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 analyzing the conditions and constraints of the implementation of inquiry-based mathematics education within the International Baccalaureate (IB). In the IB, towards the end of their secondary studies, each student must produce a written and individual piece of work entitled Mathematical Exploration (ME) that should involve an investigation in a field of mathematics. In this paper, I present a case study of a student's work on a modelling ME, show the effect of the teacher's regulations on the evolution of the milieu and point out the complexity of organizing an appropriate experimental milieu for a student at upper secondary level.

Introduction of the context of the study

This paper zooms on the student's work of an exploratory case study that was part of my PhD theses [START_REF] Lacek | The mathematical exploration within the International Baccalaureate: Institutional analysis and case studies of practices of two mathematics teachers and their students in Geneva[END_REF] proposing an analysis of conditions and constraints of the implementation of inquirybased mathematics education within the International Baccalaureate (IB). The IB Diploma Program is designed for students aged 16 -19 years old, covers the last two years of upper secondary education and its successful completion provides access to higher education. In mathematics, "the processes of mathematical inquiry, mathematical modelling and applications and the use of technology should be introduced appropriately" (IBO, 2012, p. 11). The IB, conscious of the fact that the carrying out of inquiry-specific or modelling tasks requires an extended period of time, put in place an internal assessment called Mathematical Exploration (ME). It is an individual, stand-alone research activity conducted on a topic chosen by a student and supervised by the mathematics teacher resulting in "a piece of written work that involves investigating an area of mathematics" (IBO, 2012, p. 43). According to the mathematics guide, a minimum of 10 hours of in class and the same amount of time outside of the classroom should be dedicated to its elaboration. The institution also provides a cyclical model of how mathematical modelling should be approached reproduced in Figure 1. Since this model to approach modelling is proposed in the mathematics guide, I assume that this also is how most IB mathematics teachers would approach modelling. Even though it is quite tempting to represent modelling as a series of steps to follow, "adequate execution of the modelling processes presented requires certain skills and abilities of the modellers" (Wess et al., 2021, p. 7). Although we can identify some similarities and parallels with the 7-step modelling cycle of Blum and Leiss (2007), we also notice that none of the processes enabling to carry out these step are made explicit. In this paper, I will focus on the nature of difficulties identified in the processes of interpreting and validating in the 7-step modelling cycle [START_REF] Klock | A time-based measurement of the intensity of difficulties in the modelling process[END_REF][START_REF] Wess | Mathematical modelling[END_REF]. In the next part, I briefly present the modelling task, the student's particularities, and the teacher's conception of modelling.

A brief introduction of the modelling task

The student, I will call her Rachel, chose to investigate the shape of the Golden Gate Bridge in San Francisco (see Figure 2) and find out whether the suspension cable forms a parabola or not. At first glance, two curves that have a similar shape could be potential candidates for modelling: a parabola and a catenary. Suspension cables are largely believed to be catenaries, but the answer is far from being straightforward. In general, when the horizontal deck of the bridge is suspended on vertical rods attached to the main suspension cable, different forces act on the suspension cable, and it will take the shape of a parabola. This is rather a simplified explanation, but sufficient to demonstrate the difficulties that the student encountered during her exploration. It is also important to state that solid knowledge on vector analysis and calculus and their applications in physics would be necessary to justify a quadratic model of the suspension cable.

Prior knowledge of the class, the student's profile and the teacher's conception of modelling

During the exploration assignment, the students in the observed class had available knowledge on quadratic functions, trigonometric functions, as well as the basics of differential calculus, including the derivative of some known functions and their applications for optimization trough some typical textbook tasks. I would also like to point out that the syllabus does not cover hyperbolic functions. On top of that, Rachel, whose exploration I propose to analyze here, missed the introductory courses on functions, including the quadratic function. Overall, she is a rather scholar and hard-working student, coming from a culture where teaching and learning mathematics is associated with repetitive exercises and calculations. She describes her level of math as follows:

Rachel

So basically, I don't know if I am good at it or is it just because I know the basics, I don't know if I am logical.

