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This study aims to present taken-as-shared ideas of the students about transitions from ratio table tool to verbal and written symbolic representations of ratio and proportion concepts. The study is part of a dissertation which was guided by educational design research investigating the seventhgrade students' classroom mathematical practices (CMPs) through ratio and proportion instructional sequence. After 34 lesson hours of observation, five CMPs were extracted from the classroom discussions of 38 students, activity sheets, and teacher-researcher interviews. One of the CMPs extracted from the six hours of classroom discussions indicated a transition of the seventhgrade students to the ratio and proportion verbal and symbolic representation after intensely using the ratio table. This study may contribute to the field in terms of how to transfer learning of using ratio tables into the mathematical procedures and conventions for ratio and proportion.

Introduction

The ratio table is accepted as a conceptual and computational tool employed in both conceptual and procedural learning of ratio and proportion [START_REF] Ercole | Multiple ways to solve proportions[END_REF][START_REF] Lamon | Teaching fractions and ratios for understanding: Essential content knowledge and instructional strategies for teachers[END_REF][START_REF] Middleton | The ratio table[END_REF]. Constructing a table helps to identify the numerical relationship between the two quantities within and between ratios [START_REF] Cramer | Making connections: A case for proportionality[END_REF][START_REF] Sozen-Ozdogan | Developing ratio tables to explore ratios[END_REF]. A ratio table tool builds these connections in a way that students develop an understanding of rational numbers-and as such, it is a good alternative to cross multiplication and supports proportional reasoning [START_REF] Middleton | The ratio table[END_REF].

Although concrete materials or tools in mathematics instruction are used in mathematics instruction to teach mathematical conventions and notations effectively [START_REF] Ercole | Multiple ways to solve proportions[END_REF][START_REF] Lamon | Teaching fractions and ratios for understanding: Essential content knowledge and instructional strategies for teachers[END_REF][START_REF] Middleton | The ratio table[END_REF] using them may not always lead to a successful implementation of them [START_REF] Dole | Ratio tables to promote proportional reasonings in the primary classroom[END_REF][START_REF] Thompson | Notations, conventions, and constraints: Contributions to effective uses of concrete materials in elementary mathematics[END_REF]. Specifically, a ratio table presented independently of the development of the concept of ratio can make learning the concepts difficult, so detailed descriptions of students' classroom learning can improve the transition among multiple representations and so do teaching and learning of ratio and proportion. [START_REF] Sozen-Ozdogan | Developing ratio tables to explore ratios[END_REF] also outlined that even the learning of the ratio table needs to be a development process and suggests a community contribution to exploring all its aspects. Similarly, the transition from a table (concrete manipulative) to verbal and written symbolic expression has been expected to involve some elaboration. Based on this, instructional designs that emphasize the concept of ratio and proportion, which students develop simultaneously with the ratio table, can produce successful results in terms of learning [START_REF] Abrahamson | A design for ratio and proportion instruction[END_REF]. Similarly, reporting on how to transfer students' learning to the construction of mathematical notations can be valuable for the design of instruction and the production of effective discussions in the classrooms. The research question is, "Which classroom mathematical practices of the seventh-grade students emerged after ratio table tool for understanding ratio and proportion concept?". Therefore, this study aims to present students' shared ideas about transferring community learning of the ratio table tool to the mathematical procedures for ratio and proportion after using the ratio table tool.

Theoretical Background

A representation of a mathematical entity can be considered as the mathematical language such as the configuration of characters, images, or objects that emerge from society and children's ordinary concepts developed through interaction with the community [START_REF] Kaput | Representation and problem solving: Methodological issues related to modelling[END_REF]. These characters, images etc. are differentiated for various purposes in mathematics education. [START_REF] Lesh | Applied mathematical problem solving[END_REF] updated model for multiple representations [START_REF] Behr | Rational number, ratio, and proportion[END_REF] categorizes them into five different forms of mathematical representations that can interact with each other: (1) written symbols (2) pictures (3) verbal symbols (4) concrete objects, and (5) real-world situations. The web of representations is referred to as translations among modes of representation [START_REF] Behr | Rational number, ratio, and proportion[END_REF][START_REF] Lesh | Applied mathematical problem solving[END_REF]. It was predicted that translating a concept from one representation to another may result difficulties in problem-solving and understanding computations [START_REF] Lesh | Model development sequences[END_REF]. Tools such as number line or ratio table also fall under the category of concrete models/objects. A tool representing children's thinking is transformed into a formal mathematical model through students' engagement with the activities [START_REF] Gravemeijer | Local instruction theories as means of support for teachers in reform mathematics education[END_REF].

