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This paper studies the role of modelling activities in interdisciplinary inquiry-based learning proposals at secondary school level. It presents an empirical investigation based on two implementations of an interdisciplinary inquiry about the COVID-19 variants and their effects. In the first implementation, important constraints limited the students' inquiry preventing the self-sustained questioning process and the development of mathematical models. To better analyse these constraints, a second activity was implemented one year later in the mathematics class. We discuss the results of this implementation and identify interesting relationships between the data, models, and simulations involved in the modelling process. Conclusions refer to the role of modelling concerning data analysis and the conditions fostering modelling and inquiry processes.

Introduction: COVID-19, mathematical modelling and interdisciplinarity

The COVID-19 pandemic quickly spread to the worldwide population with some scientific tools and methods. On the one hand, it showed the importance of mathematical, biological, epidemiological, medical, economic, and social research in tackling in real time a social problem that affected the whole of humanity. On the other hand, it became clear how the responses to the problems caused by the pandemic required more than ever the collaboration between disciplines, facilitating the conception of mathematics as a modelling tool to approach real-life problems at secondary school level [START_REF] Pensée Sauvage Elsner | Using multiple models to learn about COVID-19 breadcrumb[END_REF][START_REF] Maass | Mathematical modelling -a key to citizenship education[END_REF][START_REF] Sawada | Proposal for teaching mathematical modelling using COVID-19 as an example of an infectious disease epidemic: The case of Japan in the Corona vortex[END_REF].

Our research focuses on the role of mathematical modelling activities when integrating the inquiry of critical questions in secondary school mathematics. In previous research [START_REF] Bosch | Study and Research Paths: a model for inquiry[END_REF], we have been using the proposal of the study and research paths (SRP) as introduced by the anthropological theory of the didactic (ATD) to approach the teaching of modelling. One of such SRPs is about the pandemic's evolution [START_REF] Vásquez | The role of models and modelling in the pandemics' evolution: transposing a 'study and research path' to secondary school[END_REF]). An SRP is a sustained inquiry process that starts with an open question that students address under the teacher's guidance. During the SRP, the inquiry community, made of the students and the teacher, raises new questions derived from the initial one and searches for new information in the form of knowledge tools and empirical data. This new information is then worked to become available and help produce a final answer to the question addressed. Modelling processes naturally appear during SRPs when involving statistical data treatment [START_REF] Østergaard | An inquiry perspective on statistics in lower secondary school in Denmark and Japan-An elaboration and modelling of the anthropological theory of the didactic through two statistics classrooms[END_REF][START_REF] Vásquez | Teaching and learning combinatorics in secondary school: a modelling approach based on the anthropological theory of the didactic[END_REF].

The results presented in this paper are based on two experiences with grade 10 and 11 students at a Spanish secondary school. In the first experience presented by [START_REF] Vásquez | The role of models and modelling in the pandemics' evolution: transposing a 'study and research path' to secondary school[END_REF], students worked in an interdisciplinary setting involving the subjects of mathematics, technology, biology, and communication. The interaction between disciplines was productive, but the students' modelling work was limited. It corresponded to the stages of delimiting the system to be studied, formulating hypotheses about relations among variables, and representing the data numerically and graphically. The institutional conditions established to ensure interdisciplinarity hindered the development of mathematical modelling activities with data. In the following academic year 2022-23, a new curriculum reform has been implemented in Catalonia, and, in grade 11, a one-term elective subject "Applied Mathematics" has been proposed with the aim of facilitating a panoramic vision of the application field of mathematics.1 It includes "tools that enable solving with scientific rigour the challenges or questions that appear in situations that are external to mathematics". The examples of proposed challenges refer to topics such as cryptography, archaeology, big data, climate change, among others. There is also one related to the pandemics, formulated as "What statistical data are key to the evolution of a pandemic? What statistical tools are used to analyse data and decision making?".

Following the previous experience and the new conditions created by the curriculum reform, we designed and implemented an SRP, led by the first author of this contribution, as the continuation of the previous one. It aimed at facilitating students' questioning involving modelling and simulations as a self-sustained process [START_REF] Bosch | Linking problem solving and learning contents: the challenge of self-sustained study and research processes[END_REF], where the answers produced by the models generate new questions requiring further development of the modelling process. In particular, we address the following research questions: (RQ1) What conditions can facilitate a self-sustained modelling process in an inquiry-based activity with empirical data treatment involved? (RQ2) What is the role of data and simulations in the modelling process?