The teacher's personal conviction was that modelling explorations were the most accessible ones for the students in respect to their level and the covered topics. Thus, he oriented his class towards using basic functions covered in high school to model logos, bridges or repeating phenomena such as tides.

In addition, his vision of mathematical modelling consisted of finding a mathematical function whose graph would fit a given set of data or superimpose a curve on a photo or a logo, determining the equation of this function analytically and reflecting on the results. Keeping this context in mind, in the next part, I present the theoretical background, methodology and formulate the research question.

Theoretical framework, research question and methodology

As highlighted by [START_REF] Artigue | Conceptualizing inquiry-based education in mathematics[END_REF], the Anthropological theory of the didactic (ATD) provides a particularly well adapted theoretical framework to approach and model inquiry-based education. In my PhD thesis, I put in place a specific methodology and developed an analysis framework [START_REF] Lacek | The mathematical exploration within the International Baccalaureate: Institutional analysis and case studies of practices of two mathematics teachers and their students in Geneva[END_REF] using some of the ATD tools. As proposed by [START_REF] Bosch | Linking problem solving and learning contents: The challenge of self-sustained study and research processes[END_REF], the Herbartian schema is one of the tools adapted to model an inquiry process (see Figure 3). In a condensed way, the Herbartian schema represent a model of the transmission of knowledge where a didactic system (a group of students X and a group of teachers Y) is formed in order to investigate a question Q and provide an answer A ♥ . The superscript symbol ( ♥ ) means that A ♥ is the official answer to Q produced and agreed on by the didactic system satisfying a certain number of constraints [START_REF] Chevallard | Un concept en émergence: La dialectique des média et des milieux [An emerging concept: The dialectic of media and environments[END_REF][START_REF] Bosch | Study and research paths: A model for inquiry[END_REF].
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The study of a question Q and formulation of an answer A ♥ is therefore a result of a rather dynamic process which, according to [START_REF] Chevallard | Les TPE comme un problème didactique [TPEs as a teaching problem[END_REF], should be carried out in a workspace structured by bipolar tensions, the so-called dialectics. The question-answer dialectic enables, according to [START_REF] Bosch | Study and research paths: A model for inquiry[END_REF], to capture the chronogenesis because it "provides visible proof of the progress of the inquiry" (p. 4008). The media-milieu dialectic, which according to [START_REF] Chevallard | Un concept en émergence: La dialectique des média et des milieux [An emerging concept: The dialectic of media and environments[END_REF], is a crucial condition for a process of study and research not to be reduced to uncritical copying of elements of response and enables, according to [START_REF] Bosch | Study and research paths: A model for inquiry[END_REF], to grasp the mesogenesis (construction of the milieu) of an inquiry process.

For [START_REF] Kidron | Context, milieu, and mediamilieus dialectic: A case study on networking of AiC, TDS, and ATD[END_REF] the media-milieu dialectic describes the "continuous interaction between available (partial) answers given by the media and their testing through the interaction with an adidactic milieu" (p. 158). And these authors point out that "the production and organization of an appropriate a-didactic milieu for Q is an essential aspect of the study process" but "finding and creating an appropriate experimental milieu [...] can be one of the most challenging issues to tackle (p.158). To clarify, media corresponds to any system containing information (textbooks, websites, video tutorials, experts etc.) and carries out an intention to inform [START_REF] Chevallard | Un concept en émergence: La dialectique des média et des milieux [An emerging concept: The dialectic of media and environments[END_REF]. The objective of this paper is to point out the complexity that a secondary school student encountered in the construction of an experimental milieu in the ME. In other words, the research question I am addressing in this paper is: What is the nature of the difficulties that an upper secondary school student may encounter in the construction of an experimental milieu when superimposing a curve on a picture?

