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This paper reports on a study of 7-8-year-olds working on an inquiry-based arithmetic task. The task employed in this study was designed as a rich task, which is a family of inquiry-based tasks. I present the strategies employed by the students as they solved the task, providing insight to their thinking on a particular arithmetic problem. The students' solution strategies were classified into two main categories: six start-up strategies and five adjustment strategies. Furthermore, I show how the students' work on this task holds potential to fosters number sense. This study is important as it provides insight into how students approach and solve a particular arithmetic problem. Moreover, it provides evidence that incorporating a rich task in arithmetic instruction may provide training of basic skills while facilitating inventive and flexible thinking, thus fostering students' number sense.

Introduction

Mathematics teachers invest a significant amount of effort in early primary school to foster students' number sense. [START_REF] Case | A psychological model of number sense and its development[END_REF] asserts that while it may be difficult to define number sense, it is easy to recognize. He states that "students with good number sense can move seamlessly between the real world of quantities and the mathematical world of numbers and numerical expressions. They can invent their own procedures for conducting numerical operations" (Case, 1998, p. 1). In their review, [START_REF] Whitacre | Disentangling the research literature on number sense: Three constructs, one name[END_REF] conclude that three different constructs are labelled number sense, namely, approximate number sense (inborne set of neurological abilities), early number sense (explicit number knowledge, such as counting and symbols), and mature number sense (multidigit and rational-number sense). The latter, which is in focus in this study, is defined by [START_REF] Mcintosh | A proposed framework for examining basic number sense[END_REF], as "a person's general understanding of number and operations along with the ability and inclination to use this understanding in flexible ways to make mathematical judgements and to develop useful strategies for handling numbers and operations" (McIntosh et al., 1992, p. 3). [START_REF] Mcintosh | A proposed framework for examining basic number sense[END_REF] substantiate [START_REF] Anghileri | Teaching number sense[END_REF] claim that number sense often refers to flexibility and inventiveness in strategies for calculating. The starting point for number sense development, she argues, is counting in steps of 1, 2, 5, 10, 20, etc. and building a large pool of number facts like friends of 10. Furthermore, she promotes using an inquiry approach to arithmetic education, where students experience arithmetic as a logically coherent structure where you can move beyond the standard algorithms. Inquiry-based tasks are tasks that support inquiry activities such as problem posing, experimentation, exploration, conjecture, and reasoning [START_REF] Artigue | Conceptualizing inquiry-based education in mathematics[END_REF]. Thus, inquiry-based arithmetic tasks offer opportunities to explore the arithmetic structures and thus develop number sense. In this paper, I present the different strategies that 7-8-year-old students employ while working on a rich task [START_REF] Hagland | Rika matematiska problem [Rich mathematical tasks[END_REF], which is a family of inquiry-based tasks. In most word problems, addition and subtraction is conducted to solve issues of change, equalisation, collections, or comparisons [START_REF] Carpenter | The acquisition of addition and subtraction concepts[END_REF]. The rich task employed here will put the students in a variety of combinations of these four issues as they solve a dependent-two-dimensional variation, where two dependent equations must be fulfilled simultaneously.

The task is called The Coin Task and is a variant of the widespread "coins problem" adapted to the Norwegian context. [START_REF] Elia | Exploring strategy use and strategy flexibility in non-routine problem solving by primary school high achievers in mathematics[END_REF] studied the strategies employed to a coins problem by students in grade 4 being in the top 25 % ability range in mathematics. These students worked on the following problem: "Liam has tokes of value 5 and 10 only. In total he has 18 tokes. The total value of these tokens is 150. How many tokens of value 5 does Liam have?" These students' strategies were classified into 6 categories, namely, repeat, trial-and-error, extreme, systematic listing, proof-or-check, and halving coins/value. Notably, these high-achieving students found this task difficult, and 60 % were unsuccessful in solving the task [START_REF] Elia | Exploring strategy use and strategy flexibility in non-routine problem solving by primary school high achievers in mathematics[END_REF]. In this study, the following coins problem adapted for the Norwegian context was applied: "I have 8 coins in my pocket, and they amount to 50 crowns. What coins do I have?" The currency unit in Norway is "crowns" and there are four denominations of coins with values: 1, 5, 10, and 20 crowns.

