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Associativity is a central principle in mathematics. One could argue that associativity is unambiguous in a strict mathematical sense. However, in an interview study with 16 students in ages from 8 to 12 years, we can show that in the interview-data there are qualitatively different types of understanding associativity. The different types of understanding are compared to previous research on mathematics education and to different definitions of associativity. Our conclusion is that the usefulness of associativity as a tool for generalised arithmetic depends on the type of understanding the students have.

Introduction and background

Learning to reason about fundamental properties of arithmetic operations can be valuable for many purposes. It can deepen students' understanding of arithmetic laws and rules and help students discover general principles of arithmetic (sometimes described as generalised arithmetic). Reasoning about fundamental properties can also help students develop their algebraic thinking [START_REF] Barnett | Teaching of the associative property: A natural classroom investigation[END_REF][START_REF] Carpenter | Thinking mathematically: Integrating arithmetic & algebra in elementary school[END_REF][START_REF] Downton | Students' understanding of the associative property and its applications: noticing, doubling and halving, and place value[END_REF][START_REF] Kieran | Early Algebra -Research into its nature, its learning, its teaching[END_REF][START_REF] Mason | Making use of children's powers to produce algebraic thinking[END_REF]. This study originated in a desire to develop a tool to let students reason about the associative property. In the process of trying this tool, we found qualitatively different ways of understanding what associativity can be. These different ways of understanding associativity are reported here.

So, why associativity? Associativity is involving only one type of operation (in contrast to distributivity, which involves two different operations) but require a bit more than commutativity (which concerns only a single operation). Moreover, although there are a few recent studies on teaching and learning of associativity, previous studies on associativity are far less than for other structural properties. Hence, it seemed suitable to look at associativity. However, we knew from previous studies that associativity is problematic for young students [START_REF] Canobi | Young children's understanding of addition concepts[END_REF][START_REF] Eaves | Conceptual knowledge of the associative principle: A review of the literature and an agenda for future research[END_REF][START_REF] Zazlavski | Inhibiting factors in generating examples by mathematics teachers and student teachers: The case of binary operation[END_REF]). In fact, some recent studies show that understanding mathematical properties appear to be difficult also for undergraduate and graduate students [START_REF] Boyce | On the role of pedagogical content knowledge in teachers' understanding of commutativity and associativity[END_REF][START_REF] Larsen | Struggling to disentangle the associative and commutative properties[END_REF][START_REF] Melhuish | Group theory students' perception of binary operation[END_REF] as well as for teachers [START_REF] Barnett | Teaching of the associative property: A natural classroom investigation[END_REF]. Moreover, it has also been shown that preservice elementary teachers can have problems to represent (pictorial or as word-problems) associativity of multiplication [START_REF] Ding | Preservice elementary teachers' knowledge for teaching the associative property of multiplication: A preliminary analysis[END_REF].

Particularly it seems hard to disentangle the associative property from the commutative property [START_REF] Larsen | Struggling to disentangle the associative and commutative properties[END_REF][START_REF] Robinson | Children's understanding of additive concepts[END_REF][START_REF] Zazlavski | Inhibiting factors in generating examples by mathematics teachers and student teachers: The case of binary operation[END_REF].

A few previous studies have been devoted to students' understanding of associativity. Downton et al. (2022) interviewed 25 students in year 5-6 (11-12 years old) and asked them to comment on five scenarios of a fictional student's use of associativity properties. Three pre-defined properties of associativity were described; "noticing", "doubling and halving" and "place value". In each of these, Downton (ibid) identifies levels of responses. However, only multiplicative associativity was studied by [START_REF] Downton | Students' understanding of the associative property and its applications: noticing, doubling and halving, and place value[END_REF]. In a study by [START_REF] Ding | Teaching early algebra through example-based problem solving[END_REF], different levels of understanding of associativity of addition were defined based on students' ability to express their understanding; Level 1: No understanding, Level 2: Implicit understanding and Level 3: Explicit understanding. The study showed that Chinese students were more able to explicitly express their understanding of associativity than U.S. students.

