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In this paper the use of unnecessary brackets by primary school students while evaluating arithmetical expressions is examined. It seems that sometimes even though the mathematical expressions can be evaluated in a straightforward manner based on the rules for the order of operations, the students prefer to add unnecessary brackets to facilitate their evaluation exhibiting thus in an implicit way their structure sense. This idiosyncratic use of brackets is discussed, and the different uses of unnecessary brackets are organized in categories according to whether they are used to group certain terms of the expressions, to show the application of the rules for the order of operations, and to visualize the total number of steps in the evaluation process. At the same time, their use gives evidence of the way the students erroneously conceive the notion of the order of operations.

Introduction

The use of brackets has been studied extensively in the 80's and 90's mainly in the context of structure sense in numerical and algebraic expressions. The whole span in the use of brackets consists of the use of necessary brackets according to the rules for the order of operations, the non-use of brackets (mental brackets), and the use of unnecessary (redundant) brackets. Although the first kind of use has been studied early, the other two kinds remained for a long time unexplored. It was only recently that [START_REF] Papadopoulos | Exploring the way rational expressions trigger the use of "mental" brackets by primary school students[END_REF] revisited the area by examining the use of 'mental' brackets by primary students, focusing on translating a rational expression in horizontal form. When a rational expression 𝑎 𝑏 is translated in its horizontal form 𝑎 ÷ 𝑏, especially when the terms of the fraction are arithmetical expressions themselves, brackets must be used to preserve the structure of the rational expression in its horizontal version. The analysis illustrated, however, that very often students do not physically write the necessary brackets, but they evaluate the whole expression as if the brackets were written. So, they use mental brackets to preserve the formal structure of the expression in a way that seemingly violates the rules for the order of operations but leads to the correct result.

In this paper, we examine the third kind of use of brackets. Our interest focuses not on the students' non-use of brackets but on the students' use of unnecessary brackets while evaluating arithmetical expressions. The use of unnecessary brackets is not something new. There are studies in which the researchers inserted unnecessary brackets in their tasks on purpose and investigated students' engagement with them [START_REF] Hoch | Structure sense in high school algebra: The effect of brackets[END_REF][START_REF] Marchini | Are useless brackets useful for teaching?[END_REF]. However, in this study, it is the students' invention and use of unnecessary brackets while evaluating arithmetical expressions that is discussed. Therefore, our research question is: What are the different ways primary school students use unnecessary brackets when evaluating arithmetical expressions?

Theoretical background

Brackets are an essential element of mathematical notation in both arithmetic and algebra. Their use or non-use when evaluating numerical or manipulating algebraic expressions provokes a dilemma. If brackets are not used, then there is an ambiguity concerning the order of operations. On the other hand, the excessive use of brackets might cause a distraction from the structure of the expression which makes their use counter-productive [START_REF] Subramaniam | The arithmetic-algebra connection: A historicalpedagogical perspective[END_REF]. The solution then is to teach the rules for the order of operations. Very early, [START_REF] Sheppard | The use of brackets in arithmetic[END_REF] questioned this dilemma about the use of unnecessary brackets by claiming that they "avoid the necessity of learning by rote the arbitrary and (to the young student) apparently meaningless rule that multiplications and divisions are to be performed before additions and subtractions." (p. 296). The research findings concerning the use of unnecessary brackets are mixed. On one hand, there are studies [START_REF] Marchini | Are useless brackets useful for teaching?[END_REF][START_REF] Hoch | Structure sense in high school algebra: The effect of brackets[END_REF]) that emphasized the use of unnecessary brackets to enhance the structure of expressions in arithmetic and algebra respectively. [START_REF] Marchini | Are useless brackets useful for teaching?[END_REF] used unnecessary brackets in arithmetical expressions in grades 2 and 3 in Italy and Greece for identical arithmetical expressions such as □ + 4 = 9 and (□ + 4) = 9 and found that their use improved considerably the number of correct answers. [START_REF] Hoch | Structure sense in high school algebra: The effect of brackets[END_REF] used unnecessary brackets to help grade 11 students in Israel see the structure of algebraic expressions. Identical equations with and without brackets were given to the students and it was found that the success rate was higher in equations with unnecessary brackets. On the other hand, there are studies where the unnecessary brackets added by the researchers did not benefit the students. [START_REF] Gunnarsson | Does it help to use mathematically superfluous brackets when teaching the rules for the order of operations[END_REF] transformed expressions of the form 𝑎 ± 𝑏 × 𝑐 to 𝑎 ± (𝑏 × 𝑐) to emphasize the priority of multiplication over addition or subtraction following the suggestion of Linchevsky and Livneh (1999) who claim that brackets emphasize the structure of the expressions facilitating thus the conventional rules. In the end, it was found that the use of unnecessary brackets did not enhance the students' performance when learning the order of operations.