Constructing a ratio table helps to identify the numerical relationship between two quantities [START_REF] Cramer | Making connections: A case for proportionality[END_REF]. The ratio table tool facilitates the establishment of these connections, enabling students to cultivate a comprehensive comprehension of rational numbers -and as such, it is a good alternative to cross multiplication [START_REF] Middleton | The ratio table[END_REF]. It enables the development of an understanding of successive manipulation of numbers to maintain the relationship between two quantities in the ratio, making it a conceptual tool for understanding equivalent ratios and supporting proportional thinking [START_REF] Abrahamson | A design for ratio and proportion instruction[END_REF][START_REF] Ercole | Multiple ways to solve proportions[END_REF][START_REF] Middleton | The ratio table[END_REF]. However, it seems to be the case that one can create the equation without this understanding. Knowledge regarding the use of tools such as ratio tables will affect the efficiency of teaching process. [START_REF] Dole | Ratio tables to promote proportional reasonings in the primary classroom[END_REF] emphasized that students should practice extensively, as these practices provide documentation of students' study on ratio problems which offers a small window into their understanding of what a ratio is. This transfer may create confusion about a concept while using it due to different conceptualizations or meanings associated with that tool. Using multiple representations may support distinct aspect of problem-solving [START_REF] Elia | The effects of different modes of representation on the solution of one-step additive problems[END_REF]. When forming equivalent ratios, students align with their initial ratio perception, potentially causing confusion with the ratio table tool regarding symbolic representations of ratio and proportion [START_REF] Dole | Ratio tables to promote proportional reasonings in the primary classroom[END_REF][START_REF] Thompson | Notations, conventions, and constraints: Contributions to effective uses of concrete materials in elementary mathematics[END_REF]. Nevertheless, in the literature, this aspect has not received enough attention in relation to the ratio table. Achieving a smooth transition through students' practices from the ratio table tool to the concepts may provide a valuable resource for the further development of instructional activities related to ratio and proportion.

Methodology

This study, part of a dissertation, investigated seventh-grade students' CMPs within the context of a ratio and proportion instructional sequence (the design) as part of educational design research (EDR). EDR is a research perspective that systematically examines the design of instructional materials, programs, curricula, or tools in response to emerging features of the setting (Design-Based Research Collective, 2003) promoting effective teaching and learning environment [START_REF] Stephan | Ratio and rates[END_REF]. CMPs encompass content-specific ideas arising from students' interactions with mathematical tasks of the mathematical tasks in an instructional sequence, imbuing them with meaning [START_REF] Cobb | Participating in classroom mathematical practices[END_REF]. The ratio and proportion instructional sequence developed by [START_REF] Stephan | Ratio and rates[END_REF], was implemented with 38 seventh graders over 34 lesson hours, which was a classroom design study under EDR. This interactive process involved Teacher Merve (the main implementer of the sequence), Teacher Zehra (intercoder classroom mathematical practices and monitoring classroom implementation), the researcher (co-teacher, data collector, monitoring the design and classroom mathematical practices), and two mathematics education experts (professors studying in the field of mathematics education, designers of the instructional sequence and monitoring the overall process) were in the design team. Data were gathered through student activity sheets, video records of the classroom session, and unstructured interviews between the teacher and the researcher before, during, and after sessions. CMPs emerging from classroom discussions were analysed using a three-phase documentation approach [START_REF] Rasmussen | A methodology for documenting collective activity[END_REF] and as given in Figure 1. The documentation approach encompassed data analysis, particularly employing Toulmin's argumentation process (1958) during the first phase. Students generated claims and constructed arguments, emphasizing data, warrants, backings, and rebuttals to support their assertions, fostering a chain of reasoned discussions. The dissertation study identified five CMPs that enhanced student learning demonstrating the potential for improving the teaching of ratio and proportion concepts through instructional sequence. This part of the study primarily focuses on CMP 4, a six-lesson hour, although the findings were influenced by other CMPs, aiming to raise awareness of the symbolic written and verbal representations of ratio and proportion. Previously, students developed strategies, First phase Third phase and worked with decimals and larger numbers without explicitly referencing "ratio" while using the ratio table. After an intensive study of the ratio table, they transitioned to reasoning using symbolic expressions and terminology.