From a formal perspective, associativity can be defined as (Lovett, 2016, p. 15):

Let 𝑆 be a set equipped with a binary operation ⋆. We say that the binary operation is called associative if ∀ 𝑎, 𝑏, 𝑐 ∈ 𝑆, (𝑎 ⋆ 𝑏) ⋆ 𝑐 = 𝑎 ⋆ (𝑏 ⋆ 𝑐)

Another way of describing this property has been given by [START_REF] Canobi | Young children's understanding of addition concepts[END_REF], who referred to associativity as "the principle that problems in which sets are decomposed, and recombined in different orders, have the same answer" (ibid p. 514). These two different descriptions are signalling different aspects of associativity, as a structural property (associativity as a property of an operation) and as an operational rule (associativity as part of a computational strategy), respectively. The terms structural and operational is taken from [START_REF] Barnett | Teaching of the associative property: A natural classroom investigation[END_REF], who studied how these two aspects were enacted in classroom settings and found that the operational aspect was much more in focus than the structural aspect.

Earlier, [START_REF] Larsen | Struggling to disentangle the associative and commutative properties[END_REF] suggested that students' difficulties with a structure like associativity could stem from a tendency to think about binary operations as sequential procedures, or from a lack of preciseness in the informal language related to these properties. In other words, the problem may originate from a focus on the operational aspect and/or a lack of training on expressing the structural aspect.

Hence, we wanted to test an alternative path, with tasks that focused solely on associativity of addition and that challenged young students' reasoning about the associative property of numerical expressions and made it possible to generalise. We wanted to show expressions that indicated associativity, but where the students themselves had to formulate what they saw. However, what we discovered was that students' understanding of associativity was not uniform.

Aim of study

Therefore, in this report we explore the different types of understanding of associativity students demonstrated when reasoning about numerical expressions (pointing towards the associative property). The research question we answer is: What characterises the types of understanding of associativity that students show?

Methods

The interviewees

The study was designed to trigger mathematical reasoning and, specifically, to pick up what students express regarding numerical expressions which in different ways illustrate associativity (or nonassociativity). Therefore, students in Swedish primary school, at the age of 8 years and 10 months to 12 years and 3 months (that is, in grades 2 to 5) were interviewed. The spread over four grades intended to enable a pick-up of different ways of understanding. The students had different ethnic and different socio-economic backgrounds and students were chosen based on who had a sufficient verbal communication skill to be able to describe what differed and what was the same between the columns and rows of expressions and agreed to be interviewed. Eventually, 16 students were interviewed and included in the data. Four students from each of the grades 2, 3, 4 and 5, respectively.

The interview instrument

In general, the study is based on the idea that a single task can bring attention to mathematical structure [START_REF] Watson | Seeing an exercise as a single mathematical object: Using variation to structure sense-making[END_REF]. Hence, the students' ways of understanding associativity were extracted from interview data as the interviewees were exposed to a task comprising a well-designed set of numerical expressions. The expressions were carefully chosen based on contrast-and generalisation-principles from variation theory of learning [START_REF] Marton | On some necessary conditions of learning[END_REF] and the theory of bringing attention to mathematical structure by going "with and across the grain" [START_REF] Watson | Going across the grain: Mathematical generalisations in group of low attainers[END_REF]. The specific numbers and the appearance of the expressions were carefully selected. For instance, underbraces were chosen as grouping-symbol instead of the otherwise "traditional" brackets (as in the definition above from Lovett, 2016) to avoid possible misunderstanding related to brackets (see, e.g., [START_REF] Hewitt | Chinese whispersalgebra style: Grammatical, notational, mathematical and activity tensions[END_REF]. The expressions used in the study are shown in Figure 1. Each row consists of two columns, and each column consists of one expression with three steps. In the first step (the lefthand side) the underbrace brings focus to one of the two operations, the third step (the right-hand side) comprise the total sum of the expression. During the interviews, the expressions were revealed row-by-row and accompanied with the questions "what is different and what is the same between these expressions?". 