Research methodology overview

Our research follows the didactic engineering research steps, as introduced by Artigue (2014). It started from the a priori analysis that includes the design of both SRPs to overcome some of the main constraints detected in the previous implementation and test the potentialities of the instructional proposal. For the data collection, during the implementation of the SRPs and its in vivo analysis, we used different sources, including student productions, surveys, and interviews with students and teachers. We also used the first author's classroom notes and observations. To analyse the data, we used some specific tools from the ATD. First, we analysed the students' productions by identifying the questions they had formulated in their reports, the kind of models appearing, and the temporary and final answers produced. From this data, and teachers' classroom notes, the researchers constructed a questions and answers map (QA-map, [START_REF] Winsløw | Study and research courses as an epistemological model for didactics[END_REF] as an a posteriori analysis of the modelling paths followed by the working teams during the SRP.

Related to the kinds of questions that emerged during the SRP, we classified questions that the students posed into different categories. First, we considered questions related to the general aims of the SRP and possible changes in the didactic contract. On the other hand, questions depending on the discipline they put the focus on. The first SRP was guided by teachers of different disciplines (mathematics, biology, technology, and communication) who selected some of the questions to be addressed during the implementation. Within this disciplinary category, we distinguished subcategories. Particularly, about the mathematics discipline, we distinguished questions related to collecting data, data analysis techniques, the role and use of models to fit data, and the role and use of models to characterize the data evolution. In the a posteriori analysis, we also analysed the conditions facilitating and the constraints hindering the use and development of mathematical modelling in this interdisciplinary setting.

Main results obtained in the first SRP

In the first interdisciplinary SRP, after analysing the path followed by each team during the modelling process, we noticed that the mathematical content used mostly corresponded to the first stage of the modelling process when delimiting the system to study: collecting data, elaborating hypotheses, data selection and organisation. With respect to the data selection and organisation, the amount of data in the databases was considerable,2 forcing students to use spreadsheets. Students succeed in representing data through bar charts and pie charts to compare (sub)populations by gender and ages, and some of the teams used time-series graphs to analyse the evolution and tendencies. When students tried to justify the results and formulate new hypotheses, they encountered complex situations that discouraged them. The inquiry processes was not self-sustained: students formulated questions and only answered them, without launching the modelling process with new questions from the results obtained. We could see that in all the questions addressed, the students developed a similar pattern: one question-one answer; no new questions born from the answers; questions and answers classified according to the disciplines; no questions or answers crossing the "boundaries" of the disciplines. Moreover, the paths followed by the groups were very different, as well as the variety of teachers and disciplines involved in the SRP. Both conditions made it difficult to guide and link the paths that the different groups followed. Little time was devoted to reflecting on the mathematical issues, the models used, their validity, and their limitations. Additionally, teachers often felt lost and missed much of the process of the team's work, making it challenging to advise the students properly. However, interesting interactions between mathematics and technology appeared: students used the simulation to generate new data, which they modelled and analysed in a productive way.

A 2 nd development of the SRP: modelling and simulating data about COVID

In the 2022/23 experimentation, a second development of the SRP was implemented one year later with high school students (grade 11). The group was small, with 6 students (2 boys and 4 girls) organised in three teams. They were engaged students who chose the elective course "Mathematics Applied to social sciences". All of them, except one new student, had experienced the SRP the previous year. Only one teacher was guiding the SRP, the mathematics one, and at least one student in each team had a computer to process the large data files. The entire group had a common generating question of the SRP about "Which variant of COVID has been worse? Which variant has been the most dangerous?".

From the beginning, the teacher explained that in this new SRP, they would all start from the same initial question Q0, which was already addressed in the previous SRP by a working team in the class. The teacher presented the complete QA map that had been created by the researchers based on the path followed by this working team as presented in Figure 1. Green cards refer to questions about Biology (e.g., Q1) pink cards refer to Societal questions (e.g., Q5 and Q6), and orange cards refer to Data analysis cards (e.g., Q2, Q3, Q4). Moreover, the teacher clarified that the previous work mainly focused on delimiting the system and doing a first exploratory statistical analysis. It was made clear that a main aim of the new SRP was to delve into the mathematics tools to address in-depth, connect, and extend some questions of the previous SRP synthesized by the teacher in the QA map. The QA map was presented to the students as a daily work tool: during each session, students might select and be responsible for addressing some questions or branches. After this, they had to complete the map with the new questions that emerged. Students had to fill in a logbook at the end of each session and accomplish weekly assignments. As the group was small, classroom management was simple, and the teacher could provide continuous feedback to the three teams.