In the above studies, the brackets have been used by the researchers to serve certain teaching or research aims. It is one thing to use unnecessary brackets for research purposes and it is completely different to have students decide to use them to facilitate their evaluation of the number sentences. These cases are only sporadically met in the literature. Sometimes students use them to keep the geometrical meaning of their answers. In a task with a geometrical pattern including circles, the students were asked to find the number of circles in the n-th term. One student used brackets to organize the way his formula tells the story: "the number of the figure +1 for the top row, and the number of figure +2 for the bottom", and he wrote: (𝑛 + 1) + (𝑛 + 2) [START_REF] Radford | Perceiving the general: The multisemiotic dimension of students' algebraic activity[END_REF]. [START_REF] Olive | Learners' difficulties with quantitative units in algebraic word problems and the teacher's interpretation of those difficulties[END_REF] gave a problem to grade 7 students (12 years old) concerning different numbers of coins (dimes, nickels, and quarters) with a total value of $5.40. Some students used the expression (0.05n)+(0.1d)+(0.25q)=5.40 and the unnecessary brackets helped them to unitize the unknown quantities (number of coins) aiming to combine them with the known quantities (values of each coin) to get the total value. This use of unnecessary brackets by the students can be considered a way to construct internal meaning. Indeed, unnecessary brackets are added for clarification purposes to support solvers in constructing this internal meaning in the sense that mathematical expressions are used for handling mathematical problems with the act of forming relationships between parts of the expression [START_REF] Rüede | How secondary level teachers and students impose personal structure on fractional expressions and equations-an expert-novice study[END_REF]. So, in this paper, we are interested in the use of unnecessary brackets that are invented by the students themselves while evaluating arithmetical expressions. This topic has not yet been really discussed in published work and this paper attempts to contribute to this issue.

Methods of the study

The participants in this study were 103 grade 6 students (11 years old) from five public schools in Greece. They had already been taught the precedence rules along with the use of brackets and their role in the evaluation of arithmetical expressions. Moreover, in grade 3 they have met brackets when applying the distribution law. These are their only teaching experiences on brackets and their role and use. The instrument four arithmetical expressions that should be evaluated by the students (Figure 1), and it was part of a broader study examining the use of brackets (some parts of this broader study can be found in [START_REF] Gunnarsson | Pairing numbers: An unconventional way of evaluating arithmetic expressions[END_REF] and [START_REF] Papadopoulos | Exploring the way rational expressions trigger the use of "mental" brackets by primary school students[END_REF]). These expressions can be evaluated without the use of brackets based exclusively on the knowledge of the precedence conventions. The students were asked to make clear in their answers the computational steps. So, it would be interesting to investigate the potential use of unnecessary brackets by the students. The students were asked to calculate (no time limit) the result of these arithmetic expressions and the answered worksheets became the data for this study. The analysis took place on two levels. The first level dealt with identifying instances of the use of unnecessary brackets no matter whether the results were correct or not since the emphasis is on the use of unnecessary brackets. The second level was based on content analysis [START_REF] Mayring | Qualitative content analysis: Theoretical foundation, basic procedures and software solution[END_REF] aiming to inductively categorize the different uses of unnecessary brackets in the evaluation process. Each instance of unnecessary brackets was categorized according to the potential purpose of their use, or the incomplete understanding reflected by their use. Gradually, as more data were analyzed these categories were revisited and were modified or completely changed until being finalized as seen in Table 1 below. In the end, it was feasible to link the cases of incomplete understanding with the corresponding research literature.