The interviews and data analysis

The interviews were individual, and audio recorded. Ethical requirements were met. The interviews were verbatim transcribed and anonymized. The data was then subject to a qualitative content analysis (see, e.g., [START_REF] Mayring | Qualitative content analysis: Theoretical foundation, basic procedures and software solutions[END_REF] with a form of descriptive coding (see, e.g., [START_REF] Saldaña | The coding manual for qualitative researchers[END_REF]. Each utterance was analysed separately, as the students seemed to attend to different things throughout the interview. In the beginning of the interview, all students paid attention to more superficial attributes in the expressions (for instance, numbers are the same, there are three steps). Further on in the interview, all students described more structural properties of the expressions, properties that could be attended to by comparing what is different and what stays the same between the different rows and columns. This led to that in the data-analysis process three qualitatively different categories were inductively extracted from the utterances, categories which each described a particular understanding of associativity. For a specific student, it is the utterances that could be fitted into different categories, that is, a specific student cannot be ascribed to one specific understanding of associativity. There were students in whose utterances only a single understanding could be identified. But there is also one student in which the data from that interview were rich enough so that all different types of understanding appeared in the interview data. To be able to discuss them in this report we chose to give them names. We call the different types of understanding, result-focused associativity, spatial associativity and temporal associativity, respectively. Hence, these types of understanding were the result of our data and constitute post-defined categories of understanding.

Results

Although all students (from different backgrounds and grades) were given the same expressions (Figure 1) and the same questions, no significant systematic differences on a group level (for instance depending on age) was noted. From the analysis, three types of understanding of associativity were identified in the interview data. There are distinct and qualitative differences between the categories.

Result-focused associativity

Utterances categorised as belonging to the category of result-focused associativity are to a large extent based on equivalence between the expressions in the left and the right columns, respectively. Students' reasoning that has been ascribed to this category are typically related to that the numbers in the third step (the right-hand sides) are the same, meaning that the result of the calculations is the same. One example of reasoning in this category was like this:

Attending to Row 2: 2 + 3 + 4 ⏟ = 2 + 7 = 9 and 2 + 3 ⏟ + 4 = 5 + 4 = 9

Interviewer: What stays the same in these two expressions? Student 8: Both like this, these with 9, both 2+7 is 9 and 2+3+4 is 9. And then here it is 2+3+4, is equal to 9, and then 5+4, is equal to 9. Interviewer: Does it matter if one should do like this, or like that? [points at the two columns, respectively] Student:

Eh, no. Interviewer: No. So why doesn't it matter? Student:

Because it [the sum] is the same number.

The focus for the student in the excerpt above is on the "result", that the expressions in both columns lead to the same number. The result of the expression is the first thing that is mentioned, and it is repeatedly mentioned. The motivation to why the two expressions (column 1 and column 2) are the same, also rely on the result (the single number on the right-hand side).

Spatial associativity

In some students' utterances another type of understanding of associativity could be identified; a type of understanding based on a mental transfer of the centre number. So, it may be, the task, another task, but they may have made it a bit harder than the other. [The student previously had described the first row as a transfer of 1.] Because they do move 4 from 7 to 9, making 13+3, so that it is 16.

Attending to

In this excerpt, the student reasons about associativity in terms of a "move". In this case, the move must be regarded as a spatial action, a transfer of the middle number in the first step (the left-hand side) to the left or to the right. The focus on the numbers in the first step in this category is different from the previous category of result-focused associativity where the focus was on the last step (the right-hand side of the expressions). Utterances in this category are also more into reasoning about the process of what "happens" in the first step than about the end-result of the process.

Temporal associativity

Another type of understanding associativity indicated by the data was based on the chronological order in which the numbers were to be operated with. This temporal associativity can be exemplified by this excerpt: 

Attending

Discussion on the usefulness for generalised arithmetic

In summary, all students responded on a level that could be characterised as implicit understanding in the words of [START_REF] Ding | Teaching early algebra through example-based problem solving[END_REF].

We identify three different types of understanding; one that focus on the result of calculations, one that focus on the spatial aspects of the expressions and one that focus on the chronological order of the operations. The understanding of result-focused associativity could be related to the presence of the equality symbols. As already reported by [START_REF] Kieran | Concepts associated with the equality symbol[END_REF], the equal signs are often thought of as a "do something signal". It may be that the equality symbols are leading students into a "do something"thinking, thereby pushing the result (the sum of the expressions) into focus. In addition, as Larsen (2010) pointed out, there is a tendency to think of binary operations as sequential procedures. Hence, it is reasonable to think that comparing numerical expressions would lead to comparing "answers". That is, the operations in the expressions, for instance in 5 + 1 + 7 (row 1), are thought of as a process that should result in something. Hence, the result-focus understanding of associativity seems to be related to the findings of [START_REF] Kieran | Concepts associated with the equality symbol[END_REF] and [START_REF] Larsen | Struggling to disentangle the associative and commutative properties[END_REF] and are most likely to be considered as viewing associativity as part of a computational view, in the terms of [START_REF] Barnett | Teaching of the associative property: A natural classroom investigation[END_REF].