Findings

Using Verbal and Symbolic Representations for Composite Units

Previously, the students engaged in the missing-value problem context and ratio problem-solving strategies such as drawing, arithmetical operations, unit ratio, and lastly ratio table tool. The students practiced a lot within the ratio table and were familiar with the ratio table tool. The instructional sequence continued with students' understanding of the verbal and written symbolic representation for the composite units, a task about a pre-kindergarten "Tiny Tots" (see Stephan et al., 2005) based on the real-life context of rules to manage a pre-kindergarten. The required number of teachers per child is to be calculated in this task. The way the students developed their ideas was centered around this aspect of ratio and proportion questions, focusing on verbal and symbolic representations. The rule of the task is "1 teacher for 5 children."

At the beginning, Berk identified the "1:5" representation for the first time in the instructional sequence and asked what it meant. Teacher Merve wondered about the students' ideas regarding this representation, and the students were confused about its meaning. After several unsuccessful attempts, Ahmet's explanation "one divided by five" to read "1:5" was accepted by the classroom because the ":" symbol was frequently used to represent division operations in their previous lessons. Berk suggested "five children for one person." Teacher Merve tried to elicit similar explanations by reasking the question. As the instructional sequence suggested, Teacher Merve intervened in the discussion and gave a hint about the numerator and denominator. She asked, "Which one represented the teacher, and which one represented the children?" Arda concluded, "For each teacher, there are five children," which was different from Berk's conclusion. Then, he started reading from the numerator to the denominator. Teacher Merve also read "For five children there is one teacher." The rest of the class did not object to this statement, which was also constructed in further questions. They connected the given numbers with the right units, even if their places changed within the verbal representation. The focus was on the relationship between the numbers and units with the ratio representation. For five children, there is one teacher (molded with the problem context) because one represents the number of teachers, and five represents the number of children.

The students already used similar claims in data organization strategies within the frame of the problem rule. Shifting to the symbolic representation, the students just started to think about how to transfer this claim to the verbal and symbolic representation. Nevertheless, they reflected that this transition was complicated. After discussing 1:5, Teacher Merve asked, "What if we changed 1:5 to 5:1?". Does the meaning change if the places of the numbers change?

Akın: It would change, Ma'am. Zenan:

There would be five teachers per child, Ma'am. Berk:

One teacher for five children. No, no, no, no, no... Teacher M.: How would it be written? Five over one. So you're saying, if child-teacher ratio goes first, it is as five to one logically. I'm just asking about changing units' places. Arda:

No, Ma'am, it will not change.

Teacher M.: You say it doesn't change. Fatma? Fatma: I say it doesn't change either. Logically, five personnel cannot care for a child.

The students were confused about 1:5 and 5:1 because there was no measure space written on this representation. Unlike Zenan, Berk read "for five children; there is one teacher" by changing the order of the variables and concluded that "the ratio does not change". Teacher Merve emphasized the ratio of children to teachers instead of teachers to children. Teacher Merve wrote variables teacher and children in the order above the symbolic representation 1:5. Still, this could not prevent the students from thinking that they would change places of the labels when reversing the numbers: . Fatma enlightened the class that "5:1 cannot mean five teachers care about one child".

She concluded that this statement was not logical. While ratio table involved the label of the variables, a ratio in its symbolic representation did not have to. Therefore, Teacher Merve and the researcher intervened in this process and keep writing labels on the symbolic ratio representation.

In this discussion above, the students implicitly presented an understanding of 1:5 and its relation to teachers to students. However, they used distinct imageries to explain the difference between 1:5 and 5:1. Does the ratio, the rule or the verbal representation change? This discussion was transferred to other tasks and the discussion about change on the ratio, the rule, and the verbal representation continued based on other variables in the task. As a conclusion, Teacher Merve's question and classroom discussion (what if we changed the 1:5 to 5:1? Does the meaning change if the places of the numbers change?) led to thinking about the order of the units in verbal representation changes the ratio symbol after ratio table.

