, strains are imposed and therefore, plasticity
reduces the stress level but does not increase strains. This induces lowering
of J. One can note that it is not necessary in the case of mechanical-driven
loadings.

Fig 6 shows the evolution of all the crack fronts in elasto-plasticity. One
can note that the crack has a quasi-symmetrical geometry even if mechanical
loading is not symmetric because of the bending moment. It is important to
note that the Paris law used in this paper is not appropriate for elasto-plastic
materials but this application illustrates the capability of the numerical ap-
proach proposed to include the impact of plasticity on the fatigue propagation
of a crack.
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Fig. 4 Evolution of J along the crack front obtained with XFEM at time 100s before

starting the propagation simulation.

Fig. 5 Comparison between the geometries of the crack front obtained with XFEM in

elasticity (blue) and elasto-plasticity (black).

Final crack for elasto-plasticity

: Final crack for elasticity

Fig. 6 Evolution of the crack front obtained with XFEM in elasto-plasticity (in colors)
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5 Conclusion

In this paper, a 3D XFEM strategy has been developed in order to simulate
the planar propagation of a crack under cyclic thermo-mechanical loading.
The first interest of such an approach is the use of XFEM permitting to avoid
remeshing problems. The second originality is the use of an elasto-plastic be-
havior to simulate a propagation phenomenon in the XFEM framework in 3D.
The third main characteristic is the calculation strategy which does not require
computing all the elasto-plastic cycles and uses the conventional J-integral in
the context of the deformation plasticity theory. Future work will focus on the
study of more complex propagations not restricted to extension in mode I.
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