However, for the purpose of using generalised arithmetic for training students in early algebra reasoning, one can raise several concerns about this result-focused understanding of associativity. For instance, if it is the result of the calculations that is important, why should one bother to describe the process (the left-hand side) in general terms? The left-hand side in the two columns have identical numbers, but with the result-focused understanding they are equal because they have the same result (the right-hand side). Hence, a general expression based on this understanding would most likely need to include the result (the right-hand side). Therefore, our conjecture is that a meaningful generalisation, at least a written formal general expression, would be hard to find based on resultfocused understanding of associativity.

From a generalisation perspective, the understanding of associativity as a form of spatial action seems more useful. An expression like (𝑎 + 𝑏) + 𝑐 = 𝑎 + (𝑏 + 𝑐) could make sense if it is interpreted as if the term 𝑏 is moved (or transferred) towards either 𝑎 or 𝑐. The understanding of associativity as a spatial process is also well in line with the description of associativity as decomposition and recombination of numbers (cf. [START_REF] Canobi | Young children's understanding of addition concepts[END_REF].

The understanding of associativity as a spatial process, as well as the understanding of it as a temporal process, could both be reasoned about generally and can be described with a general formula. However, as spatial associativity seems to focus on the numbers (𝑎, 𝑏 and 𝑐), temporal associativity focuses on the operators (in this case, addition). Thus, both understanding associativity as related to the spatial character of (𝑎 + 𝑏) + 𝑐 = 𝑎 + (𝑏 + 𝑐) or to the temporal character of the same expression probably would be useful in the early algebra sense for generalising numerical expressions. Although it appears to be the temporal understanding of associativity that focuses on the operations, that is the structural property in the terms of [START_REF] Barnett | Teaching of the associative property: A natural classroom investigation[END_REF].

Going back to the mathematical definition of associativity (see, e.g., Lovett, 2016, cited above), it is the operation that is in focus ("… the binary operation is called associative"). Hence, from a mathematical point of view, the three categories of understanding are hierarchical in the sense that result-focused associativity shows fewer nuances in the understanding of what associativity is, and temporal associativity describes an understanding closest to a formal mathematical definition. However, from the perspective of generalised arithmetic, that is from an educational point of view, both the spatial associativity and the temporal associativity have the potential of being useful.

Figure 1 :

 1 Figure 1: The set of numerical expressions as shown to the students during the interviews. The expressions were revealed row-by-row, from top to bottom, in pairs (i.e., both columns together)

  Because the number should be, not the same on both sides, or something… Or that one should calculate this first, and then that. [student's emphasis] Interviewer: So, you think…, or what do you think one should do with this? Student: One should calculate this [point to 3+4 within the brace in the left column] to 7, it is, yes. And that will be 5 [points to 2+3 within the brace in the right column]. And then [student's emphasis again] one calculates them to one number, or so. The student in this excerpt reasons about associativity in terms of what should be done first and what should be done after, that is, time is an aspect in the reasoning. As with the previous category of spatial associativity, utterances in this category too reason about what happens in the first step. It is the process that is in focus and not the end-result. However, the difference is that in this category of temporal associativity the reasoning is rather about what happens chronologically than describing the process as a spatial transfer of numbers. An overview of the different types of understanding of associativity and which students that expressed them, is shown in Table 1.

	Student	1	2	3	17	4	5	6	13	8	9	10	11	7	12	15	16
	to Row 2: 2 + 3 + 4 ⏟	= 2 + 7 = 9 and 2 + 3 ⏟	+ 4 = 5 + 4 = 9				
	Interviewer: Do you see anything else?										
	Student 4:	And this clamp, or what its name is.								
	Interviewer: Mm, what is different with that?									
	Student:	It's in a different place.											
	Interviewer: Why do you think it is so?										
	Student:																

Table 1 : The students' understanding of associativity, categorised as (R) Result-focused associativity, (S) Spatial associativity and (T) Temporal associativity

 1