Notably, even though task designers and teachers may intend that a task facilitates number sense development, students' learning depend on their interactions with the task (e.g., [START_REF] Johnson | Mathematical tasks and the student: navigating "tensions of intentions" between designers, teachers, and students[END_REF]. Thus, I address the following research questions in this paper: RQ1: What strategies do 7-8-year-old students employ as they solve a rich task with a dependenttwo-dimensional variation? RQ2: How may the rich task foster number sense?

This study of rich tasks in arithmetic education is important for several reasons. Firstly, rich tasks encourage students to develop own strategies and be flexible in their thinking, which may foster development of number sense [START_REF] Mcintosh | A proposed framework for examining basic number sense[END_REF] in an inquiry-based setting. Secondly, the study provides insight into how students approach a particular arithmetic problem, namely, a dependenttwo-dimensional variation. This has been studied before (e.g., [START_REF] Elia | Exploring strategy use and strategy flexibility in non-routine problem solving by primary school high achievers in mathematics[END_REF], but with elder students using a different variation of the task.

Theory

Within the family of inquiry-based tasks, [START_REF] Hagland | Rika matematiska problem [Rich mathematical tasks[END_REF] define "rich tasks" using seven characteristics. These are listed and explained in the left column in Table 1. In the right column, I exemplify how these characteristics are found in The Coin Task. The task combines skills from arithmetic, combinatorics, and dealing with variables. Students operate on groups of quantities (coins), bridging addition and multiplication.

Problem posing:

Drawing on the different outcomes of working with the task, several related follow-up questions are promoted.

Two interesting follow-up questions are "can you argue that you have found all possible solutions" and "can you construct a similar task with no solutions".

Discussion opener:

The task and its follow-up questions initiate further discussions for people engaged with the task.

Rearranging the coins may stimulate discussions on the commutative property of addition. Drawing on the mentioned follow-up questions, students may discuss what constitutes a mathematical argument.

Low threshold:

All students should find it easy to get going and make attempts to solve the task.

Provided with coins or corresponding manipulatives, students at all levels can start experimenting using a trialand-error approach.

High ceiling:

There should be potential for increasingly difficult follow-up-questions, making it challenging to reach the top.

Depending on the competence level, one can easily introduce constraints and variations to the task, as suggested in characteristics 3 and 4.

Multiple strategies:

A rich task can be solved in diverse ways, not demanding the use of a certain strategy or mathematical representation.

Students may solve the task through trial-and-error with coins, through a series of calculations and adjustments towards the goal, or through systematic mapping of the possible combinations.

The richness of rich tasks is inherent in the characteristics outlined in Table 1. Firstly, a rich task provides low barriers to entry and high ceilings for advancement. Thus, students can approach the task differently, in ways that are challenging, yet attainable to them. The task can also be approached using multiple strategies. Due to the variety of interconnected concepts and follow-up questions, students may spend significant time exploring different sub-tasks, leading to a wide range of possible learning outcomes. Engaging with rich tasks can foster an inquiry mindset in students, characterized by reflective processes that connect mathematical ideas (Artigue & Blomhøj, 2002).

Methods

Sample and context for students' work on The Coin Task

The data collection conducted in this study involves two Norwegian second grade classes and was conducted early 2022. Most students were 7 years old, and some had recently turned 8 years old. The school is in a city of medium size by Norwegian standards (population between 20 000 and 100 000) with modest ethnic diversity.

In class A (taught by Teacher A), we followed three students: Areeya, Aurora, and Andreas (Group A). In class B (taught by Teacher B), we followed Bhahira, Birgitte, and Bent (Group B). The selection of students was made by their teachers based on the assumption that they would be forthcoming in their communication, even in the presence of a recording device. All names used here are pseudonyms. With only one video-camera available, we could only record one group in each class. Both teachers, all students, and their parents were informed about the project in advance of the data collection. The teachers and the parents provided written consent for the students' participation, while the students gave their oral consent. They participated voluntarily and were free to opt out at any time. This study was registered and approved by Norwegian Agency for Shared Services in Education and Research.