Results

The analysis resulted in three different uses of unnecessary brackets (see Table 1) aiming to (i) keep grouped some numbers that should be considered together for an operation (aim-1), (ii) visualize the rules for the order of operations (aim-2), and (iii) guide step-by-step the total number of necessary calculations using nested brackets (aim-3). Obviously, there is an overlap in the boundaries between these categories. At the same time, there were instances where the use of brackets (although unnecessary for the evaluation) revealed an incomplete understanding of the order of operations, associated with pairing numbers, associativity of subtraction, and detachment of an operation (limited understanding). Of course, not all the students exhibited use of unnecessary brackets, and this is why the collected number of instances was in total 132. 

Unnecessary brackets for grouping purposes

In this case, unnecessary brackets are used to group some terms of the whole expression to show the part of the expression that must be calculated. This can be considered as being in the spirit of the rules for the order of operations but concerns only a part of the expression (Figure 2). In Figure 2 (left) the student used unnecessary brackets in item (a) to make clear the part of the expression that needs calculations (following the rules for the order of operations and executing first the multiplication and then the subtraction). Similarly unnecessary brackets have been used in the next example from item (b) (Figure 2, right) to show a combination of terms that will be calculated together. Nine such cases were identified in the students' answers.

Alternative symbols instead of brackets

It is interesting that sometimes (8 instances in total), instead of brackets the students used another kind of symbol to group terms that should be combined in certain calculations (Figure 3). The functionality of these symbols is similar to the grouping use of brackets in the previous category.

Unnecessary brackets to show the order of operations

This was the most popular category (74 instances). The students used unnecessary brackets to visualize the application of the rules for the order of operations (Figure 4). 

Nested unnecessary brackets

In some cases (6 in total) the students used unnecessary nested brackets to visualize from the very first moment the total number of steps in the evaluation process (Figure 5). The example in Figure 5 determines clearly the order of the steps in the evaluation process moving from inside to outside. First, you have to multiply 5 and 4. Then another pair of brackets guides you to multiply the outcome by 3. The next step is to calculate 6 times 2 (again the brackets are used to emphasize the next step). Finally, another pair of brackets lets you know that you have to add these partial products. The last step is to add 1 to this sum. As has been explained earlier, these expressions can be evaluated in a straightforward manner using the rules for the order of operations. It is therefore interesting to see the relevant students' understanding and skills. There were instances that students used brackets (though not necessary) opening thus a window in the way they perceive the issue of the order of operations.

Use of unnecessary brackets for pairing numbers

In CERME11, [START_REF] Gunnarsson | Pairing numbers: An unconventional way of evaluating arithmetic expressions[END_REF] discussed the unconventional way of evaluating arithmetical expressions by pairing numbers. The students combine numbers per two regardless of the order of operations and they operate on these numbers. Moreover, it seems that the number of participating terms plays a role in the way the students form the pairs.

In case there is an even number of participating terms it is easy to form pairs (examples in Figure 6). When one pair of numbers has been "used", the attention is directed to the next pair. No consideration is taken to the precedence of operations. Instead, it seems that numbers are the focus of attention. If the number of the participating terms is odd then the students pair all the numbers, except the last, which could not form a pair in the same way (see Figure 7). As can be seen in the example above, the student initially formed three pairs of numbers and the last number was left alone. This resulted in another expression with an even number of terms (four terms, the results of the three pairs, and the single number). Since the number of the terms is even and following the same approach two pairs can be formed which in the end determine the final output.

Detachment of an operation

Linchevski and Livneh (1999) use the term 'detachment' to describe the students' tendency to detach a number from the indicated operation splitting the expression into parts after (mainly) a minus or a times sign. In our study the students used (unnecessary) brackets to facilitate the evaluation of the expressions but the way they used these brackets reveals the influence of the detachment effect. Both examples in Figure 8 are instances of the detachment effect. For example, in Figure 8 (left), it is the minus sign that triggers the detachment effect. Therefore, the whole expression is separated into two parts (before and after the minus sign). Similarly, the multiplication sign in Figure 8 (right) provoked the detachment effect.