A detailed methodology and data treatment of the empirical study as well as a possible exploration of the shape of the Golden Gate Bridge are provided in detail in [START_REF] Lacek | The mathematical exploration within the International Baccalaureate: Institutional analysis and case studies of practices of two mathematics teachers and their students in Geneva[END_REF]. To access the private work of the student [START_REF] Coppé | Composantes privées et publiques du travail de l'élève en situation de devoir surveillé de mathématiques [Private and public components of the student's work in a supervised mathematics assignment[END_REF], I equipped the students with an action camera and asked them to record their work at home. They also had to keep a logbook with all traces and they shared with me their ME folder on google docs. The in-class work was obtained via a camera in the classroom as well as the exchanges with the teacher who was equipped with a clip-on microphone. I transcribed and synthetized the obtained data identifying each element from the Herbartian scheme (questions, the student's actions, the media and each element of the milieu) and produced a chronological list of all events of the ME in Excel. Obviously, the questions were reconstructed by the researcher a posteriori based on the visible data, particularly on the google search input line. An extract of this list is provided in the excerpt of the transcript below. This example shows the detail of the question-answer unit QAU 30. In order to describe the milieu and to capture its evolution (the mesogenesis), I split the QAU into smaller units that I call mediamilieu units (MMUs) which depict the interaction of the inquirer with a media. I identified five major categories of MMUs according to the way the information was processed and to the quality of the contained information:
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1) Non-activation: a media appeared in the recording but there was no visible evidence of activation. If the media was irrelevant, we coded it an "efficient media judgment", if on the contrary the media could be potentially relevant for the exploration, we considered it as a "missed occasion". This is by the way the only case when an MMU is composed of a media alone and has thus a length of one. 2) Non-admission: a media is activated and information is processed because at first sight it seems potentially pertinent for the exploration but is not retained. We identified two types of MMUs: a "missed occasion" when the media is relevant and an "efficient elimination" when the media is irrelevant for the exploration. 3) Admission: a media is successfully activated, new information is processed (reading, watching a video, note taking, etc.) and thus new elements (A ♦ , W, Dt) are admitted into MD. Admission MMUs can be correct, incorrect or irrelevant. 4) Production/reflection: a partial answer is produced by the student either after a reflection or an interaction with a media. 5) Keeping track of sources (KTS): this type of MMU occurs when a link of an activated media was copied and kept as a source.

In order to understand the role and the impact of the different media on the exploration, I described the effect of each MMU on the produced final answer and identified the following effects: 1) answer found later, 2) different solution found, 3) advancing inquiry, 4) contributing to A ♥ , 5) following an irrelevant path, 6) negative effect on A ♥ , 7) continuing search, 8) unexplored path and 9) no visible effect. Depending on the topic of the ME, I also characterized each MMU by theme. In Rachel's ME, I identified the following themes: 1) Methodology, 2) Quadratic model, 3) Choice of model, 4) Catenary model and 5) Writing the report.

Analysis and results

When approaching the mesogenesis of the ME, I considered two processes: the construction of the inquiry milieu MINQ and the organization of an appropriate experimental milieu MEXP.

As a material milieu, the student had a laptop, a graphing calculator as hardware and Google classroom, Desmos graphing software and, of course, an Internet connection available.

In respect to the material/experimental milieu, I identified four categories of MMUs:

• Exploring software (9 MMUs)

• Media acting as an a-didactic milieu (4 MMUs)

• Creating an experimental milieu for validation (18 MMUs)

• Interpreting an experimental milieu feedback (15 MMUs)

There is a total 46 MMUs in relation to the material/experimental milieu which corresponds to about 25% of all MMUs. Over 70% (33 MMUs) of them are directly related to the creation of an experimental milieu (18MMUs) and interpreting its feedback (15 MMUs). The detail of the distribution of these MMUs in respect to theme and effect on the ME is provided in Table 1. Again, most of the MMUs ( 23) are identified in theme 2 (Quadratic model) and this represents 30% of the MMUs in theme 2. In addition, 22 of them have a direct impact on the organization of an experimental milieu and interpreting its feedback. On the other hand, all exploring software MMUs appeared in theme 5 (Writing report) and the 4 MMUs related to media acting an a-didactic milieu are in themes 1, 2, 3 and 5 each.