In both classes, I facilitated a 7-minute plenary discussion on the themes of "small and large numbers" and Norwegian coins, followed by the presentation of The Coin Task. The students worked in groups of three and were provided with plastic coins for use in their work. The teacher and I, acting as a teacher assistant, provided support to the students in the same manner as we would during a typical lesson. After a period of 20-25 minutes, all groups had successfully achieved at least one viable solution. Subsequently, I facilitated a plenary discussion where I asked students to share their solutions on the blackboard, during which I asked the class to comment on differences, similarities, and strategic choices. This discussion lasted approximately 10-15 minutes.

Instruments

The analysis presented in this paper draws on video-recordings of the students in Group A and Group B. The camera was placed in front of the group in a way that enabled us to see the students' faces, their gestures as they were communicating, their notetaking, and their work with the plastic coins.

While the students were engaged in their work, the video-recorded groups were monitored by two research assistants who made notes of their observations. I gathered information about the other students' work through my effort as an assisting teacher. Immediately after the data collection, the two research assistants and I discussed our immediate impressions of students' interactions with the task, not limited to the video-recorded group. Observed solution strategies were written down, as were our joint interpretation of students' engagement with the task. Notably, we also conducted audio-recorded pre-and post-interviews with the two groups. Data from these interviews are not included in the analysis presented in this paper.

Data analysis

The research assistants and I examined the video-recordings to analyse students' attempts to solve The Coin Task. This analysis was conducted in six steps. First, the recordings were viewed multiple times to gain a sense of the group dynamics and the mathematics involved. Secondly, the entire recordings were transcribed using a standard computer writing program. From here, the analysis progressed through a stepwise-deductive induction [START_REF] Tjora | Qualitative research as stepwise-deductive induction[END_REF], where categories emerging inductively are employed and revised through subsequent deductive analyses. In step three, the transcripts were analysed sentence by sentence to determine whether an utterance represented a new mathematical strategy or was an elaboration of the previous strategy. This resulted in a grouping of sentences into strategy units. Fourthly, the different strategies units were labelled and interpretated through an inductive process. In step five, the two research assistants and I conducted individual deductive analyses using the strategies developed in stage four. Finally, we compared the results of our individual efforts and agreed on the strategies' labels, descriptions, and examples.

Results

RQ1: What strategies do 7-8-year-old students employ as they solve a rich task with a dependent-two-dimensional variation?

A rich task may be solved in different ways (Characteristic 7, Table 1). The young students applied a range of strategies while solving the task (Table 2). Our data suggest that these strategies were a result of the interaction between the group members. Two main families of strategies emerged from the analysis, namely, start-up strategies and adjustment strategies. The former set of strategies describe how the students initially approached the task to get going, most often leading them to have approximately 50 crowns and/or 6-9 coins. Then, adjustment strategies were employed. These strategies targeted the dependent-two-dimensional variation and were efforts to make sure that both criteria (8 coins and 50 crowns) were fulfilled at once. The strategies are listed, described, and exemplified in Table 2. Some quotes exemplify the teachers' and my attempts to support the students. However, with exception of "The informed start" (S4), all strategies appeared without the teachers' or my interference at least once in Class A or Class B. 

ADJUSTMENT STRATEGIES A1:

The value-preserving exchange. Exchange a 10 for two 5's (increase number of coins) or two 10's for a 20

(decrease number of coins) while preserving value.

Bhahira: 50. And we have used 1, 2, 3, 4, 5, 6. What if we remove this (removes a 10) and we take two 5's? It amounts to the same, and now we only need to count (…).

A2:

The coin-preserving exchange. Exchange a 10 for a 20 (increase value) or a 10 for a 5 (decrease value) while preserving number of coins.

Teacher A: He doesn't have any more coins in his pocket, but it's only 40 crowns! It's not enough.

Andreas: Oh, I can do this (slides away a 5 and slides in a 10) and take a 10.

A3:

The extreme value removal. With 8 coins or more and too high/low value, remove coin(s) of highest/lowest value.