During the first sessions, students agreed to address question Q2.2.2.1 about which sex has had more cases. In only one session, and after looking at the charts and the differences among sexes, it was possible to conclude the need of calculating relative frequencies instead of absolute ones. The teams then decided to study the comparison of the number of infected people location and tried to find some justification for the results. For example, one team suggested that the subpopulation with the highest incidence was those with an older population and another team hypothesized that some counties should have a greater number of health centres. In the next sessions, they focused on studying the evolution of the COVID incidence in Catalonia. To this end, they asked themselves questions such as: In what period has there been a higher/lower incidence? When they worked on this question, they represented time-series graphs and interpreted them in terms of the major peak or periodicity of the waves, but they could not go beyond the representation and qualitative analysis of graphs.

At this stage, the teacher suggested a change of branch in the QA map (Q4). The students were proposed to work with the NetLogo application (https://ccl.northwestern.edu/netlogo/), a simulation software to run and simply edit programs. Only one student had already used the software from the previous SRP to simulate pandemic conditions. The others knew that the previous year some classmates were in charge of this activity. Students used NetLogo to ran different cases by changing some of the parameters to observe the consequences in the evolution of the susceptible, infected, or recovered number of people. For instance, Figure 2 presents how Team 1 simulated two scenarios under the same conditions (one year, 100% of people practicing social distancing) except for the parameter social distancing (1.5 m in the left-side plot and 2 m in the right-side plot). Students got used to the simulation tool and even inspected the code the NetLogo program provides. The next step was for the students to come up with a question that could be solved by the simulation software. For example, Team 1 wondered about the time it would take for the virus to spread in two different communities, according to changes in the mobility parameters (Figure 3, left side). Team 2 posed the question of which parameter was more efficient to modify: the safety distance or the percentage of the population that meets the constraints (Figure 3, right side). All teams ran the simulation several times varying the parameters and generating new data numerically and graphically. Then, the teacher introduced the students to the study of correlated variables. For this purpose, they were offered the spreadsheet tool itself, which allows them to calculate the value of Pearson's correlation coefficient and the linear regression line. The students started asking questions about the interpretation, justification, and validation of the parameters intervening in the regression models. As a final activity, students were asked to study dependencies between different variables using the original databases. For example, Team 1 studied the relationship between the number of men and of women infected by each of the variants (Figure 4, left side). They were able to answer the original question Q1 ("Which sex has been more affected?") in a different way than the one used at the beginning of the SRP. They ended up concluding, for example, that "for each infected woman, 0.74 men would be infected". Team 2 explored the dependence between vaccination status and disease incidence for months between 2021 and 2022, noticing a strong correlation (Figure 4, right side). To conclude the project, students presented all their advances to the rest of the group, with special attention to the kind of models and mathematical tools used for the simulation and correlation analysis.

Conclusions: Analysis of the modelling process and the role of simulations

Regarding RQ1 about the facilitators of a self-sustained modelling process in the SRP, we have identified some conditions both at the school, pedagogical and discipline levels. First, the curriculum reform mentioned at the beginning of the paper, with a subject only devoted to the use of mathematics for the study of socially relevant situations. In this occasion, the design of the SRP did not have to assume the curriculum constraint of teaching a given topic and could, therefore, give all the priority to the study of the COVID questions. At the pedagogical level, it seems that the work in small teams, and with few students, allowed more fluency in the debates and continuous feedback from the teacher to the students and among the teams of students. Moreover, students got easily involved in the discussions about the questions to address or answers that needed further study.

Another important (non-independent) condition is the length of the inquiry process, which was started the previous year in the interdisciplinary context and retaken for a more in-depth modelling approach. The fact that some students had already studied the initial question Q0 was well-accepted by them: going further did not mean a repetition and students seem to appreciate their master of the situation. This second round of the SRP gave the chance to focus better on a small number of questions (if we compare with the first one), most of them more delimited in the topic of data analysis and data modelling. Last but not least, on this occasion, students with the teacher started their inquiry from an initial already made question-answer map, elaborated by the researchers after analysing previous students' reports. This QA map was used along the process as one of the main tools to guide the collective inquiry process. Since the beginning, students selected, referred to, and developed specific elements of this already-made QA map. It was adopted by the class as a reference model to which each team could refer when explaining their progress, as well as when comparing their advances with the other teams.