Representation of Proportion: Equality of Composite Units

The students already learned how to reason proportionally to find the missing value in the tasks because they were proportioning two ratios under the condition of equality (covariance) within ratio table. Nevertheless, Arda questioned the reduction of ratio, such as 9:10 instead of 18:20. According to him, 18:20 was the "normal" mode, which should be written as such. Based on Arda's claim, Teacher Merve drew attention to a new discussion about equivalent ratios by using symbolic representation of the ratio: why the ratios were reduced. As given in Figure 2, the students drew a ratio table on the board and filled in the cells with the correct numbers through vertical (VSF) and horizontal scale factors (HSF). VSF represents a multiplicative relationship between different units while HSF the multiplicative number relationship between the same units in a horizontal ratio table.

Figure 2. Representation of equivalent ratios in the table and symbolic representation

Teacher Merve used fraction imagery to recall their previous learning. She kept reading the ratio "1:5" as "one divided by five" (quotient meaning) and looking for the answers who used " 1 5

" fraction bar and ratio table solution strategy for this question. Teacher Merve tried connecting the ratio table with ratio representation and then brought the topic to the proportion concept. She transferred the numbers into the equivalent ratio as given on the left side of Figure 3 and introduced the conceptual knowledge about proportions. In the beginning, she wrote the units, the rule, and the required number of teachers and children, respectively. She explicitly compared equivalent ratio representation with equivalent fractions, emphasized their similarity, and suggested HSF on the table via drawing arrows to convince students as shown in Figure 3. The researcher explained that the erased figure represented the mathematical statement of the problem, and it was a symbolic representation of equivalent ratios and proportions. Teacher Merve put an order of this strategy: draw a table, erase the lines, and add an equal sign, which would create equivalent ratios and proportions. Teacher Merve asked for required teachers for 24 children with a ratio of teachers to children one to eight. Simge transferred the previous demonstration of the researcher and used HSF to find the missing value, reporting three as the multiplicative relationship. The transfer of VSF and HSF to proportion symbolic representation was not easy for them. Although Simge directly used within variable connection between two equivalent ratios (HSF) without a warrant, Batu solved this question with VSF and directly drew a ratio table. Teacher Merve again erased the frame of the ratio table and reminded the steps of equivalent ratios. Transferring the knowledge of VSF and HSF to the proportion representation could not be achieved till now.

Figure 5 shows missing-value questions from another context, which exemplifies the selection of VSF and HSF. The questions encouraged students to use VSF and HSF in symbolic representation of proportion. They write the numbers in the correct places while representing equivalent ratios thanks to the ratio table, but unlikely the unit labels were not written in proportion representation. The students mentioned "fractions" as a number representation not as the meaning of "part-whole relationship". The instructional design benefited from fractions as imagery from this context. Other than that, translating to verbal representation, emphasis on the correct language "equivalent ratios" or "proportion" or "ratio" were frequently made during the discussion. Erasing the lines from the ratio table was also dismissed in the further activities. They directly used equivalent ratios using equivalent ratios became a normative way of reasoning.

Discussion

Based on the findings, it was revealed that using ratio table tool does not guarantee the learning of verbal and symbolic representation of ratio and proportion concepts as it was mentioned by [START_REF] Lesh | Model development sequences[END_REF]. For the symbolic and verbal representation of ratio, the students created a reading pattern for ratio from the very start, of which the language was also significant, and learned the effective use of "the ratio of a to b" through instructional design in which the concept of a ratio and its symbolic representation was embedded. In this transition, the instructional strategy to label the quantities in symbolic representation helped students to connect ratio table tool with symbolic representation as suggested [START_REF] Cramer | Making connections: A case for proportionality[END_REF][START_REF] Dole | Ratio tables to promote proportional reasonings in the primary classroom[END_REF]. Teachers should insist on asking students what each number represents and write their labels on the ratio representation to make it all visible and connected with the ratio table tools.

Another issue is about the transition of VSF and HSF to proportion symbolic representation. Unlike verbal and symbolic representations of ratio, it can be deduced that the students' taken-as-shared idea about VSF and HSF on ratio table was transferred successfully to the proportion representation. This issue was expected but not directly reported by the studies (see [START_REF] Cramer | Making connections: A case for proportionality[END_REF][START_REF] Dole | Ratio tables to promote proportional reasonings in the primary classroom[END_REF]. The guidance of the instructional sequence helped them to solve this problem fluently. The utility of the ratio table tool eased verbal representation of ratio. On the other hand, without erasing the lines as the tools of the mind, translating to symbolic representation would not be easy. Documenting this kind of challenges for using tools and teacher's overcome may help understanding the efficient utility of a tool in mathematics education.
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