Bhahira: (Holding 20, 10, 5, 5, 4*1) 1, 2, (...), 8. Ok, we'll remove these (removes two 1's).

A4:

The extreme value inclusion. In lack of many coins and low value, add 1s. In lack of few coins and high value, add 20s.

Bhahira: OK, we have 30, 40, … (arrives to 50 without stating it).

Birgitte: 1, 2, 3, 4, 5, 6! Bhahira: 1's! We need 1's! (Bhahira removes two 5's, Birgitte collects a pile of 1's.)

A5:

The value directed inclusion/removal. Inclusion/exclusion of coins taking the value closer to 50.

Teacher A: OK. Forty. How many coins do you have?

Andreas: Seven. Oh! Then I can have two 10s! (He includes a second 10).

The strategies listed in Table 2 are not mutually exclusive. Some strategies clearly overlap, like S5 being a subcategory of S2 and S3. Moreover, the strategies were often combined in a sequence of actions (e.g., strategy S4 would typically be followed by S2 or S3). No student in our study used a systematic approach, strategically mapping out possible combinations of 8 coins not exceeding 50.

The students in Elia, van den Heuvel-Panhuizen, and Kolovou's ( 2009) study worked on a different variant of a "coins problem". Interestingly, they were high-achieving students in fourth grade and were reported to struggle with the task. In the study presented here, all groups in both classes found at least one solution. The support provided by the plastic coins may be one factor favoring the students in this study. For instance, the plastic coins may have made it easier to keep track of a random trialand-error attempt (S1) or a value-preserving exchange (A1). However, irrespective of this support, their age, ability-level, and which variant of the coins problem were at hand, we note that the strategies in Table 2 overlap to great extent with the strategies identified by [START_REF] Elia | Exploring strategy use and strategy flexibility in non-routine problem solving by primary school high achievers in mathematics[END_REF]. Taken together, these independent results contribute to a mapping of key strategies in basic arithmetic problem solving.

RQ2: How may the rich task foster number sense?

Here, I will argue that the students' interaction with The Coin Task, which exemplifies a rich task, provided opportunities for improved number sense as this is defined by [START_REF] Mcintosh | A proposed framework for examining basic number sense[END_REF]. This definition highlights both (1) familiarity with numbers and operations and (2) inclination to flexible approaches and strategy development. With respect to the former, working on the task provided training in addition and subtraction. Students employed additive compositions of ten and increased familiarity with adding groups of elements (5, 10, or 20) to achieve a specific target number, which [START_REF] Anghileri | Teaching number sense[END_REF] proposes as important steps in the early phase of developing number sense. Students seeking to use a baseline coin (S5) seemed to approximate the arithmetic mean by using either 5s or 10s, suggesting that the task also holds potential for multiplication and division.

Irrespective of which start-up strategy a group chose, this rich task provided the students with a context designed to conduct a great number of calculations. For instance, even though Group A relied heavily on Teacher A to solve the task, they demonstrated an impressive number of calculations in a short period of time, with great engagement evident from enthusiastic statements of progress, active body language, and disappointed reactions to setbacks. Thus, they exemplified how students can develop their arithmetic fluency while solving a rich task. Moreover, their interaction with the task caused shifts between using addition as a tool to deal with change, equalisation, and collections [START_REF] Carpenter | The acquisition of addition and subtraction concepts[END_REF], thereby connecting different approaches to addition and subtraction.

According to the definition of number sense proposed by [START_REF] Mcintosh | A proposed framework for examining basic number sense[END_REF], increased understanding of operations strengthens the students' number sense.

With respect to the second characteristic of number sense proposed by [START_REF] Mcintosh | A proposed framework for examining basic number sense[END_REF], namely, flexibility and strategy development, the richness of The Coin Task is crucial. Facing a rich task (Table 1), the students had to work flexibly and develop their own strategies. By dealing with the dependent-two-variable variation, they had to maintain an awareness of two quantities simultaneously and gained experience in generating and evaluating different strategies to solve arithmetic problems.