Considering the modelling processes generated during the SRP, we consider that working with simulations generate a good milieu for students to produce their data and simplify a real and complex system, thereby facilitating their understanding. This conclusion also relates to RQ2: What is the role of data and simulations in the modelling process? When the simulation activity was launched, all teams proposed to study the impact of the safety distance or the percentage of people complying with the distance restrictions. Working with the NetLogo simulator, students were also able to ask how the program worked and whether they could identify sections of code dedicated to each aspect of the virus. This was a surprise for the teacher since the students fit a social science profile, and no one would have thought that they would be interested in programming.

From the study of the simulation outcomes, all groups saw the need to relate the different variables: for example, incidence numbers and safety distance. It is at this point that the teacher introduced the students to the study of the correlation between variables, as this was the mathematical tool needed to continue with the inquiry. At this time, the teacher had to intervene and explain how to use the database tool that allowed studying the relationship between variables. She did not develop how the parameter r 2 or the regression line were computed. Students only were provided with their interpretation, so that they could be used in the analysis of the relationships between variables. Thanks to this new mathematical tool, students could come back to the study of the data and try to apply this new technique to deepen into previous analyses, being able to generate questions such as "Is there any relationship between the incidence and the number of calls made to the emergency number?" or "Is there any relationship between the incidence of the disease and vaccination?" As mentioned above, one group wanted to re-ask question Q1, specifying, by variants, the differences in incidence between the numbers of men and women.

In [START_REF] Vásquez | Teaching and learning combinatorics in secondary school: a modelling approach based on the anthropological theory of the didactic[END_REF], we analysed the recursivity of the modelling process with an initial system formed of padlocks that are first modelled through combinatorics formulas and then play the role of models of other counting situations. The recursivity appears when the system (padlocks) plays the role of the model of another system (counting situations) or when a model appears as a system to be further modelled. The results we can extract from the second development of the SRP about COVID evolution are related to the elements intervening in the modelling process and making it a selfsustained process. We can detect a particular dual role of the simulations. Initially, because the data system was complex, only simple mathematical models were proposed: statistical graphs and relative frequencies. Then, to enrich the models, new controlled data was produced using the simulator. The data produced was simpler and could then be modelled with more complex mathematical tools: scatterplots, linear regression lines, and correlation coefficient. The results obtained with these complex models helped, in turn, question the simulation process, which became the system to be studied. The students then discovered the "hidden model" used by the simulator, found its parameters and could determine the elements of the system the model was taking care of. At this point, the identification of parameters led to consider new variables and led to the search for new data to be further analysed. It becomes interesting in further research to analyse self-sustained processes as those defined by [START_REF] Bosch | Linking problem solving and learning contents: the challenge of self-sustained study and research processes[END_REF] in terms of modelling and recursivity. And, particularly, the role of data simulators in this recursive process.

Q1Green:

  What do we mean by variant? Q1.1: What is the biological difference between the variants of COVID? Q1.2: Which variant is more harmful to health? [...] Q2Orange: For whom has the pandemic had the most impact? Q2.1: How do we define incidence? Q2.2: Which variables seem more important in the incidence? Q2.3: With what data can we study the incidence? [...] Q3Orange: How can data analysis be used to make predictions? Q3.2: Can new waves be predicted? [...] Q4Orange: How do data analysis and simulation help us make decisions? Q4.1: Does the simulation allow us to check whether social distancing works or not? [...] Q5Pink: What impact have the different social measures (restrictions) had on the incidence of covid? [...] Q6Pink: Which variant has affected the economy of Spain more? [...]

Figure 1 :

 1 Figure 1: Completed QA map presented to students and some of the main questions
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 2 Figure 2: Simulations run by Team 1
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 3 Figure 3: Plot made by Team 1 and Team 2 with data obtained from NetLogo simulations
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 4 Figure 4: Plots made by Team 1 and Team 2 with data from NetLogo simulations

https://xtec.gencat.cat/ca/curriculum/batxillerat/curriculum-171-2022/materies-optatives/materies-optatives-trimestralsde-primer-curs/ (our translation).

using the free access data available at https://governobert.gencat.cat/en/dades_obertes/inici/index.html
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