Associativity of the subtraction

There was only one student (Figure 9) who potentially used brackets in a way that exhibits an understanding that the associative property is rather true for subtraction (Warren, 2003). His unsuccessful attempt was based on the use of brackets that were not necessary for the evaluation of the expression. They function in a grouping way to show the operation that should be first but at the same time this use is rather indicative of the false presumption of 9 -6 -2 (which was the given expression) is the same as 9 -(6 -2).

Discussion and Conclusions

In this study, the students' use of unnecessary brackets while evaluating arithmetical expressions is examined. The expressions given to the students can be evaluated straightforwardly based on the rules for the order of operations. Instead, many students preferred to add unnecessary brackets in the evaluation process. A twofold question arises. What is the range of the possible different uses of these unnecessary brackets and what might be the possible reason for using them? We have been able to identify several different uses of them. Some of them are in the spirit of facilitating the solvers in the evaluation process. Others reveal a limited understanding of the notion of the order of operations. In the former, the students use unnecessary brackets mainly for (i) grouping terms of the expression that will be combined for certain calculations, (ii) showing the order of steps as they are defined by the precedence rules, and (iii) visualizing the whole process step-by-step. In the latter, the decision of the students to use (although not necessary) brackets revealed their tendency to conceive mathematical expressions as an order to form pairs of numbers for the necessary calculations, their sense of detachment of the subtraction and multiplication operations, and their understanding that subtraction affords associativity. It is not easy to answer why the students make this use of unnecessary brackets (unless follow-up interviews take place which is a plan for future studies). Our explanation is in accordance with [START_REF] Amit | Rising to the challenge": Using generalization in pattern problems to unearth the algebraic skills of talented pre-algebra students[END_REF] who claim that this is due to students' feeling of insecurity in evaluating correctly the expression and therefore the use of unnecessary brackets allows them to be on "the safe side". It might also be a way for the students to visually illustrate the structure of the expression as this is conceived by them. The students intentionally changed the visual presentation of the expressions. This worked as powerful cues focusing their attention on specific parts of the expressions thus helping the calculation of the expression. Therefore, unnecessary brackets can be used as a means to support students' development of structure sense.

What is interesting here is that until now the use of these brackets was decided by the researchers for teaching or research purposes. Then the students' reaction to their presence was examined. But, in this study, it is the students who decide to use them as a support in their attempt to evaluate arithmetical expressions. Thus, these brackets serve as "prostheses of the mind to accomplish actions as required by the contextual activities in which the individuals engage" (Radford, 2000, p. 241). No matter whether this idiosyncratic use of brackets is unnecessary from the mathematical point of view, it is considered a reliable option by the students. Their use does not necessarily mean they disrespect or ignore the instructions given during the regular teaching in mathematics classroom about the order of operations and therefore educators should take it into account when assessing students' work. Our future plan is to examine the possible use of unnecessary brackets by older students and in more advanced topics such as algebra in high school or university mathematics.
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 4 Figure 4: Unnecessary brackets to show the order of operations All three examples in Figure 4 show clearly how the brackets serve the purpose of respecting the rules for the order of operations. Initially, as a first step, unnecessary brackets are used to show that multiplications precede: 9 -(2 • 3) -2 (Figure 4, left), (5 • 4 • 3) + (6 • 2) + 1 (Figure 4, middle), and (2 • 3 • 5) -(4 • 2) + 6 (Figure 4, right). After eliminating the need for multiplication what remains in each expression are operations of the same priority (two subtractions for the example on the left, two additions in the middle, one subtraction, and one addition on the right). Now calculations must be done left-to-right. Again, unnecessary brackets are used to show the calculation process in two steps.
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		Aim-1	Aim-2	Aim-3		Incomplete understanding	
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	9	8	74	6	16	1	18	132