Those applying the random trial-and-error (S1) or receiving a hint (S4) did not draw noteworthy on the potential richness of the task. S2 and S3, where the students started out by fulfilling one of the two equations, indicates a slightly deeper understanding of the task, as do the stepwise control (S6). Identifying a baseline coin (S5) does, indeed, provided some mathematical richness, as it engaged students in the idea of mean values and division. It is in the adjustment strategies that the dependenttwo-dimensional variation came into play. The value directed inclusion/removal (A5) overlaps with the stepwise control (S6) with the basic idea of approaching the goal through basic arithmetic. A3 and A4 are strategies where both equations are considered and addressed simultaneously. Here, the students exploited characteristics of the extreme values (1s and 20s) to make large adjustments whenever necessary.

A1 and A2 (Table 2) are perhaps the most sophisticated ways to deal with the dependent-twodimensional variation, as they involve exchanges that target both the number of coins and total value simultaneously. A2 does so via a one-to-one exchange, where the number of coins is preserved and the difference between the two coins is matched with the difference between the current total value and 50. A1 is probably the most advanced, as it implies a one-to-many exchange of coins rather than a one-to-one exchange. The students had to consider both the difference between the "one" and the "many" and the needed change in total number of coins, and they had to equate the sums of the "one" and the "many". By developing and applying this strategy, the students in Group B displayed flexible use of their understanding of number and operations and a strong inclination to use this to develop a strategy to solve the task [START_REF] Mcintosh | A proposed framework for examining basic number sense[END_REF][START_REF] Case | A psychological model of number sense and its development[END_REF]. We observed how The Coin Task prompted the students' inventiveness in solving arithmetic problems [START_REF] Anghileri | Teaching number sense[END_REF].

Conclusion

The results of this study suggest that incorporating a rich task in arithmetic instruction holds potential to foster number sense [START_REF] Mcintosh | A proposed framework for examining basic number sense[END_REF] in an inquiry-based context. The Coin Task is an example of a rich task which includes a dependent-two-dimensional variation. Describing the students' approaches to solve it (RQ1), two families of strategies were identified, namely, start-up strategies (six types) employed by the students to get going, and adjustment strategies (five types) employed in the final phase to reaching the final answer. Through the numerous calculations, the students' flexible approaches, and their strategy development, The Coin Task arguably provided the students with opportunities for improved number sense. Even though the strategies in this study were developed as students were interacting, we do not know if they built a common understanding of the problem and its solution. This may be addressed in future research.

  Teacher A: This is 46. And how many coins? 5. How many more do you need? S2: The 8 coin-trial. Find 8 coins, check value. Teacher A: If you take a coin, take 8 of them, and try to add them up? S3: The 50 crowns-trial. Find 50 crowns, check number of coins. Bhahira: 50. And we have used 1, 2, 3, 4, 5, 6. S4: The informed start. Draw on an insight to provide a starting point. Author: There is a way that uses at least one 20. (Bhahira picks up a 20 and starts working) S5: The baseline coin: Start by including only 5s or 10s until reaching either 8 coins or 50 crowns. (Andreas keeps adding 5s, trying to keep track of total value.) S6: Stepwise control. Draw coins one by one, keep track of number of coins and value. Bhahira: 26. And we have used 1, 2, 3, 4, 5. Then we need 3 more. Birgitte: Try this (pick up a 10). (…) 36! Bhahira: 36, and we have used 1, 2, 3, 4, 5, 6 coins. Then we need 2 more coins.

Table 1 : Characteristics of a rich task, exemplified by The Coin Task (Hagland et al., 2005)

 1 

	Characteristic	The Coin Task
	1. Mathematical ideas: Spending time on a rich	Students are engaged with the basics of addition and
	task should provide students with access to and	subtraction, including additive compositions of ten and
	experience with one or more important	commutativity of addition. More importantly, they face a
	mathematical ideas.	dependent-two-dimensional variation: The Coin Task asks
		students two fulfil two requirements simultaneously,

Table 2 : Strategies employed by the students while working on The Coin Task START-UP STRATEGIES S1: Random trial-and-error
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. Select random coins, check number of coins and value.