When considering the effect on the ME (Figure 4) we can notice that in theme 3 and 4, none of the MMUs resulted in a desirable effect on the ME which indicates a clear difficulty when organizing an experimental milieu and interpreting its feedback within these themes. 

Contextualization and interpretation of the results

Let us now contextualize these MMUs. By this time, Rachel had the equation of a quadratic function which was determined earlier in the ME from the dimensions of the bridge (Figure 5). She was seeking to validate or reject the quadratic model by superimposing the parabola on the photo of the Golden Gate Bridge -a strategy encouraged by the teacher's vision of modelling. In order to do so, she constructed an experimental milieu in Desmos and encountered several difficulties. The first difficulty is related to the picture of the Golden Gate Bridge which was slightly taken from an angle. She tried to undo the "skewness" using a software for editing photos and considered that the "skewed" photo was "unskewed" perfectly without any further verification. Another difficulty concerns importing the picture into Desmos and placing it on the coordinate plane. Indeed, Rachel did not respect the scale when placing the photo on the coordinate plane. The span between the towers should be 1280m, the left tower should coincide with the y-axis and height of the towers was 227m. In the QAU 70, she superposed the parabola on the "unskewed" picture which was not correctly placed on the coordinate plane and obtained a parabola being slightly off on both ends of the cable as shown in Figure 6. The experimental milieu thus created was inefficient and resulted in providing incorrect feedback interpreted by Rachel as follows:

W 70.1

The parabola is off at both towers and passes under the top of the towers. A ♥ 70.1

As we can see, the parabolic curve does not go through the curve properly and this indicates that the suspension cables of the Golden Gate Bridge do not form a parabola between the two towers.

In combination with a correctly interpreted answer about the graph of a catenary curve:

A ♦ 73.1 Catenary curves look just like parabolas but the difference between them is that the catenary curve goes to infinity much faster than the parabolic curve.

W 70.1 was acting as an a-didactic milieu, the experimental milieu was sending incorrect feedback that finally led to rejecting the quadratic model and accepting the catenary model reinforced by the teacher's input from the beginning of the exploration. Rachel definitively rejected the quadratic model based on perception (superimposition). The paradox of this situation is that she actually correctly interpreted the milieu's feedback putting together several pieces of wrong information. In this case, the inappropriate experimental milieu created by the student in conjunction with an "unhappy" teacher's regulation contributed to validating and accepting an incorrect final answer: rejecting the quadratic model and stating that the suspension cable of the Golden Gate Bridge rather a catenary curve.

Discussion and perspectives

This study contributes to a better understanding of the nature of the difficulties identified in the modelling process [START_REF] Klock | A time-based measurement of the intensity of difficulties in the modelling process[END_REF] especially when it comes down to the processes of interpretation and validation. It also provides empirical evidence that the creation of an appropriate experimental milieu constitutes an important difficulty at upper secondary level and this, despite a targeted regulation provided during the exploration. Thus it confirms the postulate advanced theoretically by [START_REF] Kidron | Context, milieu, and mediamilieus dialectic: A case study on networking of AiC, TDS, and ATD[END_REF] that the creation of a functional experimental milieu is far from being self-evident for the secondary school students and needs to become object of particular attention. Furthermore, these findings lead to raising a new question: How to help an upper secondary student build an appropriate experimental milieu and verify the correctness of the provided feedback?
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 1 Figure 1: Approaching modelling in the IB (IBO, 2012, p. 12)
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 2 Figure 2: The photo of the San Francisco Bridge used by Rachel
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 3 Figure 3: The Herbartian schema for an inquiry process
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 4 Figure 4: Effect of the experimental milieu on the ME by themeAltogether there are 8 MMUs having a negative effect on A ♥ , they are evenly distributed over three themes: theme 2 (3MMUs), theme 3 (3 MMUs) and theme 4 (2 MMUs.) and are situated towards the end of the exploration chronology.
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 5 Figure 5: The quadratic equation of the suspension cable
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 6 Figure 6: Parabola superimposed on the "unskewed" picture
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